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Let F be a free group on • -,xa- Consider the group where p is

any prime number. A peculiar feature of this group is the occurrence of torsion in its 

center, this means that the torsion elements in this quotient form a subgroup of the 

abelian group ^(F')F"' jVlpkF'YF\F"* . In this thesis we give a complete description 

of this torsion subgroup in terms of generators and this is based on computing certain 

connecting homomorphisms. Furthermore this description can be exploited to obtain 
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a complete description of the torsion subgroup of F/^piF'^F} in terms of generators 

of F as well. For the group F/\^pn( F' ), F]Fm where n > 2, we describe just rank 4 

torsion subgroups of this group in terms of generators of F.
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Chapter 1

Introduction

The purpose of this thesis is to investigate the elements of finite order in certain free 

central extensions of groups. To be more specific, we need to introduce some notions 

first.

Let a and b be elements of a group G; then the commutator [a, b] = a“16~1a6. The 

left-normed commutator [ai,...., an] is defined for n > 2 by setting [di, • • -, an] = 

[[«i, • • -, an_i], an]. If H and K are subgroups of G, then [.H, K] is the subgroup 

generated by all [h, Æ] with h in H and k in K. In particular, the commutator subgroup 

or derived group of G is G' = [G, 6']. The lower central series of G is the chain of its 

normal subgroups

G = 71(G) > 72(G) > - > 7,(3) > 7m(G) > - - -

where 7^i(G) = ^(G), GJ. The conjugate of a by æ is a® = x^ax.

Let F be the free group on X = {%i, æ2, • • •, æ^}, N < F a normal subgroup of F, the 
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Chapter 1. Introduction 2

subgroup N“ is the second term of the derived series of N and ^CN is the c-term of 

the lower central series of the subgroup N (c > 2).

Consider the quotient

F/kW, F]N" (1.1)

Then we have an exact sequence of groups

1 —* 7cW^7[7cW, F]N" — F/MN), F]N" — F/^N)^ — 1. (1.2)

Since 7c(jV)jV7[7c(-W), F]N" is in the centre of (1.1), our quotient is a central extension 

of FhcWN".

For the last twenty three years such groups have been extensively studied by many 

authors such as C.K.Gupta, Kuz’min, Stohr and others.

A peculiar feature of this group is the occurrence of torsion in its center. This phe­

nomenon was studied in some detail in [2] , [13] and [14]. The original motivation for 

these and other related investigations came from C.K. Gupta’s pioneering work on the 

free centre-by- metabelian groups. Indeed, if c = 2 and N = F\ the quotient (1.1) 

turns into F/[F", F], the free center-by-metabelian group of rank d, and the exact 

sequence (1.2) turns into

1 — F7[Z, F] —♦ F/[F\ F] — F/F" — 1.

In 1973 C.K. Gupta [1] proved that this group is torsion-free for d = 2 and d = 3, and 

she discovered that if d > 4, then F/[F", F] contains an elementary abelian 2-group 
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Chapter 1. Introduction 3

of rank (d choose 4) in its centre. Moreover, she proved that the elements

[fo, V
[[«in «^1] [k, «^]]

where (1 < h < «2 < *3  < H < d} form a basis for this torsion subgroup. This 

remarkable and at the time surprising result initiated a series of investigations about 

torsion in free central extensions (see , [2], [3], [4], [5], [6], [7], [8], [9], [10], [14] and [16] ). 

While Gupta’s proof was purely group-theoretic, Kuz’min [4] introduced homological 

methods for discussing this torsion subgroup, and the later papers on this subject make 

extensive use of homological methods. Now when N = F\ the quotient (1.1) turns 

into

FI\W\ F]F"'. (1.3)

It was pointed out, in ([2], Theorem 7.1) that the order of any torsion element in 

F/[yc(F'), F]F"' divides c if c is odd and 2c if c is even. Of course this does not 

answer the question of whether or not there are any torsion elements in (1.3). Now, let 

c = p,where p is a prime. In this case, Hannebauer and Stohr showed in [2] that the 

group (1.3) is torsion-free for d — 2 and d = 3, and if d > 4, then F/[^P(F>), F]F"' 

contains an elementary abelian p-group of rank in its centre, and the quotient 

of F/Vyp(F*\  F]F"' by its torsion subgroup is torsion free. In fact, Hannebauer and 

Stohr proved that the torsion subgroup of F/[7P(F/), F\F"' can be identified with 

Hi(F/F', Zp), the fourth homology group of F/F' with coefficients in Zp = Z/pZ, 

that is

= H^F/F*.  Zp). (1.4)
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Chapter 1. Introduction 4

On the other hand, it has been shown in [13], that,

KF/MF'), F]F‘") a H^F/F1, Z2) ® H6(F/F*,  Z4) ® H^F/?, Z2) (1.5)

Later on, in [14], when c = pa, a > 1, p is any prime and F is of rank 4, Stôhr showed 

that

tplF/bp^, F]F'") * W/F\ ZP). (1.6)

It should be pointed out that the results 1.4, 1.5 and 1.6 are special cases of more 

general results which have been shown in [2], [13], and [14]. Now, these results provide 

a description of the torsion subgroups as an abstract group in homological terms. On 

the other hand, the problem of describing these subgroups in group theoretic terms, 

[i.e. in terms of explicit generators], remained open except for the case p = 2 where 

Gupta’s result applies. It would be desirable to have a complete description of these 

torsion subgroups in terms of generators.

The main aim of this thesis is to give a full description of the torsion subgroup of 

F/^p^F'}, F\F"' , and a partial description to the torsion subgroup of F/\^pa(F*Y  F]F"' 

in terms of generators. The arrangement of this thesis is as follows.

In chapter 2, we introduce basic notions and some preliminary material required in 

this research, such as the concept of complexes, connecting homomorphisms, relation 

modules, symmetric powers. The homology of free abelian groups play an important 

role in this work, so in this chapter we compute the homology of the free abelian group 

with coefficients in the trivial G-module Zp, where G is any free abelian group of a finite 

rank. In section 2.4, we recall the notions and concepts of Lie rings, metabelian Lie 
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Chapter 1. Introduction 5

powers and we give some general results concerning metabelian Lie powers, we recall 

briefly some facts which explain the connection between the centre of F/[Tc(F ), F]F"' 

and the metabelian Lie powers of the relation module, and we also introduce two 

important chain complexes which play a crucial role in our computation. In the last 

section of this chapter we introduce some elementary facts about binomial coefficients, 

which will be used in our calculation. In the end of this section we briefly introduce 

the notion of localization at a prime p.

In chapter 3 we exhibit the generators for the torsion subgroup of F/^p^F'}^ F\F*"  

where p is any prime. The main result reads as follows.

If p is an odd prime, then the torsion subgroup of F/[^P{F'\ F\Fm is generated by 

Wp(xT1,xT2,xT3,xTJ, where Wp(xT1,xT2,xT3,xTi) is given by:

5



Chapter 1. Introduction 6

^73]*?  [xnX^x^XT^ 1]^TgXTtV 72 ^T1 XTty XT1 P , [xT2XT1

[[^72^73^71^74], [^73^72^74]*,  [^73^72]^, [^73^72^71]^, [^73^72^71^74 

n
[[^74^73^71^72], [^74 #73 #72]*  , [^74 #73P , [#74 #T3 #71]*,  [#74 #73 #71 #72 F 1]

►

[[#71 #74 #73 #73], [#71#74#72P, [#71 #74 P , [#71 #74 #73]^, [#71 #74 #73 #72^ 

[[#71 #73 #72 #74 ] , [#7j #73 #74]*,  [#T1 #73]^, [#T] #73 #12]*,  [#7l #73 #72 #74 

72 #74 72^74*71  

73^72 73^72

12

n

X 71 ^73

74 72*74  •4'71

[[#72#7] #73 #74], [#T1 #73 #72 #74 ]*,  [#n#73#72p, [#72#71 #73 #74 ]*  [#72 #71 #73 P ]
73

n
[[#72#73#74 #71 ], [#72 #74 #71 #73 72 #71 #74 73 #72 #74 ]J]

73 #71 #74 #72]*,  [#73#71 #74 ]^, [#74 #73 #71 #72]*  [#74 #73 #71 P]

#73 #72 74 *7 2

74

73#72#74#7i

71 #73 #72 #74]*  1

73 #71]*  1

72
&-1

p—2 p—2—1
n n
:=0 k= —1

73*72 72 #71 #73 #74

#71 #73 #72

n
(w,k)EA

X
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Chapter 1. Introduction 7

where

71 = 7a = ^C&CH^

73 = 71 ; u = ^Cf1

h = {(^j\ ^) •’ * / 0, j + M 0 , » + j + A: < p - 1}

h = /?) : k / 0, i + j / 0, j + k / p, i + j + k < p,}

^3 = {(«, j, fc) : « # 0 , i + j 4- A: < p, i + / p} 

A = {(% J, A;) : k 0, , i 4- j 0 , i 4- j 4- k < p } 

1 < n < r2 < 73 < r4 < d ; p = p-i- j -k .

Our proof makes use of the approach developed in [2], which will be outlined in the first 

section of chapter 3, where we also introduce some auxiliary results . In particular , we 

outline the proof of a special case of the main result of [2], which gives a homological 

description of the torsion subgroup of central extensions of type (1.1) where G = 

F/N is p-torsion free. In fact, we simplify the original proof from [2] in this special 

case by replacing a spectral sequence argument with an elementary dimension shifting 

argument. This enables us to compute an isomorphism between the homology group 

and the torsion subgroup explicitly as a dimension shifting isomorphism, and hence to 

obtain the generators given in theorem 3.1.1. Also in this chapter we apply our method 

to give another proof of Gupta’s result, (i.e. we compute the generators of the torsion 

subgroup of (F/[F", F])). Furthermore, we prove that our result for p = 2 is consistent 

with Gupta’s result (i.e. our elements generate the same group as her). In the end of 

this chapter, we discuss briefly an important application to our main result, namely our 

description of torsion can be exploited to obtain a complete description of the torsion 

subgroup of F/[7p(F'), F] in terms of generators of F as well, using homomorphisms 

introduced in [29].

7



Chapter 1. Introduction 8

In chapter 4 we give an alternative proof to the following result, ([14],Theorem 2).

Let G be a p-torsion-free such that Ha(G, Zp) = 0 for all s > 5. Then

Again this provides a description of the torsion subgroup as an abstract group in 

homological terms. Moreover, in chapter 3, our main result was about describing the 

torsion subgroup of F/Vlp^F*\  F\F"\ where p is any prime, in terms of generators. A 

similar result holds for the torsion subgroup of F/^pa^F'}, F\Fn\ where F is of rank 

4. If the rank of F is greater then 4, then any four of the free generators a?i,- • xa 

generate a rank 4 subgroup of Fj^pa^F'Y F]F"\ and hence the rank 4 torsion elements 

appear in all higher ranks. However, these elements form only a subgroup of the higher 

rank torsion subgroup, and (1.5), for example, implies that the rank 4 torsion elements 

form a proper subgroup of the rank 6 torsion subgroup, where p — 2 and a = 2. As in 

chapter 3, we obtain the torsion elements by computing the isomorphism

H4(FIF\ Zp) — t(F/MF'), F]F"'l

explicitly. The proof of this result makes use of the approach developed in [14] as 

modified in the first section of this chapter. Here we consider two cases, the first 

when p is any odd prime. In this case we find that the computation of the connecting 

homomorphism is from a certain stage onwards very similar to the first one [i.e. the 

one in chapter 3]. In the case where p = 2, the calculation is slightly different.

Throughout this thesis the notation and terminology are mostly standard and the 

reader is referred to the book of P. Hilton and U. Stammbach : A course in Homological 

Algebra.

8



Chapter 1. Introduction 9

A list of symbols used, and their meanings is provided below.

Notation :

3 : There exists

V : For all

= : Isomorphic to

s.e.s. : Short exact sequence

0 : Tensor product

0 : Direct sum

[] : Direct product

Kero : The kernel of the map a

Imo : The image of a

Sn : Symmetric group of degree n

tA : Torsion subgroup of A, where A is any abelain group

G' = (G, G] : Commutator subgroup of G

G.& : G/G'

The c-th term of the lower central series of A; note that
TcW :

72(A) = [A, A] = A', the commutator subgroup of A

Hn(G, B) : The n-th homology of G with coefficients in B

Hn(G) : The integral homology of G

Z : The ring of integers

Zn : Z/nZ

ZG : Group ring of G over Z

IG : Augmentation ideal

9



Chapter 1. Introduction 10

R : Integers localized at p

RG : Group ring of G with coefficients in R

△ : Augmentation ideal of RG

M : The localized relation module

An : The n-th symmetric powers of the module A

Gr(N) : Associated graded group of a group N

[®i, • • *,x n] : = [[%i, - - a simple commutator of

weight n > 2, where by convention [#i] = Xi 

and [zi,Xi\ is the commutator of x\ and $2

CA : The free Lie ring on A

A4 A : The free metabelian Lie ring on A

Lastly, we explain the numbering system which we have used. Equations are numbered 

by chapter, e.g. equation 3.2, while Theorems, Lemmas, etc., are numbered by chapter 

and section, e.g., Theorem 3.2.1.

10



Chapter 2

Preliminaries and notations

Occasionally, well-known facts will be drawn from homological algebra without citing 

special references; these however can easily be found, e.g. in Hilton and Stammbach 

[17].

For convenience we shall write B A, TorG for B ®zg A, Tor%G respectively.

2.1 General notations and some basic facts

2.1.1 Complexes

Let S be a ring with 1, we begin with following definition.

Definition 2.1.1 A chain complex C of S-modules is a family {Ci : i € Z} of S- 

modules, together with S-module maps dn : Cn —» Cn-1 such that each composite 

11



Chapter 2. Preliminaries and notations 12

dn_i o dn : Cn —► Cn-2 is zero. The maps dn are called the differentials of C . The 

kernel of dn is the module of n-cycles of C . The image of dn+1 : Cn+1 —► Cn is the 

module of n-boundaries of C .

From this definition it is to easy see that every exact sequence is a complex. On the 

other hand if T is any functor and C is a complex, then

f(C):------- ► T(C^ & Z(C„- i) — ...

is also a complex. In particular, if C is an exact sequence, then C) is a complex.

Now if C and C are complexes, a chain map f : C —» C is a sequence of maps 

Cn —» C'n, for all n 6 Z, such that the following diagram commutes

ri ^n+l dn /-«• * * --- ► Cn+1 --- * Cn --- > Cn—1 --- ► " * '

I fn+1 1 /n i /n—1

••• — c;+1 c; & c;_t — ...

Remark 2.1.2:

1. 0 Çlmdn+i ÇKerdn Ç Cn.

2. For any n, the nth homology module of C is defined by Hn(C) = Kerdn/Imdn+i.

Thus C is exact if and only if all the homology groups of C vanish. As Hn is really a 

functor, we need to define its action on chain maps. If / : C —» C is a chain map, 

we define 

: Hn{C) —> Hn{C')

by zflmdnfi ।—> /n(z)flmd^p 

12



Chapter 2. Preliminaries and notations 13

An S-module P is projective if if it satisfies the following universal lifting property: 

Given a (3 : P —► C and a : B —» C where a is a surjective, then there exist 

7 : P —» B such that 7a = (3.

P

/ I/)

B C 0

Definition 2.1.3. A projective resolution of the left S-module B is a complex,

P : • •• --- ► Pn --- ► Pn-1 --- ► • • • --- * Pl --- ► Pl --- » Po --- ► 0

with the following properties:

1. Pn is a projective module for all n > 0.

2. Hi(P) = 0 Vi > 1.

3. ^o(P) = B.

If we include the module B in the resolution in this case we will denote the resolution 

by 2

2 : ' " --- » Pn --- » Pn-1  » • • •  ► Pl  ► Pl  ► Po  ► B —► 0

we notice that 2 is an exact sequence.

Now we briefly recall how the abelian groups Tor^S, A) and Hn(G,B) are defined 

and calculated (where B is right S-module and A is left S-module).

Given T = B®g is a functor from the category of S-modules to the category of abelian 

groups, we now describe its left derived functors Tor^A, B) as follows.

13



Chapter 2. Preliminaries and notations 14

First we choose any projective resolution of A (this can be done, because it is well 

known that every module has a projective resolution)

P:------- ► Pn —*-------- >P2-+Pi — Po—*0.

By tensoring each module of P with B over S and taking the natural induced maps we 

produce the following complex

B ®§P : • • • —► B ®s Pn —» • • • —► B ®s Pi —» B —* 0,

then we define Tor$(B, A) = Hn(B E) =Ker(dn ® l)/Im(dn+i ® !)•

We notice that if A is projective module, then Tor^B^A} = 0 Vn > 1 and for all 

modules B.

That is because, as A is projective, it has resolution

P : • • • 0 —► Po —► 0

with Pq = A is a projective resolution of A, hence Tor^ÇA, B) = 0 Vn > 1.

Let G be any group written multiplicatively. As usual, Z G denotes the integral group 

ring of G. The underlying abelian group of Z G is a free Z-module with Z-basis 

= {1 .g : g € G}, where the rank (ZG) = |G|. A module over Z G will be referred to 

simply as a (7-module. The tensor product over Z will be denoted by ® instead of 

If B,C are C-modules, the tensor product B ®C can be endowed with a (7-module 

structure by defining (b 0 c\g = bg ® eg (b € B, c € C, g € G). This type of action 

is called diagonal action. By forgetting the (7-module structure of B, B ® C becomes 

(7-module, using only the structure of C, by defining (b 0 c\g = b®cg (be B, c e C, 

g e (7). This type of action is called single action.

14
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Remark 2.1.4: The Z-tensor product of Z-free G-modules is a free G-module if at 

least one of the tensor factors is G-free.

A G-module A is called trivial if ga = a, Va € A, Vg € G. the ring of integers Z will 

always be regarded as a trivial G-module. By Zp we denote the quotient Z/pZ, which 

is also viewed as a trivial G-module.

Definition 2.1.5. Let B be a right G-module, then the nth homology group of G with 

coefficients in B, denoted by Hn(G, B), is defined as follows

Take any G-projective resolution of the trivial G-module Z

P: * " —* Pn —* • • • —» Pi —* Pi —* Po —* 0,

by tensoring each module of P with B over ZG and taking the natural induced maps 

we produce a complex of Z-modules

B P: —» B Pn —» B ®g Pn-1 ' " —* B Po —» 0,

then we define the nth homology group of G with coefficients in B to be the abelian 

group Hn(G,B) = Hn(B ®g P). In fact this definition describes how to compute the 

homology of the groups via resolutions. If B = Z we get the integral homology, which 

is denoted by Hn(G).

Remark 2.1.6

1. Hn(G, B) = Tot^B, Z).

2. If B is projective, then Hn(G, B) = 0 Vn > 1.

3. If B is a right G-module, then Hq^G, B) = B ^g %

15
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2.1.2 Connecting homomorphisms

Since most of our work in chapters 3 and 4 involves computing rather complicated 

connecting homomorphisms, we need to give here a list of useful results concerning 

connecting homomorphism, so in chapter 3 will be able to develop or produce a method 

of computing complicated connecting homomorphisms.

Theorem 2.1.7 : If 0 C' C C" —» 0 is an exact sequence of com­

plexes, then for each n there is a connecting homomorphism

In fact, dn is computed as follows.

o —> c; cn -+ c; —* o

Id ld [d

0 — — 0

If z" is a cycle in C”, choose an element cn € Cn projecting onto z"; (cn)d is an element 

of Cn-1. By commutativity,

(cn)d € Ker(Cn-i —» C”_i) = hm.

By exactness of the bottom sequence, there is unique cn_x € C'n with (c^)! = (cn)d.

It follows that

z ' ।—' z 'p 1 di x.

16



Chapter 2. Preliminaries and notations 17

The long exact homology sequence is of course linked to the connecting homomorpism, 

and we use this long exact homology sequence quite often, so it is worth while to 

mention it.

Theorem 2.1.8 ; If 0 —► C' -U C C" —> 0 is an exact sequence of 

complexes, then there is an exact sequence of modules

------ C') Hn( C) Hn( C") — Hn-1( C') H„_x< C) • • -,

Lemma 2.1.9:

If 0 —► A' —► A —► A" —> 0 is a short exact sequence of right S-modules, then for 

any left S-module C, there is a long exact sequence

.... - Tor^CA", C) X TorS(A', C) —. Tor^A, C) —. Tor^A”, C) .....  

..... - Torf(A", C) — A' ®3C A®3C 0.

we observe that the functor (Tor) repairs the exactness we may have lost by tensoring.

Remark 2.1.10

(a) . To any s.e.s. 0 —► B  —» B —» B" —► 0 of right G-modules, there is a long 

exact sequence,

*

.... - Hn+i(G, B") — H„(G, B') — H^G, B) —. H„(G, B") - ....

.... - H^G, B") — H0(G, B') —. H0(G, B) —>• H^G, B") - 0.

(b) . If 0 —► B  —> B —> B" —  0 is a s.e.s. of right G-modules, where B is * *

17



Chapter 2. Preliminaries and notations 18

projective, then

B") = Hn(G, B') Vn > 1.

The result just described is called dimension shifting.

(c) . Let

0 —► K —► Pk —------------ Pi —> Po —» Z —kQ

be an exact sequence of right G'-modules, with Pq, Pi, - • -, Pk projective. Then the 

following sequence is exact: 0 —» Hk+i(G, B) —» K B —► Pk B.

(d) . Let

K :0 —► A —> Kn —»--------> Ki —► B —> 0.

If K is exact and Hk(G, = 0 for k > 1 and i = 1,2, • • -, n; then Hk(G, A) =

Hk+n(G, B) for all k > 1, and the connecting homomorphism Hn(G, B) —► Ho(G, A) 

can be computed as follows:

Take projective resolution

2 : " - —» Pn —» Po-^Z —>0,

of the trivial G-module Z, then we form the double complex K 2

18



Chapter 2. Preliminaries and notations 19

B Bn-1 «  B ®G Pn *“

Î

Ki ®G Pn-1 *--- Kl ®G Pn

— Î

Î

Kn ®G Po <--- - • *

Î

A Z 4--- A ®G Po

We start with any cycle in B Pn and then we have to go along the calligraphic 

arrows up to A ®g Z.

We conclude this subsection with two questions concerning the complex K.

Now suppose that K is not exact but the other condition remains unchanged.

Do we still have Hk(G, A) = Hk+n(G, B) ?

Can we still compute the connecting homomorphism Hn(G, B) —» Hq^G, A) ?

Under some additional conditions these questions have a positive answer, as we will 

see in the beginning of chapter 3. Here we should mention that this kind of connecting 

19
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homomorphism plays a crucial role in the proof of our main results.

2.2 Some specific modules and symmetric powers

2.2.1 Relation modules and augmentation ideal

For the material of this subsection we refer to [17].

The map £ : Z G —» Z defined by

Z ms9 ) f =Z mg 

geG / geG

is called the augmentation map. This map is a ring homomorphism; its kernel is 

denoted by IG, and is called the augmentation ideal. The exact sequence

0 — IG — Z G — Z —»O

will be referred to as the augmentation sequence.

The short exact sequence

1 —> N —► F G —>1, (2.1)

where N and F are free groups is known as a free presentation for the group G.

Now suppose that G is given by this presentation where F is a free group with free 

basis X = {%i, • • -, xn}. The augmentation ideal IF turns out to be a free F-module 

on the set {x — 1 : x € X} (see e.g., [17], Theorem 5.5). The group ring ZG carries 

F-module structure via r.
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Given such a presentation, the abelian group Nab = N/N' carries, by conjugation, the 

structure of an F-module. Since N operates trivially, Nab may be regarded as a right 

G-module by defining rN'.g = (x^rxjN' where r£N,x£F,g€G with g = (z)7r, 

which is called the relation module of G associated with (2.1). Now we turn to the 

action: this action is well defined, indeed, let n € N, g € G and if x, y € F such that 

(x)ir = (y)^ = g, then

ar-1 nx = y-1nt/(modJV ).

Now, the tensor product IF Z G becomes a right G-module by a single action. In 

fact the module P = IF Z G is a free G-module on {(z, — 1) ® 1; Xi E X}. For it is 

plain that

IF Z G = — 1)Z F Z G

s ©^(i-IXZFSfZG)

— — 1)ZG.

Furthermore the module P is contained in the exact Z-split G-module sequence

0 —> Nab P IG —> 0, (2.2)

which is usually called the relation sequence stemming from (2.1).

The embedding is given by (nN')p, = (n — 1) ® 1 for any n E N.

Now, if g E G, n E N and f E F, where g = (/)*■,  then we have

[nN'.g]p, = [f~lnfN]fi = f^nf - 1 ® 1 (2.3)
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as (/—!)(/ xnf — 1) = 0 in IF ZG, then from (2.3) we get,

[nN'.g]» =

= (n - 1)/ ® 1

= (n - 1) ® (/>

= (n - 1) ® y

= [(n - 1) ® V\.g

= W^N'^.g

So we have got the following well-known result, (see e.g., [[17], pp. 198-199, Theorem 

6.3]).

Lemma 2.2.1 The map p, : Nab —» P given by (nN')p = (n — 1) ® 1 is G-module 

embedding.

This embedding p is called the Magnus embedding and the Lemma is due to Magnus.

Finally the map a : P —* IG is defined by ((æ — 1) ® l)a = (x)tt — 1, which is also 

compatible with the G-action.

For our applications we consider the following special case. We put G = F/F* . This 

means that G is a free abelian group with free basis {6j, 62, • • -, bn}, where bi = XiF\ 

in this case the relation module is F'/F". It is (as a G-module) generated by the 

commutators [y,, yj, where yi = XiF", 1 < i < j < n :

F'/F" = {[æ„ Xj]F" : 1 < i < j < n}.

For simplicity, we write as follows F'[F" = {[%,, : 1 < i < J < n}
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On the other hand F' /F" as a Z-module is generated by

{kh : 1 <«<><”» 0 G G}.

