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Abstract

This thesis is devoted to the study of viscous-inviscid interactions and upstream
influence effects occurring in the hypersonic flow over slender two-dimensional
or axially-symmetric bodies at zero angle-of-attack, under the assumption of the
perfect gas law.

In Part I, self-similar solutions were obtained for the hypersonic flow near the
leading-edge of three-quarter power-law bodies. The tangent wedge/cone approx-
imation was used to relate the pressure distribution to the displacement thickness.
Furthermore, the nature of the upstream influence effect was considered numeri-
cally, and it was discovered that upstream influence exists for axially-symmetric
cases provided that the body slenderness ratio and surface temperature exceed
certain critical values. The numerical results for two-dimensional flat plates were
found to be in good agreement with solutions obtained by previous authors.
Asymptotic results have also been obtained for very hot bodies, and the effects
of varying the Prandtl number and ratio of specific heats have been considered.
New analytical results have also been obtained for cases in which the boundary
layer thickness is negligible in comparison to the body thickness, particularly for
power-law bodies. It was discovered that the upstream influence effect decays
exponentially as the leading edge is approached, and an analytic expression has
been obtained for the upstream influence eigenvalue.

In Part II, the equations describing the interaction between the boundary

10




ABSTRACT 11

layer and inviscid flow were solved numerically for the hypersonic flow over com-
pression or expansion corners with strong wall cooling. It was observed that the
flow separates for compression ramps if the ramp angle is greater than a certain
critical value. For axially-symmetric flows, it was observed that the pressure gra-
dient becomes favourable at a certain distance downstream of the ramp corner,
and that the minimum in the skin friction distribution increases with decreasing
radius for fixed ramp angle. It was also discovered that the flow over expan-
sion corners separates if the radius is smaller than a certain critical value. New
self-similar solutions were also determined far downstream of the corner point
for cases not involving separation, and also for flows exhibiting incipient separa-
tion. An asymptotic theory was used to describe the separation and reattachment
process occurring in subcritical flows in order to remove the Goldstein singular-
ity at the separation point. The resulting nonlinear inner interaction problem
was successfully solved using a new unsteady algorithm, and it was observed
that the separated region lies entirely upstream of the ramp corner. In addition,
asymptotic solutions far upstream and downstream of the interaction region were
derived, and the numerical solutions were found to be in very good agreement
with both of these analytical results. Finally, it was shown that the asymptotic
theory considered here, as well as marginal separation theory, can both be used

to describe the separation process occurring in axially-symmetric flows.
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Chapter 1

Introduction

1.1 Characteristics of Hypersonic Flows

The analysis and computation of hypersonic flows is of crucial importance in
the design of vehicles capable of high speed flight, such as the space shuttle
and the next generation of reusable launch vehicles. The present work addresses
the hypersonic flow over two-dimensional or axially-symmetric slender bodies and
compression ramps at zero angle-of-attack, as shown in Fig. 1.1. Notwithstanding
the existence of powerful Euler/Navier-Stokes computer codes for the simulation
of such flows, it is still desirable to supplement these tools with basic analyti-
cal concepts that explain and correlate the purely numerical results, and that
may also reveal new ideas about improving the aerodynamic design and perfor-
mance. Moreover, direct numerical solutions of the Navier-Stokes equations tend
to struggle for accuracy in the range of Mach and Reynolds numbers which are
encountered in hypersonic ﬂight, such as during the atmospheric re-entry from
orbit.

The theory of viscous hypersonic flows is described in detail in numerous books
and journals (see, for example, Anderson 1989, Cheng 1993, Cox & Crabtree 1965

and Mikhailov et al. 1971), and only the most important features will be discussed

15




CHAPTER 1. INTRODUCTION 16

Expansion fans

Shock waves

Region of separated flow

Strong interaction Moderate interaction Weak interaction

Figure 1.1: The hypersonic flow structure over a slender body at zero angle-of-

attack (not to scale).

here. Hypersonic flows differ from subsonic or even low Mach number supersonic
flows in many respects. Firstly, the temperature within the viscous boundary
layer near to the body surface increases and the density decreases as the free-
stream Mach number becomes large. This results in comparatively large amounts
of viscous dissipation and heat transfer to the body surface, and it is for this
reason that re-entry vehicles must be protected from the generated heat using
special tiles or ablative materials. In addition, a relatively strong shock wave
is generated near the leading-edge, as can be clearly seen in experiments (see
Figs. 1.2 and 1.3).

The extreme viscous dissipation within hypersonic boundary layers can cre-

ate temperatures high enough to cause chemical reactions, dissociation or even
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ionization within the gas. The high temperature and low density within a hyper-
sonic boundary layer causes it to be orders of magnitude thicker than low speed
boundary layers at the same Reynolds number. Consequently, the boundary layer
can exert a major displacement effect on the inviscid flow outside the boundary
layer, thus causing a given body shape to appear thicker than it really is. The
changes in the inviscid flow in turn feed back to affect the growth of the bound-
ary layer downstream. This phenomenon, which is known as viscous interaction,
can have important effects on the pressure distribution, and hence the lift, drag
and stability on hypersonic vehicles. Very close to the leading-edge tip there ex-
ists a merged region — also known as the shock layer — in which the shock wave
and viscous boundary layer are virtually indistinguishable. Furthermore, hyper-
sonic boundary layers have a well-defined edge where the appropriately scaled gas
temperature and viscosity vanish, which is in sharp contrast to low speed flows.

For simplicity, real gas effects shall be neglected throughout this thesis and
the gas assumed to obey the perfect gas law. In addition, vorticity and entropy
layer effects will also not be taken into account, and the flow shall be assumed to
be laminar throughout. Nevertheless, these aspects are extremely important for
the overall vehicle design and performance (for further details concerning these
effects, please refer to the above cited references and also to Bertin 1989 and

Dorrance 1962).

1.2 Fundamental Flow Parameters

It is important to introduce several non-dimensional parameters that character-
ize the nature of the flow. It should be noted that throughout this thesis, the
streamwise and transverse coordinates are represented by x and y respectively,
with corresponding velocity components v and v. In addition p is the pressure, p

the density, 7" the temperature and p the viscosity. Quantities with a subscript
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‘o0’ are used to denote free-stream conditions. For convenience the acronyms
‘2D’ and ‘AXI will be used to refer to two-dimensional or axially-symmetric
cases respectively, and the integer j is defined as:

0 for 2D flows,

j= (1.1)
1 for AXI flows.

The mainstream Mach and Reynolds numbers are defined respectively by:

M. — TP 2 - Pooloo L
s = Uog | —— ,  Rew=—"—-, (1.2)
Poc Hoo

where L is a characteristic length scale of the body. These two fundamental
flow parameters are assumed to be large, but such that the small perturbation

parameter ¢ is small, namely*
e = MM?*ReZM* < 1. (1.3)

Furthermore, the ratio of specific heats v and the Prandtl number Pr are defined

respectively by

_ % - Ko
v = - Pr P (1.4)

where k is the thermal conductivity. For air at standard atmospheric conditions

v = 1.4 and Pr = 0.725.

One of the most important parameters in hypersonic flow theory is the hyper-

somic viscous interaction parameter x defined by:
X = M2 Re*C'?, (1.5)

where C' is the Chapman-Rubesin constant given by Eq. (2.7). This parameter

characterizes the intensity of the viscous-inviscid interaction described in the

L1t will be shown in Sec. 2.2 that for flows with strong viscous interaction, the boundary
layer thickness is of the same order of magnitude as e.
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previous section (see also Sec. 1.3). Another fundamental flow parameter is the
hypersonic similarity parameter K = Mooa{ where ¢’ is the body slenderness
ratio. The hypersonic inviscid flow over two different but affinely related bodies
are similar (in terms of non-dimensional variables) if the ratio of specific heats y
and K are the same (Anderson 1989). This result can be extended to hypersonic
flows with viscous interaction, provided that K is defined in terms of the local

inclination angle 6 of the boundary layer edge, i.e.
K = My0. (1.6)

It is also important to introduce the ratio 2 of the body thickness h to that

of the boundary layer ¢, i.e.:

_h
=5
If @ > 1, the AXI boundary layer equations reduce to an equivalent 2D problem

Q (1.7)

using Mangler’s transformation (see, for example, Hayes & Probstein 1959 and
Yasuhara 1962). However if 2 ~ 1 or @ « 1 (as would be the case for a
vanishingly thin needle), then Mangler’s transformation is not applicable and

transverse curvature effects can not be neglected.

1.3 Hypersonic Viscous Interaction

In this section, the theory of viscous-inviscid interaction in hypersonic flows shall
be described. For a more complete discussion including a comprehensive reference
list, please refer to Anderson (1989), Cheng (1993), Mikhailov et al. (1971) and

also to the other references previously cited above.

1.3.1 Strong Interaction Regime

This case occurs when x > 1, and is of particular importance near the leading

edge tip of a slender body, as shown in Figs. 1.1 and 2.1. If the thickness of the

I
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boundary layer is of the same order of magnitude, or even much greater than,
that of the body (i.e. £ ~ 1 or 2 < 1), it can be shown that the local inclination

angle 0 of the boundary layer edge can be estimated by (see Sec. 2.2):
9 ~ e = MLReZM. (1.8)

As pointed out by Bush & Cross (1967), this approximation differs from the
classical result given by Eq. (1.10) which is valid for flows with weak or mod-
erate viscous interaction. It also follows from this estimate and Eq. (1.2} (with
L replaced by z) that the boundary layer thickness § ~ z6 ~ z%%. Further-
more, the pressure distribution for flows with strong viscous interaction can be

approximated using the tangent-wedge/cone formula (see Sec. 2.3), which states

that
p o< 62, (1.9)

Using this approximation, it can be inferred that the leading-order pressure
P~ =2, Therefore the pressure gradient is favourable and the flow is not
expected to separate from the body surface near the leading-edge tip.? It is also
evident from Eqgs. (1.5), (1.6) and (1.8) that the viscous interaction parameter
x ~ K2.

The hypersonic flow over flat plates with strong viscous interaction was con-
sidered by Lees {(1953) and Stewartson (1955b). Solutions for the hypersonic flow
over hot or cold flat plates have been computed by Werle et al. (1973) using an
implicit finite-difference scheme. Kozlova & Mikhailov (1970) and Dudin (1978)
have also computed flows with strong viscous interaction on a semi-infinite delta
wing at zero angle-of-attack, and it can be shown that the problem can be re-

duced to a self-similar one which can be subsequently solved using techingiues

developed for two-dimensional flows.

2Flow separation may occur at non-zero angles-of-attack.
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The asymptotic solution of the boundary layer equations for the flow over
axially-symmetric bodies has been obtained by Glauert & Lighthill (1955) and
Stewartson (1955a) for incompressible flows. Later, Wei (1964) considered the
self-similar problem at moderate supersonic speeds and Stewartson (1964) investi-
gated the hypersonic flow with strong viscous interaction near the nose of a very
slender sharp cone. Self-similar solutions for the flow over slender AXI bodies
with surface shapes of the form y, o 23/ have been obtained by Yasuhara (1962)
and Ellinwood & Mirels (1968), under the assumption that £ ~ 1. However,
it appears that no solutions have so far been obtained for vanishingly thin AXI

needles (i.e. for which Q — 0), and this problem shall be addressed in Chapter 3.