Let us now write the Magnus embedding and the epimorphism a in a form convenient 

for our computation in chapters 3 and 4. The epimorphism P —► IG defined by 

e; —» bi — 1, where e, = Xi - 1 ® 1 are the free generators of P, For the Magnus 

embedding : F' /F" —» P will be as the following:

[xi, Xj] —> e^bj - 1) - e^bi - 1)

where bi are the free generators of the free abelian group G, and e, free generators of 

P. This is because

1 XiXj - 1) ® 1 = [(xf1xj1 - l)xt-Xj + {XiXj - 1)] 0 1

= (x^x~x -1)0 bib5 + (XiXj - 1)0 1

= [(æf1 - l)^"1 + (xj1 - 1)] 0 bibj + [(x, - 1 )xj f (xj - 1)] 0 1 

= (x"1 - l)0 6, f (x"1 -1)0 bibj + (xi -1)0 bj f (Xj -1)01 

= (1 - xj 0 1 f (1 - Xj) 0 6, + (x, - 1) 0 bj + (xj - 1) 0 1

- (x, -1)0 (6j - 1) - (xj - 1) 0 (6, - 1)

= [(xi -1)0 l](6j - 1) - [(xj -1)0 1](6, - 1)

= e,(6j - 1) - ej(6, - 1)

Before closing this subsection we recall the following basic results which are called the 

reduction theorems for homology (see e.g. [17], p 213 and p 214).

Theorem 2 2.2 For n > 2 we have

Hn(G, B) = Hn_i(G, B 0 IG),
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where B 0 IG is G-module with diagonal action.

Theorem 2.2.3. Let G = F/N with F free. For n > 3 and B is any G-module, we 

have

B) “ HU_^GS B ® Nab).

2.2.2 Symmetric powers

In this subsection we record some well-known facts concerning symmetric powers.

For a free Z-module A, we denote the nth tensor power of A by TnA. Now, the n^ 

symmetric powers of A is defined by

An — TnA/{ai ® ® an - aip ® ® anp}

where p ranges over all permutations of {1,2, • • -, n) and ai, • • -, an € A. In particular,

A2 = T2A/{a\ ® a2 - a2 ® ai}.

For «1, • • -, an € A we write ai o • • • o an for the corresponding symmetric tensor in An.

If A is a (7-module, An will be regarded as a G-module with diagonal action.

We begin with the following facts from [2].

First the map:

n 
oioa2O'--oan —ai ® («i o a2 o • • -o at- o • • • oan) (2.4)

4 = 1

extends to an embedding vn : A" —► A ® An~1 of G-modules, where the at are 

arbitrary elements of A and the circumflex denotes that a, is omitted. We also have a
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projection, pn: A® An~1 —» An given by

(ai ® (a2 ° a3 o • • • o an))pn = «i o a2 o • • • o an . (2.5)

It is clear that the composite of vn and pn is the nth multiple map on An :

UnPn —

Now for our examination of the ^-module A”, we need to recall the following construc­

tion, from [14]. Let

0—- B—► A D—» 0

be a short exact sequence of Z-free ^-modules. We identify B with its image in A. 

Let Kp be the submodule of An spanned by the elements

o • • ‘b[+1 o ai+2 o • • >an

where 6i, • • -, bi+1 € B, u^2,. • -, an € A and n > I > 0. We put = An and 

K” = 0. The submodules Kp form a chain

0 < < -.. <

in An with quotients

KUJK? SB1® D"-1

which will be referred to as the (B, Z>)-filtration of An.

In particular, Kp_T is the canonical image of Bn in An and Kq is the kernel of the 

canonical epimorphism [3n : An —» Dn. Specifically, the relation sequence yields a 

finite filtration

o < < -. < y? < = ?"
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with quotients Y^/Y™ = (Nab)1 ® (IG)n~l, for the symmetric power of the free G- 

module P, [ we notice here is the kernel of the epimorphism : P" —► (IG)n].

Theorem 2.2.4 ([11] , Corollary 3.13). Let G be a group without n-torsion, A is a 

free G-module. Then An is a free G-module.

Also we need the following result.

Lemma 2.2.5 [[19], Lemma 2.3]. Let p be a prime, A a free SG-module. Suppose that 

G is p-torsion free, and every prime q / p is invertible in S, where S is a commutative 

ring with 1. Then Hk(G, D Ac) = 0 for every SG-module D, k > 1 and c > 1.

2.3 Homology of free abelian groups

The homology of free abelian groups is very important topic in this work. However the 

integral homology groups of free abelian groups are well-known (see e.g., [18], chapter 

6). Nevertheless in this section we include the computation of these homology groups, 

because some details will be needed later. Most of the following material of this section 

is from [4] and [15].

To compute the homology of free abelian groups and also later on the connecting ho­

momorphism H^G^ Z) —» t^pNN /'fp^NN Z), we need to recall the following 

construction of the free resolution of the trivial G-module Z

Let G be free abelian group of rank n, with free generators 62,*  ' ", bn. Let AkP 

be the Æ-fold exterior power of the free G-module P, where ei, 62, • • •, en are free
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generators of P. For k > 1, A*P  is a free G-module of rank with free generators

A e,2 A • • • A , (1 < ii < • • • < i*  < n) in particular, AnP is a free G- module of 

rank 1 with basis

ei A €2 A • • • A en, we extend the definition of A^P to the cases k = 0, and & = 1 by 

setting A^P = P, and A°P = ZG.

We define dk : A*P  —► A* -1 P by

( A - - - A ~ 1)(^ A • • -A • • • A etfc)
j=i

and ( ej)di = (6? — 1), (here el indicates the omission of ). It is easy to see that 

dkdk-1 = 0; therefore we obtain a complex of free modules,

0 —► AnP A"-ip .... \2P P ZG —> 0. (2.6)

If we supplement the complex (2.6) by the homomorphism e : ZG —» Z , we obtain a 

free resolution (the Koszul complex) of the trivial module Z :

2:0^ AnP A- A"-^P ^....A2pApAzG —► Z ->0,

A proof of this fact can be found in [18]. To simplify the notation we put A*P  = Pt, 

* = 1, 2, - -, M, so 2 becomes as

2 : 0 - Pn • • P2 P A, ZG —> Z -^0. (2.7)

By tensoring 2 with Z over G we get the complex

Z ®G2 : 0 Z ®G Pn • Z P Z ZG A Z ®g Z 0
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As an application of this we get,

Hk(G, Z) = ^(G,Z®g2).

On the other hand we note that, (Pk)dk Q IG(Pk-i) which implies the induced differ­

entials on Z are all zero maps. Hence Hk{G, Z) = Z Pk . Since Pk is a free 

G-module of rank 0^ Hk(G, Z) is a free abelian group of the same rank.

Likewise, by tensoring the complex 2 with Zp over G we get,

Zp ®GP : 0 - Zp ®G Pn A- • • • Zp ®G P A Zp ZG Zp Z - 0 (2.8)

Again Zp is a trivial (7-module, so as before the induced differentials on Zp ®g 2 are 

all zero maps. Hence Hk(G, Zp) = Zp ®g Pk- Since Zp ®g Pk is an elementary abelian 

p-group of rank Hk(G, Zp) is an elementary abelian p-group of the same rank. So

we have the following

Proposition 2.3.1 The homology group of the free abelian group G with coefficients 

in the trivial (7-module Zp is an elementary abelian p-group of rank Cg (i.e. Hk(G, Zp) 

^z^).

2.4 Metabelian Lie powers

Most of the material of this section are taken from [2]. For more general reference we 

refer to [21], [22] and [24].
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2.4.1 Notation and some general results

In this subsection we shall collect some basic concepts and some general results con­

cerning metabelian Lie powers.

Suppose A(X) is a free associative algebra on a set X over S where S is a commutative 

ring with 1, and let I be the two-sided ideal of A(X) generated by the elements of 

the form aa, a € A(X) and a(bc) + b(ca) f c(ab), where a, 6, c € A(X). The quotient 

algebra A(X)/I is called the free Lie algebra on X, and is denoted by CX .

Remark; Any a free Lie algebra over Z is called free Lie ring.

For an (additively written) free abelian group A, let <¥ be a free Z-basis on A. We 

write CX for the free Lie ring over Z on X. The free abelian group A can be identified 

with Z-submodule of CX spanned by X. We define CA— CX. Now CA has a Z-module 

decomposition

CA- © CnA 
n>l

where Cn A is spanned by the left-normed Lie monomials , •••, with , •••, €

X.

Moreover, if A carries the structure of a right G-module, then the G-action on A 

extends uniquely to G-action on CA turning the Lie powers CnA into G-modules, and 

the induced action is, in degree n, given by

[ai, «2, " ", 0^-9 = [«10, «2g, ■ • ang\ , g € G , a, e A.

Now we turn our attention to another class of free Lie rings, consisting of soluble Lie 
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rings of soluble length at most 2, called the free metabelian Lie ring MA on A which 

is defined by

MA = £A/[[£A, LA], [LA, LA]].

(i.e. MA is isomorphic to LA factored out by its second derived ring). Like LA the

Z-span of X in MA can be identified with A, and also the lie ring MA is a graded

^-module MA = ® M*A,  with 
t>i

MnA = LnA/LnA D [[LA, LA], [LA, LA]].

It is known [see, e.g., [21]] that MnA is generated by the left normed commutators

[ttl, Ü2, • • -, an], di, «2, • • •, an € A,

and these commutators are subject to relations

(i) . [ai, «2, «3, • • “n] = -[^2, «1, «3,  ' ", ^n]*

(ii) . [di, «2, «3, • • ", &n] + [«3, “1, «2, " " ", ^n] + [«2, «3, «1, " ", ^] = O

(iil) . [di, ‘ Ui, Ui+l, ‘ On] — [^1, '  ", ®i+l, Ui, • • ", Gn] , 3 < i < U 1»*

Moreover, if X is a totally ordered free Z-basis of A then the left normed commutators

{[«1, °2, " " ", «nL «1, «2, " " ", an € X,Ui > 02 < Û3 < • • • < On}

form a free Z-basis for MnA. These facts can be found in the literature (for example 

in [21]).

The following result describes an embedding of MnA into A ® An~1.
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This embedding is essential since our results in chapter 3 and 4 depend at some stages 

on this embedding.

Lemma 2.4.2. [[2], Theorem 3.1]. Let A be Z-free G-module, n > 2. Then the map

[ai, • • -, a„] --- » ai ® («2 0 • • * 0 On) - «2 ® («1 ° «3 O • • • O «n)

extends to an embedding (pn : MnA —A ® An~x.

As result of this Lemma we have the following corollary which is also from [2].

Corollary 2.4.3. There is a short exact sequence

0 —► MnA A ® An —* 0, (2.9)

of G-modules.

Theorem 2.4.4. Let G be a group without n-torsion, A a free G-module. Then 

AAnA is a free G'-module. (For the proof see e g. [11], Theorem 3.11).

To say that a group G has a finite exponent m means that gm = 1 for all g € G. 

The next result,which is from [2], shows that each homology group Hk(G, MnNab) is a 

periodic abelian group of finite exponent, and gives an upper bound for the exponent.

Theorem 2.4.5. For any odd n > 3, Hk(G, MnNab) k > 1 is a periodic abelian group 

of finite exponent dividing n and Hq(G, MnNab) is a direct sum of a free abelian group 

and a periodic abelian group of finite exponent dividing n, and for any even n > 2, 

Hk(G, MnNab) k > 1 is periodic abelian group of finite exponent dividing 2n and 

Hq(G, MnNab) is a direct sum of a free abelian group and a periodic abelian group of
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finite exponent dividing 2n.

To obtain more precise information about the homology groups MnNab\ we 

need to recall the following complex M from [2], which also plays a crucial role in our 

computations.

Let n > 2 be a fixed integer and let

M : 0 - M"Nab -^P® 1 P” A. ZG" iZG-^ Z„ ^0, (2.10)

where the differentials are given as follows :

is the composite of the augmentation map £ : Z G —► Z and the projection Z —» Zn.

62 is the composite of : Z Gn —► Z G ® ZG^"*  and 1 ® : ZG ® ZG^"^ —► ZG^
n

(ZG 0 Z%~i = ZG); thus for «i, «2» - -, «p € ZG, («i o - - o = Z ( H aj£)aô ™ 
i=l J# ï

particular for giv, gP E G, (gi o ■ - o ^^2 = gi + ^2 + • • • + ^n-

5g is the composite of <rn : Pn —► (IG)n and the injection (IG)n —» (ZG)".

^4 is the composite of 1 ® p^-1 : P ® > P ® and pn • P ® Pn~1 —► Pn-

£5 is the composite of tpn : MnNab —> Nab^N^1 and : Nab®N^T —» P®N^T, 

where <pn is defined by

[mi, m2,...., mn] —> mi ® (m2 o......o mn) - m2® (mi o m3 o...... o mn)

where mi, m2,...., mn €

Lemma 6.1 in [2], tells us that this complex is exact in dimensions 0, 1, 4 and 5 (i.e.
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H0(M) = = H4(M) = H5(M) = 0).

We also need the following corollary.

Lemma 2.4.6. [[2], Corollary 6.2]. The homology (i = 0, 5) of the chain

complex (2.10), has the following property:

Hk(G, (k > 1) is a periodic abelian group of finite exponent dividing ((n-1)!)’

for some positive integer q.

To obtain a characterization of the torsion in the zero-dimensional homology group 

of G with coefficients in MnNab, we focus in the case when n is a prime or power of 

prime.

We can now state the main result of [2].

Theorem 2.4.7. Let p be a prime, a : P —► Z G a homomorphism from the relation 

sequence and ap : Pp —» (ZG)p its pth symmetric power. Then there is a long exact 

sequence

• • • —* MpNab) —► cokerHk+3(&p) —» Hk+4(G, Zp) —» Hk(G, MpNab^

kerHk+1(ap) —► Hk^G^ Zp) —> Hk-i(G, MpNa^ —» cokerHk+i(crp) • • •

(k = 2, 4, 6, • • ) terminating at

------ » coker^^(^) —» H4(G, Z„) — tH^G, MpNah) —* ker^i(^) H^G. Zp).

If G has no p-torsion, then (ZG}p and Pp are free ^-modules. Consequently Hk(G, (ZG)p) = 

Hk(G, Pp) = 0 for k > 1. In particular, cokerH^p) =kerHi(crp) = 0, and the exact­

ness of the sequence gives H4(G, Zp) = tHo(G, MpNab).
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Now, for our computation in chapter 4, we need to modify another complex At.

First, from ([19], Lemma 2.1 (iv)), we have a 4-term exact sequence 

%p”
0 (IGf’ — (ZGY" (ZG)’’""1 —► cokenr'Ll - 0 (2.11)

where is defined by

n a
(«1 o o2 0 •••• 0 «pn) TTpn-! (at£)ai o .... o a% o... o opn

*=1

where «i, • • • an € ZG, the circumflex denotes that o, is omitted, and £ is the augmen­

tation map ZG —* Z. In particular,

( 1 o 1 o • • • o 1 ) (1 o 1 o - . o 1)
pn pn-l

((<Z1 - 1) O • ■ • o (gi - 1) o 1 o • • • o l)7T^n_i (pn - !)(^1 - 1) O • • • o (<7/ - 1) o 1 o • • • o 1

for I < pn, and for I = pn we get

((01 - 1) o • • • o (gpn - l^n-i = 0

Combining (2.10) and (2.11), we obtain the following complex At

M:0~ MpnNah P ® ZG"" ZG"”-1 - coker^L, -+ 0.

(2.12)

where the differentials 65, 64, ^3 are as in (2.10) and 7rpn_i it is defined above.

2.4.2 Central series of subgroups and metabelian Lie powers

The whole point of this subsection is to relate Lie rings associated with certain de­

scending series of subgroups of a free group to free Lie rings and free metabelian Lie 

rings.
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Let F be a free group on a set X = {xi, #2, • • ^n} and G is given by

The subgroup N is free by Schreier’s theorem. We consider the lower central quotient 

IcNhc+iN of the free group N. This quotient (free abelian group) is generated by the 

commutators of weight i (i.e. generated by {[«i, «2, • • •ai]7:+i(AT) : ai € N}. On the 

other hand it carries, by conjugation, the structure of a F-module. Since N operates 

trivially, it may be regarded as a right G-module by defining

ki, «2, - • -aihi'+iWA- = [«i, a2, - •

where «i, «2,- • € N, bi Ç G, Xi € F. The modules 7i(^V)/7t+i(W) are called the

higher relation modules.

Now we consider the family {7n(-^)/7n+i(^)}n>i- We introduce an additive abelian 

group of the form

Gr(JV) = © 7*(^)/7*fi(-^)  
i=i

which is an associated graded group. We will turn this graded group into a Lie ring 

by defining the commutator of two homogeneous elements U7^(^) € 7i(^)/7i+i(^)> 

67j+i(JV) e as follows:

[a7,+i(7V), bij+^N)] = [a, ^7^+i(^)

where a E 7i(N), b € 7/jV). Using the following relations

[ab, cd] = [a, d]6[a, c]db[b, d][b, c]d 

[[a, 6], ca] [[c, «], 6C] [[6, c], ft6] = 1
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the conditions of the Lie ring can be verified. Moreover, the graded Lie ring associated 

with the subgroup N, is the free Lie ring on the free abelian group Nab = N/N' (see, 

e.g. [22], chapter 4).

Let ni, • • -, nc € N and let a, = niN' (*  = 1,2, • • -, c) be their images in the relation 

module Nab- For any c = 1, 2, 3, • • • we have

7c(N)/yc+AN)^£c(Nab\

as abelian groups, where the map is defined by

0 : [ni, • • -, %c]7c-n(#) —> [«ir ", O

[for more details see, [22], chapter 4 and [21]].

Proposition 2.4.8 (Baumslag, Strebel, Thomson [23]). The map

[%, • • -, McW#), F] --- ► [di, ' Oc] 0 1

extends to an isomorphism

-MAo/ba#), f] -X ®G z.
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F

N

72 N

73 N

where H = FY

Now we focus in the metabelian case, because our main results are connected with the 

metabelian Lie powers of the relation module.

Consider the quotient F/[ycN, F]N". As was mentioned in the introduction, this quo­

tient is characterized by the exact sequence

1 — ic(N)N"/[ieN, F]N" — F^cN, F]N" —> FhcWN" —> 1

i.e. F/VïcN, F]N" is central extension of F/^C{N)N".
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First we consider the lower central quotient ^(NjN "/”fc+i(N)N" of the free met abelian 

group N/N". This quotient is generated by the left normed commutators of weight c 

(i.e. generated by {[dj, d2, ' ' •«c]7c+i(^)^r*/ : € N}. On the other hand it carries,

by conjugation, the structure of a P-module. Since N operates trivially, it may be 

regarded as a right G-module by defining

[»i, *2,  • • -dch;fi(^)7V"A = [«i, d2, • • •ac]Xi'yc+i(N)N"

where di, d2, • • -ac 6 N, bi 6 G, Xi € F.

Exactly as in the case of the higher relation module, we consider the following family 

{7c(Æ)Æ”/7c+i(N)7V”}c>i. Again we introduce an additive abelian group of the form

Gr(N/N") = $ hc+iWN"
C=1

which is an associated graded group. As before we will turn this graded group into a 

Lie ring. Moreover, the graded metabelian Lie ring on the group N/N", is the free 

metabelian Lie ring on the free metabelian group NfN”.

The next result is very important, so it may be justified to include the proof of this 

result in this chapter. Here we should mention that Hannebauer and Stohr outline the 

proof of this result in ([2], section 7).

Proposition 2.4.9. For any natural number n > l, there is a Cr-module isomorphism

UN)N"/MNl F^N" 2 M\Nab) z.

38



Chapter 2. Preliminaries and notations 39

Proof. The normal subgroup N is free by Schreier’ theorem, then N/N" is a free 

metabelian group. This implies that

Gr(N/N”} = hi+x(N)N

is graded Lie ring on the group N/N . We notice that ^C^N^N /7c+i(W)7V is the c-th 

homogeneous component of the graded Lie ring Gt(N/N"). By Theorem 3.2 of [27], 

there is an isomorphism between lower central quotients of free metabelian groups and 

metabelian lie rings

lcNN"/yc+1NN" 2 McNab (2.13)

as abelian groups. On the other hand, as we mentioned before, conjugation in F induces 

on 7c(7V)7V /^c+y(N)N the structure of F/N-module. Also McNab is G-module with 

diagonal action. Moreover, it is easy to see that this isomorphism is compatible with 

the G-action.

Trivializing the action on both sides in (2.13) gives

®G Z * -fcNN"Hc^Nn" ®G Z *
(7cNN hc+iNN ).IG

(2.14)

For m 6 7CA, and (x) 7r = g € G we consider

m^c^NN .(g - 1) = (myc+1NN ).g(m^c+1NN ) 1

= x~1m x^c+iNN N"

= x~1mxm~lyc+iN N

- [æ, m-^c^NN .

Therefore ^CNN"/^c+1Nn"}.IG = [F, icN]N"/^Nn" = [7^, F^N"h^NN* ’.

39



Chapter 2. Preliminaries and notations 40

Thus we obtain

ycNN /yc+iNN 
^cNNbhc+ÎNN").IG

ycNN /-yc+iNN 
[lcN,FlN”hc+iNN" 

IcNn'/^n, F]N",

and by combining this with (2.14) we get

loNN IbeN, F]N" g McNab ®G Z = H0(G, MCN„»).

2.5 Some other related topics

2.5.1 Binomial coefficients

We collect and introduce some results on binomial coefficients that are needed in our 

calculation. Our conventions are the standard ones: the binomial coefficient = 0 if 

n < 0 or k < 0 or n < k.

Lemma 2.5.1. If a, 0, 7 are non-negative integers, where a > 7 4- (3 and < a — 7, 

then

. n .
Lemma 2.5.2. Let n be any positive integer. Then 52 ( — IpC” = 0.

t=0

Proof. :

0 = (i -1)" = eg - cj + ci - cs +.....(-ire; =£ (-i)'C"- 
t=0

Most of the following observations are easily proved by induction, using the following 

recursion.
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Let n be any natural number and i is integer where 0 < i < n ,then

(2.15)

Lemma 2.5.3. Let j, k, n be fixed non-negative integers such that n — 2 — j — k>0.

Then

E
(=o

1 —2—k—1 n—1 — k  1) Cj G; - (-1)".

Proof. Induction on n — S-j-k.Iîn-S-j — k = 0, then = (—1)^*  =
i=0

n—l—j—k , . ,
Induction step : £

'n—2—A; ^<n—1—&

1—j — k n—2 “j—

t=0 i=0
n—1—j—k

E (-Ip+^cr1 by induction
i=o J

n—l—j—k . .
_ (-1)"3 1=0 *

0 - (-l)n by lemma 2.5.2.

This completes the inductive step and therefore the proof of the Lemma.

41



Chapter 2. Preliminaries and notations 42

Lemma 2.5.4: Let j , k, n be fixed non-negative integers, n — 2 — j > 0. Then

n—2—j

Proof. : 

n—2—j 7i—2—j—k

i=k l=0

= (-l)nCJ-1 by lemma 2.5.3.

Lemma 2.5.5. For a fixed natural number n, the integer Cfn~1 is odd, for any 

0 < i < 2n - 1.

Proof. The prove is by induction on i. It is obviously true for * = 0,1. By induction 

hypothesis, we assume that the Lemma is true for i = m.

From (2.15) we have = Cm+i ~ by induction the second term in the right 

hand side is odd, on the other hand the first term is even. Therefore odd.

This completes the induction.

2.5.2 Localization

Finally, in this subsection we introduce briefly the concept of localization.

By localization of the ring Z with respect to the prime p, we mean a subring of Q 

consisting of those rational numbers which can be written as fractions whose denomina­

tors are relatively prime to p, and we denote it by R . If A is G-module its localization 
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A ® R may be regarded as RG-module, where RG is the group ring of G with co­

efficients in R, and recall that tensoring with R, that is localizing at p, is an exact 

functor on the category of abelian groups. Thus Hk(G, R) “ A)® R for any

G-module A. From that we can deduce the following observation (see [19], lemma 2.4), 

but before that we need to introduce the following notation: for any abelian group A, 

we denote by tpA the subgroup of all those elements whose order divides some power 

of p.

Lemma 2.5.6 tpHk(G, A) = tHk(G, A ® R) for any G-module A.

If A is any abelian torsion group, then A =© Ap where Ap is a subgroup of A generated 

by elements of order pa. Then A ® R =AP, in particular if A is of exponent q where 

(p, q) — 1, then A ® R =0.

For these reasons we will work over R instead of Z The following notation will be 

used. By △ we denote the augmentation ideal of RG, and we write M for the localized 

relation module (i.e. M = Nab ® R).

Before closing this subsection, we should mention that the main source for this is ([25], 

chapter 8).

For convenience of our further discussions, we introduce the following notation:

[a, 6, 6, -- -, 6J= [a, bn].
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Torsion in free central

extensions

For a group G and a free presentation

1 —» TV —► F G —» 1

let ycN denote the c-th term of the lower central series of TV. Consider the free central 

extension

1 — ycN.N"/[~fcN, F]N" —> FfVuN, F]N" —* F/^CNN" —♦ 1. (3.1)

The group F/^CNN" is torsion free for any normal subgroup TV, see [28]. Hence, the 

torsion elements form a subgroup of the kernel of (3.1).

In this chapter will give a description of this torsion subgroup where c = p, p a prime 

number. First we give a homological description to this torsion subgroup. Then for the 
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case N = F' we give an explicit description to this torsion subgroup, in group theoretic 

terms.

Now, by Proposition 2.4.9, we have

7 pNn"/[ipN, F^N" 3 MpNab 0GZ = Ho(G, MpNab). (3.2)

Thus, questions about elements of finite order in F/[ypN, F]N" are equivalent to the 

questions about torsion in the zero-dimensional homology group of G with coefficients 

in MpNab. So we have transformed our problem to the problem of describing the torsion 

subgroup of Hq^G, MpNab).

3.1 Description of tH^G, MPM) in homological terms

To obtain a characterization of the torsion in the zero-dimensional homology group of 

G with coefficients in MpNab where p is any prime, we use the complex A4, which is 

introduced in chapter 2,

M : MpNab A P® 1 X ?P -K ZGp -^ZG-^ZP-^O. (3.3)

First, let us remind ourselves of the two questions which were raised in chapter 2, about 

dimension shifting and computing connecting homomorphism.

Do we still have Hk(G, MpNab) = Hk^{G, Zp), k > l? and can we still compute the 

connecting homomorphism H^G, Zp) —» MpNab Z ?.

Now we state an easy version of the main result of [2].
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Theorem 3.1.1: Let p be a prime and let G be a p-torsion-free group, given by a 

free presentation 1 —► N —► F -% G —► 1 .Then there are isomorphisms

1. t^pNN"F]N") 2 H^G, Zp).

2. Hk(G, MPM) = Hk+4(G, Zp), Æ > 1, where Af is the localization of the relation 

module VVa6.

In order to outline a simplified version of the original proof given in [2], we need the 

following results, which enables us to avoid using a spectral sequence argument.

Lemma 3.1.2 Let G be any group and let

0 AK B —► 0 , (3.4)

be a chain complex of G-modules, with the following properties,

1. ct is injective and 6 is surjective.

2. Hj^G,K) = 01 V j> 1.

3. Hj(G, Kerô/Imct) = 0, V j > 1.

Then Hk(G, A) 2 H^G, B), k > 1.

Proof. From the chain complex (3.4) we get this exact sequence

0 —> A K —U Æ/Imo —+ 0 , (3.5) 
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where A is the natural epimorphism of K onto K/Ima. By Remark 2.1.10 (a), we get 

a long exact homology sequence,

-------- » —» Hk+i(G, K/ima) —» Hk(G,A) —+ Hk(G,K) —*••  •.

By assumption the outside terms are zero for k > 1, then we get

! (G, K/Ima) S 4). (3.6)

On the other hand

0 —► Ker^/Imo —»• K/Ima —> B —» 0

is an exact sequence, and this gives long exact homology sequence,

- -f Hk+i(G, Ker^/Imo) Æ* +1(G,K/Ima) -> Hk^G,B) -*  Hk(G, Ker^/Ima) -

The outside terms are zero for Ar > l

^+1(G,À7Ima) S Hk+i(G,B), k > 1 (3.7)

Hence, from (3.6) and (3.7) we get , Hk(G,A) = Hk+i(G,B), for & > 1, and this 

completes the proof of the Lemma.

Corollary 3.1.3 Let G be any group and let

K :0 —. 4 -2*  Kn ------- - Ki B —► 0 ,

be a chain complex of G-modules, with the following properties,

1. a is injective and 61 is surjective.
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2. Hj(G, Ki) = 0, V j > 1 and 1 < i < n .

3. Æ>(G,Æ(K)) = 0, Vj> 1.

Then j > 1.

Proof. The claim follows by induction, namely by breaking the complex K into two 

complexes.

0 —* A —» K n —► • • •• —> A 2 —► Im62 —* 0 ,

0 —> Im^2 —> Ki B - 0 ,

Applying Lemma 3.1.2 to the second complex we have

Im^) “ H^G, B). (3.8)

By induction we get from the first complex the following

Hj(G, A) S Hj-^G, Im^). (3.9)

Hence, (3.8) and (3.9) yields the desired isomorphism.

Lemma 3.1.4. Let G and K be as above, and let Ker6n = Ima. Then Hn(G,B) is 

isomorphic to the kernel of the map: A ®g Z —» Kn ®g Z

Proof. From the complex K we obtain a short exact sequence

0 —► A Kn —» An/Ima —► 0.
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By applying the homology functor we get an exact sequence

0 —► Hi(G, Kn/Ima) —► A^g Z —► Kn ®g Z (3.10)

Now we consider the following complex

0 —► Kn/Ima —> Kn_\ • • • • —► Ki —► B —* 0 , (3.11)

since Kerôn = Ima, it follows that the complex (3.11) satisfies the hypothesis of Lemma 

3.1.3, so we get

Hj+n_i(G,B) = Hj(G,Kn/bna) j> 1, (3.12)

hence (3.12) and (3.10) gives that Hn(G,B) is isomorphic to the kernel of the map

A ®g Z —» Kn ®g Z,

which proves the lemma.

Remark 3.1.5. For an explicit computation of the connecting homomorphism

Hn(G, B) —► A ®g Z,

we consider the double complex K 0$ 2 , where 2 is any projective resolution of the 

trivial G-module Z, and by induction it is sufficient to do the computation when n = 2.

Suppose n — 2, then K has the form

0 —* A K2 K! B —* 0. (3.13)

where the chain complex (3.13) satisfies the hypothesis of Lemma 3.1.4.

We use the following diagram to compute the connecting homomorphism

H2(GyB) —► A 0g Z,
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B Pl «  B Pi

Î

#1 Pl *  Kl ®G P2

Î

If2 ®G ZG <--- Ki ®G Pl

Î

A ®g Z 4— A ®g ZG

As tensoring is a right exact functor, we get this exact sequence,

Ai ®g P2 —P ®g P2 —0. (3.14)

Let z be a cycle in B®qP2 , then by exactness of (3.14) we may lift z toy € (Ai ®G^i). 

As we know, the inverse image ÿ is not unique. But the crucial thing here is to get a right 

one (i.e. an inverse image when we apply the homomorphism Ai ®g P2 —► Ai ®g Pi, 

to it we obtain an element belongs to Im^ )•

Now we try to get a right choice: if ÿ is non zero element in Ai/Im^ ®G P2, then we 

push to (ÿ)d2 € (Ai/lm^ ®q Pi)- By commutativity of this diagram

B ®g Pi P ®G P2

Ai/Im^g ®G Pi A i/lm^ ®g P2

(y)d2 € Ker (Ai/Im^2 ®g Pi —*• P ®g Pi) = Ker^/Im^ ®g Pi- On the other hand
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from the commutativity of this diagram,

/^i/Im^ 0g ZG <— 7fi/Im^2 Pi

î Î

Ker6*/Im^2  ®g ZG <— Ker6*/Im^2  ®g Pi

and from the injectivity of the map [Ker^/Im^ 0g ZG —► Xi/Im^ 0g ZG], we can 

see that (ÿ)Ô2 is a cycle in (Ker^/Im^ 0g Pi). But from the hypothesis of lemma 

3.1.4, we have Pi(G, Ker^f /Im^) = 0, thus (1/)% is a boundary in Ker^/Im^ 0G Pi- 

So there exists an element x € Ker^/Im^ 0G P2 such that (z)^2 = (ÿ)^2 modulo 

Im^-

Now it is easy to see that ( ÿ — %)#2 € Im^. We choose( j/ — x) as an inverse image of 

z. On the other hand, from the first diagram, we can lift ( y — to y € #2 0G Pi, 

then we push to (y)ch € ^2 0g ZG). The commutativity of this diagram

Ki 0G ZG <— li'i 0G Pi

Î f

7^2 0G ZG <— 7G 0G Pi

implies that (z/)^i € Ker(7<20GZG —* ^0GZG), and by exactness we may lift (y)^ 

to a € A®g ZG, then we push to (n)% 6 A0g Z, and this completes the computation 

of the connecting homomorphism.

Now we proceed to our actual concern in this section, namely, to simplify the proof of 

the main result of [2], which gives a homological description to the torsion subgroup of

F/MF'),F]F"'.
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Proof of Theorem 3.1.1. We consider the localized version of the complex A4 . Now, 

by remark 2.1.4, P ® is free, then by remark 2.1.6 part 2, Hk{G^P ® Mp~1) = 

0, V& > 1. Moreover, if G is p-torsion-free, then by Theorem 2.2.4, Hk(G, Pp) = 

Hk(G, RGp) = Hk(G, RG) = 0, V k > 1.

On the other hand, by Lemma 2.4.6, we have that Hk(G, H^AA^ (k > 1, i = 

0,1,... ,5), is a periodic abelian group of finite exponent dividing ((p — 1)!)’ for some 

positive integer q, and this number is relatively prime to p. Then as we localized at p, 

Hk(G, Hi( A4)) = 0 for all k > 1. Furthermore, as was mentioned in chapter 2, A4 is 

exact in dimension 4 (i.e. lm^ =Ker^). Consequently, Corollary 3.1.3 and Lemma 

3.1.4, can be applied to the complex A4 , and we get

Hk(G, A4pM) 3 #&+4(G, Zp) , t > 1 

0 - Æ4(G, Zp) A4pM ®G R -4 P 0 MP-1 R, 

where the sequence is exact, on the other hand the group P® Mp~1 ®g R is free as an 

R-module, therefore

t(MpM ®G R) Ç H^G. Zp),

but Zp) is a torsion group. Thus /(APM®(?R) - H^G, Zp) and this completes 

the proof of the theorem.

Enough background information is already available, thereby enabling us to establish 

our first result concerning torsion elements in F/^pF', F]F'".
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3.2 Description of t(F/VfPF\ F\Fm^ in terms of generators

From now on we will assume that G — F/F', where F is the free group on X = 

{#i, • • •, Xd}, d > 2. This means that G is a free abelian group of rank d, with free 

generators {6i, 5%, * • -, where bt = x^F* . We have already mentioned in chapter 2 

that the homology of G with coefficients in the trivial G-module Zp is an elementary 

abelian group of rank C^. Consequently F/^p^F'), F\F'" is torsion-free for d < 3, and 

for d > 4 its torsion subgroup is an elementary abelian group of rank C^. In this case 

we give a complete description to this torsion subgroup, in terms of generators, where 

p is any prime.

3.2.1 Description of t(F/[^pF\ F]F"') where p is any odd prime

Let Wp(x T1, xT2, xT3, xTi), be as in the introduction. Then the main result of this chapter 

reads as follows.

Theorem 3.2.1. Let p be any odd prime. Then the torsion subgroup of F/[^PF\ F]F‘"is 

generated by the elements Wp(xri,xT2,xT3,xTi).

Proof. The proof is by computing the connecting homomorphism

H4(G,Zp)—^t(MpM ®g R)

where p is an odd prime number, R is the integers localized at p, and G = F/F.

For computing the connecting homomorphism, we use the localized version of the dou­

ble complex M where M is the chain complex (3.3) and 2 is the Koszul complex 
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which is introduced in chapter 2. As we see in the proof of Theorem 3.1.1, A4 satisfies 

the hypothesis of lemma 3.1.4. Then the theoretical justification of our computation 

of the connecting homomorphism (which is outlined in Remark 3.1.5) can be applied 

to the double complex M ®g 2 •

Now we consider the following diagram:

Zp 0 R 4— Z P®RG Zp0Pi *— Zp 0 P2 - Zp 0 P3 <— Zp 0 P4

Î Î

RG® R RG 0 P3 <— ÆG 0 P4

Î Î

RGP 0 R RGp 0 P2 - RGp 0 P3

Î Î

Pp ®R Pp 0 Pi — Pp 0 P2

Î Î

A® R A® RG A 0 Pi

T j

MpM ®R «- MpM 0 RG 

where A = P 0R Mp~1; in this double complex we use 0 instead of 0g.

We have to start in Zp ®g ^4, and then we go along the arrows down to MPM ®g R

The group Zp ®g Pa is free abelian with basis

{1 ® en A eT2 A eT3 A eT< ; 1 < n < • • • < r4 < d}.
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For simplicity, we consider the element

1 0 ei A e2 A eg A e4 . (3.15)

An inverse image of (3.15) in RG 0g Pa is

1 0 ei A e2 A e3 A e4 (3.16)

By applying the homomorphism RG Pa —» RG 0g Psi to (3.16) we obtain,

A
2 (-1?+% - 1) 0 (ej A • • -A a • • • Ae4). (3.17)
i=i

In order to get an inverse image of (3.17) in RGp 0g Ps, we consider the element

(1 o 1 o • • • o l).(6t — 1) = bi o bi o • • • o bi — 1 o 1 o • • • o 1.

By writing bi = (5, — 1) + 1, and expanding, we get

p-1
(1 o 1 o . . . o 1).(6, - 1) =52 C^bi - l)p-J o V.

3=0

By subtracting (bi — 1 )? from both sides, we get

p-i
[(1 o 1 o • ■ • o !).(&, - 1) - (bi - 1)"] =Y, C^bi - iy-i o P . 

j=l

Note that all the binomial coefficients Cj (j = 1,2 • ••, p — 1) on the right hand side

are divisible by p. Hence the expression

^[(1 0 1 O • • • O l).(6j — 1) — (bi — l)p]

makes sense in our situation. We claim that

i 4
— 52 ( —l)'+i [(1 ° 1 ° * ' * ° 1 )-(&*  — 1) — (bi — l)p] 0 (e% A » " A 6, ' - A e4) (3.18)
P ;=i
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is an inverse image of (3.17) in RGp ®g Pa- This is because (6t- — l)p is in the kernel of

the map RG^ —> RG, and the image of element (1 o 1 o • • • o 1) under this map is p.
p

After applying the homomorphism RG^g^s —* RGp®gPî to (3.18) and rearranging

the resulting element of RGp ®g P2, we get:

- 52 (~{(^ - l)p • (6ir? - 1) - (6it? - l)p • (627? — 1)} 0 83^ A e^, (3.19)
P 7?

where t) ranges over all permutations of {1,2,3,4} with 1% < 2% and 3r) < 4?,.

In order to get an inverse image of (3.19) in P^g^ we consider the following element:

e2 (61 — 1) — 8P (62 — 1) + [ei (62 — l) — 82 (61 — l)]p € Pp. (3.20)

Now, 

e2 (61 — 1) = (82 o C2 o • • • o 62). (61 — 1)

= 6261 ° 8261 o • • • 0 6261 — 82 o 62 o • • • O 62•

By writing 61 = (61 - 1) f 1, and expanding, we get

4(6:-1) = £ ^4^(61-1)04-4

(3-21)
= E CM"'(61-l)o 4

1=0

Similarly, 
p-1

4 (4 - 1) (6; - 1) o 4 (3.22)
1=0

For the last term in (3.20) we have

[e, (4 - 1) - e2 (4 - l)]p =£ (-lyCPe, (4 - l)^' o e2 (61 - 1)'. (3.23)

1=0
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In view of (3.21), (3.22) and (3.23) the element (3.20) can be rewritten as

p-1 . P-1 .
E C&T ‘(6i-l)oe* 2- E CPeTto-l)o ej 
t=l 1=1 >

p—1
+ E (-l)'Cfei %-1)'-'oe: 

‘ 1=1 -

Again we note that all the binomial coefficients Cf (i = 1,2, - ^p— 1), on these terms 

are divisible by p. Hence the expression

~{e2?j (^1t? “ 1) ~ (b2T) - 1) + [ei(b2T) - 1) - (&ii? - l)]p),

makes sense. Remember that e1T/ (b2n - 1) - e2r} (b^ - 1) = where p is the

Magnus embedding, therefore e177 (b2r}- l)-e2^ (b^ — 1) can be identified with \x2Tnx^].

Also we put [x^x-^] = [ ]277i7r On the other hand we notice that

- 52 (^17? - 1) - ein - 1) + [ ]?ni J ® €3^ A e4„ (3.24)
" 7)

is an inverse image of (3.19) in Pp ®g P2, where

[ei^ (b2r) — 1) — e2(bi7, — l)]p = ^17?]^ = [ E^i^'

Applying the homomorphism Pp ®g ^2 —» Pp ®g Pi to (3.24), we get

E (-1)"
p{^ (^177 - l)(^3n - 1) - (b2ri - l)(&3n - 1) + [- 1)} ® ^77 

(^77 - 1)(&477 - 1 ) - e2p (^177 - l)(b^^ - 1) - []2^in(^4»7 - 1)} ® e3n

57



Chapter 3. Torsion in free central extensions 58

and this gives

p{e2 (^1 — 1)(&3 - 1) — el (^2 — 1)(^3 — 1) + [121(^3 — 1)} ® €4

- p{e3 (^1 " 1)(^2 ~ 1) - el (63 ~ 1)(&2 ~ 1) + [ 131(^2 — 1)} ® e4 

p{e3 (^2 - 1)(^1 “ 1) “ e2 (63 - 1)(61 — 1) + [ ]32(^1 ™ 1)} ® e4 

p{e4 (^3 - 1)(&1 — 1) — 63 (64 - 1)(61 - 1) + [ ]43(61 — 1)} 0 62 

~p(e4 (62 — l)(6i — 1) - ^2 (64 - l)(6i — 1) + [142(61 — 1)} 0 63 

p{e4 (61 - 1)(62 - 1) ~ ei (64 - IX62 - 1) + []$1(62 ~ 1)} 0 63
* (3.25)

p{ei (62 — IX64 — 1) — e2 (61 - IX64 — 1) - [^1(64 — 1)} 0 63

- p{e 1 (63 - ÎX64 — 1) — 63 (61 - 1X64 — 1) — 1)31(64 — 1)} 0 e2

p{ei (64 - IX63 - 1) - 64 (61 - l)(6g - 1) - [141(63 — 1)} 0 62 

p{e2 (63 - 1)(64 - 1) - 63(62 - 1)(64 - 1) - [ 132(64 - 1)} 0 61

- p{e2 (64 — IX63 — 1 ) - 6% (63 - IX63 — 1) - [ 142(63 — 1)} 0 61

„ p{^3 (64 - IX62 - 1) - 64 (63 - 1)(62 — 1) — [143(64 — 1)} 0 61 , 

but (3.25) is equal to the following:

}{[ K1X63 - 1) + [ R3.(62 - 1) + [ )6X6i - 1)} 0 64

-p{[ ]32-(64 - 1) + [ ]24-(63 - 1) + [ Î43X62 - 1)} 0 ei 26)

p{[ 14sX6i - 1) + [ I31X64 - 1) + [ 114X63 - 1)} 0 62

-p{[ 114X62 - 1) + [ R2X61 - 1) + [ R1X64 - 1)} 0 63

We notice that (3.26) belongs to Im&i 0g f*i,  this means that (3.24) is a right inverse 

image.

In order to get an inverse image of (3.26) in P 0 Mp~1 0g Pi, we consider the element

([ hi 0 [ ]21 ^(63 - 1) = [ 121630 [ hi63 ° •• • ° [ 12163 - [ hi 0 [ Ri
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By writing 63 = (63 - 1) + 1 and expanding on the right hand side, we get

p— 1 , ,
([ hi(63 — 1) + [ hi)® E G? [ hi(63 " o [ ]?h - [ hi ® [ ]§i • Therefore we 

t=0
obtain

[ — 1) ® [ 121(63 —

«hieUîr'Mts-i) =
p— 1

+i 121(63 -1)® E cr*[  121(63 -1)"-1-' o[i^ 
i=1

p—2
+i hi® E crt 121(63

1=0 *
(3.27)

On the other hand, the element

p—2 p—2
[ 121(63-1)® £ cr’i 12.(63-ir^'on^-[h® e cr*[  121(63

1=0 :=0

belongs to the kernel of (P ® Mp~1 —> Pp). By adding this element to (3.27) we

obtain, by using (2.15), the following:

p—1
[ hi(&3 — 1) ® [ hi(^3 - f [ hi(&3 “ 1)® 53 hi(^ — l)p 1 1 ° [ hi»

Also, here we note that all the binomial coefficients Cf (i = 1,2, " ,p— 1) in the second

term are divisible by p.

Now we do the same thing for ([ ]i3 ® [ ]p3 ^.(^ - 1) and ([ h^ ® [ ]s2 ^) (61 — 1). The 

coefficients of the first term in each one of them is not divisible by p. Consider those

three terms :

[ hi(63 — 1) ® [ hi(63 — l)p-1 

+[ ] 13(^2 — 1) ® [ ]i3(&2 — l)p"^ 

+ [ 132(^1 — 1) ® [ h2(^l — 1)P"^-

(3.28)
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By the Jacobi identity, we can write the element [ ]32(&i — 1) 0 [ ]s2(6i — 1)^"^ as

p-1 1 .
~[ ]13(&2 — 1)® ZZ Ct [ 113(62 — O [ ]21(63 — I)1

_ i=0
p—1

-[Mb - 1)® E CT [ - I)”-1-*  0 [ 121(43 - 1)*
i=0

By substituting (3.29) into (3.28) we obtain

p— 1
-[ 113(42 " 1)® E CT*[  113(42 - 11'-'"' « [ hi(43 - 1)' 

t=l 
p— 2

-1)21(43 - 1)® E I 113(12 - 11""'-' ° [ 121(43 - 1)'
1=0

On the other hand, the element

p—2 ,
[121(43 - 1)® E CT [ 113(12 - 11"-'"' ° [ 121(13 - 1)' 

1=0 
p-2

-1 113(12 - 1)® E CV\ 113(12 - I)”-2- O [ ]21(13 - 1)'+' 
t=0

(3.29)

(3.30)

belongs to the kernel of the map (P® Mp 1 —» Pp), and when we added to (3.30),

we obtain the element

P-1 . .
—[ 113(62 — 1)® 52 h3(^2 — 1 ° [ 121(63 — iy«

1=1

Note that all the binomial coefficients C^i = 1,2, - -,p — 1) are divisible by p .

As a result of our previous discussion, we note that the expression

J{([]21 0 U2I ^(63 - 1) + ([113 0 [113 ^(62 - 1) + ([]32 0 []32)(61 - l)}f

[121(63 — 1)0 []21(6s - 1)9-2-' 0 ^H-l _ []21 0 []21(63 — l)P-l-« O [I22

p-2
+ [ 113(62 — 1)0 [ 113(62 — 1)9—2-1 O [p^1 — [113 0 [ ]13(62 — 1)9-1-, 0 []* 3

+ [132(61 — 1)0 [132(61 — 1)9-2-» o [j^1 — []s2 0 [132(61 — 1)P-1”‘ O [^2 k

+ [ 121(63 — 1) 0 [ 113(62 — 1)9-1-» 0 [ ]21(03 — I)'

— [ ]13(62 — 1) 0 [ 113(62 — 1)? 2 * 0 [ 121(63 — 1)‘+1
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makes sense. Moreover, it is not hard to see that the image of this expression under 

the map

P ® Mp~1 —► Pp

is ^{[ ]%p(&3 - 1) + [ ]i3«(&2 - 1) + [ ]32-(^i - !)}• We do the same thing for the rest of 

the other terms in (3.26). Hence the following element (the sum of four symmetrical 

terms) is an inverse image of (3.26), in P ® Mp~l ®g Pi :

([hl ® -1) + ([]13® -1)

1
p

p—2
+ E CV 

i=0

+([]32 ® []32)(&1 - 1)

[ ]21(63 — 1) ® [ ]21(63 ~ l)P-2~' 0 [ l^l^ 

~[ 121 0 [ ]21(63 - I)?"!-*  0 [ I21 

+ [ 113(62 ~ 1) 0 [ 113(62 — I)?-2-1 O [ I131 

[ ]13 0 [113(62 ~ 1)P~1~' 0 [ 113

+ [ 132(61 - 1) 0 [ 132(61 - l)p~2“* 0 [Jg^1 

» ® e4

— [ ]32 0 [ ]32(61 ~ I)’’-1-1 O [ ]^2 

+[121(63 -1)® [ 113(62 - ° 021(63 — iy

-[113(62 —1)0 []is(62 — l)p"2~' o []2i(6s — 1)‘+1
(3.31)
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([ 132 ® -!) + ([ ]M ® - 1) 

+ ([ ]43 ® [ W)(J>2 ~ 1)

[]32(64-l)®[]32(&4-ir^0[]^

~[ ]32 ® [ ]32(f*4  — O [ ]^2

+ [ 124(63 — 1) ® [ 124(63 — O [ l^

p-2 -[]24 ® []24(63 - O []^
f e cr *

10 +[ 143(62 — 1) ® [ 143(62 - i)p~2“* 0 [I431

[ ]43 0 [ 143(62 - O []^|3

+ [132(64 — 1) ® [124(63 — o [ 132(64 — I)1

— [124(63 — 1)® [124(63 — O [132(64 — 1)* +1

► ® e 1

(3.32)

([ 143 0 [ -D+([ 131 0[ 1^X64 -1)

+­p
P-2

+ e cr 
i=0

+([ ] 14 0 [ 114)(63 ~ 1)

[ ]43(61 — 1) 0 [ 143(61 - O [ l^1

— [ ]43 0 [ 143(61 — O [ )^3

+ [ ]31(64 “ 1) 0 [ I3X64 - l)p-2~‘ O [ l^^

-[ ]31 0 [ 131(64 - 0 []31

+ [ ]14(63 - 1) 0 [ ]14(63 - l)p-2~' O [l^

[ ] 14 0 [ 114(63 - 0 [114

+[143(61 -1)0 [131(64 - ix~i~' ° [ 143(61 - iy 

— [131(64 — 1)0 [ ]si(64 — l)p-2"' O [ ]43(61 — 1)‘+1

* 0 e2

(3.33)
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([ 114 ® - 1) f ([ ® [ 1%')(&: - 1)

+([ hi ® [ hi)(^ - 1)

— [ ]14 ® [ ]14(^2 — O [ ]|4

1 f [ 142(61 — 1) ® [ 142(61 - O [
—
V P-2 -[ ]42 ® [ 142(61 - l)p-1-t O []42

+ e cr
’■° f[ 121(64 -1)®[ 121(64 -ir^o[]^

—U21 ® [ 121(64 - o [p21

+ [114(62 — 1) ® [142(61 — 1)P-1~‘ O []14(62 — 1)*

k — [ 142(61 - 1) ® [142(61 — O []14(62 — 1)*̂^

► 0 e3

(3.34)

After applying the homomorphism P® Mp 1 ®g Pi —» P® Mp ^®cRG to (3.31),

(3.32), (3.33) and (3.34), we get
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{021(63 — 1) 0 [121(63 - 1)P 2 * 0 [12^ — O2I 0 [121(63 - Ip-1-* o 0^

+013(62 -1) 0 013(62 - ip-2- o O^ - [I130 013(62 - ip-1- o OU

+ []32(^1 — 1) ® []32(61 — 1)P 2 [132 0 [132(61-l)p-^-^O6

+[]2i(6s - 1) 8) 1)13(62 — l)p 1 * 0 []21(63 — 1)*

—1)13(62 — 1) ® 1)13(62 - l)p 2 1 o 021(63 — l)* +’}.(64 — 1)

—{[332(64 — 1) 0 [132(64 — l)p 2 1 o O^1 - O32 0 [132(64 - l)p 1 * ° [I32

+024(63 — 1) ® [124(63 — l)p 2 O24 0 1)24(63-l^-^of)^

+043(62 — 1) ® 1)43(62 — l)p 2 []43 0 []43(62 -l)p-1-‘ 0[)i3

+032(64 — 1)0 [{24(63 — l)p 1 — 0 []32(64 — 1)*

1 P-2 
£ cr'

P 1=0

—[324(63 — 1) ® 024(63 - i)p 2 * ° [332(64 — iy^'}.(6i — 1)

+ {[143(61 -1)0 []43(6i - IP"2- O [1U1 - []43 0 []43(61 - lF^-oOU

+1)31(64 — 1) ® 1)31(64 — i)p 2 []si 0 [ ]3i(64 - l)p 1 * ° [ I31

+014(63-1)0 014(63 - if-2-’o [1Î+1 -014 0 []i4(63- IF"1-o0i4

+ []43(61 — 1)0 []31(64 — 1)P 1 * O []43(61 — 1)’

—031(64 — 1) 0 031(64 — l)p 2 * ° [)43(6i — 1)* +’}.(62 — 1)

~{014(62 — 1) 0 014(62 — 1)P 2 ‘ 0 014 0 []14(62 -l^-’oOh

+ 042(61 - 1)0 [ )42(61 - l)p~2 * O O^1 - [142 0 [ j42(61 — 1)P 1-1 O [)42

+021(64 — 1)0 [)21(64 — 1)P 2 * |210 []21(64 -1)P"^-*

+ 014(62 —1)0 []42(61 — 1)P 1 * O [)14(62 — 1)*  

—[]42(6i — 1) 0 []42(6i — l)p 2 1 o 014(62 — l)^3'(6s — 1)
(3.35)

Here we identify P ® Mp~x^g RC with P 0 Mp~x.
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Now, the inverse image of (3.35), in (MPM ®g RG) is

[[Wa - - ir2-]^ -1)

+[[]13(* 2 - iMlitMhA -1)'-2-'](&4 -1) 

+[[ 132(6! - 1),[ Kt*,  [132(61 - l)’-2-l(64 - 1)

+ [[]21(^3 “ 1), []13(^2 ~ 1)P 1 \ []21(^3 ~ 1)*](^4  — 1)

-[[332(64 - 1), Hat1» [332(64 - l)p"2-’3(6i - 1)

-[[324(63 - 1), [3&t\ [324(63 - l)p~2~*](6i  - 1)

-[[]43(62 - 1), [343^ [343(62 ~ l)P-^-'](6i - 1)

1 ^_1 -[[332(64 - 1), [324(63 - l)p 1 \[]32(64 - l)'](6i - 1)

Pi=° ' +[[143(61-1), [fô1, []43(61 -l)»-2-](62-l)

+ [[131(64 - 1), [fit', [,31(64 - l)"-2-l(6;-l)

+ [[114(63 - 1), [ft1, [114(63 - ir2-l(62 - 1)

+[[343(61 - 1), [331(64 - l)p“1-*,  [343(61 — 1/3(62 - 1)

[[ ] 14(62 - i/nitMiiA - i)p-2-K63 -1)

-[[342(61 - 1), [lit1, []42(6i - l)P-^-*](63  - 1)

-□21(64 -1), nit1, [121(64 - i)p-2-i(63 -1)

-[[314(62 - 1), [342(61 - I)?-1-*,  [314(62 - 1/3(63 - 1)

(3.36)

Our next goal is to write p times the element (3.36) as a linear combination of terms 

with coefficients multiples of p, and this will be established in the following steps.