1.3.2 Moderate Interaction Regime

From Fig. 1.1, it is clear that there must exist a transitional region where the
viscous interaction is moderate (i.e. x ~ 1). A number of solutions have already
been obtained for this case, such as the computational results of Dewey (1963),
who obtained solutions of the boundary layer equations with cross flow using
the local similarity method. The hypersonic flow over a finite delta wing at
zero angle-of-attack has been computed by Dudin (1983) using a finite-difference
scheme which takes into account the pressure on the wing trailing edge (see also
Walker et al. 1993, pages 68-71). In contrast to the strong interaction regime, the
main obstacle posed by flows with moderate viscous interaction is that they do
not admit self-similar solutions, and therefore the full three-dimensional problem
should be considered. Khorrami & Smith (1994) have also computed the hyper-
sonic flow over 2D flat plates and thin aerofoils using a multi-sweeping method
to solve the equations in both the inviscid and viscous layers simultaneously.
Talbot et al. (1958) have measured the self-induced pressure on a 3° and 5°

semi-vertex cone experimentally in a hypersonic flow with 0.5 < y < 2.3 and
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0.9 < x < 3.5 respectively. It was shown that the tangent-cone approximation
(see Sec. 2.3) predicts self-induced pressures which are only 10 to 20 percent

higher than the measured values.

1.3.3 Weak Interaction Regime

This case occurs when y < 1, and is of particular importance far downstream
of the leading edge or nose, as shown in Fig. 1.1. It can be verified that the
boundary layer inclination angle 6 for the hypersonic flow past a flat plate can

be estimated by:
0 ~ M2 Rer/?, (1.10)

(see, for example, Anderson 1989 and Dorrance 1962). It follows using this es-
timate and Eq. (1.2) (with L replaced by z) that the boundary layer develops
a parabolic profile since § ~ z8 ~ z'/2. It can also be inferred from Egs. (1.5),
(1.6) and (1.10) that x ~ K.

If the thickness of the boundary layer is negligible in comparison to that of the
body (i.e. £ > 1), it is expected that the pressure distribution may be calculated
using the inviscid equations of motion, and that the boundary layer displacement
effect should be of secondary importance. This is the case for the flow over blunt

bodies, and to leading-order

dys
0~ dz’

(1.11)

where ys(z) is the body contour geometry.

Numerous self-similar, parabolized and full Navier-Stokes solutions for the
hypersonic flow with weak viscous interaction past flat plates and thin aerofoils
have been obtained by a number of investigators (see, for example, Anderson 1989
and 1995, Bertin et al. 1989 and Mikhailov et al. 1971 for further details). In

particular, self-similar solutions for the flow over bodies of power law shape are
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well known (see Hayes & Probstein 1959). Inger (1995) has recently considered
another type of similarity solutions in the case of exponentially shaped bodies.
Ruban & Sychev (1973) have also computed the three-dimensional flow over a
two-dimensional aerofoil with three-quarter power-law generator and with various
trailing edge boundary conditions.

It was shown by Neiland (1969), Stewartson & Williams (1969), Messiter (1970)
and Sychev (1972) that viscous-inviscid interaction in a region of weak global vis-
cous interaction can be described in terms of a local multi-layer structure known
as the triple-deck, as shown in Fig. 5.1, and numerous solutions of the triple-deck

equations have been obtained (see Sec. 1.5 for further details).

1.4 Upstream Influence Effect

An important property of supersonic and hypersonic boundary layers is their abil-
ity, under certain circumstances, to transmit perturbations upstream through the
subsonic part of the boundary layer. This implies that the solution at a particu-
lar streamwise location can not be determined uniquely without consideration of
the downstream conditions, thus reflecting the true elliptic nature of the Navier-
Stokes equations. This is rather surprising, since the governing equations in the
viscous and inviscid layers are of parabolic and hyperbolic type respectively, and
at first sight it would appear that the flow over the entire body could be computed
using a downstream marching technique with simultaneous matching between the
solutions in both layers at the boundary layer edge.

This upstream influence effect has been a major problem in the computation of
viscous hypersonic flows — particularly for flows with moderate or strong viscous
interaction — and can cause a nonlinear breakdown of the solutions if numerical
marching is used purely in the downstream direction. However, Khorrami &

Smith (1994) have recently developed a multi-sweeping method to compute the
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hypersonic boundary layer over flat plates and thin airfoils. This method prevents
nonlinear breakdown of the numerical marching procedure by directly bringing
into effect the upstream influence.

The upstream propagation of disturbances within supersonic boundary layers
was first observed in the experiments of Ferri (1939), Ackeret (1947), Chapman et
al. (1958) and others. In these investigations it was observed that an oblique shock
wave incident on a boundary layer could cause the flow to separate well upstream
of the point of intersection of the shock and boundary layer. A similar situation
can also occur, for example, for the flow over a compression ramp or forward
facing step. The theoretical description of this behaviour was first presented
by Lighthill (1953), who showed that the viscous-inviscid interaction plays a key
role in the upstream influence effect. Using the equations of the supersonic triple-
deck formulation, solutions of the boundary layer equations can be sought in the

following form (see Stewartson 1974):
u=y—qe’ fily)+---,
v:qa‘e‘m'f(y)_*_... , as T — —0Q, (112)
D=4q e’ 4 ... ,
where the positive eigenvalue o is to be determined and ¢ is an arbitrary constant.

In addition, f(y) satisfies the following boundary conditions:

F(0) = f(0)=0, f'(o0)=0c"". (1.13)
It can be shown that
2/3 y
fiy) = _Xi(O) /O Ai(o¥?2) dz, (1.14)

where

7/BT 3/4
o= {ué&ﬂ} ~ 0.8272. (1.15)
T
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Since o is positive, it is concluded that upstream influence does exist and that it
decays exponentially as 2 — —o0.

The upstream influence effect associated with hypersonic boundary layers with
strong viscous interaction was first discovered by Neiland (1970), who considered
the flow over an insulated flat plate under the assumption of a linear temperature-
viscosity law and a Prandtl number of unity. It was shown that the streamwise

extent Az of the upstream propagation of disturbances is of the order
Az ~ x4, (1.16)

Thus, in contrast to flows with weak global viscous interaction, the upstream
influence effect for the case x > 1 affects the entire flow up to the leading-edge.
In addition, by making use of the tangent-wedge approximation for the pressure
distribution, Neiland (1970) showed that there exists a non-uniqueness in the

asymptotic expansion for the pressure:
p=pox {14 gz’ 2.0} as oz — 07, (1.17)

where pg is a constant which can be computed by solving the appropriate self-
similar equations, and g is an arbitrary constant. The eigenvalue ¢ characterizes
the intensity of the upstream transmission of disturbances and was found to be
approximately 25.3. Werle et al. (1973) extended Neiland’s (1970) original work
to include the effects of non-adiabatic walls. These results were later confirmed
by Brown & Stewartson (1975a), who solved the equations in both the viscous
and inviscid layers simultaneously, and concluded that the tangent-wedge formula

yields remarkably accurate results.
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1.5 Asymptotic Theory of Separated Flows

Flow separation can lead to quite adverse effects on the performance of aircraft
and vehicles capable of hypersonic flight, and may result in excessively high heat
transfer rates at the reattachment point. For a more comprehensive discussion
of separated flows, see Bos (1998), Cassel et al. (1995, 1996), Kerimbekov et
al. (1994) and Sychev et al. (1998).

It turns out that the interaction between the boundary and inviscid layers
plays a crucial role in the separation process. If the flow separates in a re-
gion of weak viscous interaction, the separation and reattachment process can
be described using an asymptotic theory based on the triple-deck structure.
The main difference between this theory and the classical interactive strategy
of Prandtl (1904) is that the pressure p(z) is unknown in advance and for 2D
flows is related to the displacement thickness A(z) and surface geometry f(z)
via the Ackeret formula, which for supersonic or hypersonic flows without wall

cooling takes the form:

dA df

p(z) =~ -+ (1.18)

(see, for example, Ashley & Landahl (1965) for a derivation of this relation). In
order to take upstream influence effects into account, the boundary conditions far
downstream from the leading edge are also required in order to solve the triple-
deck equations, an exception being the hypersonic flow past compression ramps
with strong supercritical wall cooling (see Sec. 6.2.2).

Triple-deck theory has subsequently been applied to many problems spanning
the full range of flow speeds from subsonic to hypersonic. The effects of wall
cooling on the triple-deck structure have also been investigated (see Chapter 5 for
further details). Numerical solutions of the triple-deck equations for the flow over

2D compression ramps have been obtained by numerous authors, most recently by
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Cassel et al. (1995, 1996) and Bos (1998). These results show that a separation
zone develops near the corner for ramp angles greater than a certain critical
value. Gajjar & Smith (1983) have also considered the case of free-interactions.
Solutions for supersonic AXI flows have been obtained by Kluwick et al. (1984)
who solved the governing equations in both the lower viscous sublayer and inviscid
region simultaneously. In addition, the separated flow past a trailing edge at
incidence in supersonic flow has been investigated by Elliott& Smith (1986).

It will be shown in Chapter 5 that the lower-deck sublayer for the flow over
bodies with strong wall cooling reduces to a classical Prandtl boundary layer with
prescribed pressure gradient. However, it is well known that a Goldstein (1948)
singularity is usually encountered at the separation point in any situation where
the pressure distribution is known in advance. The nature and structure of this
singularity was first described by Landau & Lifschitz (1944), who showed that
the asymptotic behaviour of the skin friction 7y immediately upstream of the

separation point z = x; is given by:
() ~ (g — )% as z — x]. (1.19)

Later, Goldstein (1948) demonstrated that the solution of the boundary layer
equations can not be continued downstream of x,. However, under certain cir-
cumstances (such as the flow near the leading-edge of an aerofoil at a critical
angle-of-attack), a weaker singularity may be encountered in which the skin fric-
tion vanishes linearly at z; (see Werle & Davis 1972 and Ruban 1981, 1982). This
is sometimes referred to as marginal separation, and does not preclude the possi-
bility of continuation of the solution downstream of x, (see also Appendix C).

It should be emphasized that triple-deck theory is not in general applicable in
a region of strong global viscous interaction (i.e. x > 1). Nevertheless, Brown ef
al. (1975b) have developed a Newtonian version of the theory (i.e. 7 close to

unity) which makes use of the tangent-wedge formula in place of Eq. (1.18) as

the crucial pressure-displacement relation.
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1.6 Outline of Thesis

This thesis is divided into two main parts. The first part deals with the hypersonic
flow near the leading-edge of 2D or AXI slender bodies with strong viscous-
inviscid interaction. The second part is mainly devoted to the hypersonic flow
over compression or expansion ramps in a region of weak viscous interaction and
with strong wall cooling. Although the same governing equations of gas dynamics
are valid over the entire body, the crucial pressure-displacement relation differs
in both of these regions.

Chapter 2 introduces the hypersonic boundary layer equations with strong
viscous interaction for values of the ratio €2 of the body to the boundary layer
thickness spanning the full range of values from zero to infinity. In addition, the
tangent wedge/cone approximation shall be employed as a means of determining
the pressure distribution, and transverse curvature effects for the AXI case are
fully taken into account. The conditions for self-similarity are also discussed, and
it will be shown that self-similar solutions for the case 2 ~ 1 or {2 < 1 exist only
for three-quarter power-law bodies, flat plates or vanishingly thin AXI needles.

Chapter 3 is mainly devoted to the flow over three-quarter power-law bod-
ies, and numerical solutions are obtained for the resulting self-similar equations.
The results for vanishingly thin AXI needles are believed to be the first ever
obtained. In addition, new semi-analytical relationships for the determination
of the boundary layer thickness for different body thicknesses are derived. The
upstream influence effect is represented in the form of an eigen-function pertur-
bation whose intensity is dependent upon an eigenvalue o. Although upstream
influence in hypersonic flows was discovered almost thirty years ago, results for
the eigenvalue o have so far only been obtained for the 2D flat plate case with a
Prandtl number of unity. In this chapter, numerical results are obtained for vari-

ous body thicknesses, temperature factors, Prandtl numbers and ratio of specific
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heats for both 2D and AXT flows. Asymptotic results for very hot bodies are also
derived, and the results are compared with existing solutions.