Step 1. In (3.36), we have four symmetric sums. Looking more closely at the first 

three terms in each sum we find some similarity between each two terms, for example 

the first term in the first sum and the third term in the fourth sum.
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Now, we collect the similar terms together and we consider them simultaneously,

p—2

E CT' -
1=0

[1)21(63 -1), [Kt1, [121(63 - i)p 2“‘] 

k - [[121(64-1),[Kt\[]21(64-1)P-2-'

(64 — 1)

(63 - 1)
» (3.37)

p—2

E CT' <
1=0

- [[]32(64 ~ 1), Um1, [132(64 - l)^2-* 

k f [(132(61-1),[]lt\[M61 -1)P-2"'

(61 — 1)

(64 - 1)
» (3.38)

p-2

E CT' ■
1=0

f [[W1-1),[^

k - [[ 143(62 -1),[Kt1,[143(62 - i)p-2-‘

(62 - 1)

.(61 -1) ,
» (3.39)

p-2

E CT’ •
1=0

— [[114(62 -1), [Kt1, [114(62 — i)p^2"' 

k + [014(63 -1), [fit1, [114(63 — i)p'2"'

(63 - 1)

(62 - 1)
» (3.40)

p-2

E CT' ■
i=0

[[W2-I), [lît\[W2-1)P-2-] 

k - [[113(64 - 1), [Jit1, [113(64 - l)p~2~'

(64 - 1)

.(62 -1)
► (3.41)

p-2

E CT' <
1=0

— [[124(63 -1), [Kt1,024(63 — 

k + [024(61 -1), [Kt1» 024(61 -1/"2-'

(61 - 1)

| .(63 — 1)
► (3.42)

The terms in (3.37) can be rewritten as

P-2
-1

i=0
E T

[[ ]21(63 - 1)64, ([]21&4)'+\ ([]21(&3 “ 1)64)^-^-*]  

-[[121(63 - 1), [ laî1» [ 121(63 - iy-2-*]  

-[[]2i(64 - 1)63,([12163)^^,([ I2K64 - l)63)p""2-‘] 

+[[ 121(64-i),[i^\[ M64-ir2-']

(3.43)
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By writing 64 = (64 — 1) + 1 and 63 = (63 - 1) + 1, we obtain from (3.43), the following

[[]21(63-1)(&4-1)> ([ ]21(^*4-1)  + []21)* +1, ([hl(63-1)(64-1) + [ 121(63-1))P 2-*l  

+ [[]21(63-1), ([121(64-1) + [121)'+1,([]21(63-1)(64-1) + [ ]21(63-1))^ ’]

-[!hi(63-i),nit1,[W63-ir2-i

-° ’ -[[121(64-1X63-1), ([121(63-1) + []21)i+1,([]31(64-l)(63-l) + []2i(64-l)?"2-i:

-[[]21(64-1), ([]21(63-1) + []21)‘+1, ([]21(64-1)(63-1) + [ ]21 (64-1))^ 2 ’J

+[[W4

(3.44)

Now our aim is to write (3.44), as a linear combination of terms with coefficients 

divisible by p. We simplify notation by setting

[ 121 = Û21 , [ ]21(63 - 1) = «213 , [121(64 — 1) = «214 , [121(63 — 1 )(64 — 1) = «2134

[ ]13 = «13 , [ 113(62 - 1) = «132 , [113(64 - 1) = «134 , [113(62 — IX64 — 1) = «1324

[132 = «32 , [132(61 — 1) = «321 , [132(64 — 1) = «324 , []32(61 — 1)(64 — 1) = «3214

[l43 = &43 , [143(61 — 1) = «431 , [ ]43(62 — 1) = «432 , []43(61 — 1X&2 — 1) = «4312

[141 = «41 , []41(63 — 1) = «413 , [ ]41(62 — 1) = «412 , [141(63 — 1 )(62 — 1) = «4132

[ 124 = «24 , [124(63 — 1) = «243 , [ 124(61 — 1) = «241 , [^4(63 — 1)(61 — 1) = «2431

Using these notations, (3.44) turns into
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[02134, «214, («214 + «21)*,  («2134 + «213)P 2 * 

+ [«2134, «21, («214 + «21)’, («2134 + «213)P"2"’

+ [«213, «214, («214 + «21)’, («2134 + «213)P"2"’] 

+ [«213, «21, («214 + «21)*,  («2134 + «213)P"2"’] 

-[«213, «2f, «213 *]

— [«2134, «213, («213 + «21)’, («2134 + «214)P"2"’] 

— [«2134, «21, («213 + «21)*,  («2134 + «214)P"2"’] 

— [«214, «213, («213 + «21)*,  («2134 + «214)P~2~*]  

-[«214, «21, («213 + «21)*,  («2134 + «214)P"2"*]  

+ [«214, «211» «2142 ]

(3.45)

After expanding, (3.45) can be written as a sum of two terms, A 4- B, where

A = <

Il È ' E ' 

t=0 j=0 k=0

+ e2 è p
t=03=0 k=0

t=0j=0 k=0

f z" È " E"
1=0 3=0 k=0

-,E
1=0

S = <

- E2 È PE" crxCUC7^«tiM^,o^ 

i=0k=0 3=0

- E2 Ê T
t=0 t=0 j=0

- E  È*
i=0 k=0 j=0

i=0 t=0 j=0

+ E2
1=0

68



Chapter 3. Torsion in free central extensions 69

in order to collect the similar terms, we rearrange A and B, as the following

p—1 p—2 p—2 'i*i  * * • . -e * • i
E E E [«2134,414,41-413,
t—1 j=0 k=0

+ EE E2c'tr'cr'-'"'[«2134,41,414,413, 

i=0 3=1 k=0 
»+j+^<P“l 
p—1 p—2 p—1 •, • , , • ■ . , ...

+ E E E [«2i3,4i4,4i,«2u»45E'"*]
i=1 j=0 Æ=1 

i+j+k<P 
p—2 p—1 p—1 •i,i 1 ' - ■ . . ,

+ E E E 
1=0 j=1 k= 1 

if j+*<p
- E*  c^:11[«213,41,4^3"■’]

1 J = 1 4

(3.46)

- E2 E2 PE 

i=0 j=0 k=1
ifJft<p-1

- E2 E^E [«2l34,4l,«2l3,4l4.4^'^^[

i=0 J=1 k=0 1
ifjfk<p—l

- - E1 E2 e‘ 6^+'-' 413,41,47  ̂ ■
i=l 5=0 Æ=1 

if5f t<P

- E*  E*  E2 e"-'-'-*  [«;i4,4i,413,«U,4^"'l
i=l 5=1 k=0 1-1

if5f k<p
p—1 1 • , ■

+ E C^[«2i4,4i.4[4 9
, 5 = 1 -

(3-47)
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From (3.46) and (3.47), we obtain

E [«21^
*+j+k<p

#0

t+j+k<p
#0

+ E 
i+j+k<p 
t# 0, k^O

+ E
i+j+k<p J 

j#0
k+j^P ,

- E
if jf k<p 

*#0

- E C^C^r1 2 C^-i-k [a2i34,a,31,4i3,ajM.aEi-i->-‘] 

if jf/c<p 1

1. Cf+Z-i Cj+J ‘c’ 1 ' 3 [«2134,0*214,«21,«Î13.«îiaf where p = p- i-j - k.

2.

3. (c%L,c;tr'cr'-'-'-c^_,c^r'cr'^-'')[«2i34,«4i,«^4,oL,«a.

4- (C%LiC*+^'CC:-'-'+C^_iC^-'

here we have two cases,

#0

ifjf*<P
i^0, fc^O

- E c^c^-1 
i+j+k<p J '"I
i#0,j#0

. if j#P -
(3.48)

Using the Jacobi identity to relate some terms to others in (3.48), enables us to collect 

coefficients of similar terms, and then we get terms with coefficients divisible by p.
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'2V °213 ’ #2134

— [®2134, a214’ ®213’ ®21341 [a2134, fl213’ a21’ °214’ °21341

b. If p = 0, then we get

5. C'^x 'Ck-l ' J [<*213>«21,414> a2131’‘l2134)>a8ainWehaVetwOCaSCS-

*fJ<p-1

a. If p 0, then 5 becomes:

rip-1 /-i’+J-I
[a2134? °2D °214> °213> a2134)

r k J i P” 1 ‘
-[#2134, a213» °21> °214» ^2134

b. If p — 0, we get

c’tr1 [«213,41.44,

6. 1 C?_i 3 ^[«214,«21,«213,«214,«2134], «g™ we have two cases.

a. If p 0 0, then we have

zip—1 ztAr+ji—1 ^p—l—j—k 
H-l

[&2134, °214»°21’ ^213» a21341
►

[®2134, ®21» ®^14> ^213» ®21341

b. If p = 0, we get

By Lemma 2.5.1 C^"1 =C^_iC^"i.TW using the Jacobi identity

we get from 5(b) and 6(b) the following:

p—2p—2 . . . .
7. EE C£11_ic;j-[a2i3,«ii4,4i,«^

1=1j=l
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Now we collect the coefficients of similar terms, and we start with the coefficient of

[<*2134,  #214, &2P ^213? ^2l34^

From 1, 4(a) and 6(a) we get

. +c^r*}  -
+ Cpk-}_1C^-i-l,C^+i

_______ (p-1)! |_  ______  (p-l)!(tf j) 
j!t!(»-l)!(p-i-j—*)! ___ (p-k—j)!(»-l)!(p—i—j—A)!j!A:!

(P-1)! /1 i k+j |
j!t!(:-l)!(p-i-j-t)! X p-k-j J

_______  P(P-1)! ______ _
jf.kl(i—iy.(p—i—j—k)l(p—k—j) 

(p-k-j) k+j k »-l

From 2, 4(a) and 5(a), the coefficient of [«2134, #213» ^21 ' ^2141 ^134] 18

— *
_ (JP—1 (jk+j—lçp—l—j—k __0p—l çi+j—lçp—1—j—i

= -C^C^lCr'-^ + {C^~l + C^-’}

= -c^^c^-'cr^ - c^LtC^zV1"’ c?”

jW(k-l)\(p-i-j-k)l (p—i— jy.(k—l)!(p—*—j-A)!j!«!

_________ (p-i)! (i± . \
j'.ü(k-iy.(p-i-j-k)l X ' P-'~3 J 

p(p-l)! 
7!t!(Â^T)!(p^7-7-Â)!(p^7^j)

-T^c^cyicrx^
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From 3, 5(a) and 6(a) the coefficient of [02134, «21, «2141 ^213» G21&4] 18

çp—l _ çjp—\ {jj+k—lçp—l—j—k
_ < +J J 3+ 3 ►

= + Ct}-*-'}  -

= (^-iC^r'cr-i

= 0

Finally from 4(b) and 7 the coefficient of [«213,«214»a2i»a2i3 * JJ

= C&_1C}+i-l + CZ}_iCV-'-i + ^^

= c&.ac/'-'+cjtr'j+c^
= +c^_icr'l-i

_ p(p-l)!______
»!j!(p-l-i-j)!(p-i-j)

= p(p-l)', = J, v
t!j!(p-»-j)! i+j i-H-i i

Therefore, as result of this we obtain

t+j+fc<p VK
i#0

i+j+*<p
j+*#p,  fc^o

+ E [«213,414,4,^»"-')

»+j<p
1 1/0 4

and this gives the following:

«¥0

+ E r^C&C^CE}-*-*  [«213, 4.34.4.410 4’31
»+j+fc<p 31

j+k^p, k#0

(3.49)
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Exactly by same computation we obtain from (3.38), (3.39), (3.40), (3.41) and (3.42)

the following five summands:

(3.50)

i+j+k<p
. j+k^p, k?0 ,

*+jf t<p

»+j+fc<p 
j+k^p, k^tO

tfjft<p
#0

+ , E 7^hï%'d+^Cl"-4«143,443,,442,<'i4,4«']
i+j+k<p

j+kjLp, k^0

E 77^^'^^'-^
*+jft<p

»¥0

+ E T^C^’C^Cti"^ [a132,a?324-<-i34,«j3,^3-21] 

t+j+k<p
jft^p, 4

»+j+A:<p '
t#0

+ E 7^^^^^-'^^247.^437^^.^4^2^!
Ifj+t<p 31 J

j+k^p, k^0 4

(3.51)

(3.52)

(3.53)

(3.54)
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By substituting (3.49), (3.50), (3.51), (3.52), (3.53) and (3.54) into (3.36) we obtain

E 7 J
i+j+k<p

i*  0

i+j8<, 72 ' 

j+k^p
k^O

[^2134, ^214’ #21, #213, #21341 4" [#3214, #324, #32, #321, #32141

+ [#4312, #432, #43» #431, #43121 + [#1432, #^42, #14» #143» #14321 * 

+ [#1324, #134, #13, #132, #^3^1 + [#2413, #^3» #24, #241, #%4131

[#213, #2134’ #^14, #21» #213 1 + [#321, #3214’ #&24’ #32’ #32? 1

1 
P

+ [#431, #4312, #432» #^3’ #431^1 + [#143, #1432’ #142» #14’ #143^1 *

+ [#132, #1324» #134, #132^ ’ #13] + [#241, #2413’ #&43’ #24’ #24? 1

[[121(^3 - 1),[]13(&2 - 1)P-1~’, []21(&3 - 1)*](^4  - 1)

p-2 1 -[[132(64 - 1), [124(63 - *,[132(64  — l)*](6i  — 1)
E c?

+[[ 143(61 - 1),[]si(64 - [ 143(61 — 1)*](6 2 - 1)

-[[ 114(62 - 1), [142(61 - I)?-1-», []14(62 — 1 )*1  (63 — 1)
(3.55)

where, 71 = CC^1 and 7, = .

Now when j — k = 0 the coefficient is not divisible by p, and when i = j = 0, the 

coefficient 72 is also not divisible by p. So it is convenient to rewrite (3.55), as the 

sum of two summands

E 71 < 
i+j+k<p 

t#0, k+j^ 0

. E 72 < 
i+j+k<p

k^0, i+j±0 
j+k^p

[#2134, #214» #21’ #213’ #21341 + [#3214, #324’ #32’ #321’ #32141 

+ [#4312, #432’ #43’ #431’ #43121 + [#1432, #^42’ #14’ #143’ #14321 

[#1324, #134, #13’ #132’ #1324] + [#2413, #^43’ #24’ #241 ’ #^4isl 

[#213, #2134’ #214, #^1, #213 1 + [#321, #3214, #&24, #^2’ #32? 1 

[«431, #4312, #432’#43’#43?1 + [#143, #1432’ #142’ #14’ #14?1 

[#132, #1324’ #134’ #132^ ’ #13] + [#241, #2413’ #&43’ #24’ #24? 1

(3.56)
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p—2
E cr1 
i=0

1-
P

[&2134, ^214?^2134 ’] + [a3214» °324 » °3214 *1

+ [a4321, °432 , a4321 1 + [°1432, a142 > a1432 ] *

+ [û 1324» °134 » a1324 1 [fl2413, û243 ’ a2413 1

— [«2134» fl^U» a2134 *]  " [°3214» A^1 » °3214 *]  

-[fl4321»fl4311»fl4321 ~ [a1432, «143» °1432 ^1 *

-[«1324» «lÿ, «1324 *]  - la2413i ^241 , O$4i3 *]
► (3.57)

[[]21(&3 - 1),[]13(&2 - 1 )P 1-‘» []21(^3 - 1)‘](^4 ~ 1)

P-2 1 -[[]32(64 - 1), [124(63 - 1)P 1 \ [W64 - 1/1(61 - 1)+ e cr *

+[[ 143(61 -1), 1)31(64 - i)p-^% [ 143(61 -1/1(62 -1)

( -[[114(62 - 1), [ ]42(61 - l)p-1“‘, [ ]14(62 - I/K63 - 1) ,

where 71 = C^ and 72 = Cî+j0^^ •

Step 2. Our aim in this step is to write p times the element (3.57), as a linear 

combination of terms with coefficients multiple of p. In order to do so, we consider the 

following terms:

P-2
E cr1

1=0

[[121(63 - 1), [113(62 - l)p 1 ‘» [ 121(63 — 1/H64 — 1)

— [«3214, «321 » «3214 *1

(3.58)

p i -[[132(64 - 1)» [124(63 - l)p 1 \ 1)32(64 - l/]-(6i - 1) I
y cr > (3.59)
i=° +[«4321, «^ÆT1] I

1 [[)43(61 - 1), []31(64 - 1)P"^ ’,[ ]43(61 - l/].(62 - 1)
22ci\ . . '

1-0 — [«14321 «143 » «1432 1

(3.60)
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p—2
E CT1 ■

t=0

— [[114(62 - 1),[]42(61 - 1)P 1 *,  []14(&2 — 1)*]*(63  “ 1)
*

+ [a21341 °214 » °2134 1

(3.61)

We start our computation in these terms with (3.58), where the computation in the 

first term of (3.58) is exactly as before, and for the second term we apply the Jacobi 

identity to each component of this term. Hence, from (3.58), we obtain

[«2134> «1324» («1324 + “132)P 2 \ (“2134 + #213)']

P-2
E CT1

[“2134, “132, (“1324 + “132)P-2"‘, (“2134 + “213)*]

[“213, “1324, (“1324 + “132)P-2"‘, (“2134 + “213?] *

[“2134, “132, (“1324 + “132)P'2"', (“2134 + “213?] 

— [“213, “132 *’ “213] ,

[“2134, “213, (“213 + “132)‘, (“2134 + “1324)P-2-‘]

(3.62)

P-2 [“2134, “132, (“213 + “132)‘, (“2134 + “1324)P 2 ']

e cr1
‘ [“1324, “213, (“213 + “132)’, (“2134 + “1324)P~2-’]

[“2134, “132, (“213 + “132)’, (“2134 + “1324)P 2 ‘

After expanding, (3.62) can be written as a sum of two terms, C + D, where

i=0j=0 k=0

+ £2 E’e”
»=0 j=0 k=0

+ z t "xT ■

i=0 j=0 k—0

+E2 È ”e"
i=0 j=0 k=0

p—2 ,
- E 1

1=0
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E'f E ’ CT1^ q

1- Cf+j-1 ^k-1 * J [°2134, a13241 an2 > °2134 > ^isl •

i=Oj=O k=0
xf È'z" cr'cr^c;

*=0j=0 k=0

£ C^cr2- Cj [«1324,«^"',«{32,4134,^-'^]

t=Oj=O k—0
E2 fE ' cr'cr’-' Cj [«1324,«^,«5,434,4^4-'^]

k t=Oj=O k=0

In order to collect the similar terms, we rearrange C and D, as follows

e’e’e1 C'K-l C'^-'C'n;—J [«2134, aÎ324,«l32,«2Ï34, «2131 
1=1 j=0 &=1

*+j+fc<p
'EE2 E2 C^Ll Cj+'-'CT'—'[«2134,«T32, «024»«2734,4131 

1=1 j=0 k—0 
i+j+k<p-1

'e’e'E [«213,«^324,«L2,«^134,«^3)
1=0 j=l k=l

»+j+*<P  
p~ 2 p—1 p—2 ,
E E E [«213,«L2»«f324,«^134,«^3]
1=0 j=1 k=0 
i+j+*:<p-l  

p-2 . .
- E Cf [«213, «Î32 ',«2131 

J=o J
EEE2 Cpi.j.t q-1"i-tq+t-1 [«2134, «'213,«Î32, «273*4,  «13241 

1=1 j—1 t=0 
i+j+k<p 

p—1 p—2 p—2 _ .
E E E Cj-1—‘*̂+ ‘-*[«2134,  «Î32, «*213,  «f324, «^3*4]
1=1 j=0 Æ=0 
i+j+A:<p-l 

p—2 p ” 1 p _ %
EEE [«1324, «^13, «k, «^134, «ia
1=0 j—1 Æ=1 

t+j+fc<P 
p—2 p—2 p ” 1 _ ,
EEE [«1324,«?32,«^13,«^134,«^\]
i=0 j=0 Æ=1 

• i+j+k<p-1

► (3.63)

Now using the Jacobi identity to relate some terms to others, this enables us to collect 

the coefficients of similar terms,
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2- Cj_i C^k [«2134, ^213» ^32' ^2134» ^1324]»

a. If k 0, then by Jacobi identity [«2134, «213) °?32> °2134> °1324]

= [«2134, «13241 «132’ a2134’ «2l3^ + [«1324, «213’ °132’ °2134’ a13241

b. If k = 0,we get

cpL,

a. If k 0, then by Jacobi identity [«2131, «133, «132^ “nal

— [Û2134» a1324, °132» °2134’ ^isl 3" [°1324, a132*  °213’ ^21341 ®1324^

b. If k = 0, we consider two cases,

(i) . If 3 0, we have by the Jacobi identity

(cr^ C^-1 + q-*-')  <
r j p—î—j 1 1
[«2134, «213’ «132 «2134J 

+ [«213, «132 \ «213’^134]

(ii) . If 3 = 0, then we have

+^'-.^2434.n^.^ (3.64)

4.

5. 1C^ 1 1 [0213,0^32,Oi324i^2134»^213L

a. If k 0, we have

çp — l ^rt+j —1 ^nrp—1—t—J
[«1324, «132, «213’ «^134’ «13241

— [«1324, «213’ °132’ °2134» «13241
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b. If k = 0, we get

[°213) °132 31 °2134, a213 ]

6- Cp_^_-_kCj 1 ’ 1 [&1324, ^132, ^13; ^2134  ^13241*

7. — Cj-1 [«2i3,«1321 «213]» this term cancels with 5(b) when i = 0.

Now we collect the coefficients of similar terms, and we begin with the first term.

From 1, 2(a) and 3(a) the coefficient of [«2134, &1324, ^132, ^2134, ^213]

£>p—1 — Qp—l—i—kçiJfk—l

= q^qq^tq-q-1 + q-'—1 ; + cq[_,_k cq~l(qq—k + q-'^q

= qq^q-'cq-qcq^cq-'q^

= ^qqqqcq

(3.65)

From 2(a), 5(a) and 4 the coefficient of [01324,0213» °132» a2134» °13241

Qp—l ^>p— 1— i—k^i+k— 1  çp—l çi-Vj—1 £-rp—1—i—j"

■ zip—1 zip— 1— »—ks~fi+k— 1 zip—1 zi*+j  —1 zip—1—»—J

= qzqqqq-1+cst1) - +cr1""-')

= q:q_k qzq^cq - qq^c-tr'cr^

0
(3.66)
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From 3(a), 5(a) and 6, the coefficient of [01324, «132» «213» “2134» ai3241 18

QV~ 1 çi+j—lçp—i—i—j ^P—1 (jp—l—i—ltçi+k—l 

+0^0^'cr1"'"3+

Cp— 1 z-fp— 1 — i—j / 1 /nTt+j—1 \ 1 /^rp—1 /^p— 1 —i—k (zii-t-k— 1 1 s~ii-t-k—
+ Cj-1 ) + Gp-l-t-fccj )

= + Cp-L.-k

i!j!k!(p— 1—i—j—k)l(p—i—j) 

_ p <»p—1 jf- (p-Lj) Gi

(3.67)

From 2(b) and 3(b)(1), the coefficient of [«2134,0^13,0132 ',«2134! *s

+ %Li c'^-1 + cp;., cp1-'

= cppxcpp' + c;-^
= cppcp' + cppcp-1
_ p(p-9!

t!j!(p-i-j)!

= fcpp.ci+p1

Also, if p = i + j, in 2(b), we get

Cp/ [02134, oPlÆV]

(3.68)

(3.69)

From 3(b)(i) and 5(b), the coefficient of [«213,«132 J , 02134,0^13] ÎS

= c,ppcpJ-, + cp11_icp1-i + ^
= cp^tcp"1 + Cpp1) + cpp.cp1-'

= Cp,1., CpJ d-cpp.cp1-' (3 70)
_P(PzlÉ_
V.jUp-i-j)'.

(%-l
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But, [«213,0132 O^134» °^13 1 + [a2134, a^13> a132 ^2134] — [°2134, «132 , ^2l3' ^2l34^

Therefore from (3.68) and (3.70), we get

(3.71)

From (3.64), (3.65), (3.66), (3.67), (3.69) and (3.71), we obtain the following:

EEK ,aÇ32, «21341^13]

1=1j=Ot=l 
i+j+k<p

«=0j=0t=l 
< i+j+k<p 

p—2p—2 . . .. ... ,
S E «c%L,c^r'[a2i34.4;r',413,4134] 
1=1 j=l 

i+j<p-l
E ^^«2134,413,^r^J+E2^^,432,4Ï341 

. j=1 1=1

and this gives 

p—1 p—2 p_ 1 , . _ * ,
Z 23 Z C^.^^^[O2!34, Oi32ii, O^2, O^i^,
1=1 j—0 k=0 

*f j+k<p

- + e’e'e' >
i=0j=0t=l
i+jft<P 

p—1 - • ,
+ E ^(n^34,4i3,4^49 

, j=l

(3.72)

Now, by similar computation the terms (3.53), (3.54), (3.55), give the following respec­

tively

- E E E
1=1 3=0 k=0 

i+j+k<p

- EEE r^c£+kci+*kc^^^ 4,-3*]  ,
t=0 3=0 k=l ' '
t+j+A:<p-l

- S' ^[03241,434,^r5]

J = 1 4

(3.73)
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EES 
»=1 j=0 k=0 

i+j+k<p 
p—1 p—2 p “ % _

+ E E E 
1=1 3=0 k=0 '

1+jf *<p,  
p—1 . . ,

+ E ^‘[«4312,«iaÆ’ri 

J=1

* (3.74)

p — 2 p—2 p*l
- E E E 

i=l j=0 t=0
*fJf*<p

P—2 p—2 p—1
- E E E

i=0 j=0 k=l
i+j+k<p-l

p—1 - . .
- E

1=1

By substituting (3.72), (3.73), (3.74) and (3.75) into (3.57), we obtain

1
p

_ [#2134, #1324’ #132’ °2134’ #2is] [#3241, #2431 ’ #243’ °3241 ’ ^324^
. L 73 < _ _ .

i^OJ+i&O . [#4312, #3142’ #314’ °4312’ ^4311 ~ [#1423, #4213’ #421’ °1423’ °1421 

_ _ [#1324, #132, #213’ #2134’ #13241 ~ [#2431, #243’ #324’ #&241’ #24311
. E 74 s _ _

1^0 P k [#3142, #314’ #431 ’ #4312’ #31421 [#4213, #421’ ^142’ ^423’ ®42131

P"1 p-1 I [#1324, #134’ #1324 1 + [#2413, #^43, #2413 1 

-1 I
[ -[«1324, #132’#1324 *1  ~ [#2413, #241» #2413 *1  ,

where 7, = and 74 =

(3.75)

(3.76)

Now when i 4- k = p the coefficient of the first term does not divisible byp, also when 

i = j = 0 the coefficient of the second term does not divisible by p. So we decompose
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(3.76) into two summands

P-1?-2?-1 [°2134, a1324, °132 » ^2134) °2131 — [°3241, a2431 » a243» ^3241 » °3241
E E E 73 < _ _

, [^4312, <*3142»  ^314» #4312' ^4311 — [°1423i a4213> °421’ °1423» a1421 

i+k^p

P"2?"2?-1 [®1324, °132> &213, «2134, «13241 — [«2431, «243» °324» a3241, °24311
E E E 74 
t=Oj=Ot=l r p j : k—11 r p j 1 k—11
i+j+k<p l«3142, «314, °431, a4312, «31421 “ l«4213, «421, a142’ °1423, °4213J

t+j#O
(3.77)

1 
- 
P

P™1 nP-i [«2134, «1324’ ®2134] [^3241, «2431, ^32411
E ^-l '

[«4312, «3142’ «4312] “ [a1423, «4213, a14231

P"1 p-1 J [«1324, «132 , «1324] — [«2431, «243 , a24311 

[ [«3142, «314 , «3142! — [«4213, «421 , ^42isl
(3.78)

P"1 „ 1 [«1324, «134, «1324 l + [«24Î3, «243, «24Î3 1
E ^-i *

-[«1324, «132, «1324 *1  ~ [«2413, «241, «2413 *1  ,

where 73 = 74 =

Now, it is easy to see that (3.78) can be rewritten as

1 p~1 J £ 

1 t=l

[«2134, «1324 ’ «21J4] [«3241, «2431 ’ «32411
►

[«4312, «3142, «4312] ~ [«1423, «4213, «1423] ,

(3.79)

Step 3. Our final move is to write

p-1

E -
[«2134, «1324, «2134] — [«3241, «2431’«32411

[«4312, «3142’ «4312] [«1423, «4213’ «14231

as a linear combination of terms with coefficients a multiple of p. By the Jacobi identity
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we get from (3.79) the following

[°2134, °1324 3, &2134]

-1 P~ 2

; E CF1
r j=0

+ [«1324) (“2134 — O4123)P""1-^ (—Û1324 “ Û2134)J]

+[«2134» («2134 - «4123)P~1~+ (~«Î324 ~ «2134^] *

+ [«4123, ~°1324 J, («4123 + «1324)J] 

+ [«4123, («4123 - «2134)P-1 + ~®4123]

This gives the following

[«2134,«1324 3’^2134]

+ [«1324, «2134, («2134 “ «4123)P"^"+ (—«1324 ~ «2134X]

1 . +[«1324, —«4123, («2134 — «4l23)P~^~+ (~«1324 — «2134V]

,-0 +[«2134, “«4123, («2134 — «4123)P 2 +(—«1324 — «2134X]

+ [«4123, —«1324 J, («4123 + «1324?]

+ [«4123, -«2134, («4123 “ «2134)P~2~+ ~^4l23^

(3.80)

From (3.80), we obtain

p—2 . .
1. i E Cp1 [«2134,«2134] 

7=0

p—2
2- I 52 Cj [«1324, «2134, («2134 — «4123)P-2-J, (—«1324 — «2134)J] 

j=0

= % E2e’e"j 
j =0i=0 k=0

Changing the order of summation, so that i runs from 0 to p — 2, for fixed i, & 

runs from O to p - 2 — + and for i and k fixed, j runs from i to p — 2 — k, then 

we get

p—2p—2—ip—2—/c . • l • •
= ;E E E -'[^.«^

i=0 Æ=0 j=i
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p—2p—2—t p—2—k . - . , .
= j E E ( E 

i=0 Æ=0 j=t 

p—2p—2—i . .
= 1 E E ((-l)pcr.«‘132,«Î324! by Lemma 2.5.4,

i=0 &=0
p—2p—2—i . , ,

= 4E £ Cr'[ai32<Æ\- ,«5132,4324] 
i=0 k=0 

p—2 (
3. ^[<11324, —&4123, (^2134 — ^4123)^-^"^, ( — ^1324 — &2134X]

p j=o

= J e’e” E’J (-l)fc+Wq-lCi,Cjr2-,'[a^> a4123’ °2134 J >a1324»a2134]• 
j=0i=0 k—0

Again by changing the order of summation we get 

p—2p—2—ip—2—. _ . . — . * •
= i E E E C/Cf '[«1324,«5^,«^'\4324,«^1

i=0 k=0 j=i

= 1 E’e” ("’E ‘ (-l)W+'Cy-'CfCT'"')[«!324,a563,«^-'-\«i324,«k34 
1=0 k=0 j—i

= -i e” e” (’e’* 
P i=0 k=0 j=i 

p—2p—2—i , . .
= 4E £ by Lemma 2.5.4,

i=0 Æ=0 
p—2p—2—i . ,

HEE CfI[«1324, «4^23,«57m" ,«'1324] 
1=0 k~0

By the Jacobi identity we get from (2) and (3) the following

1 p—2p—2—i
~ 53 1 [®2134, ®4123» ®2134 i^!324^ (3.81)
P i=0 k=1

On the other hand when = O in (2), we get

I
- - E ^E']«m24,«^',«624] (3-82)

V 1=0

and also when & = p — 2 — iin (3), we get

i P-2
- E Cr'^.aSm', «Î3241 (3-83)
P 1=0
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4. Z 1 [°2134» —«4123, («2134 ~ «4123)P 2 J , (~«1324 — «2134)J] 
P j=0 J

= i *1324,
J=0»=0 &=0

Changing the order of summation we get :

p~2p—2—i p—2 — k . . — . . . .

p t=0 k=0 j=i 

p—2p—2—t p—2—t , _ . . _ . « • .
= -i E E ( E 

p 1=0 t=o j=t

= —p 52 52 (( — l)p^f )[«2134, «4123, «2134 ’ °1324» °^1341 Lemma 2.5.4,
t=0 k=0 

p—2p—2—i . .
= I e e 

i=0 k=0

p-2 .
5. £ CP 1 [«4123, “«1324 («4123 + «1324^]

H j=0

= ^E (-irl-JCy-'C^,[<»4,23,432V^«%3,«i334].

F j=0i=0

Changing the order of summation we get :

p—2p—2 . . . . .
= ê E E <-O--'-^-'^.J^433^^^4433.^ 

t=0 j=t 

p—2 p—2 ... . .
= jE <-O--'-^^'^-j^4.33^^.^433.-433j 

i=0 j—i 

p—2 . .
= p 52 (—1)PCP [«4123, «1324 ^i23, «i324^ Ly Lemma 2.5.4, 

p i=0
p—2 .

= -| E 
i=0

p—2 . .
6. | 52 Cj [«4123, -«2134, («4123 " «2134)P"2^, -«412sl

P J=0 J

= J E^E"' 

j=0 t=0

= ^E2 ('"E\-l)^+'Cr'Cr^)h,23,«^,<^-*,0^231  

A=0 j=0

= -ff ("f (-l)^CT'cr'-'')[«4i23,^&,<'^-'-\aW 

k=0 j—0
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= " E2
k=0

p—2
— p E [a4123) °2134) a4123 ]• 

k=0

Now from (4) and (3.81), the coefficient of

[«2134, «4^3’a2134 * \ «13241 *̂+1  (3.84)

On the other hand when i = 0 in (4) we get terms that cancel with terms of (6).

From (3.82) and (1), the coefficient of

[«2134, «1324 J ’ ^134] is Cj+1 (3.85)

From (3.83) and (5), the coefficient of [«1324, «4123 % «1324] is

(3.86)

From (3.84), (3.85) and (3.86), we obtain

i E E
i=l k=0

P-2 . .
+ p H G>1 [«2134, «1324 ’’«2134] 

1=0

+ p 12 Cf+l[«1324, «4123 ’ ®1324] 
i=0

and this gives
lp_2—2 . .

i=0 k= — 1 
p-2 .
52 7+ÏCi 1 [«1324, «4123 ’’ «1324]
1=0

(3.87)
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Finally, from (3.56), (3.77) and (3.87), we get

[&2134, <414, #213, #21341 + [#3214, a^24» #32’ #321» #32141

E 7i
*fj+k<p-l 
i#0, k+j^O

+ [°4312, a432, #43, #431, #43121 + [#1432, °142, #14, #143, #14321

+ [#1324, #{34, #13’ #132’ #1324] + [#2413, #^43, #24’ #241 ’ #24is]

[#213, #2134’ #214’ #21’ #213 1 + [#321, #3214’ #&24’ #32’ #32? 1

E 72 
i+j+k<p 

k^O, *f#0  
3+k^p

+ [«431, #4312’ #432’ #43’ #43? 1 + [#143, a1432’ #142’ #14, #143 1

+ [#132, #1324’ #134’ #132^, #13] + [#241, #2413’ #243’ #24’ #24?]

. E % 
i+j+k<p 

i+k^p, 0

[#2134, #1324’ #132’ #2134’ #2is] ~ [#3241, #2431 ’ #243’ #3241 ’ #324]

[#4312, #3142’ #314’ #4312’ #4311 [#1423, #4213’ #421’ #1423’ #142

E 74 
i+j+k<p 

k^0, t+J#O
p—2p—2—t
,E E 
t=0 k= — 1 
i+k^i-1

[#1324, #132’ #213’ #2134’ #13241 ~ [#2431, #243’ #324’ #^241’ #24311

[°3142, #314, #431, #4312, #31421 “ [#4213, #421, #142, #1423’ #42131 ,

{[#2134, #4123’ #1324’ #2134 '4123 ’ #1324]}

(3.88)

where,

71 = 72 =

73 = 74 = ;W =

A = i(Mik) : i 0 0, j 4- A: / 0 , i + j + k < p- 1}

A = Ui J, k):k:/£O,i + j:£O,j + k^p,i + j + k<p,}

A = {(i, j, k)-.i/Q,i + j + k<p,i + k/p}

A = {(M, k) : k / 0, , i + j / 0 , i + j + < p }

1 < H < r2 < r3 < t4 < d ; p = p—i — j — k

Finally the image of the element (3.88) in MPM ®g R is the image of

1 ® ei A e2 A e3 A e4
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under the connecting homomorphism Zp) —» Hq^G^MpMY On the other hand

tHo(G^MpM) = tpH0(G,MpF'ab^ but tH0(G,MpF'ab) is an elementary abelian p- 

group, this means that the torsion subgroups of both Hq(G^MpM) and Hq(G, MpF>ab) 

are the same. Applying the isomorphism MpF'ab R —> ip(F')F"'|[^P(F'').>F]F",, 

we obtain

[^2134, °214’ a^l’ °213’ a21341 [°3214» a324’ °32’ °321 » °3214] 

.. H [®4312, ®432’ ®^3’ a431» ®43121 [®1432» ®Î42’ ®14’ ®143» ®M32] 

[#1324, #134» ^3’ ^132» #1324] [#2413, #243’ #24’ #241 ’ #24is]

[#213, #2134’ #^14’ #21’ #213 1 [#321, #3214’ #&24’ #32’ #321 1

n 
(W,&)6l2

n

n

[#431, #4312’ #432’ #^3’ #43?] [#143, #1432’ #^42’ #14’ #14?] »

[#132, #?324’ #134’ #13? ’ #13] [#241, #2413» #243, #24’ #24? 1

[#2134, #1324’ #^32’ #2134’ #2is] [#2341, #2431’ #243’ #3241 ’ #3241 

[#4312, #3142, #314’#4312’#431] [#4123, #4213’ #421 ’ #1423’ #142] , 

[#1324, #132, #213’ #2134’ #13241 [#4231, #243’ #324» #3241» #24311 

[#3142, #314, #431, #4312’#3142] [#2413, #421’ #142’ #1423’ #42is] ,

Il 11 {[#2134, #4123’ #1324’ #2134 ] [#1324, #4123 ’ #{324]^
i=0 k=—1

73

74

(3.89)

The theorem follows by replacing the a’s in the above expression by their definitions 

as given on p 58.

Next we illustrate our main result by considering the following special situation.

If p = 3, then the generators of the torsion subgroup of F/^(F'Y F]F"' are,
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[[®t2» xii ’ æi3» ^û]’ I3'*2 ’ ’ xû 1 » [$»2’ Xii]^ [xizi xii, ^is]^]

[[®»3 ’ $*2  ’ » ^14]) [$*3  ) ®*2  » *̂4]»  [$t3’ ^'2^' (®’3 » ^^2 ’

[[®»4> ®*3»«»1  ’ kù, -*̂3)  ^12]7 [^Û » *̂3  » ^û]^]

{ E '
jf t=l [[®t’l > » ^13, *̂2])  ["^Û » ^'4 ’ $*2]»  ’ ^^P'» [®*1  ’ X*4  ’ *̂3]^]

[[^tl ) Xia , ®»2? *̂4])  [a'*l  1 XÎ3 » XU ] 1 [^«1 » ^13]^) [a'*l  ) "^*3  »

[[^i2 , ^14 , ^t3 ? 11 ] 5 [-^12 ’ *̂4  ’ XÎ3 ] ’ [æi2 ’ #*4  1 ^42 ; ^44 1 Xij ] ]

[[x^aijj ®i3]> [^12"^«3^*4]^  1

E 
:f jf k=2,3 
k^O, i+j^O 

j+k^3

0

Xi.X

*3

[^«2^«4^*1

^3^*4

E 
i+j+k< 3 
i^0,i+k^3

*3], ^«2 ^*3]*, [^14 ^«2^

12^:1 ^*3]^ » [a'l2æ»l «3æ’4 ]*][[^*1 ^«3 ®»2 æû ] » [®*1 ^3 ®

[Xi^Xi3Xii

\_[Xi4Xi2Xil $*3] ’ VXt4Xt2XilV * J 1 ^^^->4^42^^ [®»1 a't4®*2®*3]*]
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5

i=O,l k ]? [^:4^*i *̂2^:3]^  ? [^û*̂3*2# »4] ]

i+k^—1

0 = ^7 =

By writing these terms explicitly and rearranging them we obtain, after applying the 

isomorphism H0(G, M3F* ab) —► ^F')F"'/[^F'\F]?", the following '
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*2 ’ ^i *2» *2» 12,

is ) ^ia ’ ^i •31 xi: «3»

Xi.

il •> xt3 ’

^(3 » #12],

ii » xi; xi3 5 ^12]^]

ia > XH » ®i3 » ^iih l®»2’

#«3 » Xi »2»

1'2, ^14 , xi$, xii ], [^13 » æt2 ’ ^i

431 ^ii, xi. xt3 ’ ^ii 1 13»

æi2 ’

11 X*3

^Î3^l2^î^» [^13^12]'» [^13^12"^:

[[•^11^14^1’3]» [®t'i®t’4 ]*,  [æii ®14 *̂*2]^  » ^il ^<4 ^is^l2

nr

Cl

n 
i+j-\-k<2 

#0

n •1 ’

*2 ’

Xq , 2'j2,37*g] , [^t

«3»

[[^12 "^il ®»3 ’ [*̂il  *̂1'3  •^12*̂14]^»  [^12^11 ®*3  

[[^13"^*2 il]» l^i^Xi^Xi^, [x,2X{3X\

[[^'*2^'11  "^*3^14],  [*̂14 XiÿX^ Xj2], XiaX 
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Because our main result do not cover the case p = 2, we consider this case separately 

in the following subsection.

3.2.2 Description of t(F/[F“, F]j in terms of generators

In this subsection we do the computation when p = 2. It should be pointed out that 

C.K. Gupta in [1], computed generators of the torsion subgroup of F/[F", F]. Using 

homological methods, Kuz’min in [4] obtained the same generators. However, our 

computation is different. Furthermore, in the end of this computation we prove that 

our generators are the same as Gupta’s generators. The main result of this section 

reads as follows.

Proposition 3.3.1. The torsion subgroup of F/[F", F] is generated by the elements,

[[$12 , $i] > $13 » xi^ ], [$13, *3 ’ ’

13 ’
14 ’ $1'3 ’ $11)] [[$12’

12 ; Xi

[[^12 » $1;

14 ’ $13 ’ $il ]’ [$14 ’ $13 ’

*3’ *2’

»3’

where (1 <

Proof. The proof is by computing the connecting homomorphism,

H4(F/F',Z2) — t(M2M R)

where R is the integers localized at 2.
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For computing the connecting homomorphism, we use the double complex M 0g 2, 

with 2 as before and the complex M as the following *

M: 0 MXM —+ P®M —► P2 —» RC2 —► RG —► Z2 —► 0.

Here it should be pointed out that by [[12], Lemma 3.1] the complex M is exact.

Consider:

Î

RG ® P3 *— RG 0 P4

Î

RG2 0 P2 RG2 0 P3

Î

P2 0 Pi <- P2 0 P2

Î

A 0 RG A 0 Pi

M2M ®R M2M 0 RG

where A — P 0r M, in this double complex we use 0 instead of 0g.

Now we start our computation by the following element

1 0 Ci A e2 A e3 A 64 € Z2 0 P4 (3.90)
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An inverse image of (3.90), in RG Pa is

1 ® ei A e2 A 63 A e4 (3.91)

By applying the homomorphism R(7 0 P4 —► R(7 ® P3 to the (3.91) we obtain

4
52 (-1)^(6, -1)0 (ei A ....A ei A... A e4) (3.92)
»=i

In order to get an inverse image of (3.92), in RG2 0g ^3, we consider the element

(1 o 1).(6, — 1) = bi o bi — 1 o 1.

By writing bi = (bi - 1) + 1, and expanding, we get

(1 o 1).(^ - 1) = (bi - 1) o (bi - 1) + 2(6,- - 1) o 1.

By subtracting (bi — I)2 from both sides, we get

[(1 o 1).(6, - 1) - (% - I)2] = 2(bi -1)01.

Hence the expression

-[(1 0 l).(^ - 1) - (bi - l)2],

makes sense in our situation. We notice that

1 4
2 E ° 1).(^ - 1) - (bi - l)2] 0 (ei A ...A ei ... A e4), (3.93)

is an inverse image of (3.92), in RG2 0g P3. This is because (6, — I)2 is in the kernel

of the map RG2 —> RG, and the image of (1 0 1) under this map is 2.

After applying the homomorphism RG2 0g P3 —* RG2 0g Ph to (3.93), we obtain
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^{(62 — 1)2 • (61 — 1) — (61 — I)2 . (62 — 1)} 0 63 A 64 

+•5{(61 — l)2 . (63 — 1) — (63 — I)2. (61 — 1)} 0 €2 A 64 

+i{(^4 — 1)2 . (61 — 1) — (61 — I)2 . (64 — 1)} 0 62 A 63

+ ^{(62 — 1)2 . (64 — 1) — (64 — l)2 . (62 — 1)} 0 Cl A €3

+ ^{(64 — I)2 . (63 — 1) — (63 — l)2 . (64 — 1)} 0 Cl A C2

+ 2 {(63 — 1)2 . (62 — 1) — (62 — l)2 • (63 — 1)} 0 61 A 64

(3.94)

In order to get an inverse image of (3.94) in P2 0g P2, we consider the following element

in P2:

e2 (61 — 1) ~ e2 (62 — 1) + [ei (62 — 1) — 62 (61 — I)]2 — <

2^2 (61 — 1) O 62

—2ei (62 — 1) o 6i

—2ei (62 ~ 1) ° 62 (61 — 1)

Hence the expression

2^2 (&1 — 1) ~ el (62 — 1) f (^1 (62 — 1) — 62 (61 — I))2}

makes sense. Moreover, this term

2^ (61 - 1) — 6% (62 - 1) + [ ]21] 0 63 A 64

is an inverse image of |{(62 - l)2 . (61 - 1) - (61 - l)2 . (62 - 1)} 0 63 A e4 in P2 0g P2 

under the homomorphism P2 0G P2 —* RG2 0g ^2.

Similar considerations for the first tensor factors of the remaining terms in (3.94) imply 

that the following is inverse image of (3.94) in P2 0g P2
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Ke2 (^1 — 1) - (62 - 1) f [ ]ii) ® 63 A 64 

+ |{el (63 — 1) - 63 (61 — 1) + [ ]13} ® 62 A 64

+ |{e4 (61 — 1) — 6% (64 — 1) + [ Hl) 0 62 A 63

+ 2 {C2 (64 ~ 1) "* 64 (62 - 1) + [ Ü4} ® C1 A 63

+ ^{64 (63 — 1) — 63 (64 — 1) f [ ]4s) ® 61 A 62

f 2{^3 (62 — 1) - 62 (63 - 1) + [ ]32) 0 61 A 64

After applying the homomorphism P2 0g Pi —► P2 0g ^1 to (3.95), we get

i([ ]2i-(63 ~ 1) + [ ]i3 (62 - 1) + [ ]32-(6i - 1)} 0 64 

_H[ 132 (64 - 1) + [ ]24-(6s - 1) + [ ]43-(62 - 1)1 ® 61

+ i([ ]43 (61 - 1) - [ ]13 (64 - 1) - [ ]41-(6s - 1)} 0 62

+ i([ ^4l (62 - 1) + [ ]24'(61 “ 1) ~ [ 111-(64 - 1)} 0 63

In order to get an inverse image of (3.96), in P 0 M 0g Pi, we consider the element

([ hi 0 [ hi)-(63 — 1) — [ hi6s ® [ hi63 — [ ]2i ® [ hi-

By writing 63 = (63 - 1) f 1 and expanding we get

([ hi ® [ hi)-(63 - 1) =
[ hi(6s ~ 1) ® [ hi(63 — 1)

(3.97)
k [ hi(63 — 1) ® [ hi + [ hi ® [ hi(63 — 1) k

On the other hand the element

[ hi(63 — 1) 0 [ hi ~ [ hi ® [ 121(63 — 1)

belongs to the kernel of the map (P 0 M —» P2). By adding this element to (3.97), 

we obtain
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[ hi(63 — 1) ® [ 121(63 - 1) + 2[ hi(63 —

here we note that the coefficient of the second term is divisible by 2.

We do the same thing for ([ ]i3® [ ]13).(&2-1) and ([ h^^ ]32)-(&i -1). The coefficients 

of the first term in each one of them is not divisible by 2, so we collect them together

[ hi(63 — 1) ® [ 121(63 — 1) + [ 113(62 — 1) ® [ ]is(62 — 1)
(3.98)

+[ 132(61 — 1) 0 [ 132(61 — 1)

By the Jacobi identity, we can write [ 132(61 — 1) 0 [ h2(6i - 1) as follows.