Chapter 4 considers relatively thick power-law bodies of the form y, = rz®,
where ov < 3/4. It is shown that the parameter 2 is much greater than unity for
this choice of body contour. Furthermore, it is expected that the upstream influ-
ence effect should decay exponentially near the leading edge and that its effects
are most strongly felt in a thin viscous sublayer near to the surface. Analytical
results are obtained for the thickness of the sublayer and also for the eigenvalue
w. It is shown that w is positive, thus proving that the upstream influence does
indeed decay exponentially as the leading-edge is approached. Finally, numerical
solutions of the self-similar equations are used to correlate the analytical results
for various values of o, v, Pr and temperature factor g;.

Chapter 5 discusses the hypersonic flow over compression or expansion corners
with wall cooling for both 2D and AXI cases in which the parameter € is much
greater than unity. The influence of the surface temperature is considered, and
the equations for the strong wall cooling case are formulated.

Chapter 6 treats the numerical solution of the inviscid upper-deck equations
using both the Method of Characteristics and finite-difference ‘Leap-frog’ method.
The resulting pressure distribution is employed in the computation of the flow
in the viscous lower deck using a fully-implicit downstream marching technique.
New numerical results are obtained for both 2D and AXI cases, and the effects of
varying the body radius or ramp angle are discussed. In addition, new self-similar
solutions are determined for the flow far downstream of the ramp corner for flows
without separation, and also for cases exhibiting incipient separation.

Chapter 7 is devoted to the flow separation phenomenon occurring in hyper-
sonic flows over 2D compression ramps with strong subcritical wall cooling. It

is surprising that no numerical solutions have so far been obtained for this case,




CHAPTER 1. INTRODUCTION 30

owing to the de-stabilising effect of subcritical wall cooling. An asymptotic the-
ory is employed in order to remove the Goldstein singularity, and the resulting
nonlinear interaction problem is solve numerically using a novel unsteady algo-
rithm developed by the author. In addition, the asymptotic solution far upstream
and downstream of the interaction region is derived, and it shall be shown that
the numerical solution is in very good agreement with both of these analytical
results. It is also shown that the asymptotic theory considered here, as well
as marginal separation theory, can both be extended to describe the separation
process occurring in axially-symmetric flows.

All the numerical results presented in this thesis were obtained using FOR-
TRAN 90 computer codes written exclusively by the author, and run on a
DEC Alpha workstation using double precision accuracy. Unless otherwise stated,
all the solutions presented here are properly converged to within the required ac-

curacy, and also appear to be grid independent.?

3Discrepancies in the numerical results could of course appear if the grid being employed is
either too coarse or too fine.
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Figure 1.2: Hypersonic flow past a blunted flat plate in air at = 13.8.

(Crown copyright photo from Cox & Crabtree 1965.)

Figure 1.3: Hypersonic flow past a sharp 10° cone in air at = 6.85. (Photo

from Chernyi 1961.)
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Chapter 2

Hypersonic Boundary Layer

Equations

2.1 Introduction

In this chapter, the hypersonic flow of an ideal gas near the leading-edge of a very
slender 2D or AXI body oriented parallel to the upstream flow will be investigated,
as shown in Fig. 2.1. If h and L are the characteristic height and length of the
body respectively, then the slenderness ratio d = h/L is assumed small in the

sense that
d~e=MM*ReM* < 1. (2.1)

The equations of the body surface y, and boundary layer edge y;, will be taken

respectively as:
ys = Lds(z/L),  yp= Lb(z/L)s(z/L), (2:2)

where the functions s and b are arbitrary to start off with. In addition, the

viscous-inviscid interaction is expected to be strong, i.e.

x = M3 Re }/?2CY% > 1. (2.3)

33
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Figure 2.1: Schematic of the hypersonic flow near the leading edge of a slender
body (not to scale). SW and BLE indicate the shock wave and

boundary layer edge; IL and VL are the inviscid and viscous layers.

The equations of continuity, streamwise momentum and energy which govern
the flow within the boundary layer are given respectively by (see, for example,

Hayes & Probstein 1959):

3] X o .
. (puy’) + oy (pvyj) =0, (2.4)
ou ou Op 10 ( ,; Ou
AT P I T 9.
p(uaw +Ut’>‘y) 9z "y oy (y ”3y>’ (25)
_0Oh Oh  Op 10 ( .udh ou\ >
0 (u&v + Ua—y) =g + i By (y Pr 8y + ) (2.6}

In addition it can be inferred from the transverse momentum equation that the

pressure is a function of z only throughout the boundary layer. The perfect gas
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equation of state and linear temperature-viscosity law are given by:

p=pRT, - —cX

where R is the universal gas constant and C is the Chapman-Rubesin constant.

Furthermore, the total enthalpy H is related to the static enthalpy A by:

u? + v? p
H=nh , h=-—, 2.
+ 5 Y (2.8)
where
)= 2.9
7 (2.9)
The no-slip conditions on the body surface imply that
u=v=0 at y=ysz). (2.10)
The surface condition for the enthalpy is given by:
h = hs (heat transfer case) or
at y = ys(x), (2.11a)

Oh/0y =0 (thermally insulated case)

where h, is the body surface enthalpy. The conditions at the outer edge of the
boundary layer can be determined using the Rankine-Hugoniot shock relations in

the hypersonic limit My, — oo (see, for example, Anderson 1989):

b 2y 2 i 2
— — ——M? sin” (3, 2.12a
poo ’Y“l‘l o0 Il ﬁ ( )
b o+t (2.12b)
Poo '7_1
T 29(v—1) 0 .
el AN S V) 2.12
To  (y+1)? w1 (212¢)
)
U228 (2.12d)
Upo ¥+ 1
in(2
v _, sin(26) (2.12)

Uo Y17
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where ( is the shock wave inclination angle. By making use of the equation of
state (2.8), it follows that the required boundary conditions at the outer edge of

the boundary layer are, to leading~order,

2

U=y, h=
* (v+1)?

ul sin® B at y=y(x). (2.13)

2.2 HEstimates for Hypersonic Flows

It is very useful in the investigation of hypersonic flows to obtain simple order
of magnitude estimates for the flow variables within the boundary layer. By
comparing the convective, viscous and mechanical energy dissipation terms in

the energy equation (2.6), it can be inferred that A UL\E 7 ?
h=c,T ~ ul,. (2.14)
It follows from Eq. (2.7) that the viscosity can be estimated by
[~ froo M. (2.15)

For hypersonic flows with strong viscous interaction, the shock wave inclination
angle # is of the same order-of-magnitude as the local inclination angle @ of
the boundary layer edge. Moreover, since @ is relatively small, it follows from

Eq. (2.12a) that the pressure can be estimated by:
D~ Voo MZ0? = poou (. (2.16)

An estimate for the density can now be found using the equation of state Eq. (2.7a)

yielding:
P~ Pool®. (2.17)

A comparison of the convective and viscous terms in the momentum equation

(or equivalently the convective and heat transfer terms in the energy equation)
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shows that:

e

~

Az (Ay)*

(2.18)

Using the above results, as well as the definition of the Reynolds number Reg
given by Iq. (1.2), it can be shown that an estimate for the boundary layer

thickness ¢ is given by:
§ ~ LMY?Re; M4, (2.19)

Hence, the slope € of the outer edge of the boundary layer is found to be of the

same order-of-magnitude as the small perturbation parameter ¢, i.e.:
0 O e = MUPRETI/A 2
~ E‘ ~ € = 00 eoo . ( 20)
It should be noted that the requirements that € < 1 and x > 1 both imply that
Rel/S « M,, < Rel/?, (2.21)

which is valid for most hypersonic flow conditions, such as that encountered
during the atmospheric re-entry from orbit.
These simple order-of-magnitude estimates suggest the use of the following

non-dimensional scaled variables within the boundary layer:

z=L%, y=Lej, U= 1lUel, U= Ux€d, (2.22a)
h=ulh, H=ulH p=7ypeM>ep, (2.22b)
P = Poo€lf, = thooaMijt, T =TouMT. (2.22¢)

In addition, the slenderness ratio d and the function b(z) defined by Eq. (2.2)

must also be scaled according to:

d=ecr, b(z/L)=eb(z). (2.23)
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It can be inferred from Eq. (2.13) and from the first of Egs. (2.22b) that the
scaled enthalpy at the boundary layer edge is given by:

. 2v€?

oo — 1 ) .
v o <L (2.24)

Therefore, for hypersonic flows, the scaled enthalpy and viscosity should van-
ish at the outer edge of the boundary layer, and thus the position of this edge
can be determined precisely. This is in sharp contrast to subsonic or super-
sonic flows with small freestream Mach numbers. Moreover, the density within a
hypersonic boundary layer is relatively small and can be thought of as a quasi-
vacuum. Upon substitution of Eqgs. (2.22) into Egs. (2.4)-(2.6), it can be shown
that the boundary layer equations remain invariant. Therefore, for convenience,
the superscript ¢ "’ will be dropped and the equations considered to
be scaled and non-dimensional. The scaled perfect gas equation of state and

linear temperature-viscosity law given by Eq. (2.7) can be written in the form:
p=pT,  p=9CT, (2.25)

and from Eq. (2.8), the scaled total enthalpy H can be expressed to leading-order

as
1 2
H=h-+ S h=-—. (2.26)

It is useful to express the scaled energy equation (2.6) in terms of the total
enthalpy H with the help of the streamwise momentum equation (2.5), and the

resulting equation can be written in the form:

oH  JOHN_ 10 [, (0%, toH (2.27)
P\"az "8y ) Tyiag \V "oy Teray ) [ '

where

ve=1-—, (2.28)
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In addition, the equations for the body and boundary layer edge position given

by Eq. (2.2) become

ys = rs(z), s = b(z)s(z). (2.29)
The boundary conditions at the body surface are given by:

oH
u=v=0, H=g, or ~é§-=0 at  y = ys(x), (2.30)

where gs = h,/u?, is the temperature factor. At the boundary layer edge,
u=1 H=1/2 at y=uyz). (2.31)

For the special case of the flow past an insulated body with Pr = 1, it follows

from Egs. (2.27) and (2.31) that

1 1
:h — 2: — .
H +2u > (2.32)

which is known as Crocco’s Integral. A similar integral can be obtained under
the assumption that the Prandtl number is small (i.e. Pr — 0), in which case the
constant ¥ — —oo. In this case it can be shown that the solution to Eq. (2.27)
is given by:

1
H= §u2. (2.33)

2.3 Tangent Wedge/Cone Approximation

The pressure distribution on the surface of a slender body in a hypersonic flow can
be approximated using the so-called tangent wedge/cone formula. This states that
the local surface pressure is approximately equal to the exact value of the pressure
on a wedge or cone having the same inclination to the oncoming flow direction
under the same freestream conditions. The experimental results of Talbot et

al. (1958) for the hypersonic flow over a slender cone with moderate viscous
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interaction show that the tangent cone method predicts self-induced pressures
which are only 10 to 20 percent higher than the measured values. However, it is
expected that this approximation yields more accurate results as y — oo.

It can be shown (see Chernyi 1961 and Cox & Crabtree 1965) that the pres-
sure coeflicient C, on the surface of a body in inviscid hypersonic flow can be

approximated by:

Cp = 12 = 2%(7) ¢, (2.34)

1 2
5Pooleo

where the function () is given by

L for 2D flows,
k(y) = (2.35)
h’ﬁlg{” for AXI flows,

and ¢ is the local surface inclination to the upstream flow. If v = 1 and ¢ is
small, this approximation reduces to the Newtonian formula (see Anderson 1989

and Cox & Crabtree 1965), namely
Cp = 2sin® ¢ ~ 2¢°. (2.36)

In order to apply this formula to flows with strong viscous-inviscid interaction,
the slope ¢ of the body surface should be replaced by the local slope 8 of the
outer edge of the comparatively thick boundary layer. Therefore, Eq. (2.34) can

be written in terms of the scaled pressure defined by Eq. (2.22b):

= + AN (1) (2.37)
p - 7[{2 ¢ < fY 3 .
where K = M. For small values of 6,
_ dyy,  d AN A
0 ~ tanf = T =G {b(%)s(2)}. (2.38)

Since K? ~ x > 1 for flows with strong viscous-inviscid interaction (see Sec. 1.3),

it follows that to leading-order

p=rn {1 [b(m)s(w)1}2 , (2.39)
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where the superscript ‘"’ has been dropped for convenience. It should
be noted that the boundary layer edge position y,(z) = b(z)s(z) is unknown in
advance and depends upon the solution in both the viscous and inviscid layers.
The above formula allows the determination of the pressure distribution without
recourse to the solution of the full Euler Equations, and it is also invaluable in
developing self-similar solutions of the boundary layer equations. Finally, it is
important to understand that for flows with weak viscous-inviscid interaction,

the Ackeret (or related) formula given by Eq. (1.18) should be used instead.