[ 113(62 — 1) 0 [ 113(62 — 1) + [ 113(62 — 1) 0 [ hi(63 ~ 1)
(3.99) 

[ hi(63 — 1) 0 [ 113(62 - 1) + [ hi(63 — 1) ® [ hi(63 — 1)

By substituting (3.99) into (3.98), we obtain

2[ hi(63 — 1) 0 [ hi(63 — 1) + 2[ 113(62 — 1) 0 [ 113(62 — 1)
(3.100) 

[ 113(62 — 1) 0 [ 121(63 - 1) f [ hi(63 — 1) 0 [ 113(62 — 1)

Again the element [ 113(62 - 1) 0 [ hi(63 - 1) - [ hi(6s - 1) 0 [ 113(62 - 1) belongs to 

the kernel of the map (M 0 M —► M2), and when we added to (3.100), we get terms 

with coefficients divisible by 2, namely

2[ 121(63 — 1) 0 [ hi(63 — 1) + 2[ ]is(62 — 1) 0 [ hi(63 — 1) 

+2[ ]13(62 — 1) 0 [ 113(62 — 1)
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As a result of our previous discussion the expression

([ hl ® [ ]zi) (63 - 1) + ([ ]13 0 [ ]ls)-(^2 — !) + ([ ]s2 0 [ ]32) (&1 - 1) 

[ 121(63 — 1) 0 [ hi - [ hi 0 [ hi(63 — 1)
1
2 [ 113(62 - 1) 0 [ ]13 — [ ]13 ® [ 113(62 — 1) ► (3.101)

[ 132(61 — 1) 0 [ ]32 — [ 132 0 [ 132(61 — 1)

[ 113(62 — 1) 0 [ hi (63 - 1) - [ hi (63 — 1) 0 [ 113(62 — 1)

makes sense. Moreover, (3.101) is an inverse image of

jfl 1:1(63-I)f[%3(62-1M

under the homomorphism P ® M —» P2.

Similar consideration for the first tensor factors of the remaining these terms in (3.96) 

then imply that

—([ Î32 0 [ I32) (64 — 1) — ([ 124 0 [ ]24)-(63 — 1) — ([ Î43 0 [ Î43) (62 — 1)

— [ 132(64 — 1 ) 0 [ I32 + [ ]s2 0 [ 132(64 — 1)

2 ' [ 124(63 - 1) 0 [ I24 - [ I24 0 [ 124(63 - 1) ► 0 81

— [ 143(62 — 1 ) 0 [ ]43 + [ ]43 0 [ 143(62 — 1) 

[ 142(63 — 1) 0 [ ]32(64 — 1) — [ 132(64 — 1) 0 [ 142(63 — 1)

([ I43 0 [ 143)-(61 - 1) - ([ 113 0 [ ]13)-(64 -!)-([ hl 0 [ hl)'(63 - 1) 

[ 143(61 — 1) 0 [ ]43 — [ I43 0 [ 143(61 - 1)

[ 113(64 — 1) 0 [ ]13 — [ ]13 0 [ 113(64 — 1) ► 0 e2

-[ hi(63 — 1 ) 0 [ hi + [ hi 0 [ hi(63 — 1)

-[ 143(61 — 1) 0 [ hl(64 - 1) + [ hl(64 - 1) 0 [ 143(61 — 1)

100



Chapter 3. Torsion in free central extensions 101

([ ]41 ® [ ]41)-(&2 —!)+([ ]%4 0 [ ]24)»(&1 — !) — ([ ]21 0 [ ]21)«(&4 — 1)

[ ]41(&2 — 1) 0 [ ]41 “ [ ]41 0 [ hi(^ “ 1)

— [ ]24(^1 — 1) 0 [ ]24 + [ ]24 0 [ h4^l — 1)

— [ ]21(&4 — 1) 0 [ ]21 + [ ]21 0 [ 121(^4 — 1) 

► 0 e3

[ h^(^i ~ 1) 0 [ hi(^2 - 1) - [ hi(&2 — 1) 0 [ h^(^i — 1)

is a well-defined element of P®M P\ and that it is an inverse image of (3.96) under 

the homomorphism P 0 M ®g Pi —► P2 0g Pi •

After applying the homomorphism P 0 M 0g Pi —► P® M 0g (here we identify

P 0 M 0G RG with P 0 M), we obtain
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[ 121(63 — 1) 0 [ hi — [ hi ® [ 121(63 — 1)

— [ 113(62 — 1) 0 [ J13 + [ 113 0 [ ]13(62 — 1)
► (64 - 1)

+ [ 132(61 - 1) 0 [ I32 - [ ]s2 0 [ 132(61 — 1)

+[ 113(62 — 1) 0 [ hi(63 — 1) — [ hi(63 — 1) 0 [ 113(62 — 1)

— [ 132(64 — 1) 0 [ 132 + [ ]32 0 [ 132(64 — 1)

+ [ ]24(63 — 1) 0 [ ]24 ~ [ ]24 0 [ 124(63 — 1)
► (61 - 1)

— [ 143(62 ~ 1) 0 [ 143 + [ ]43 0 [ 143(62 — 1)

1
2

— [ ]24(63 — 1) 0 [ ]32(64 — 1) + [ ]32(64 ~ 1) 0 [ ]42(63 — 1)

[ 143(61 - 1) 0 [ ]43 “ [ ]43 0 [ ]43(61 — 1)

f <
+ [ 113(64 — 1) 0 [ ]13 “ [ ]13 0 [ 113(64 — 1)

* (62 — 1)

f <

—[ hi(63 — 1) 0 [ hi + [ I410 [ hi(63 — 1)

+[ 143(61 — 1) 0 [ 113(64 — 1) — [ 113(64 — 1) 0 [ 143(61 — 1)

[ hi(62 — 1) 0 [ hi — [ hi ® [ hi(62 — 1)

— [ 124(61 - 1) 0 [ ]24 + [ I24 0 [ 124(61 — 1)
* (63 — 1)

—[ hi (64 - 1) 0 [ hi + [ hi 0 [ hi (64 — 1)

—[ 124(61 — 1) 0 [ hi(62 — 1) + [ hi(62 — 1) 0 [ 124(61 — 1)
(3.102)

The inverse image of (3.102), in M2M 0g KG (again we identify M2M 0g RG with

M2M) is
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[[]21(&3 - 1), []21 ] — [[]13(&2 - 1), []13 ] + [[ ]32(61 — 1), [ ]32 ]
► (64 — 1)

+[[ 313(62 - 1), [ 321(63 -1) 3

-[[332(64 -1), []s2 ] + [[324(63 -1), U24 ] - [[ 343(62 -1)4343 3

1
2 '

—[[ 324(63 — 1), [ 332(64 — 1) 3

+
[[343(61 -1)4343 3 + [[313(64 - 1)4313 3 - [[341(63 -1)41413

+[[ 343(61 -1), [ 313(64 — 1) ]

[[341(62 - i)434i 3 - [[324(61 - 1)4324 ] - [[321(64 -1)4)211

-[[ 324(61 -1), [ 341(62 -1) 3

Our aim is to write

[[321(63 - i)432i 3 - [[113(62 - 1)4313 3 + [[132(61 -1)4132 3

+[[ 313(62 — 1), [ 321(63 - 1) ]

(3.103)

* (64 — 1)

-[[332(64 - 1)4132 j + [[324(63 - 1)4324 3 ~ [[343(62 - 1)4143 ]
* (61 — 1)

-[[ 124(63 - 1), [ 332(64 - 1) 3

[[ 343(61 - 1)4143 3 + [[313(64 - 1), [ ] 13 3 - [[341(63 -1)41413
* (62 — 1)

+[[ 343(61 - i), [ 313(64 — 1) 3

[[341(62 -1)4 ]4i 3 - [[324(61 - 1), [3241 - [[321(64 -1), [3213

-[[ 324(61 - 1), [ 341(62 - 1) ]

as a linear combination of terms with coefficients divisible by 2.

Notice that

(63 - 1)
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[[ 121(^3 - 1), []21]-(&4 - 1)

"[[]21(&4 - 1), [121M&3 - 1)

2[[ ]21(&3 — 1)» [ ]21(^4 — 1)]

— +[[]21(63 ~ 1X^4 - 1M]21(&4 - 1)] k (3.104)

-[l]21(64 ~ IX63 ~ 1)4121(63 - 1)1

By substituting this, and similar expressions for the other corresponding terms 

(—[[113(62 — 1),[113 ]-(64 — 1) + [[113(64 — 1)41131X62 — !)•••• etc) into (3.103) we get 

that this element is the sum of

2[[ 121(63 — l)4]2i(64 - 1)] + 2[[ 131(64 — 1)4)31(62 - 1)1

2 < +2[[ 132(61 — 1)4132(64 - 1)1 + 2[[ 142(63 — 1)4)42(61 — 1)] * 

+2[[)4s(6i - 1)4)43(62 - 1)] + 2[[ ]4i(62 - 1)4141(63 - 1)1

(3.105)

[[121(63 — IX64 — l),[]2i(64 — 1)1 — [[]2i(64 — l)(6s — 1), [121(63 — 1)1

+ [[131(62 — IX64 — 1)4131(62 — 1)] — [[131(64 — 1)(62 — 1)4]31(64 — 1))

+[1)32(61 — IX64 — 1)4)32(64 — 1)] - [432(64 — l)(6i — 1)4)32(61 — 1)]

+[[)42(6i - IX63 - 1)4)42(61 - 1)] - [[W63 - l)(6i - 1)4)42(63 - 1)]

1 +[1)43(61 - IX62 - 1)4)43(62 - 1)) - [443(62 - l)(6i — 1)4)43(61 — 1))
2

+[[]4i(62 - IX63 - 1)4)41(63 - 1)) - [441(63 - IX62 — 1)4)41(62 — 1)]

+[413(62 - 1), []21 (63 - 1 )].(64 - 1)

[442(63 - 44)32(64 - l)) (6i — 1)

-[[)43(6i - 1)4)31(64 - 1))-(62 - 1)

+[[)42(6i - 1)4)41(62 - l))-(63— 1)
(3.106)

Our next goal is to write 2 times the element (3.106), as a linear combination of terms 
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with coefficients divisible by 2. In order to do that we consider the following terms

[[]13(&2 - 1), []21(&3 - l)b(^4 ~ 1) - [[]32(64 - 1)(61 - 1), []32(61 — 1)1

+[[142(63 — 1)4132(64 — l)l«(6i — 1) + [[]43(6i — 1)(62 — 1),[]43(62 - 1)1

-[[ 143(61 - 1)4)13(64 - 1)] (62 - 1) + [[141(62 - l)(6s - 1)4141(63 - 1)1

+ [[ 142(61 - 1)4)41(62 - 1)1-(63 - 1) + [1)21(63 - 1X64 — 1)4)21(64 - 1))

from these terms we obtain

2[[]is(62 — 1)4)21(63 - IX64 — 1)1 + [[ ]is(62 — 1)(&4 — 1)4121(63 — IX64 - 1)1

-[[113(62 - IX64 - 1), []13(62 - 1)1 - [[121(63 - IX64 — l)4hi(63 — 1)]

+2[[ 142(63 - 1)4)32(64 - l)(6i - 1)] + 1)42(63 - 1 )(6i - 1)4)32(61 - IX64 — 1)]

+[1)42(63 — l)(6i — 1)4)42(63 - 1)1 + [[]32(6i — IX64 — 1)4)32(64 — 1)]

+2[[]43(6i - 1)4)31(62 - IX64 “ 1)1 ~ [[]43(6i - 1)(62 - 1)4)31(62 - IX64 - 1)]

+11)43(62 - l)(6i - 1)4)43(61 - 1)] + 11)31(62 - 1 )(64 - 1)4)31(64 — 1)]

+2(1)42(61 — 1), 1)41(62 - IX63 - 1)) + [[]42(6i - IX63 - 1), 1)41(63 - IX62 — 1)]

+[[]42(6i - l)(6a - 1)4)42(61 - 1)) + 11)41(63 - IX62 - 1)4)41(62 — 1))
(3.107)
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By substituting (3.107) into (3.106), we get

2[[]13(&2 — l)»[]2i(&3 - l)(^ - 1)] + 2[[ ]42(6s — 1)4)32(64 — l)(6i — 1)]

~2[[]4s(6i — 1)4)31(62 - 1)(&4 - 1)) + 2[[]42(6i - 1)4)41(62 - l)(6s - 1)]

+2[[ hi(63 - 1)4)21(63 — 1)(&4 - 1)) + 2[[]32(6i — 1)(64 — 1)4)32(64 — 1)]

1 +2[[ ]42(6i - l)(63 - 1)4)42(61 - 1))
2 '

+[[ 113(62 - 1)(64 - 1)4)21(63 - IX64 - 1)]

+[1)42(63 - l)(6i — 1)4)32(61 — IX64 — 1))

-[[]43(6i — 1)(62 - l)4)3i(62 - 1 )(64 — 1)]

k +[[ 142(61 - l)(6s - 1)4]41(63 “ 1)(62 “ 1))
(3.108)

Using the Jacobi identity it is easy to see that the sum of the last four terms in (3.108),

is equal to zero. Therefore (3.108) becomes

[[]13(62 — 1)4)21(63 - 1)(64 - 1)] + [1)42(63 - 1)4)32(64 — l)(6i - 1)1

[[ ^3(61 - 1)4)31(62 - 1)(64 - 1)) + [[]42(6i - 1)4)41(62 - IX63 - 1)]

+[[ 321(63 - 1), [321(63 - i)(64 - i)3 + [[332(61 - 1X64 — 1)4)32(64 — 1)) 

+[[)42(6i - l)(6a - l),[]42(6i - 1))

and this can be rearranged as

[[ ]32(61 - 1)4)21(63 - IX64 - 1) + [1)43(62 - 1)4)32(61 - 1X64 - 1)3)
(3.109)

+[[342(61 -1)4321(63 -1)(64 -1)3 - [[343(61 -1)4331(62 - 1X64 — 1)]
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Finally from (3.105) and (3.109), we obtain

[[]21(&3 - 1), []21(&4 - 1)] + [[]31(&4 - 1),[]31(62 - 1)]

+ [[]S2(61 - 1), [W64 - 1)] + [[ ]42(63 - 1)4142(61 — 1)]

+ [[143(61 - 1)4]43(62 - 1)] f [[ 141(62 ~ 1)4141(63 — 1)1

— [[ ]32(61 — 1), [121(63 — IX64 — 1) + [[143(62 — 1)4132(61 — 1)(&4 — 1)1 

k + [[142(61 - 1)4]21(63 - IX64 - 1)] - [043(61 - 1), []31(62 - 1)(64 - 1)] ,
(3.110)

and the image of this element in MXM 0g R is the image of 1 ® ei A €2 A €3 A €4 un­

der the connecting homomorphism ^(G, Z2) —» H^G1 AfAAf). On the other hand

= tpHo(G,F^bA.F'ab), but tH0(G, F^bA.F'ab) is an elementary abelian p- 

group, this means that the torsion subgroups of both Hq(G, MAAf ) and Hq(G, F^bAF^b) 

are the same. Therefore the theorem follows by applying the isomorphism Hq(G, F'abNF'Qb) 

fW'FY.

We close this subsection by proving that our results for p = 2 are consistent 

with Gupta’s result.

Now, we start with Gupta’s element, and we try to convert it to our element, for the 

case p = 2.

Gupta’s element is
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For simplicity, we consider

[ki, æT1]] [[*3,  ^21]]

[kn ^3], z-^]j [[x4, Z2],kf \ X31]]

[ki, «J, k^1, X31]] fka, ®31,kr\ ^i1]]

(3.111)

For bi, bj € G, we have

ku 1 = kn xiVXiX^ 1 — X{ Xj[Xi) Xj](Xi Xj)

= Xi XjXf1

this means that (3.111) is equal the following

[ki, ^2],k3, z4](^4)^] [ka, X4],ki,

[ki, ®3],k4,22]^^)^] [[®4, zaLki, 2:3]^^)-^]

[ki, ®4],ka, .7:3](^3)-'] [k2, æ3],ki, ar4](^^)^]

Using the fact that [[,],[,]*  J = [[, ]r, [,]] modulo [F", F], and applying the isomor­

phism

Fy[F\F]^FibAF'ab®GZ

we obtain the following

[[ ] 12b364, [ ]34] f [[ ]346162, [ ]12]

+ [[ ] 136462, []42] + [[ ]426163, [ ]13]

+ [[1146263, [ha] + [[1236164, []i4]
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By writing 6,- = (6, — 1) + 1 (i = 1,2,3,4), Gupta’s element becomes as the following

[1143, []12(&3 ~ 1)(&4 - 1)] f [[]43, []12(&3 ~ 1)] + [[ ]43, [ ]12(^4 “ 1)]

+ [[]21, [W&l - 1)(&2 - 1)] + [[]21, - 1)] + [[]2b [M62 ™ 1)]

+ [[ 124, []13(62 - 1)(64 - 1)] + [[]24, []13(62 * 1)) + [[]24, []13(64 - 1)]
(3.112)

+ [[ 113,1)24(61 - l)(6s - 1)] 4- [[)13, [)24(61 — 1)] + [[]13,1)24(63 — 1)1

+ [[)32, [)14(62 - l)(6s ~ 1)] + [[]S2, []14(62 - 1)] + [[]32, []14(63 — 1)]

+ [[ 114, 1)32(64 - 1)(61 - 1)] f [[]14,1)32(64 - 1)] + (1)14, 1)32(61 - 1)]

Using the Jacobi identity it is easy to see that (3.112), becomes as follows

[[]2t1t, []1t4t(62t ~ 1)(63t - 1)) + [[ ]2t1t, [ 13t1t(62t — 1)(64t — 1))

+ [[ ]2t1t, 1 )1t4t(63t - 1)) + [[ ]2t1t, [ ]3t1t(64t - 1)) k

+ [[)2t1t, (]3t2t(64t ~ 1)] + [[ ]2t1t, [ ]2t4t(63t ~ 1))

+ 11)13, [)21(64 - l)(6s - 1)] + [[]13, []14(62 — IX63 — 1)) + [013, 1)21(64 — 1)] *

+ 11 ]13, [ ]14(62 - l)) + [[ 113, [ 123(64 - l)l + [[ 113, [ 134(62 - 1)]

+ 11124, [112(63 ~ IX64 ~ 1)] + 11]24, []23(61 - IX64 - 1)1 + ÎH24, []12(63 — 1)]

+ H)24,l)23(61 ~ 1)] + 11)24, [)14(63 - 1)] + 11)24, []43(61 - 1)]
(3.113)

where J is the subgroup of 54 generated by ((1234)).

For the absence of the space we put

11)21(63 — 1), 1)41(62 — 1X63 - l)]r = 1[)2t1t(63t — 1), []4t1t(62t — 1)(63t — 1)]

and we mean the same thing for the similar cases. Using the fact that the action is 

trivial, we can rewrite (3.113) as follows
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e (-1 r

[[ J2I(^3 — 1), []41(&2 — 1)(&3 — 1)R + [[]21(^3 — 1), []41(&2 — I)]’’ 

+[[]21(^4 — 1), []13(&2 - 1)(&4 - 1)]?" f [[ 121(^4 — 1), []13(^2 - 1)]T 

+ [[ ]21(63 - 1), [ ]41(&3T “ 1)1T + [[ 121(63 — 1)» [ ]4i]r

+[[121(64 -1), [113(64 - i)k + [[121(64 -1), [Ink 

+[[]2i(64 — 1),[123(64 - i)lr + [[121(64 —1)>[hsk 

+[[121(63 -1)4142(63 - i)k + [[121(63 — i)4l42k

+[[113(64 -1), [112(63 - 1X64 -1)] + [[113(64 -1)4112(63 - i)l

+[[ 113(62 -1)4141(63 - 1X62 -1)] + [[ 113(62 -1)4)41(63 -1)] 

+[1)13(64 — 1), [112(64 — i)l + [[113(64 -1)4112] + [[113(62 —1)4141(62 — 1)] 

+[[ 113(62 - i)4]4i] + [[ 113(64 -1)4132(64 -1)] + [[ 113(64 -1)4)32] 

+ [[ ]13(62 - 1)4)43(62 - 1)] + [[]13(62 - 1)4)43]

+[[^4(63 - 1)4)21(64 - 1X63 - 1)] + [[^4(63 - 1)4)21(64 — 1)]

+[[]24(6i - 1)4)32(64 - l)(6i - 1)] + [[W61 - 1)4)32(64 — 1)] 

+[024(63 -1), [ 121(63 - 1)] f [[124(63 - 1)4121] + 0)24(61 - 1)4)32(61 -1)] 

+ [[ 124(61 - 1)4 132] + [[]24(63 - 1)4141(63 - 1)] + [[]24(63 ~ 1)4141] 

+ 0124(61 - 1)4]34(61 - 1)] + [[ ]24(61 ~ 1)4134]
(3.114)
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By rewriting (3.114) we obtain the following decomposition,

[021(63 — 1), []4i(62 - l)(6a — 1)] + [013(62 - 1), 041(63 - 1)(&2 — 1)]

+[021(64 - 1)? 1)13(62 - IX64 - 1)] + [041(62 - 1X031(62 - IX64 - 1)1

+[032(64 - 1), 021(63 - IX64 - 1)] + [024(63 - 1), 021(64 - IX63 “ 1)]
< *

+0)41(63 -1)> 012(64 - 1X63 - 1)] + [013(64 — 1), 012(63 — 1X64 — 1)]

+[1)43(61 - 1), [)23(64 - l)(6i - 1)) + [043(62 - 1), 031(64 - IX62 — 1))

+0)32(61 - 1), 1)43(62 - l)(6i - 1)] + 0)24(61 - 1), 032(64 - l)(6i - 1)]

0)21(63 - 1), []4i(6s - 1)] + 0)21(63 - IX [Xi] + 0)41(63 - 1), D12) 

+ 0)21(64 - 1),[)13(64 - 1)] + [[]21(64 - 1)4)13) + [[ ]13(64 — 1)4112]

+ [[ 121(63 - 1)4X2(63 - 1)1 + 0121(63 - 1)4142] + [[ 142(63 - 1)4121]

+[[121(64 - 1)4)23(64 - 1)] + 0)21(64 - 1)4)23] + 0)32(64 — 1)4)21]

+0)43(61 - 1)4)23(61 - 1)] + 0)43(61 - 1)4)23] + 0)32(61 - 1)4)43]

+ 0)43(62 - 1)4)31(62 - 1)] + [[143(62 - 1)4131] + 0)13(62 - 1)4)43]
+ *

+0)43(61 - 1)4)24(61 - 1)] + 0)43(61 - 1)4)24] + 0)24(61 - 1)4)34]

+[[143(62 - 1)4X1(62 - i)l + 0X3(62 - 1)4X11 + 0X1(62 -1)4)34]

+0)32(61 - 1)4)42(61 - 1)] + 0)32(61 - 1)4X2] + [[ 124(61 - 1)4X2]

+[[132(64 - 1)4X1(64 - 1)] + 0X2(64 - 1)4X1] + 0)13(64 - 1)4X2]

+0X1(63 —1)4)42(63 -1)] + 0)41(63 - 1)4X2] + [[ 124(63 — i)4Xi]

. +[[113(62 - 1)4X1(62 - 1)] + 0113(62 - i)4Xi] + 0X1(62 - i)4Xi] ,
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[[]21(b3 - 1)> [141(^2 - 1)] f [[ ]41(&2 — 1), []31(&2 — 1)]

+ [[]43(61 - 1), []23(64 - 1)] + [[]13(64 - 1)> []32(64 — 1)]

+ [[132(61 — 1),[)42(63 - 1)) + [[124(63 - 1),[121(63 — 1)1 

+ [[]32(64 - 1)4]21(64 - 1)] + [[124(61 - 1)4132(64 — 1)] 

+ [[]21(64 ~ 1)4113(62 - 1)1 + [[143(62 - 1)4131(64 - 1)] 

+ <
+ [[132(64 - 1), [121(63 - 1)) + [[ 132(61 - 1)4]43(61 — 1)) 

+ [[141(62 ~ 1)4]31(64 - 1)) + [[141(63 - 1)4]12(64 - 1)] 

+ [[)41(63 - 1)4)12(63 - 1)] + [[ 141(62 - 1)4]34(62 - 1)) 

+ [[)13(64 - 1)4]12(63 - 1)] + [[]13(62 - 1)4]41(63 - 1)]

+ [[)13(64 - 1)4112(64 - 1)] + [[) 13(63 ~ 1)4]43(62 ~ 1))

+ [[)24(63 - 1)4 121(64 - 1)) + [[124(61 - 1)4]32(61 ~ 1)]

+ [[]24(63 - 1)4]41(63 - 1)) + [[]24(61 - 1)4)34(61 — 1)) ,

Again, using the fact that the action is trivial, we can easily see that the middle 

summand is zero. On the other hand from the first and the last summand we obtain 

the follows
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[[123(61 - 1), []41(62 - l)(6s - 1)1 + [[ ]32(61 - 1), []42(61 - l)(6g - 1)] 

+ [[ 124(61 - 1), [ ]13(62 - 1)(&4 - 1)] + [[ ]24(6i - 1), [Js2(61 ~ 1)(&4 - 1)1

+ [[]43(61 — 1), [123(64 - l)(6i - 1)] + [[143(61 ~ 1), []12(63 — IX64 - 1)]

+ [[143(62 — 1), [ ]si(64 ~ 1)(62 ~ 1)] + [[]43(62 — 1), [121(64 — 1)(63 - 1)1

+ [[ 123(61 - 1),[]41(62 - 1)1 + [[ 124(61 - 1), [ 132(61 - 1)1

+ [[l^(63 - 1)» [123(64 ~ 1)] + [[]24(63 — 1), [141(63 — 1)]

+ [[^2(64 - 1), [141(62 - 1)1 + [[ 141(62 - 1), [134(62 ~ 1)1

+ [[ 141(62 ~ 1), [131(64 - 1)] + [[ ]13(64 * 1)4112(64 ~ 1)1

+ [[ ]41(63 - 1)4112(63 - 1)1 + [[113(64 — 1)4]12(63 - 1)1

+ [[ 131(62 - 1)4142(63 ~ 1)1 + [[113(62 - 1)4 ]43(62 - 1)1

+ [[121(64 ~ 1)4113(62 - 1)] + [[]43(62 - 1)4 131(64 - l))

+ [[]32(64 ~ 1)4121(63 - 1)] + [[]32(61 - 1)4143(6] ~ 1)1

+ [[141(63 - 1)4112(64 - 1)1 + [[ ]13(62 - 1)4141(63 — 1)1

+ [[124(63 - 1)4]21(64 ~ 1)] + [[)24(6] - 1)4)34(61 - 1)]

(3.115)
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From (3.115), we obtain

[[ 123(61 - 1)) [ ]12(6s - 1X64 - 1)1 f [[ 124(61 - 1), [112(63 - 1)(64 - 1)1

+ [[143(61 - 1), [ 113(62 - 1X64 - 1)1 + [[143(62 - 1), [ 132(61 - 1X64 - 1)1

+ [[ 123(61 — 1), [121(64 - 1)] + [[]21(64 — 1)» [ ]13(62 — 1)]

+ [[141(63 - 1), []43(62 ~ 1)] + [[ ]43(62 ~ 1), [ ]31(64 - 1)1

+ [[132(61 — 1),[ ]43(61 - 1)1 + [[143(61 - 1), [112(63 - 1)1

+ [[142(63 - 1), []41(62 - 1)1 + [[,24(63 - 1), []21(64 - 1)]

+ [[142(61 — 1), [,31(64 - 1), + [[,24(61 - 1),[ ,34(61 — 1),

+ [[131(62 ~ l), [,32(64 - 1), + [[,32(64 - 1), [,21(63 — 1)]

+ [[,41(63 - 1), [,12(64 - 1)] + [[,13(62 - 1),[J41(63 - 1),

► (3.116)

We obtain from (3.116), the following •

[[,23(61 - 1), [,12(63 - IX64 - 1), + [[,24(61 - 1)4,12(63 - IX64 — 1),

+[[,43(61 - 1), [,13(62 - IX64 - 1), + [[,43(62 - 1)4,32(61 - IX64 — 1),

+[[,21(63 - 1)4,21(64 - 1), + [[,43(61 - 1)4,43(62 - 1),
< *

+[[,32(61 — 1), [,32(64 - 1), + [[,42(63 - 1), [,42(61 — 1),

+[[,31(62 - 1)4,43(61 - 1), + [[,13(62 - 1)4,41(63 - 1),

+[[,42(61 - 1)4,41(63 - 1), + [[,41(63 - 1), [,12(64 - 1),

and this gives

[[,23(61 — 1)4,12(63 - IX64 - 1), + [[,24(61 - 1)4,12(63 - IX64 - 1),

+[[,43(61 - 1)4,13(62 - IX64 - 1), f [[,43(62 - 1)4,32(61 - IX64 — 1),

+ [[,21(63 - 1)4,21(64 - 1), + [[,43(61 — 1), [,43(62 — 1),

+[[,32(61 - 1), [,32(64 - 1), + [[,42(63 - 1)4,42(61 — 1),

+[[,31(64 - 1)4,31(62 - 1), + [[,41(62 - 1)4,41(63 - 1),

which is exactly (3.110), [i.e. our element when p = 2,.
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3.2.3 Applications

We conclude this section with an interesting application of the main result.

%
First we consider the following quotient

F/MF'),F] (3.117)

where F as before and c > 2 is a positive integer. For c = 2 and c = 3, (3.117) coincides 

with FI\7c(F'},F\F"', the object of study in this thesis, and for c > 4 the latter is a 

homomorphic image of the former. In fact, (3.117) is the free-by-(nilpotent of class 

c — l)-by-abelian group, and we have an exact sequence

1 — -k(F')/k(F'),f] — F/WZXF] F/?c(F') 1. (3.118)

While F/^C{F') is torsion-free, elements of finite order do occur in 'yc(F')/[^c{F'\F\i 

see [11], [16], [3]. In the case where c = p, p a prime, Stôhr proved in [11] that there is 

an isomorphism

t A f]) a H^F/F', Z„),

i.e. the elements of finite order form an elementary abelain p-subgroup of rank C% of 

the centre of (3.118) where c — p. It turns out that our main theorem can be exploited 

to obtain generators for this torsion subgroup in terms of generators of F. Recall that 

by Proposition 2.4.9 there is an isomorphism

^F']F'"/[iP(F\^^ S M^F'ab)®G Z, 
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and, by Proposition 2.4.8

i.Xf'WA.F] e c?^ ®G z.

We shall exhibit a homomorphism

M^F*̂  ®g Z — ®G Z

which maps the torsion subgroup of Mp(F* ab) ®g Z isomorphically onto the torsion 

subgroup of £p(F^b) ®g Z The key ingredients for this construction are recent results 

from [29], which we explain now.

Let A be a Z-free G-module, and let p be a prime.

On the one hand, we have the natural projection homomorphism,

up : CPW —* Mp(A)

of the p-th free Lie power of A onto the p-th free metabelian Lie power of A. On the 

other hand, Bryant and Stohr proved in [29] that the map

[«1, «2, • ’ -&p] ----- » - I 52 a2r» ■ ‘ 'apr\— 52 • • Q^] j (3.119)

where a1? •••ap € A, and r and tt range over all permutations of {2, --,p} and {1,3, —,p}, 

extends to a G-module homomorphism

: Atp(A) —+ £p(A)

and the composite

MP(A) £PW -% A4P(A) (3.120)

amounts to multiplication by (p - 2)! in MP{A} (i.e. ^p p — {p~ 2)!).
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It should be pointed out that it is by no means obvious that (3.119) is a correctly defined 

map, as it involves the coefficient . The correctness of (3.119), however, follows easily 

from a result of Wall, [Lemma 1 on page 677 in [30]], and in [29] Bryant and Stohr 

exhibit an explicit expression of the element on the right hand side of (3.119) as a liner 

combination of Lie elements with integer coefficient.

Now let A = F'ab. Then tensoring (3.120) with Z gives over G,

where the composite vp® I is also multiplication by (p — 2)!. Since the torsion 

subgroups of both Mp(F'ah) ®g Z and £p(F'ab) ®g Z are finitely generated elementary 

abelian p-groups, it follows that the restriction of ® l to t(Mp(F‘ab) ®g Z ) maps 

this torsion subgroup isomorphically onto the torsion subgroup of £p(7^i,) 0c Z, as 

required. Finally, in view of (3.119) we can summarize our discussion as follows

Theorem 3.2.3. Let p be any odd prime. Then the torsion subgroup of F/[yp{F'},F\ 

is generated by the elements (Wp(æT1,æT2,æT3,æT4))^. Where (Wp(æT1,æT2,æT3,æT4)) as 

in Theorem 3.2.1, and is the composite of the isomorphism

7P(/)F"7[7P(/), F\F'" — Mp{F'ab) ®G Z,

the homomorphism 1 and the isomorphism

®G z —A n
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Chapter 4

Further investigation of torsion

in free central extensions

Let G be a group that is given by a free presentation

1 —► N —► F —► G —► 1

where F is a free group on • -,and let 7pnN denote the pn-term of the lower 

central series of N. As was already mentioned in chapter one, R. Stohr in [14] has 

shown that, if G has no elements of order p and H^G^ Zp) = 0 for all 8 > 5, then 

the torsion subgroup of the central extension F/[ypn(N\ F]NH can be identified with 

the fourth homology group of G with coefficients in Zp. Furthermore, for p — 2 and 

n = 2, R. Stohr in [13] obtained a complete description to the torsion subgroup of 

F/[74( TV), F]N" in the case where G is any group without elements of order 2. He 
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obtained the following isomorphism*

F]N") 3 H7(G, Z2) œ Z4) ® Za).

We start this a chapter with an alternative proof to the first result, which gives a homo­

logical description of the torsion subgroup of F/[7Pn(W), F]N", under the homological 

finiteness condition on G that Ha(G, Zp) = 0 for all s > 5.

4.1 Description of t(F/[ypn(N), F\N") in homological terms

In this section we will assume that the group G has no elements of order p. This enables 

us to appeal to Lemma 2.2.5.

We begin this section by one of the main results of [14], which provides us with infor­

mation about torsion elements in F/[ypn{N ), F]N". However, our proof of this result 

differs from that in [14].

Theorem 4.1.1, ([14], Theorem 2). Let G be a p-torsion-free group such that 

HS(G, Zp) = 0 for all s > 5. Then 2 H^G, Zp).

In order to give an alternative proof to this result we need some technical results. For 

that we need to introduce the following notation.

Let f(x) = mtæ*  be a polynomial with non-negative integer coefficients. For any 

^-module B, we set

fHk(G,B) =$ Hk+i(G,B)®m'

where Hk+i(G,B)®m' is the direct sum of m, isomorphic copes of Hk+i(G,B).
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For any integer c > 2 we define the Kuz’min polynomials by the following recursion *

0 if c 0,1 mod p,

X2 if c = p,

if c = 1 mod p,

if c = 0 mod p with Op

Proposition 4.1.2, [Modification of the main result of [20]]. Let K be an RG-module 

whose underlying abelian group is a free R-module. Then, for any c > 2 and k > l, 

there is an isomorphism

Hk(G, K ® A') 3 K ® Z,).

The following Lemma shows that the non-zero Kuz’min polynomials have the 

property that the term of lowest degree occurs with coefficient 1. In order to state this 

Lemma, we let ap(n) denote the sum of the base p digits of the natural number n, £p(n) 

the number of non-zero base p digits of n, and we put êp(n) = 2ap(n) — ep(n) f l.

Lemma 4.1.3. ([20], section 7). For any n > 2, the term of lowest degree in the 

Kuz’min polynomial is æMn).

In particular, by Proposition 4.1.2 we have that Hk(G,K ® Ap") is a direct sum of 

Hk+i(G, K ® Zp) (since 6p(pn) = 2 ap(pn) - £p(pn) + 1 = 2-1-14-1 = 2) and possibly 

some higher dimensional homology groups Hk+s(GtK ® Zp) with s > 2.

We also need the following result from [14].

Lemma 4.1.4, [[14], Lemma 3.5]. Let K be an R-free G-module such that each 

of the homology groups Hk(G,K), k > 1, has a finite filtration whose quotients are 
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isomorphic to sections of some homology groups Hk+afG, Zp) where s > sq for some 

fixed integer sq > 2. Then Hk(G, K 0 Zp) has a finite filtration whose quotients are 

isomorphic to sections of some homology groups Hk+a(G, Zp) where s > so — 1.

Now we can prove the following observation.

Lemma 4.1.5. Let A be an R-free G-module such that each of the homology groups 

Hk(G^A\ k > l, has a finite filtration whose quotients are isomorphic to sections 

of some homology groups /7fc+s(G',Zp) where s > 2 . Then Hk(G,Mn 0 A) has a 

finite filtration whose quotients are isomorphic to sections of some homology groups 

Hk+t(G, Zp) where t > 4.

Proof. The proof is by induction on n. If n = 1, by theorem 2.2.3, we obtain

Hk(G,M® A)*  Hk+2(G, A)

and by our assumption Hk+2(G, A) has a finite filtration whose quotients are isomorphic 

to sections of some homology groups Hk+t(G, Zp) where t > 4. Thus Hk(G, M^A) has 

a finite filtration whose quotients are isomorphic to sections of some homology groups 

Hk+t(G, Zp) where t > 4.

For the induction step we consider the following exact sequence, where A is an R-free 

G-module

0 —► Mn ® A —► Pn® A —» Pn/Mn ®A —» 0.

From that we get a long exact homology sequence,

-*  H^G, Pn® A) - Pn/Mn ® A) - Hk(G, Mn 0 A) Hk(G, Pn 0 A) -k
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By Lemma 2.2.5, the outside terms are zero for k > 1. Then we get

Hk(G, Hk+1(G, Pn/Mn ® A), Vk > 1.

On the other hand Pn/Mn 0 A has a finite filtration whose quotients are isomorphic 

to (M*  ® △””*)  ® A (» = 0,1 • ••, n — 1). Here we have two cases:

(1) If n — i > p, then by Proposition 4.1.2 we get the following isomorphisms.

a A®ZP)

— M*  0 A 0 Zp), s > 2.

By induction F*+i+a(G,  M10 A) has a finite filtration whose quotients are isomorphic 

to sections of some homology groups Hk+i+s+t(G, Zp), where t > 2. Hence by Lemma 

4.1.4, Hk+i+s(G, M*  0 A 0 Zp) has a finite filtration whose quotients are isomorphic to 

sections of some homology groups Hk+i+s+t(G, Zp), where t > 1.

(2) If n — i<p, then by definition of the Kuz’min polynomials it is enough to consider 

the case n — i = 1, because if 2 < n - i < p, then the Kuz’min polynomials become 

zero polynomials and this shows that ^+i(G, M1 0 An“  0 A) = 0.*

Now, if n — i = 1, then by the Reduction Theorem 2.2.2, we obtain

Hk+i(G, Mn~1 0 △ 0 A) = Hk+i(G, F'1 0 A).

Again, by induction, Hk^G, Mn-1 0 A) has a finite filtration whose quotients are 

isomorphic to sections of some homology groups Hk+2+a(G, Zp), where s > 2.
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In either case we can conclude that Mn®A) has a finite filtration whose quotients 

are isomorphic to sections of some homology groups Zp), where to > 4, and

this completes the proof of the Lemma.

Towards achieving our goal in this section, we shall need the following Lemma.

Lemma 4.1.6. The chain complex

0 —► MpnM P 0 Mp"-1 ppn △ p" —► 0

satisfies the hypothesis of the Lemma 3.1.4.

Proof. Lemma 2.2.5, implies That Hk(G,Ppn) = Hk(G,P ® = 0. On the

other hand Lemma 6.1 in [2], tells us that MpnM ppn is exact (i.e.

ker#4 = For the other conditions, it is sufficient to prove Hk(G, ker^/im^) = 0 

for all k > 1.

Now the free G-module Pp” has a finite filtration 

o < ^" = <.... < Æf <

with KP_XIK^ = Ml 0 ^Pn~\ Therefore to show H^G^ke= 0, it is enough 

to show

Hk(G,Mm 0 △Pn-m) = 0 VA > 1, m < p" - 2,

On the other hand, by Proposition 4.1.3, we get

Hk(G,M™®&Pn—) * f$_mHk(G,Mm® Zp) 

= ®Hk+s(G, Mm 0 Zp), s > 2
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By Lemma 4.1.5, Hk+a(G,Mm 8 Zp) has a finite filtration whose quotients are iso­

morphic to sections of some homology groups Hk+t(G, Zp), where t > 4. By as­

sumption, the homology groups Hk+t(G,Zp) are trivial for all k 4- t > 5. Hence 

8 A*"-™)  = 0 for all k > 1.

Now we proceed to the our actual concern in this section, namely, to give an alternative 

proof to the main result of [14].

Proof of the Theorem 4.1.1. In view of Corollary 3.1.4, and Lemma 4.1.6, the 

complex

0 —► MpnM A P® i Ppn Apn —» 0,

gives the following exact sequence

0 —► H^G, Ap”) —- MpnM ®G R —P 0 Mpn~1 ®G R

On the other hand H2(G, Apn) /^^(G,Zp) =© Æ2+a(G', Zp), 5 > 2. But by 

assumption Hk(G, Zp) = 0 for all Æ > 5. Thus H2(G, Ap") H^G, Zp), and the exact 

sequence turns into

0 —- #4(G, Zp) —» R — P ® Mpn-1 8g R.

Since P 8 Mp"-1 ®G R is a free R-module, tHQ{G,MpnM} 2 ^4(G,ZP).

This completes the proof of the theorem.
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4.2 Torsion subgroups of (F/[7pn(F'),and their de­

scription in terms of generators

Our principal objective in this section will be to obtain results similar to those in section 

2 of chapter 3.

Consider the quotient F/[ipn(F'), F]F'", where F is a free group on {®i, • • «, This 

quotient turns out to be torsion-free when d < 3, and if the rank of F is greater 

than 4, then any four of the free generators $1 • ^Xd generate a rank 4 subgroup of 

Fl[^\F]F"', and hence the rank 4 torsion elements will occur in all higher ranks.

To be more explicit, we illustrate the following case: if p = 2, and n = 2, then as a 

consequence of the main result of [13] we have

t(F/MF'), F]/") S Hi(F/F', Z2) © Hg(F/F\ Z4) © Z2).

From that we do at least have the following

1. F/[722(F'), F\F"' is torsion-free for d < 3.

2. If d = 4 or 5, then t^F/^F'), F]Fm) 3 F4(F/F\Z2).

3. If d > 5, then any 4 of the free generators $i, • • •, Xd generate a rank 4 subgroup 

of F/[74(F'), F}F"\ hence the rank 4 torsion elements appear in all higher ranks.

We return to the general case. As an obvious consequence of the proof of theorem 

4.1.1, one can get torsion elements in Mpn M R = 7pn (F')F'" /[7pn (F'), F]F"',
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where the second term is the kernel of F^F”1 —► F l^p^F'^F*"  Y In this

section we describe these torsion elements in group theoretic terms, where p is any 

prime and n > l. Moreover, if d— 4, then we give a complete description of all torsion 

elements in F/[^pn{F>\F]F"', otherwise we describe just rank 4 torsion elements in 

this subgroup. The motivation of this investigation came from [14].

In order to state the main result of this section we need to introduce the following ele-

ments Wpn{xTx, xT2, xT3, æT4) where these elements are obtained from Wp(xT1, , xT3,

by replacing p by pn (in commutators and coefficients), p is odd prime. Also we need

W^XTX, xT2, xT3, xTi )9 where W2«(xTx, xT2, xT3,

61

T3

T3XT2^rt t3Xt2XT1

t3XTx

r^n^Ts]*,  \xT4x

d2

\[xT2XT1XT3Y V^Tî^Ti Xt3Xt4 T3

T2

n a
(«J,*)€Z2

VVæT4XT3xT1Y V^t^x^x^ xT2 't< XT3

72

73 X 72^74
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[#7i#T3#T2#T4]&! ^T1 ^T3]*  [#7%#71

n a 

(w,k)6?3

WXTsXTi XT4 XT1 ] , [XT2XTiXT3 XT\ xT4XtiY \ fara^Tg^P]

[[^Ta^Ti ^74^73], [^74 ^T3 ^71 ^T2 ]*  ) ^74^73 ^74 [®72 -^Tl ^73 ®74 ]* [^T3 ^71^74]^] 

[[® T4 XT2XT1 XTa ] ) ^7g^74 ^^3^^ [XT2XT4XT1]^1 [^T4^T1^73"!'T2]*  ^^4^^2^^P^

[[xT1 «73X72], [xT1 XT3XT2XT41 , 1^72 æTl XTs]^ XT2XT1 XT3XT4V1 [^Tj

n a
(i,3,k)eî<

[[xT4xT^xT3], [xT2xT4xT3xT1 .^T3^72^T4p, [XT3XT2XT4XTl]t^ [XT4 XT2 XT3

[[^T4^73^T1], [X74XT3XT1 [«73«7j «74]J, [«73XT1 «74^Tg]1) [XT4XT3XT1

WXT4XT2XT\\i [XT2XT4XT3XTi]k •> T4 XT1 XT2 P 5 [^Ti XT4 XT2XT3Yl \XT2XT4XT1

2n—2 
n

2n—2—i
II WXT2XTiXT3XT4Y \XT4XTiXT3XT2 

k=0

2n—2 
n \.VXT2XT1XT3XT4Y \XT1XT3XT2XT4Y S \XT2XT1 ^Ta æT4 j1]^

2n-2 
n 

1=1
[[^71^73^72^T4]» [^T4^T1^73^7g]^ , [XT1 XT3 X T2 XT4 } j

and,
A _ t[(2n-l)!]2"~1 c _ Æ[(2"-l)!]2"-i

1 fe{jh‘!(2"—i— j — ky.(2n— j — k) ’ 2 t!j!fc!(2”—«— j—w)!(2n— j—i)

X _ (2"-l)!(2"-i) x _ (2n—1 )!(2" 1 )
3 tU!(,-l)!(2")!(*ft)'  °4 i!j!fc!(2"—l)!(2n—i—j)

71= {(i, j, k):i^ 0 , i + j + k < 2n , fc + j / 0}

72= {(W,&) : # 0, j + fc # 2« , » + j + < 2» , » + ; # 0}

73= {(^ j,A;) : i 0 0 , « + j + k < 2n , z + fc / 2n}

74= {(*,  j, k) :i + k 0 , z + J f Æ < 2" , z f j 0 0}

1 < 71 < r2 < T3 < 74 < d ; 3 = 2n - z - j - fc .

Theorem 4.2.1. Let F be a free group on «i,• • -,Zj {d > 4), then the following
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statements hold.

1. If p is an odd prime, then the elements Wp«(xT1, xTi) generate an elemen­

tary abelian p-group of rank in F/^pn(F*̂  F]F"'.

2. The elements W2n(xT1,xT3,xT3,xT4) generate an elementary abelian 2-group of 

rankCj in F/^F1), F]F"'.

Proof. The proof is by computing the connecting homomorphisms

H4(G, Zp) —> t(MpnM R),

where G = F/F (i.e. free abelian group], this computation enables us to describe 

these torsion elements in terms of generators. In order to compute these connecting 

homomorphisms, we need to recall the following homomorphism from [19], 

^n_x : RGpn —- R<y-i

where p is any prime number, and 7r£n-1 is defined by

n p" A
(«1 0 Q2 0 - ° «p") ^pn-l =52 (a»£)a 1 ° " 0 ai °— ° Op” 

t = l

where oil, • • •apn E RC, the circumflex denotes that Oj is omitted, and e is the aug­

mentation map RG —» R. In particular,

(1 o 1 o - o 1 ) 7r^_1 —> pn (1 o 1 o • ' • o 1)

p”-l

— 1) o • • • o (gi — 1) o 1 o » • • o l)7Fpn_i —► (pn — — 1) o • • • o (gi — 1) o 1 o • • • o 1 
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for I < pn, and for I = pn we get

«91 - 1) O • • • O (gpn - 1))^,! = 0.

On the other hand, it follows from ([19], Lemma 3.1) that coher^^ is a direct sum 

of cyclic p-groups. The order of the element

(1 o 1 0 • • • 0 1) +Im7T^_1 

pn-i

in coker TTpn.j is pn, whereas the orders of the remaining generators are < pn. Hence 

we have an exact sequence

0 —» Zp —» cokerTr^"-! —coker7r^n_i ® Zpn-i —> 0 (4.1)

where the embedding Zp —» coker 7r^_i is given by

1 ।—> pn~1 (1 o 1 o • • • o 1) 4-Im^n_1. 
p”-i

Furthermore, in view of the proof of ([19], theorem 2) the map Zp —► coker7r£n_i 

induces an injective map in homology (i.e. the map H«G,Zip) —» Hk(G,coker7r^"_t) 

is injective).

Therefore the image of Zp Pa in coker^^_^ 0g Pa gives us a non-trivial cycle.

Now for this computation, we can use the double complex M ®cP, where P is the 

Koszul complex (projective resolution of the trivial G-module Z), and 74 was as in 

chapter 2, i.e.

___ r?n
M : 0 MpnM -> P ® -> Ppn -> RGP" RG^’1 cokerx^.i 0.
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All tools are now at hand, and we can now start our computation, first we consider 

the double complex M and we follow a method analogous to the one described 

in Remark 3.1.5. Our starting point is the abelian group coker$g where we 

choose a cycle which is the image of the given generator of the abelian group Zp ®g P-u 

and we go along down to MpnM ®g R .

Here we consider two cases, one when p is any odd prime, and the other one when 

p = 2.

4.2.1 The computation when p is any odd prime and n > l.

First we do the computation when p is any odd prime and n is any natural number 

greater than 1. In the double complex A4 ®gB, we put coker = cokerRG^"-1 = 

B, P ® Mpn~1 = A and Mp”M = C. Now, we consider the following diagram:
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coker 0 P4

Î

B ® P3 <- P0P1

Î

RCX 0 P2 4- KG^n 0 P3

T
PP" 0 p1 _ ppn p2

Î

A 0 RG «— A 0 Pi

Î

C0R C 0 RG

The element

\pn~1 (1 o 1 o • • • o 1) +Im7r^"_1] 0 ei A e2 A e3 A e4 € pn-1coker ®g P4.

pn-l

An inverse image of this in RG^"-1 0g P4 is

(1 o 1 o - • • 0 1) 0^1 A e2 A e3 A e4. (4.2)
pn—1

By applying the homomorphism RG^"-1 0g P4 —► RG^"^ 0g P3 to (4.2), we obtain

4
(-1)'+\1 o 1 o • • • o !).(&, - 1) 0 (ei A - A - - Ae4) (4.3) 

2 = 1

By computation analogous to the computation after step (3.13) in chapter 3, we obtain 
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an inverse image of (4.3) in RGP" ft, and this inverse is

1 4
- ( —1)’+1[(1 o 1 o • • • o l).(^ — 1) — — l)p"] ® (ei A • • • ei A • • • A^)
P i=i

(4.4)

After applying the homomorphism RGpn ft —* RGpn ft to (4.4), and rear­

ranging the result, we get

- ( — 1)T{(&2t — 1)P * (^lr — 1) — (^Ir — 1)P ’ (&2t — 1)} ® e3r A (4.5)

where r ranges over all permutations of {1,2,3,4} with It < 2r and 3r < 4t.

An inverse image of (4.5) in Ppn ®g ft is

- %] ( —1)^[^2T (^lr - 1) - elT (^2r — 1) + [ ]Pt1t1 ® e3r A (4.6)

After applying the homomorphism Ppn ®g ft —► ^p" ft to (4.6), we get

}{[ 1^ (63 ~ 1) + [ ]g.(62 - 1) + [ is;.(61 - 1)} ® e4

-^{[ ]§;.(64 -1)+1 -1) f [ ]&(&2 -1)} ® ei

]£.(61 - 1) + [ ]gr(64 - 1) + [ ]C.(&3 - 1)} ® 82

-Hi -1)+1 i:;.(6i -1)+1 e;.(64 -1» ® e3

We notice that (4.7) is very similar to (3.17) (just replacing the power p in the com­

mutators by pn}. Thus our final inverse image in MpnM ®g RG can be obtained from 

(3.84), by replacing the p’s in the commutators and in coefficients by pn as follows
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E 81

+ E A <

+ E

+ E A

[®2134» °214» °^l, °213> a2134] + [°3214, 0^241 °32» a321 ; a3214] 

+[^4312, Û432, ^35 Û431,04312] + [°1432» 0142, O^, O* 43, o|432] 

+ [°1324, 0^34, oj3, «132, O^324] 4" [O2413, 0^43, O24, O241, O2413] 

[°213, °2134» 0^14, O2i, a2is] + [O321, O3214, O^24? O32, O^^ ] 

4"[°431,0^312, 0^32, a^3, O43/] + [O143, 01432, 0^42, «14, «1431] 

+ [O132, 01324, «134, «1321, O13] 4*  [«241,0^413, 0^43, «24, ^241^] 

[°2134, O1324, 0132, °2i34, O213] 4" [O2341, O2431, a243’ ®3241 ’ O324] 

[O4312, O3142, O314, O4312, O431] 4~ [O4123, O4213, O421,0^423, Oi42] 

[O1324 , 0132, O213, 02134, O1324] 4" [04231,0243, O324, O3241, O2431]
A _

[&3142, ^314» °431» °4312’ ^31^1 + [°2413» û421’ a142» °1423» °42131

• jt+1 i Pn — 2—Æ—11 . r pn—■!—t « 11
.02134, O4123, 01324, «2134 ] 4" l«1324, O4123 ,®1324Jj

(4.8)

where,

A = A =

f = pn-i-j-k

Il = {(h j, : i Î 0, j 4- k 0, i 4- j 4- k < p")

I2 = {(*J,  / 0, j 4-1 # 0, j 4- A: # pn, i 4- j 4- fc < pn}

I3 = {(«, J, : i / 0, i + k/pn,i + j + k< pn}

I4 = {(%, J, A:) : k ± 0, j 4- i / 0, i 4- j 4- k < pn).