2.4 Self-Similarity Requirements

It is convenient to define a stretched transverse coordinate n by

1= g | 0 &, (2.40)

where G'(z) is an unknown function to be determined by similarity requirements
as part of the solution. This transformation was originally employed by Dorodnit-
syn (1942) for the compressible flow over a flat plate, and enables the governing
equations of gas dynamics to be expressed in quasi-incompressible form. More-
over, the use of Dorodnitsyn variables avoids problems associated with the relative
low temperature and high density conditions in the intermediate layer between
the inviscid flow and boundary layer, at least for linear temperature-viscosity
laws.

It is convenient to introduce the stream function ¥ such that

op _ i O
oy = " 5 = vy (2.41)

Restricting attention to the scaled momentum equation to start off with, it can

be shown that Eq. (2.5) can be written as

l a_llp'é}—u - a_qb"a—u = _]:.: 2 _];gp_ fYCp a , 2]'8'[1;
G (877 Ox oz 377) = -\ (H 2u ) pdz -+ WGZ(w) n Y an , (2.42)
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where y is now considered to be a function of both z and n (cf. Eq. (2.43b)).
It should be noted that the density p and viscosity u have been eliminated by
making use of the equation of state and linear temperature-viscosity law given
by Eq. (2.25)

A self-similar solution of the above equation will now be sought in the form

u = u(n), H = H(n), (2.43a)
b =G)g(n), y=s@)in) (2.43b)
p=[s'@"8,  p=[@]50), (2.43¢)

where s(x) is the body surface contour and G(z) is the unknown function defined
in Eq. (2.40). In this section, a prime (") will be used to denote differentiation
with respect to . The form of the solutions given by Eqgs. (2.43c) for the pressure
and density are suggested by the tangent-wedge/cone formula (2.39). It can be
easily shown from the definition of the stream function Eq. (2.41a) and the first
of Egs. (2.43b) that

o0y

U =T = a (2.44)

Hence the momentum equation becomes:

s ap () )

For self-similarity, this equation must be independent of z, and this requires that

G(x) satisfies the following conditions:

GI 8”
o (2.46)
G? ~ m (2.47)
S”

With this choice of G(z), Eq. (2.45) reduces to the following ordinary differential

’yCﬁaﬁ (y 27/’) ¢i— {21{ (31/7’) }:0. (2.48)

equation:
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The distribution of §(n) may be determined by considering the definition of
1 given by Eq. (2.40), which can be written in the form:

on _v'p

5= o (2.49)

This equation can be expressed in terms of the self-similar variables defined by

Eqgs. (2.43) as follows:

dj _ A |5 1 [dg\° G
[ S R

For self-similarity, the expression in braces in the foregoing equation must be a

constant, and this yields a second expression for the function G(z):
G ~ 812, (2.51)

Equations (2.47) and (2.51) can now be combined yielding the following equation

for s(z):
s%s's" = c, (2.52)

where ¢ is an arbitrary constant. Hence, for a self-similar solution to exist, the
body contour s{z) must satisfy Eq. (2.52).} For the special case ¢ = 0, this
equation has the trivial solution s(z) = 0, which corresponds to a flat plate or
vanishingly thin needle. The only non-trivial solution satisfying the boundary
conditions s(0) = 0 and s(1) = 1 is given by s(z) ~ 2z*%. This choice of body
contour ensures self-similarity for both 2D and AXI flows. Although this funda-
mental fact has been known for several decades, the analysis employed here for
arbitrary bodies shall prove useful in Chapter 4. Finally, the function G(z) can
be found using either Eq. (2.47) or (2.51), and it should be noted that G(z) is
unique to within a multiplicative constant. It should also be noted that Eq. (2.46)

is identically satisfied for power law bodies of the form s(z) = z®.

1To the best of the author’s knowledge, this equation has never been derived before.




Chapter 3

Formulation for Three-Quarter

Power-Law Bodies

3.1 Introduction

This chapter shall focus on the solution of the interactive hypersonic boundary

layer equations for surface geometries of the form:

ys(z) = rm3/4,

(3.1)

where r is an O(1) slenderness ratio. From Eqs. (2.43a—c), this choice of body

contour suggests that the solution of the boundary layer equations should be

sought in the following form:

U:ﬁ(ma’ﬂ): HZFI(%"?),
P = Gz)p(z,m), y=1"9(z,n),
p=a"Y2p(x), p =2~ Y25(x,n).
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(3.2a)
(3.2b)

(3.2¢)
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Functions with a superscript 7’ are now assumed to be dependent on z as well

as . In accord with Eq. (2.51), the function G(z) is chosen as:

‘ 24/7Cpo z'/4  for 2D flows,
G(z) = 279 /yCpy 2™ = (3.3)

V7Cpoz for AXI flows,
where n = (1 + 37)/4 and pp is the self-similar pressure coefficient given by
Eq. (3.21). It should be noted that an affine transformation has been incorpo-
rated into the definition of G(x) such that the resulting momentum and energy
equations are independent of both py and C, and the factor of 2!=7 has been
introduced for convenience.

The momentum equation (2.5) becomes

N o 0% 61[) 0% *Q?j/j _
(877 ndz Oz On? ) TP N

A o 2z dp p O [ 0%
2 — == —— (7% ==). (5.
4 {H (877) } {1 ﬁdw}Jrnpu@n (y on? (34)

Similarly the transformed energy equation (2.27) is given by

%(81,081{ az/;aﬂ) -0f pg[g ( oy 1 a_fg_)] (35)

anon  dxon) o T "pedn 8n o2 ' Pr on

The relationship between § and 7, for 7 = 0 or 1 is:
9 (7) = /\\/;);C'Po 9 f — (g:/;)) } (3.6)

on
which shall be referred to henceforth as the displacement equation. Finally, the

tangent wedge/cone formula Eq. (2.39) can be written as

_ 3 ’
B = r(y) {Zb(T) + xb'(w)} . (3.7)
The boundary conditions at the body surface (n = 0) are:
I ¥ _ OH
g=r Y= 877 =0, H=yg, or i 0, (3.8)
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and the conditions at the boundary layer edge (n = co) are given by:

9 _

7= b(z), an“"l’ H=1/2. (3.9)

It is convenient for AXI flows to define the area function A by:

A(n) = {g(m}, (3.10)

which represents the area of a circular annulus between the body and boundary
layer edge.

Equations (3.4)-(3.9) constitute a system of four nonlinear coupled equations
for the four unknown functions ¢, H, ¥ (or A) and p. In order to investigate
the upstream propagation of disturbances, the solution of the foregoing equations

shall be sought in the following asymptotic form:
¢(z,m) = ¢o(n) +- -+ qz"bi(m;0) + - a5z — O, (3.11)

The quantity ¢ represents ¢, H, y or A, and ¢ is an arbitrary constant represent-
ing the amplitude of the perturbations. The positive constant ¢ is an unknown
eigenvalue which characterizes the intensity of the upstream transmission of dis-
turbances through the subsonic part of the boundary layer. The smaller the value
of o, the more pronounced the upstream influence effect. Functions with a sub-
script ‘0’ represent the self-similar (leading-order) solutions, whilst those with a
subscript ‘1’ represent the first eigen (perturbation) solutions. In addition, the

pressure and boundary layer edge positions are expressed as:

p(@) =po(l+ -+ gz +---), (3.12)

Z)(l)=bo++(]l‘dl’)1+ (313)

The following relations also hold for the AXI case:

A
Yo = v/ AO, i = 2\/%5 (314)
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Substitution of the above expansions into the transformed boundary layer
equations (3.4)—(3.9), and equating powers of 27, yields two systems of equations
which will be given in the next two sections. It is important to note that the con-
stant ¢ is left completely undetermined from these equations and can in principle
be used to impose a boundary condition far downstream of the leading edge, such

as the presence of a compression ramp.

3.2 Self-Similar Equations

The self-similar momentum, energy and displacement equations for 2D flows are:

0+ oty + A [2Ho — (45)*] =0, (3.15)
Prt Hy + o Hy + v (o) = 0, (3.16)
Yo(n) =1+ MIy(n), (3.17)

where a prime (') is now used to denote differentiation with respect to 5. The

corresponding equations for the AXI case are given by:

A

(Aovg)’ + ot + 7 [2Ho ~ ()] =0, (3.18)
PrY(AoHy)' + o Hy + v(Aotyig) = 0, (3.19)
Ao(n) = r* + MTIo(n). (3.20)

The leading-order pressure po and boundary layer edge positions by are related

via the tangent wedge/cone formula given by Eq. (3.7) which gives:

9

Po = 1_65(7)1)(2;7 (3'21)

where

by = yo(00). (3.22)
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In these equations, the displacement integral Z, and the unknown constant M

are defined respectively by:

"
To(n) = /0 2Hy — ()% dn, (3.23)
M =2, (3.24)
Po

These equations must be solved subject to the boundary conditions:

$0(0) = ¢4(0) = 0, Pp(o0) =1, (3.25a)
Ho(0) =g, or HL0)=0,  Ha(co)=1/2. (3.25b)

The leading-order boundary layer thickness is given by dy = by — 7 and the
pressure distribution along the body is p(z) = pez~*/2. Finally, the skin friction

Ts and surface heat transfer ¢, are defined by:

7y(z) = (gf;’) , qs(x)=(k%>y:ys. (3.26)

In order to take into account the displacement effect of the boundary layer into
these expressions, the body surface y, = r23/* has been replaced by the effective
surface formed by both the body and boundary layer thicknesses, i.e. v, = byz3/4

and it can be shown that to leading-order:

75(2) = oz, ge(z) = g1, (3.27)

where
70 =2071/vCipo b, 111 (0), (3.28)
qo =291 Pr 1\ /yCpo b HY(0 (3.29)

The quantities ¢ (0) and H{(0) are determined from a numerical solution of the

self-similar equations.
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3.3 Eigen-Equations

The eigen momentum, energy and displacement equations for 2D flows are given

by:

P+ Yot — (40-+20)9) + (do + 1)y

(3.30)
=2\ {0 [2Ho ~ (4)*] — H.} — 4y,
Prt HY + 4o Hy — dotpy H,y
, ) (3.31)
= =5 [(W0)* +2091]" — Pr" Hy — (4o + L)oo Hy,
y1(n, o) = M[Li(n,0) — Lo(n)]- (3.32)
The corresponding equations for the AXI case are:
(Aot + s, — (o+ )i + (0 + 1y .
= {0 [2Ho— ]~ Hi} = {(ha+ A0y,
Pr (AoHY) + vboHy — oo Hy = —(o + )91 Hj, (3.34)
= {vRo (@ + i) + (Mo + Ar) (v + Pr H) Y,
Ai(n,0) = M[Zi(n,0) — Lo(n)]. (3.35)
The integral Z; is defined by
Tino) =2 [ i~ ot an (3.36)

These are three linear coupled equations for the three unknown functions )y, Hy
and y; (or A;). However, the unknown eigenvalue o also appears in this system
of equations, and it can be shown from Eq. (3.7) that o satisfies the following

equation:

b(o) =2 (a + %) bi(0) = by =0, (3.37)

where

b1(o) = y1(o0; 0). (3.38)
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These equations must be solved subject to the boundary conditions:

$1(0) =41(0) =0,  ¢i(e0) =0, (3.39a)
Hi(0)=0 or HI(0)=0,  H(co)=0. (3.39b)

3.4 The Boundary Layer Thickness

For 2D flows, the momentum and energy equations (3.15) and (3.16) can be
solved independently of Egs. (3.17) and (3.21). Moreover, the latter equations
have a remarkably simple analytic solution which shall now be derived. Since the

leading-order boundary layer edge position by = y(00), it follows from Eq. (3.17)
that

by =7+ MJy, where Jy=Ty(o0). (3.40)

With the help of Eq. (3.21), the unknown constant M, which was defined by

Eq. (3.24), can be expressed in the form:

N 4 ~C
M= —, where N = =\{/——, 3.41
bo 3 K(7) ( )

and N is a known constant. These last two expressions yield the following

quadratic equation for by:
b2 —rby — NJy = 0. (3.42)

The only physically acceptable solution to this equation is

T+ T'2+4NJ()
9 .