Finally the image of the element (4.8) in MpnM ®g R is the image of

\pn~1 (1 0 1 o • • • 0 1) f Im7T^_i] 0 61 A 62 A 63 A 64 

pn-1
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under the connecting homomorphism ^(G^okerTr^j) —» HotG^M^My As before 

going from Ho(G,MpnM) to H0(G, MpnF^) does not effect the result, then applying 

the isomorphism Hq(G,MpnF^6) —» 7pn(F,)F"7[7p«(F'),F]F"', and then replacing 

the a’s by their definitions as given on p58 we obtain our desired element, and this 

finishes the proof of statement 1.

4.2.2 The computation when p = 2 and n is any natural number.

Due to the even powers, the computation turns out to be slightly different from the 

other cases, so we do it in some detail. Consider the element

2"^ (1 o 1 o • • • o 1) 0 ei A e2 A e3 A e4 € 2^~^coker^_^ 0g P4.
2"-l

An inverse image of this in 0g F4 is

2""^(1 o 1 0 • • • 0 1) 0 ei A e2 A e3 A e4.

Applying the homomorphism RG2”’1 0g F4 —► RG2”-1 0g P3 we obtain 

4

I 4
— ( —l)t^"1[(l o • • • 0 1).(6, — 1) — (6; — I)2 ] 0 ei A • • • e, A • • • Ae4 (4.10)

2n-i 22 (-ly+^l olo... 0 1 ).(6j - 1) 0 (ei A • • • èi A • • • Ae4) (4.9) 
1=1

Exactly as before, we can write an inverse image of (4.9) in RG2” 0g P3, and this 

inverse image is:
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After applying the homomorphism RG2” ®G P3 —► RG2” 0 g P2 to (4.10), we obtain

^{(&2 — l)2 • (&i — 1) — (&i — I)2 • (62 — 1)} ® 63 A 64

+ g{(6i — I)2 • (63 — 1) — (63 — I)2 . (61 — 1)} ® 62 A 64

4"2{(^ — 1)2 ■ — 1) ~ (^1 — I)2 • (^4 — 1)} ® ^2 A 63
(4.11)

+ ■^{(^2 — I)2 • (^4 ~ 1) ~ (64 ~ l)2 • (^2 — 1)} ® el A 63

+ 2^^4 — l)2 • (63 — 1) — (63 — l)2 • (64 — 1)} ® €1 A 62

4"^{(^3 — l)2 • (^2 — 1) — (62 — I)2 • (63 — 1)} ® 61 A 64

An inverse image of (4.11) in P2" ®g Pi is:

iH (^1 “ U “ ci (62 - 1) + [ ]2i} ® ^3 A 64

+ Hel (63 — 1) — 63 (61 - 1) + [ ]23) ® 62 A 64

+ 2 {^4 (^i - 1) - e2 (64 - 1) + [ ]2i) ® 62 A 63 (4 12)

+ He2 (64 - 1) — 64 (62 — 1) + [ Ü4} ® A 63

+ |{e4 (63 — 1) — 63 (64 - 1) + [ ]23} ® 61 A 62

+ 2^3" (62 - 1) - éÇ (63 - 1) + [ ^2} 0 61 A 64

After applying the homomorphism P2” ®g P2 —* P2” ®g Pi to (4.12), we get:

i{[ ]£.(63 - 1) + [ 15.(62 -l)+[ ffi.(61 - 1)} ® 64

+ i{-[ 132'(64 * 1) - [ 124'(63 - 1) ~ [ Î43 (62 - 1)} 0 61

4{[ ISA-i)-[ 15.(64 -1) - [ «7.(63 -1)} 0 62

4{[ «7.(62 -1) + [ «7.(61 -1) - [ «7.(64 -1)} 0 63

At this point, we could not get an inverse image of (4.13), just by replacing the p’s 

in (3.31), (3.32), (3.33), (3.34) (in the commutators and in the binomial coefficients) 
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by 2n, as we did in the last computation. However, the steps in the computation of 

inverse image of (3.26) may be followed to produce an inverse image of (4.13), and this 

inverse image in P ® M2"-1 is the sum of the following four terms:

(l]31 ® - 1) + ([] 13 ® []%-% - 1) + ([]33 ® - 1)

[121(63[ti1

4121® [121(63- I)2"-'-'O[]^

— []31 (^2 — 1) ® [ 131(^2 — I)2 -2~*  0 [Jat1

22^2 +[]31 ® []si(62 - I)2 -1-* O []si
+ E cl -1 *

* ° f [Wh - 1) ® []32(h - I)2 ”2“’ 0 OJJ1

~^32 ® []32(61 - l)2 -1“‘ 0 U32

+ []13(62 — 1)0 []13(62 — I)2 -2-* ° []21(63 — 1)* +1

— []21(6a —1)0 []13(62 — I)2 -1-t 0 []21(63 — 1)*

► 0 64

-([132 0 []&-l)(64 - 1) - ([]24 0 []|D(63 - 1) - ([]43 0 - 1)

-[M64- 1)0(132(64 - I)2""2" 0[]^

+ (132 0 []32(64 - I)2 -1-‘ » O32

(142(63 - 1)0 (142(63 - I)2""2-'O (H+l

A 2^2 1 -Ü42 0 (142(63 - I)2"”1’’ O ()^

+ E cf -I

-[143(62 - 1)0 [ ] 43(62 - l)2”"2^ 0 (]%1

f [ 143 0 [ W2-ir-^o(]^

+[142(63 — 1)0 042(63 — I)2 -2-t o [ ^2(64 — 1)’+1

„ —(132(64 — i)0 [ 142(63 — i)2 o 032(64 — iy

061
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([]« ® [fê-’Xti - 1) - (Iha ® - 1) - ([]« ® (K-’Xia - 1)

-[]4i(t3-l)®[]4i(&3-ir-:-o[]lf 

+[]4i®[k(k-ir-'-'o[]ii

+ []31(&4 - 1) ® []31(fr4 - l)2"-2-< o []*V

* ® 62

— []43(&1 — 1) ® []4S(61 — l)2 _2“’ O []si(64 — 1)* +1 

+ []31(^4 — 1) ® ^43^l - I)2 ° []31(^4 - 1)*

([]« ® -1) + ([]24 ® -1) - ([]21 ® [g;-1)^ -1)

2n-2 
S

[]41(62-l)®[W2-ir-2-*0[]^

-[Wl-l)®[]42(61-ir-2-*o[]^  

+ []42 0 ^42^2 - l)2 -1"‘ ° U42 

-[]21(64-l)®[]21(64-ir-2-'0[]:f 

f[]21®[]21(64-ir-^0[]*i  

0 €3

— []24(&1 — 1) ® []24(&1 — I)2 2 ° ^4t(^2 ~ iy^^ 

k +[]41(&2 ~ 1) ® [ ]24(61 — l)2 ~l~*  0 [ ]41(61 — 1)*  ,

After applying the homomorphism P ® M2" 1 ®g Fi —* P 0 M2n 1 ®g R6\ we get
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-[hi ® [121(63 - l)2 ° H21

4131(62-1)®[]31(&2- I)2""2-*  O[]^

f[]31® [131(62- I)2"-'-

+[]32(61-1)® [j32(61-l)^

[]32 0 [ 132(61 - I)2 -1-‘ O [I32

+[113(62 — 1)0 [113(62 — I)2"-2-1 o [121(63 — 1),+1

—[121(63 — i)0 [113(62 — i)2 ~1~t ° [121(63 — iy

-[132(64 -i)0 [132(64 -1)2 -2-* ° [I321

+ [132 0 [ 132(64 - I)2"-1-1 O [1^2

+ [ 142(63 - 1)0 [142(63 - I)2""2-O[]^

► (64 — 1)

-[]42 0 [142(63 - I)2"-'-O[Ü2

-[ W2 - 1)0[ W2-I)2""2-

+ []43 0[ 143(62 -l)2"-1-^^

— [124(63 — 1)0 []24(63 — I)2 -2-t ° [132(64 — 1)‘+1 

k +[]32(64 — 1)0 [124(63 — I)2 ° []32(64 — 1)'

(61 - 1)
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1 2”-2
5 E er 
Z t=0

-1

-[]43®[]43(61-l)2"-1-i0[]i3

-[W3-l)®[W3-l)2"-2-0[]lt'

+ []41 ® []41(*3  - l)2”-1^ O []ji 

4131(64-1) 8 []3,(&4-iy-^
" (^2 — 1)

— []43(^1 — 1) ® []43(^1 - I)2 ~2 * ° ^3l^4 — 1)'^

+ []31(64 ” 1) ® []4s(61 - I)2 1 ’ 0 []31(^4 ~ 1)*

[W2-i)®[W2-ir-2-'o[]^

~[]41® [141(62-1^

-[142(61 -1)®[]42(&1- I)2"'2-O[]^ 

+ []42 ® [l42(62 ~ I)2 0 [Î42

-[ 121(64-1)®[]21(64-

+ [121 ® [121(64 - I)2'1-1-*  0 []^

*(63 — 1)

— [124(61 — 1) ® [124(61 — I)2 ~2“’ o [ ]41(02 — 1)* +1

k +[]41(62 - 1) ® [124(61 - I)2 1 * O [141(61 - 1)*

Therefore an inverse image of this element in M2" M ® R G is
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1 2"-2
Ec?

Z 1=0
-1

[[hl(»3 " l)4]it\(]21(*3  - l)2"-2-K64 " 1)

-[[ 131(62 - imr, [131(62 - l)2"-2-'](64 - 1)

+[[132(61 - 1),[]&*, [M»i - lf-2-'](64-l) 

+ [[113(62 — 1), [(21(63 — l)'+\ []13(62 — I)2 -2—](64 — 1)

-[[l32<64 - 1), [&*,  []32(64 - l)2"-2-^! - 1)

+[[142(63 - 1),[&M]42(63 - l)2"-^

-[[(43(62 - 1), [(Ü1, [(43(62 - l)2"-2-]^ - 1) 

—[[(24(63 — 1), [(32(64 — 1)‘+M 124(63 — l)2 ~2~*](6i  — 1)

+[[(43(61 - !),[&',[(43(61 - l)2”-2-](62 - 1)

-[[]4i(63- !),[&■,[(41(63- l)’“-a-i](62- 1) 

+[[131(64 - 1), [(S’, [(31(64 - ir-2-](62-l) 

-[[(43(61 - 1),[(31(64 - l)i+1, [(43(61 - l)2"-2-]^ - 1)

+[[(41(62 - l),[(itM 141(62 - l)2"-2-i((63 - 1)

-[[(42(61 - 1),[&*,[(42(61  - l)2"-2-*](6 3 — 1)

-[[(21(64 - 1),[&‘, [(21(64 - l)2”-2-](63- 1)

—[[[24(61 — 1)4(41(62 — l)t+\[(24(61 — I)2 -2-l(63 — 1)

As before, our first aim is to write 2 times the element (4.14) as a linear combination of 

terms with coefficients multiple of 2. By computation similar to the one in chapter 3, 

we obtain from (4.14) (using notation already introduced in chapter 3) the following:
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1
2

E
i+j+k< 2" 

i#0

[a2134) ^14, °213» ®2134] 4" [°3142> ^12? °31> °314> ^31^]

41 [°3214> ^24> ai2’ °321 ’ ^32^4^ 4" [«4231 » °421, a\2’ °423’ ^42311

E 
i+j+k< 2n 

k^O,j+k^2’

61 <

[a4312, °432> a43’ ^431 ) ^43L%] + [°4132, ^113» °41» °412, °41321 

[®213, a2134’ ^14) ^21» ^213 ] + (°314) a3142» °^12) ^31 » ^31/1 

[®321, °3214’ °^24’ ®32’ ^321 ] 4" [®423, °4231 » °421» a42’ °423 1 

[û431, tt^312, U4321 a\3, 043/] + [a412» ^23^ ^13) ^1, ^41/]

[[ ]13(^2 - 1), []21(^3 — l)'+\ []13(&2 — l)2 ~2~^ (^4 — 1)

2n—2
E Cf-: 
t=0

—[[124(63 - I), [132(64 - l)'+\ [124(63-1 )2 2"'l (6i — 1)

~[[ 143(61 -1), [131(64 - iy+\ [ 143(61 - i)2n-2—](62 — 1)

-[[124(61 - 1)4141(62 - IM [W2 - ir-2-'].(63 ~ 1)
(4.15)

where 61 - and 62 -

In (4.15) when j = k = 0, 61 is not divisible by 2, moreover, when j = i = 0 the integer

6i is also not divisible by 2. By rewriting (4.15) we get the following summands:
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and

52 
i+j+k< 2"

E

k#0, jf k^2' 
jf#o

^2 <

[“2134, “214» “21 ’ “213» “2134] + [“3142, “&12» ®31» “314» “3142I 

[“3214, “324» °32 ’ “321 » “3214] + [“4231, “421, “42» “423» “42311

[“4312, “432» “43» “431, “4312] + [“4132, “113, “41» “412» “41^1

[“213, “1134» “214’ “21» “213 1 + [“314, “3142» °312» “31» “3171 

+ [“321, “3214» “I24» “32» “32? 1 + [“423, “4231, “I2I» “42» “423^ 1 

+ [“431, “I312, “132» “Is» “43/1 + [“412, “4123» “113» “11 » “412^ 1

(4.16)

2n—1
E

[“2134, “^14, “2134^ *]  + [“3142, °^12» “31421 4 

+ [“3214, “324» “32141 4 + [“4231, “42I » “4231^4 

+ [“4312, “432» “4312^ 4 + [“4132, “413» “4132^"4

[“2134, “213» “21341 k] + [“3142, “314» “31421 ^1

1
2

2”—1
- E c22?i

6=1
[“3214, “321, “3214 ,k n2"-l-k 

'423» “4231 .

[“4312, “431» “4312 ^1 + [“4123, “412» “4123^ *1

□ 13(62 - 1),[]21(63 - l)»+\ [113(62 - I)2"-2-*]. (64 - 1)

2n—2
E cr-i

— [[W&3 — 1), [W64 - [ 124(63-1)2 2 '] (61 — 1)

t=0
-[[]43(61 - 1),[]31(64 - I)"", []43(61 - ir-2-l-(62 " 1)

-□24(61 - 1)4)41(62 - 1),+14]24(61 — l)2 2 *1.(63  — 1)

(4.17)

where * = and h

Our next goal is to write 2 times the element (4.17) as a linear combination of terms 

with coefficients multiple of 2. Again by computation similar to the one in chapter 3,
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we obtain from (4.17) the following:

E M
i+i+k< 2» 
#0, 0

+ E ^4 
i+j+k<2n 

i+k^0

where,

2"-l
+2 E 

A=1

2n-l 
+ E 

*=i

[°1324i a2134, °213i °1324» °1321 ~ [a2431 > °32411 °324> °2431» a24s] 

~[a4312> a^142’ a314» a4312’ °431] ~ [°2413i a4123> a412» °2413» a241J 

[a132» °1324i °2134> a213» a132 1 " [a243> °2431 » °3241 » °324» O2431 ] 

— [°431, °4312> a3142» ti314 > a431 1 — l°241 > a2413» °4123> °412’ °241 1

^k-1

^2°-l 
^k-1

_^-l^2^ 
k!j!(,-l)!(2)!(»ft)

— [°2134i °213) O21341 *]  + [a3241, fl324? a3241 *]

+ [«1324> «134, 0132?-*]

4"[°2413, o243» O24131 *1  [a1324> a132» O13241 *1

~ [°2413» a241 ’ °2413 ] — [°4312> °431, ^4312 ]

(2n —l)!(2n)
»y!fc!(5-l)!(2"-»-j) '

(4.18)

We notice that 63 is not divisible by 2, when i 4- k = 2n. Moreover, 64 is not divisible

by 2, when i = j = 0. So we decompose (4.18), into two summands

E M 
i^0,i+j+k<2n 
i+k^2n,k^0

+ E ^4 * 
i+i+k< 2n 

i+k^O, i+j^0 .
2n —1

+ E 
k= 1

[°1324> a2134i a213^ a1324i °132] ~ [a2431> ti3241> °324> a243D a24s] 
►

[a4312, a3142’ a314’ a4312’ °4311 — [°2413> ®4123’ °412> °2413» °241]

[°132) a1324’ °2134> a213’ a132] ~ [a243, a243H a324H a324’ °243 1

— [«431, «4312, «31425^314, Û4311] — [«241, a2413» a4123» a412» 024?]

^k-11 {~[a2134, «213’O21341 *]  + [«3241, «324» 0324? *1}

(4.19)

and
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2 2"-l 1324, ®2134» ^1324 *1  ~ [a2431> «324H a24311-‘l
2 E H-l n_ _ n_ _

* -[«4312> «3142» °43121 *]  ~ [a2413> ^4123, a2413 ']

2n—1
+4 Z cf-1 

k=l

[°132» ^1324» a132 1 ^] — [°243» ^2431 > °234 1

[a431, a4312’ a431 1 [a241, a2413» °241 1
(4.20)

+i r Cl^ • 

k=l

+[<%2413, ^243, ^2413^ *]  " [^1324, <%132) ^1324^
►

-[<12413, Ü241 > a2413 ~k] ~ïa43l2, <1431) a43V2~k] ,

where 63 = and 64 = (2"-l)!(2"~1) 
i!j!k!(2-l)!(2"-t-j) '

From (4.20), we obtain

. 2"-l [&1324, ^2134) ^1324^ *1  " [^2431,^3241,^243? *)
i E cLî n „ .

— [O4312.Û3142» Û43121 *]  ~ [O2413, °4123,024131 *]

2^-1
+ | E Ck-l^{^k2413,a243^24i? " 2^1324, «132^132? ^]}

&=1

(4.21)

From (4.19) and (4.21), we obtain the following two summands:

4 2"-l
~ E (K1 
z i=l

[^1324, «2134, «132? *]  — [«2431, °^241 ’ a243? ]

[«4312, «3142’ ^4312^ '] " [«2413, «4123’^2413^ *]  ,
(4.22)

and

E ^3 
i^0,i+j+k<2n 
i+k ,̂ k* 0

[«1324, «&134’ ti213’ a1324’ °1321 — [«2431, «^241 ’ °324> °2431’°243]
_ ►

— [«4312, «3142’ °314’ °4312’ °4311 ~ [a2413, «4123’ °412’ °2413’ °241] j

+ E M 
i+j+k<2n 

i+k^O, i+j^O

[«132, «1324’ ^^134’ ^213’ ^132 ] ~ [^243, «243!’ ^24l’ ^324’ ^243

— [«431, «4312, «3142, ^314 ’ ^43? 1 — [«241, «2413’ a4123, °412 » a241 ]

2n —1
+ E 

k=l

-[«2134, «213’ a21341 d~ [«324Î, «324’ ^324? ^1
*

[«2413, «243’ a2413 *]  "" [^1324, «132’^132? *)  „

(4.23)

(2"-l)!(2"-:) 
fc!j!(t-l)!(2)!(i+*)
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by rewriting (4.23), we obtain

— [#2134, #1324, °213» a2134» a132] + [a3241, a2431> °324’ °3241»°243] 
E ^3 _ _

*+*#2E#0  . +[a3142,«4312,a314’a2134’a4311 + [a4123, 02413, a412’a4123» a2411 j

[«132,0*324,  «2134, 0^3, ] — [«243, O2431, O3241, O324, û243 J

. +E n M = =
i+k^O, i+j* 0 „ “ l°431, O4312, O3142, O314, 0^3/] - [«241,0^3, 0^23, O^g, Og41 ]

(4.24)

From (4.22), we get

-[02134,0132? J, 0^134] + [O324I, «243? ^,0^41] 

+ [O3142, a4312 J’ O3142] + [O4123, a2413 3,04123]

(4.25)

Our final goal is to write

2"—2

E cp*
3=0

r 2n —1 —7 j 1 . r 2n—1—J 3 1
~ [02134, «1324 , °2134J + L°3241, «2431 , O3241J

►
1 r 2n—1—3 3 1 1 r 2”—1—? 3 1+ [°3142, O4312 , O3142J + [O4123, O24i3 , O4123J

as a linear combination of terms divisible by 2.

Now, the computation in step 3 in our main result, can be applied to the following

terms:

2n-2

E P"1
3=0

r 2n —1 —? j i « r J j 1
-[02134, «1324 , O2i34J + [O324I, O243i , O3241J

►
+ [03142,04312^ \ 0^42] + [04123,02413 J,O4123] ' 
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to produce the following

i=0 
2n—2 .
52 (C? -1 - (-l)‘)[al324,<l41^1-,, 01324] 
i=0 

2n—22n—2—t . ,
52 52 Ci [02134, °4n3, a2134 * 1 ^1324] 

1=1 k=0

2E2 S^^cr-' [«2.34,, 4,34] 

i=0 
2n —2 . .

[«1324, «4123^ ’ » °13241 (4.28)
i=0 

)n-22"-2-i , . .
52 E T^Cf -1[a2i34, «4123, a21ÿ-,_ ’ «1324] 
i=l k=0

Hence (4.25) becomes as the following:

r «^-,^134]

2n—2 .
i 52 ~(~^)')^l324i^4i2^~'i^324^| (4.26)

i=0
2"-22"-2-i .
52 52 W^Ci 1 [«2134, °4123» a21342 ‘ > a13241
t=l k=0

However, by Lemma 2.5.5, the integer Cfn~1 is odd (0 < i < 2n —1), thus the coefficient 

of [oi324, «4123 ^1324] even, and we can write the coefficient as

Cf"1 -(-iy = 2a, (4.27)

for some integer o,. From (4.26) and (4.27) we obtain
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Thus from (4.16), (4.24) and (4.28), we obtain the following:

[&2134, a214> a2H °213> °21341 + [a1324> °134> °13> °132> a1324)

E h 
i+j+k<2n 
j+k^O, i#0

4 [a3214, O&24, a32) °321 » °3214] 4" [«2413» ^43? °24> a241 > a24131 * 

[a4312) a^32» a43’ °431 » °43i2] + [°4132i ^13» a41> °412> a4132) 

[®213, ®2134’ ®214’ ®21’ ®213^ ] + [^132, ^1324» °134» °13» a132 ]

+ £ «2
i+j+^<2n 
*f#0,

+ E ^4 
i+j+A<2" 

»+A#2n , t^O

[a321, a3214, °324» ^2» ^32? 1 + [a241, ^413) °243» 4» ^24^

[^431, °4312» a^l32» °43» 1 4" [°412 » °4123, a^13» °41 » a41211

~~[a2134> ai324» a213’ °2134’ a1321 4" [®3241, a2431 > °324» a3241 » °2431 

4"[^3142, ®4312’ a314’ a2134’ a4311 4" [«4123» a2413’ °412’ °4123’ a2411

[0132, (*1324»  ^2134? ^213» ^132 ] — [^243, <^2431 » #3241, #324» &243 ]
+ E 2n 64 = =_

if t#0, if #0 , — [a431,a4312»a3142’a314’a4311] ~ [a241 » °2413i °4123, °412» a241 1

+ ,E E 1 [«2134» «4123» a21342 * ^1^13241
i=l 0

2n—2 2n—2
4- E ""^[«2134, ^1324^"% ^2134]+ E ®t[®1324» ®4123^~®1324]

i=0 i=0
(4.29)

Finally, the image of the element (4.29) in ®gR is the image

of

2"~i (1 o 1 o • • • o 1) ® ei A 62 A €3 A 64
2 n—1

under the connecting homomorphism ^(G^okerTrjn.!) —* HqÇG^M^M). Applying 

the isomorphism H0(G, M2nF'ab) —> ~f2”(F‘'}FmF]F"', we get
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[#2134, <414, a2H °213’ a21341 [a1324, °134> °13> a132» °13241

n a [03214, 24» ^32» a321 » ^32/4] [°2413, °^43» °24» °241 » ^24^ 

[a4312, a432, «43» «431 » «43121 [«4132, «413» «41» «412» «41321 

[«213, «2134» «^ 14» «2l» «2l^l [«132, «1324» «^34» «13» «132^1
62

(iJ,k)e/2
[«321, «3214» «^24» «32» «321^1 [«241, «2413» «^43» «24» «241^1 

[«431, «4312» «432» «43» «43!^l [«412, «4123» «413» «41» «41^1

[«1234, «1324» «213» «2134» «Î32] [«3241, «2431» «324» «3241 » «24sl 
n a = =

(i,j,k)ei3 [«3142, «4312» «314» «2134» «4311 [«4123, «2413» «412» «4123» «2411

, 63 

*

^4

[«Î32, «Î324» «2Î34» «2Î3» «Î32 l [«423, «2431 » «3241 » «324» «243 1 
n A . =_ . =_

(t,j,k)€l4 [«431, «4312, «^142» «314» «43/1 [«421, «2413» «1123» «412» «24? 1

2n—2 2n—2—i . . . 2""1 ^2n — 1n n [«2134,c‘

i=l k=0

II {[«2134, «1324^ *’«2134] *+^ * [«1324, «4123^ ‘» «13241“'}

i=0
(4.30)

Hence the last part of the theorem follows by replacing the a’s in the above expression 

by their definitions as given on p 58.
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