This remarkably simple formula enables by to be computed for any slenderness
ratio r as soon as the momentum and energy equations have been solved, and

Eq. (3.43) has been incorporated into the numerical algorithm which will be
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described in Sec. 3.5. In particular, the boundary layer thickness on a flat plate
(i.e. 7 = 0) predicted by this formula is §p = /NJy. Furthermore, by defining

two new scaled variables B and R by

by = B+/NJy, 1 =R\/NJs, (3.44)

the solution (3.43) can be expressed in the form:

/2
B = E:I___Qi%___té (3.45)

It is clear that B represents the ratio of the true boundary layer edge position to
the flat plate boundary layer thickness 6o = /NJy. Similarly, R is the ratio of
the slenderness ratio 7 to dy. For example, if R = 1 (i.e. the body has the same
thickness as the flat plate boundary layer), then Eq. (3.45) yields B = (1++/5)/2
(i.e. the boundary layer edge position exceeds the body thicknesses by a factor
of approximately 1.62).

A similar argument for AXI flows shows that the leading-order boundary
layer edge position by and slenderness ratio r are related via the following cubic

equation:
b3 — 7%by — NJy = 0, (3.46)

However, in contrast to the 2D case, the momentum and energy equations (3.18)
and (3.19) cannot be solved independently of Egs. (3.20) and (3.21). Thus,
Eq. (3.46) cannot be used to determine by for different values of r (since Jy is itself
a function of r), and the full system of equations must be solved simultaneously
for 1o, Hy, Ag and py (and hence by). This suggests that the solution is strongly
dependent upon the value of the slenderness ratio r. Nonetheless, Eq. (3.46) may
be used to check the final numerical solution, and can be made independent of

Jo by introducing the scaled variables:

b{] = B\g/ NJ(), T = R\SI NJQ (347)
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Figure 3.1: Theoretical scaled boundary layer thickness A = B — R for various

body thicknesses R.

Substitution of this transformation into Eq. (3.46) yields the following equation:
B*—R*B-1=0. (3.48)

The analytic results given by Eqs. (3.45) and (3.48), which to the best of the
author’s knowledge have never been derived before, permit the scaled boundary
layer thickness A = B — R to be determined prior to any numerical solution
of the self-similar equations. Figure 3.1 shows the variation of A with R. The
distribution of B(R) for the 2D case is given by Eq. (3.45), whilst for the AXI case
Eq. (3.48) was solved using the Newton-Raphson technique. It is evident that the
boundary layer is in general thinner for the AXI case since the flow curves around
the body, and this is known as the three-dimensional relieving effect. Also notice

that A decreases monotonically as R increases, and it follows from Eq. (3.45) or
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(3.48) that A — 0 as R — oo.

For very small Prandtl numbers, the energy equation has the simple integral
given by Eq. (2.33), from which it follows that Jy = Zy(co) = 0. It can therefore
be deduced from Eq. (3.43) or (3.46) that by = r, i.e. the boundary layer thickness
is negligible. Similarly for the special case v = 1, the constant N = 0 and it also

follows that by = r.

3.5 Numerical Algorithm

The self-similar and eigen-equations derived in Secs. 3.2 and 3.3 were solved using
a second-order accurate finite-difference scheme, and only a brief description of
the numerical method will be given in this section.

It is convenient to express the momentum equation as a second-order equation
for the streamwise velocity u = 0 /0n. The self-similar equations thus constitute
a system of five nonlinear coupled equations for the functions vy, ug, Hy, yo (or Ag
for AXI flows) and the unknown constant py. For the 2D case, the momentum
and energy equations (3.15)—(3.16) were solved simultaneously using the global
finite-difference method described in Appendix A.2, which is based on a quasi-
Newton iteration procedure. The streamfunction ¢y and the integral Z,(n) were
computed using the Trapezoidal rule. Once these equations have been solved, the
boundary layer edge position by was determined using Eq. (3.43). For the AXI
case, the entire system of equations (3.18)—(3.25) were solved simultaneously. The
implementation of the method described in Appendix A.2 for the solution of these
equations is best described by considering the AXI momentum equation (3.18),

which can be written in the form:

0.25 A(y? — 2Hp) — (w + A})z
Ap ’

w"” = qﬁ(w,a:,y, Z) = (3'49)
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where, in order to be consistent with the notation of Appendix A.2,
w = '4[)()) Y= w' = Up, <= I/I = ’LU”, 0< 7 < Mmax- (350)

Once the function ¢ has been identified, the solution for y(n) can be computed it-
eratively by solving the system of tri-diagonal equations (A.11)—(A.12). It should
be noted that the condition H{(0) = 0 for insulated bodies was approximated us-
ing a second-order accurate forward-difference quotient (see Eqgs. (A.13)—(A.15)).

Once the self-similar solutions have been computed, the eigen-equations were
solved using a method similar to that described above. However, these equations
involve the unknown eigenvalue o, which was determined as a root of Eq. (3.37).
This equation can be solved using the Bisection or Newton-Secant algorithms,
although the former method was preferred since it guarantees convergence to
within any specified accuracy e, provided the true value of o lies within the
interval specified by the two starting approximations. This is particularly useful
for cases in which the eigenvalue is very large.

The numerical algorithm described here is globally second-order accurate,
and was found to be very robust. The solution was assumed to converge only
when the maximum change between successive iterations was less than a specified
tolerance level ¢, which was taken as 1077 for all of the solutions presented here.
The initial velocity and enthalpy profiles used to start the iteration were chosen
as ug = tanh 7 and Hj = 0.5. Unless otherwise specified, all the numerical results
presented in this chapter have been obtained using a uniform grid consisting of
1000 mesh points, and the maximum value of n was taken as 10. Solutions have
also been computed using various other mesh sizes, and the results appear to be

grid independent provided 7.y is chosen large enough.
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3.6 Self-Similar Results & Discussion

Self-similar and eigen-results have been obtained by the author for numerous
different cases, and it is only possible to present a few of them in this thesis. In
particular, solutions will be presented showing the effect of varying one or more

of the reference conditions:
r=1, ¢,=05, =14, Pr=0.725. (3.51)

The last two parameters are valid for air at standard atmospheric conditions,
and the Chapman-Rubesin constant C' was taken as unity for all of the solutions
shown here. Unless otherwise stated, the following symbols have been used in

Figs. 3.2-3.6:
e 2D case (- - -),
o AXI case ( —),

e AXI insulated case (o0 o).

3.6.1 Boundary layer thickness & pressure distribution

Figures 3.2 (a)—(d) show the effect of varying the slenderness ratio r or surface
enthalpy g, on the leading-order boundary layer thickness dg and pressure py. It is
apparent that dy decreases monotonically as r increases, and that the AXI bound-
ary layer is thinner than the corresponding 2D case for all of the results shown
here, thus confirming the theoretical result shown in Fig. 3.1. It is also evident
from Fig. 3.2 (b) that the effect of surface heating is to increase the boundary
layer thickness. Solutions for the insulated case are shown in Figs. 3.2 (a) and (c)
and Fig. 3.4 (a) for the AXI case only. It is evident that the effect of insulating
the body is to decrease the boundary layer thickness by a small amount. The

effect of varying r or gs on the self-similar boundary layer edge position is also
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shown schematically in Figs. 3.3 (a)—(c). To the best of the author’s knowledge,
the results shown in Fig. 3.3 (a) are the first solutions ever obtained for the AXI

hypersonic flow over a vanishingly thin needle.

3.6.2 Skin friction & heat transfer

Figures ‘3.4 (a)—(d) show the effect of varying r or g, on the self-similar skin
friction 7p and surface heat transfer ¢ coefficients, which were both defined by
Eq. (3.28). As expected for 2D flows, 7 and |go| increase as r increases. However,
an interesting observation from Figs. 3.4 (a) and (c¢) for the AXI case is that there
exists an optimum radius r* which results in minimum values for 7y and |gq|. It
should be emphasized that 75 and |go| were evaluated at the boundary layer edge
position ¥,, rather than the true surface y,, in order to take into account the
displacement effect of the boundary layer! . Furthermore, it can be observed
that 7y increases as g, increases. A similar kind of behaviour can also be seen in
the results for the surface heat transfer |go|, provided g; > 0.5. Tt is also evident

that both 7o and |go| are greater for AXI flows.

3.6.3 Velocity & enthalpy profiles

Iigures 3.5 (a)—(d) show typical velocity and static enthalpy (temperature) pro-
files for the AXI case with various surface enthalpies g,. In view of the trans-
formation given by Eq. (3.3), uwy and hy have been plotted against the vari-
able ¢ = 217/vCpyn. For cold surface temperatures, the enthalpy distribu-
tion reaches a maximum value near to the wall, after which it decreases to its
prescribed cold surface value. For comparatively high temperature factors, the
velocity profile exhibits an overshoot which becomes increasingly pronounced as

gs becomes large. This is believed due to the relative low density within the hot

!See also Chernyi (1961) for further details concerning the determination of body shapes
with minimum drag for AXI inviscid hypersonic flows.
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hypersonic boundary layer which allows the flow within the boundary layer to
accelerate and exceed that of the external inviscid flow. It is easily verified that
this effect is a natural consequence of the self-similar boundary layer equations
as follows. Suppose uy = ¥ reaches a maximum value at n = n*. Conse-
quently 4§ (n*) = 0 and ¢'(n*) < 0, and it can be inferred from the momentum
equation (3.15) or (3.18) that this can only occur if Hy(n*) is large enough. This
implies that the surface enthalpy must exceed a certain critical value. The results
of Emanuel (1994) and Yasuhara (1962) also show pronounced velocity overshoot.

Although not shown, the boundary layer profiles for the 2D case were found
to be qualitatively similar to the AXI case, and that the velocity overshoot effect
is considerably greater for 2D flows. Moreover, it can be inferred from the self-
similar energy equation that velocity overshoot can also occur if the Prandtl
number is small enough? . However, it remains unclear whether or not velocity
overshoot is a true physical phenomenon, since real gas effects should be taken

into account for very high surface enthalpies.

2Although not shown, this effect has been observed in the present numerical results.
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Figure 3.2: Effect of varying r or g, on the boundary layer thickness &y and

pressure po (v = 1.4, Pr = 0.725; for legend see page 55).
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(a). r=0, gs=0.5

(b). =1, g.=0.5

(c). r=1, gsr:S

Figure 3.3: Self-similar boundary-layer edge positions by (v = 1.4, Pr = 0.725;
for legend see page 55).
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Figure 3.5: Velocity and enthalpy profiles for various surface enthalpies g, (AXI

case, r = 1, v = 1.4, Pr = 0.725). Insulated case (c 0 o).




CHAPTER 3. THREE-QUARTER POWER-LAW BODIES 62

3.7 Eigen-Results & Discussion

Figs. 3.6 (a)—(d) show the effect of varying one of the reference conditions (3.51)
on the computed value of the upstream influence eigenvalue o. Numerical in-
vestigations suggest that there either exists a unique positive eigenvalue (whose
value depends on the input parameters) or that o is infinitely large (in which
case there is no upstream influence effect). Moreover, the smaller the value of o,

the greater the upstream influence effect.

3.7.1 Effect of varying »

As shown in Fig. 3.6 (a), o increases monotonically as 7 becomes large, and this
is a direct consequence of the fact that the boundary layer thickness decreases
for increasing slenderness ratio. For the 2D case, o decreases as r — 0, and the
upstream influence effect is felt most strongly for the flat plate case. On the other
hand, AXI flows exhibit a rather surprising behaviour as » — 0. The eigenvalue o
reaches a minimum value, after which it increases sharply and appears to become
infinitely large at a critical value r* = 0.1131 (see also Fig. 3.7 (a)). This be-
haviour suggests that the AXI boundary layer is supercritical for r < r*, and does
not permit the upstream propagation of disturbances. For » > r*, the boundary
layer will be referred to as being subcritical, and upstream influence is present.
It should be noted that the value of * depends upon the input parameters, and
varies from case to case. It is also evident that the upstream influence effect is

almost always stronger for 2D flows, owing in part to their greater thickness.

3.7.2 Effect of varying g,y or Pr

The variation of the surface enthalpy, ratio of specific heats and Prandtl number

all appear to have similar effects on the value of o, as shown in Figs. 3.6 (b)—(d).
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In particular, o decreases monotonically as gs,y or Pr increases for both 2D and
AXI flows. The boundary layer also appears to be supercritical for g, less than a
certain critical value gf ~ 0.0207 (see also Fig. 3.7 (b)).

It was shown in Sec. 3.4 that for very small Prandtl numbers (or for v = 1),
the boundary layer thickness is very small. This suggests that the upstream
influence effect should be negligible for this regime, and this is indeed observed
in the numerical solutions shown in Fig. 3.6 (c) and (d). Moreover, as Pr — 0,
the value of o for the 2D case exceeds that for the AXI case. A similar kind of
behaviour is experienced for very hot surface temperatures, as will be discussed
in the next section.

Solutions for the insulated case have also been obtained for the AXI case, and
are shown in Fig. 3.6 (a). As expected, the effect of insulating the body is to

reduce the upstream influence effect, since the boundary layer is thinner.
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3.8 Very Hot Bodies

It is well known that very high surface temperatures are experienced during hy-
personic flight — such as during the atmospheric re-entry from orbit — and its
effects are of particular importance near sharp leading edges. It is particularly
interesting to determine the behaviour of the upstream influence eigenvalue o
for large values of the temperature factor g;. Following the analysis of Brown &
Stewartson (1975a) for the flat plate, the following scaled variables are indicated

for 2D flows in the limit as g; — oo:

n=g7"¢,  yiln) = ¢*5:(¢) (3.52a)
wi(n) = g %:(¢),  Hiln) = g Hi(C). (3.52b)

for +=0 or 1, where ¢ is O(1) in a hot near-wall sublayer of thickness gs 14, Upon
substitution of Eqs. (3.52) into the interactive self-similar and eigen boundary
layer equations given in Secs. 3.2 and 3.3, it can be shown that the original

equations remain unaltered, but that the boundary conditions become:

$i(0) = P4(0) =0, (o0) =0, (3.53a)
Ho(0)=1, H(0)=0, H;(oo)=0. (3.53b)

In addition, the body slenderness ratio r and boundary layer edge position b;

must be scaled according to
r= gg/s?, b = gi’/S/Bi. (3.54)

It thus follows that the leading-order boundary layer thickness dy ~ gi/ 8 which
can become relatively large for high surface temperatures.

For AXI flows, the following scaled variables must be used instead:

n=g3¢, Ain) = g¥Ai(C) (3.55a)

wiln) = g5%%:(C),  Hi(n) = g:Hi(¢), (3.55b)
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which also result in the same equations as before, but with the original boundary
conditions replaced by Egs. (3.53a-b). In addition, it can be shown that the
transformations given by Eq. (3.54) are also valid for the AXI case. It is evident
from the first of Eqgs. (3.55a) that the thickness of the hot near-wall sublayer for
AXT flows is O(g;/ %), which is much greater than that for the corresponding 2D
case which is O(gs*/%).

Solutions for the hot surface limit g, — oo have been obtained for the case
r=1, v = 1.4 and Pr = 0.725.> The same numerical algorithm described in
Sec. 3.5 has been used to solve the self-similar and eigen-equations for this case,
but with the original boundary conditions replaced by Egs. (3.53a-b). For the 2D
case, it was found that o = 3.557, whilst for the AXT case ¢ = 2.293 (accurate
to three decimal places). These results suggest that for very hot bodies, the

upstream influence effect is in fact greater for AXI flows. It is believed that this

is mainly due to the fact that the boundary layer is thinner — and thus hotter —

for AXTI flows.

3.9 Comparison with Previous Studies

It is difficult to compare the present results with previously obtained solutions
since the equations given by numerous authors were not scaled using the hy-
personic estimates given in Sec. 2.2, and their formulations contained different
parameters than those derived in this thesis. Moreover, results for the eigenvalue
o have only been previously obtained for the flow over a 2D flat plate (i.e. 7 = 0)
and with a Prandtl number of unity. Nevertheless the results presented here ap-
pear to show the expected behaviour, and the self-similar solutions are in good

qualitative agreement with those obtained by Yasuhara (1962). A useful check

3The maximum value of 1 was taken as 20 for these very hot body calculations, due to the
comparatively large boundary layer thickness.
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on the numerical results is to compute the surface enthalpy on an insulated flat
plate for the special case v = 1.4 and Pr = 0.725. The present method yields

gs = 0.4178, which agrees to four decimal places with the value given by Khorrami

& Smith (1994).

The analysis for the viscous layer employed in the present study is similar to
the approach used by Brown & Stewartson (1975a), and differs in some respects
from the original formulations of Neiland (1970) and Werle et al. (1973). Some

aspects of the two approaches are not easily compared; in particular, the latter

authors made use of the Levy-Lees transformation defined by:

x 1 Yy
¢ =/0 plr,y) dz, 7= Eé%p(as,z) dz. (3.56)

It is clear from Eq. (3.2c) that for self-similarity p = #~/25(n), and it follows

from the above equation that
£~z (3.57)

Moreover, Neiland (1970) considers the following asymptotic expansion for the

pressure:

p(€) =pof '+ Pt (3.58)

where a is an unknown eigenvalue. It can be inferred from the foregoing equations
and Eqs. (3.2¢c) and (3.12) that a is related to the author’s eigenvalue o via the

simple formula:

(3.59)

Neiland (1970) obtained a numerical solution of the self-similar and eigen equa-
tions? for the flow over a 2D flat plate with g, = 0.5, v = 1.4 and Pr = 1 and

found that a = 49.6, or equivalently ¢ = 25.3 from Eq. (3.59). By comparison,

1There appears to be a typographical error in the eigen-momentum equation in Nei-
land’s 1970 paper.
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the present algorithm yields o = 23.5. It should be noted that Crocco’s integral
(cf. Eq. (2.32)) is valid for this special case.

Figure 3.8 compares the solutions obtained using the author’s numerical code
with those obtained by Brown & Stewartson (1975a) for the case of a 2D flat
plate with various temperature factors g,, under the assumption of a Prandtl
number of unity. The latter solutions were obtained by solving the equations in
the inviscid and viscous layers simultaneously, instead of using the tangent-wedge
approximation for the determination of the pressure distribution. Also shown is

the author’s numerical result for very hot bodies:
o — 2593 as gy — 00, (3.60)

which was obtained using the method described in Sec. 3.8, and the following

asymptotic results which were obtained by Brown & Stewartson (1975a):

o~ 0.00149;° as g, — 0, (3.61)

og—+32 as g, — 0. (3.62)

The two sets of results are in reasonably good agreement with each other, partic-
ularly for cold surface temperatures. This also verifies the fact that the tangent-
wedge formula can be successfully used to determine the pressure distribution for
flows with strong viscous interaction. However, it is apparent that the tangent-
wedge approximation tends to overestimate the upstream influence effect for rela-
tively large surface enthalpies. In addition, the author’s results appear to suggest
that o becomes infinitely large for values of g, less than a non-zero critical value
gs, in which case the flow becomes supercritical. This is in contradiction with
Eq. (3.61), which is believed to be incorrect since it was derived in the double

limit o — co and g, — 0.
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Figure 3.8: Comparison of the author’s eigenvalue results with those of Brown
& Stewartson (1975a) for the flow over a 2D flat plate (i.e. r = 0)
with g, = 0.5, y =14, Pr=1.




Chapter 4

Formulation for Relatively Thick
Bodies

4.1 Introduction

Hitherto, the boundary layer thickness 6 has been assumed to be of the same
order of magnitude, or even much greater than, the body thickness h. Moreover,
numerical results have been obtained in the previous chapter for bodies with
surface shapes of the form y,(z) = rz®*. In this chapter, analytical results shall
be derived under the assumption that 6 < h. In this case, the boundary layer
is two-dimensional to leading-order, and axially-symmetric curvature effects are
only important within the inviscid layer. In contrast to the formulation used
in the previous chapter, the leading-order pressure distribution is now known
in advance and may be calculated using the tangent wedge/cone approximation
given by Eq. (2.39), which to leading-order can be expressed in the following
form:

p=ri?(2) (41)

71
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where the boundary layer edge position y, = b(z)s{x) has been replaced by the
body surface y, = rs(z) due to the fact that the boundary layer thickness is
assumed to be negligible. Nevertheless, the displacement effect of the boundary
layer will be taken into account later in this chapter in order to analyse the na-
ture of the upstream propagation of disturbances induced by the viscous-inviscid
interaction.

It is convenient to introduce the Prandtl transposition (see, for example,

Rosenhead 1963):
Y=z (), v=w+uy(z). (4.2)

This leaves the scaled 2D continuity and momentum equations (2.4)~(2.5) un-

changed, which in the transformed variables can be written as:

0 0

5y (Pe) + 5~ (pw) =0, (4.3)
ou ou dp & ou
OH | O _ 0 ( ( ou 10H ws)
P\"az ""as ) T 52 \"\""8: 7 Pr oz ' '
However, the boundary conditions become:

u=w=0, H:gsora—fzzo at z=0, (4.6)
u=1 H=1/2 at z=4dx), (4.7)

where §(z) is the boundary layer thickness and g, is the temperature factor.
The theory presented in this chapter is valid for arbitrary surface geometries

ys(z), provided that the body is relatively thicker than the corresponding three-

quarter power-law body. However, in order to simplify the subsequent analysis,

only power-law bodies of the form:

ys(x) =rz®, where a<3/4 oy O (4.8)

shall be considered.
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4.2 Self-Similar Equations

It is convenient to use the stream function v defined by:

oy oY
i = 4.
az pu’ am pw) ( 9)
and it is also useful to introduce a modified Dorodnitsyn variable 7 by:
o [ el ae (4.10)
n=—=- T, . .
G(z) Jo

Following a procedure similar to that used in Sec. 2.4, a solution of the boundary

layer equations shall be sought in the following form:

w = u(z,mn), H = H(z,n), (4.11a)
¥ = Ga)yd(e,n), z=2"""%(z,n), (4.11b)
p = z** ?p(z), p =22 2p(z,n). (4.11c)

The functional form for the pressure and density are suggested from the tangent
wedge/cone formula (4.1), whilst the solution for the transverse variable z shall
be obtained in Sec. 4.5. It can be shown using Eqgs. (4.8) and (4.11b) that the

ratio 2 of the body to the boundary layer thickness is given by:

_Ys _ T 2032 _
Q 5 = 5" : (4.12)

Since 2 becomes large for o < 3/4 as z — 0", it follows that axially-symmetric
transverse effects within the boundary layer can be neglected to leading-order
(see also Sec. 1.2). However, transverse effects are still important in the inviscid
flow outside the boundary layer, and therefore the only difference between 2D and
AXI flows in the present theory is due to the differing definitions of the coefficient

() in the tangent wedge/cone formula (see Eq. (2.35)).
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Substitution of Eqs. (4.10) and (4.11) into the boundary layer equations (4.3)-
i
(4.5) yields
67/_) 621/; _@—_62@5 B —82’1,7)_@_' B
on ondx  Ox On? on? G

l—a 1dp = &Y 2 YCD Y e s
e S )2 o

050N 000 MG _A0p 0 [ 0650 L 0H) L.,
— - V8n8n2+Pr8?7 274 (4.14)

on dx  Ox Oy on G G2 on
where the density has been eliminated using the equation of state (2.26 ). Self-

similarity requires that

ij = 11)0(77), ﬁ = HO(W) and P = po, {415)

which are all independent of z. It follows using Eq. (2.47) (with j = 0) that the

function G(z) is given by:
G(x) = az® /2, (4.16)
where a is an afline transformation constant defined by:

o= {A—('Ylf_l%)u}l/z. (4.17)

Substitution of Egs. (4.15)—(4.17) into the transformed momentum and energy

equations (4.13) and (4.14) yields the following system of ordinary differential

equations:
Wy + Mpoys — () + 2Hy = 0, (4.18)
Pr~ Hy + Mo Hp + v(yihy)' = 0, (4.19)

where A and v were defined by Egs. (2.9) and (2.28) respectively and

200 — 1

= G (4.20)
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These equations should be solved subject to the boundary conditions:

(0) = 44(0) =0, 4hp(o0) =1, (4.21a)

Ho(0) = g5, Hy(oo) =1/2. (4.21b)

It should also be noted that a prime is now used to denote differentiation with
respect to 7 and that the affine transformation renders the equations independent
of both r and C. An important property of the above system of equations is that
the single parameter M characterizes the dependence of the solution on both «o
and 7. Another interesting observation is that M = 0 for bodies of parabolic

shape (i.e. @ =1/2), and whence the foregoing equations become:

%’ +Pr{l — (p)"} =0, (4.22)

Hyn) = 5 {(1 = Pr)(g)? + Pr} (4.23)

It is therefore evident that the momentum equation (4.22) is reduced to an equa-
tion of second order.
In addition, the leading-order skin friction 75(x) and surface heat transfer rate

gs(z) are given by (cf. Eqgs. (3.26)—(3.28)):

7o(x) =N (0)z* /2, (4.24a)
¢s(x) =N Pr—* H}(0)z>~3/2, (4.24b)

where
N = yCpoa~t = L1 — a)(1 — 7)Cpo. (4.25)

The self-similar equations (4.18)-(4.21) can be easily solved numerically (using
the method described in Appendix A.2) for various values of M, ¢, and Pr in
order to determine 1§ (0) and Hy(0). Although this is not the main purpose of

the present analysis, the numerical solution of these equations will be used to




CHAPTER 4. RELATIVELY THICK BODIES 76

correlate the analytical results for the upstream influence eigenvalue which will

be obtained in the next sections.

It is immediately evident from Egs. (4.1) and (4.11c) that the constant pqg is

given by:
po = &’r*Kk(Y). (4.26)

It can also be readily shown that the asymptotic expansion to the solution of

Egs. (4.18)—(4.21) near to the surface is given by:

1pg .2
= = _|_ ‘e
Yo = 20 as n—0, (4.27)
Ho = gy + H'(O)n + -
where By = 94(0). The leading-order density near to the body surface can be

found using the equation of state (2.26) which yields:
p~ psx**™? where p; = o’rir(y)A gt (4.28)

It can therefore be inferred that the variation of the density normal to the surface
is negligible in a thin viscous near-wall sublayer. However, it should be empha-
sized that this sublayer is not incompressible, which is in contrast to the simpler
case considered by Lighthill (1953) for the supersonic flow over a flat plate with
weak viscous interaction (see also the incompressible lower-deck equations of the

triple-deck structure in Sec. 5.2).

4.3 Solution in Inner Viscous Region

In order to investigate the upstream influence through the boundary layer, a new
similarity variable ¢ which is O(1) in the thin viscous near-wall sublayer should

be defined as follows:

- bxm

= | o, 6) dg, (4.29)
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where the exponent m must be determined using viscous-inviscid interaction the-
ory and b is an affine-transformation constant defined by Eq. (4.37). This new

variable is related to the original Dorodnitsyn variable n by:

n = ba~ 'z, (4.30)
Since 7 < 1 as x — 0 in this region, it follows that

a—m-—1/2 <0, (4.31)

which will be proved to be true in due course. It can be shown that the boundary

layer equations (4.3)—(4.5) can be expressed in the form (cf. Eq. (2.42)):

1 (040w Oypou) __)\(Z_H—_uz) 1dp , 1Cp QZE (4.32)

bzm \ 8¢ 8z dx OC) 2 pdx  b2a2m 5¢2’ '
00OH _9uoH\ 1Cp 0 [ (o 1 ou

(ag 3z Oz ag) ~ o aC {“ (”“ag P e ) } | (4.33)

It is expected that the upstream propagation of disturbances should decay
exponentially as z — 0" for the case @ < 3/4, instead of the power-law behaviour
suggested by Eq. (3.11). In particular, the solution for the pressure shall be sought

in the following asymptotic form:
P=per?® 4. gPe " ... a5z — 0 (4.34)

where the positive constants w and n are to be determined, and ¢ is an arbitrary
constant. The eigenvalue w is a measure of the exponential decay of the upstream
transmission of disturbances through the boundary layer. In contrast to the
algebraic character of the upstream influence considered in the previous chapter,
whose intensity is dependent solely upon the magnitude of the eigenvalue o, the
exponentially-decaying behaviour considered here is dependent upon the values
of both the eigenvalue w and the exponent n. Using Eqs. (4.11), (4.16), (4.27) and

(4.30), it follows that the streamfunction and total enthalpy should be expressed
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in the following asymptotic form as z — 0%:

(3

1 -
Y =5 AobPaT B geB(Qat e (4.35)

H =g, + ba tam M2 (0)¢ -+ + qd®(Q)zF e " 4.0 (4.36)

where the exponents [ and &k are to be determined. The afline-transformation
constants b, ¢ and d are defined respectively by

b= (afyC’po)l/S . aP - (Pr—1)becB2

na By B

~ Bops’ a? ’ (4:37)

and are introduced such that the resulting equation for ¥ and ¢ can be expressed
in universal canonical form. The streamwise velocity u can be obtained using the
first of Eqgs. (4.9) which yields:

o

a¢

= Boba™lz™ 2 4 e (Ot e

uw=b"ty™™
(4.38)

Upon substitution of Eqs. (4.34)—(4.38) into the transformed boundary layer
equations (4.32)—(4.33), and comparing terms of comparable order of magnitude,

it can be shown that ¥ and ¢ satisfy the ordinary differential equations:

(U — 0 = —1+4 0" (4.39)
Prol @ — ¢ = (¢TI, (4.40)
provided that
3 3
lzi—a,.k:Z(l—a), 3m—n=3a——2—. (4.41)

A second equation, which shall be derived in the next section, is required for the

determination of both m and n. The conditions at the body surface (4.6) imply

that

T(0) = ¥'(0) =0, ®(0)=0. (4.42)
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The arbitrary constant g, which represents the amplitude of the disturbances,
formally disappears from these equations. Therefore the exponentially-decaying
terms in the foregoing asymptotic expansions are unique to within a multiplicative
constant (cf. Sec. 3.1). It is also evident that the equation for ¥ is independent
of the higher-order enthalpy function ®, and therefore the energy equation does
not play a significant role in the exponentially decaying upstream influence effect.
Moreover, the solution of Eq. (4.40) is not required for the subsequent analysis.
By differentiating Eq. (4.39) with respect to ¢, it follows that " satisfies the
following equation, along with the additional boundary condition (which follows

from the no-slip conditions in Eq. (4.42)):
CO’ = o, v (0) = 1. (4.43)

The solution of this equation can be expressed as a linear combination of Airy

functions (see, for example, Abramowitz & Stegun 1965):
U"(¢) = M Ai(¢) + N Bi(¢), (4.44)

where M and N are constants to be determined. It is well known that Bi grows
exponentially large as ¢ becomes large, and thus NV = 0. It can also be inferred
from Eq. (4.43) that M = 1/ Ai'(0} and therefore

Ai(¢)
AT(0)’

() = (4.45)

4.4 Displacement Effect of Inner Region

In order to determine the exponents m and n, as well as the eigenvalue w, the
displacement effect of the inner region should be considered. Firstly, the pertur-
bation Af to the slope of the streamlines at the outer edge of the viscous sublayer

is given by:

AQ = lim 2. (4.46)

{—o0o U
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By making use of the definition of the streamfunction (4.9) and the transforma-

tion (4.29), it can be shown that:

bz™ 2,

Vo
Al = —— = —— "=, 4.47
r‘vbz P 1/)4' ( )

The density can be eliminated using Eq. (4.28), and it follows using the expansion

for the streamfunction (4.35) that

Al = @2mm-—2a+1< 4+ q@3$t—m—n—a+1/2 e—wwﬂl N (448)
where!
b a 1 acn.e/ Ny
Oy=——{m—-—z-+=-], O3=—7—lim —. 4.49
’ ps< 2 4) P bBopy oo € (449

However, by taking into account the no-slip condition (4.42) and making use of

the fact that

o 1
| A =1, (4.50)
0 3
it can be deduced from the solution (4.45) that
lim = = (4.51)
(oo 3 Ai'(0) .
Hence the coeflicient ©3 can be expressed in the form:
ACTUIAG,
= — 4.52
Os 3bfowr2a? Ai'(0)’ (4.52)

This additional contribution to the displacement thickness determines the
exponentially-decaying term in the asymptotic expansion for the pressure given
by Eq. (4.34) as follows. From the tangent wedge/cone approximation (4.1),

p = k() (roza:o‘_l + A0)2 (153)

= k(y)a?riz® % 4o 4 2gk(y)ra@zpl T 2 gmen ™ L

1The reason for the use of the subscripts ‘2’ and ‘3’ shall become clear in due course.
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1t should be noted that in deriving this formula it was assumed that
ma—l > wm—2a+1’ (454)

which will later be shown to be true. By comparing Eq. (4.53) with the assumed

expansion for the pressure given by Eq. (4.34), it can be inferred that

P = 2k(y)ra®s, (4.55)

provided
l—m—n:%. (4.56)

The solution of the third of Eqgs. (4.41) and (4.56) yields

1 1 179
m—g(oz—z), n—i(z—?)oz). (4.57)

As expected, the criterion that n should be positive implies that o < 3/4. In
addition, both the assumed conditions (4.31) and (4.54) yield the same condition
for a.

The upstream influence eigenvalue can now be determined by combining the
second of Egs. (4.37) with the known expressions for ©3 and P from Egs. (4.52)

and (4.55) respectively, yielding the result:
w = —13AV(0)b8 pa~ % (nrax) ™, (4.58)
where
Ai'(0) = —{3°1(1/3)} " ~ —0.258819. (4.59)

Since all quantities in this expression are positive for o < 3/4, it follows that w is
also positive, thus proving that upstream influence does exist and that it decays

exponentially as z — 0.
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4.5 Solution in Main Part of Boundary Layer

It remains to be shown whether the main part of the boundary layer contributes to
the displacement thickness, and if so, whether this additional contribution alters
the eigen-solution determined in the previous section. This can be accomplished
by expanding the solution in the inner viscous sublayer in terms of the original
Dorodnitsyn variable 77, and this suggests that the asymptotic solution for ¢ and
H (which were defined by Eq. (4.11)) in the main part of the boundary layer can

be expressed in the following asymptotic form as z — 07:

b =1ho(m) + -+ g (e (4.60)
I:I = H()(?]) SR o QH1 (T])ﬁ()l_m e—wa:‘” +ee (461)
By substituting these expansions into the transformed boundary layer equa-

tions (4.13)—(4.14), and comparing terms of comparable order of magnitude, it

can be shown that
oy — Pty =0, (4.62)
Y4, — ) = 0. (4.63)

In order to match with the solution in the viscous sublayer,

1 c
Py — 550772: Py — mn, Hy—gs as n— 0. (4.64)

It can be easily verified that the solution of Eqs. (4.62)—(4.63) satisfying the

foregoing boundary conditions is given by:

() = Ag(n),  Hi(n) = AHy(n), {4.65)

where

c

A= 306 AT(0)

(4.66)
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This solution can now be used to compute the boundary layer thickness as follows.
Firstly, it is immediately evident from the definition of 7 given by Eq. (4.10) that

?_Z _ G(:C) — _‘1_“,1:3/2—-(1‘

= 4.67
on p p (4.67)
Using the equation of state (2.8), it can be shown that
0z _ . o 2
= =Bg¥? o0 — | — 4,
where
aA a
= = 4,
2p0  2k7202 (4.69)
Thus, the boundary layer thickness 4 is given by
00 TN 2
§(z) = Bx®?* / 2.0 — (@) dn. (4.70)
0 on
Substitution of Egs. (4.60)~(4.61) into this formula yields
§(z) = BJpx®?™% 4 ... 4 gBJyalmmoFd 2 o™ L (4.71)
where
Jo= [ 2Ho— iV dn, =2 | m-vgan @
0 0

The integral Jy can be calculated from a numerical solution of the self-similar
equations (4.18)-(4.21). The quantity J; can be determined analytically with the
help of Eq. (4.65) and by taking into consideration the boundary conditions (4.21)
vielding

Jl = —2Ags. (473)

The slope of the streamlines at the outer edge of the boundary layer can now be

determined as:

AG = S—i = 01527 o qOgat T B (4.74)
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where the coefficients ©; and O3 are obtained using Egs. (4.69) and (4.73) giving:

O, = (% - oz) BJy, ©3 =nwBJ, = —2nwg,AB. (4.75)

By substituting the known expressions for A and B from Eqs. (4.66) and (4.69),
it follows that ©4 can be expressed in the form:

B ACNBAG;
3bferria? Ai'(0)’

which is identically equal to the previously obtained expression given by Eq. (4.52).

O3 =

(4.76)

Therefore, the leading-order term of O(x'/?2~%) in Eq. (4.74) is much larger in
magnitude than the corresponding term of O(z™ 2*+1} in Eq. (4.48) if o < 3/4.
This implies that the slope of the streamlines does change across the main part
of the boundary layer. However, the coefficient O3 of the eigen-term in both
solutions is identical, which means that the solution for the eigenvalue derived in
the previous section remains unaltered. Thus although viscous effects are impor-
tant throughout the entire boundary layer, its effects on the upstream influence
induced by the viscous-inviscid interaction are negligible in the main part of the
boundary layer. This fact is also evident from the observation that Eqs. (4.62)—

(4.63) are locally inviscid.

4.6 Eigenvalue Results & Discussion

The formula for the eigenvalue w may be expressed in a more useful form by
substituting the known expressions for a, b and p;s from Egs. (4.17), (4.28) and
(4.37) respectively into Eq. (4.58), and after some algebraic manipulation it can

be shown that
w = (5] AV (0)])* 432038y, (4.77)
where

y =y BBNTTB B3 (1 . )/8p 1312 g3/, (4.78)




CHAPTER 4. RELATIVELY THICK BODIES 85

In these equations, A and n are defined respectively by:

v—1 9
— N 4.7
A= , M 2( 3@), (4.79)

and x(7y) is the coefficient in the tangent wedge/cone formula which was defined
by Eq. (2.35). It should be emphasized that the intensity of the exponentially-
decaying upstream influence is dependent upon the values of both the eigenvalue
w and the exponent n (which depends only on «).

The above formula for w yields a wealth of information regarding the nature
of the exponentially decaying upstream influence. Firstly, it is immediately clear
that w increases as the slenderness ratio r increases. This behaviour implies a
lesser degree of upstream influence for larger slenderness ratios, which is remi-
niscent of the numerical results of the previous chapter. As v — 3/4, it follows
from the second of Eqgs. (4.79) that n — 0. This implies that v becomes infinitely
large and thus the character of the upstream influence develops an algebraic form
(cf. Eq. (3.11)), rather than the exponential behaviour considered here. It is also
clear from Eq. (4.30) that in this situation, the thickness of the viscous sublayer
grows and ultimately merges with the main part of the boundary layer in the
limit as o« — 3/4.

Since the quantity x(7y) is smaller for AXI flows (cf. Eq. (2.35)), it follows from
Eq. (4.78) that the intensity of the exponentially-decaying upstream influence is
slightly greater for the flow over AXI bodies. This result is entirely due to the
fact that axially-symmetric curvature effects are only prevalent within the inviscid
flow outside the boundary layer, which is in contrast to the analysis for three-
quarter power-law bodies, for which transverse curvature effects must be fully
taken into account. It can also be inferred from Eq. (4.78) that v — coasy — 1
or gs — 0, which again are in accord with the results of Chapter 3.

These findings are presented in Figs. 4.1 (a)—(d), which show the effect of

varying one of the following reference conditions upon the value of v (which is
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proportional to w):
a=05 g¢,=05 -~y=14, Pr=0725. (4.80)

The quantity fy = % (0) has been computed from the numerical solution of
the self-similar equations (4.18)-(4.21), which were solved simultaneously using
the global finite-difference method described in Appendix A.2. A uniform mesh
consisting of N = 1000 grid points was employed, where the maximum value of
n was taken as 10 and the tolerance level ¢ = 10~7. All the results presented here
appear to show the expected behaviour. In particular, the results for bodies of
parabolic shape (i.e. @ = 1/2), which are presented in Figs. 4.1 (b)—(d), appear
to show the same qualitative behaviour to those shown in Figs. 3.6 (b)—(d) for

the algebraic eigenvalue o for the flow over three-quarter power-law bodies.
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Figure 4.1: Effect of varying one of the reference conditions (4.80) on the up-

stream influence eigenvalue v (for legend see page 55).
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Chapter 5

Hypersonic Triple-Deck with
Wall Cooling

5.1 Introduction

Consider the flow over a cold compression or expansion corner having an asymp-
totically small ramp angle, with the upstream flat surface oriented parallel to
the oncoming freestream flow (see Fig. 5.1). If the ramp occurs in a region of
weak global viscous interaction, i.e. x < 1, then the flow develops a so-called
triple-deck structure, as shown in Fig. 5.1 (see also Sec. 1.5). The effects of wall
cooling are particularly important for hypersonic flows in order to combat the
high temperatures generated near to the surface (see Townend 1991 and Wal-
berg 1991 for further details). The two-dimensional hypersonic triple-deck for-
mulation with significant wall cooling was first considered by Neiland (1973}, and
later by Brown et al. (1990) and Kerimbekov et al. (1994). Wall cooling brings
about numerous changes to the flow structure, the most important of which are

listed below:

1. An overall reduction in the length scales of the interaction region.
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Figure 5.1: Schematic of the triple-deck structure for the hypersonic flow over

a cold compression ramp (not to scale).

2. The upstream boundary layer bifurcates into two regions, since a near-wall
sublayer (labelled region A in Fig. 5.1) is required to adjust the relatively

high boundary layer temperatures to that of the cold surface.

3. The main part of the boundary layer (region II) does contribute into the
displacement effect, and an additional intermediate layer (region Ia) in the
interaction region is required to match the solutions in regions I and II.
This is in sharp contrast to the original supersonic triple-deck theory of

Neiland (1969) and Stewartson & Williams (1969) without wall cooling.

4. The location and extent of any recirculating region is affected by wall cool-

ing, and sufficient cooling can ultimately inhibit separation altogether.

Region I is a layer in which changes to the pressure gradient provoke a nonlinear
response to the flow, and in particular may result in separation. Regions Ia and
IT are effectively continuations of regions A and B into the interaction region,
and the flow in region III is inviscid and governed by the Euler Equations. The

nature of the solution in each of these regions has been described in detail by
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Kerimbekov et al. (1994); the subsequent analysis shall extend this study, with a
minimum of detail, to include axially-symmetric effects.

The spatial lengths, velocity, pressure, density, enthalpy and absolute vis-
cosity are made non-dimensional with respect to L, e, Doos Poor U2, and i
respectively. Here, uo denotes the viscosity evaluated at a reference enthalpy of
uZ;, and L is the length of the upstream flat surface from the leading edge. The

viscosity is assumed to depend upon the static enthalpy according to the power

law:
= (h)", (5.1)

where n is a positive constant. In this chapter, the superscript *’ will be used
to denote unscaled non-dimensional variables. In order to be consistent with
the notation of Kerimbekov et al. (1994), the subsequent analysis is presented in

terms of the Reynolds number Reg, which is defined by

> OOL
Reg = Poothools. (5.2)
o

For the special case of a linear temperature-viscosity law (i.e. n = 1), it follows
from Eq. (2.15) that uy ~ M2 u., and therefore Rey ~ M 2Res. Moreover, the
hypersonic viscous interaction parameter o and small perturbation parameter ¢

are defined by
Xo = M2Re;"/?, ¢y =Rey ™, (5.3)

both of which are assumed to be small. For n = 1, these two parameters are
equivalent to the classical definitions given by Egs. (1.3) and (1.5) (apart from

the factor of C*/2).

In order to keep the present analysis general for various body shapes, the

surface 7, is chosen as

s =7 + f(&), (5.4)
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where 7 is the characteristic body radius. For a true compression ramp

. 0, &<0,
@) = (5.5)

where ¢& is the ramp angle. It should be emphasized that the triple-deck formu-

lation is only valid if the ramp angle & ~ €.

5.2 Viscous Lower Deck

In the lower viscous sublayer (region I), a new transverse boundary layer coor-
dinate ¥ is defined such that the ramp geometry is represented by V = f (z).
Using an order-of-magnitude analysis similar to that employed in Sec. 2.2, it

can be shown that the solution in this region depends upon the following scaled

variables:
& =1+ (y =)A= g gp 2, (5.6a)
Vo= (y = )Y2A e gm 2 {y + f(2)), (5.6b)
G = (y — 1)y gl i, (5.6¢)
b= (y— 1)1/2/\3/450;(3/49;/2{7; +uf'(z)}, (5.6d)
p=1+7A2%p, p=MZ2g"p, (5.6¢)
h=gh, i=glu, (5.6f)

where g; = hs/u’, is the temperature factor and X is an O(1) constant which can
be determined from a global solution of the upstream boundary layer flow. In

addition, the body contour and ramp angle must also be scaled according to:

~

F(&) = (v = DY2AMegxq/ M gnt 12 f (), (5.7a)

& = A\ 2¢qa. (5.7b)
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It should be noted that an affine transformation and a Prandt! transposition has
been incorporated into Eqs. (5.6)—(5.7), so that the ramp surface is represented
by y = 0.

Upon substitution of the transformations (5.6)—(5.7) into the Navier-Stokes
equations, it follows that the flow in the lower deck is incompressible to leading-
order with density p = 1/(y — 1) and b = pu = 1. Furthermore, it can be
inferred from the transverse momentum equation that p = p(z) in region I. The
remaining dependent variables in the viscous sublayer satisfy the generic triple-

deck problem:

du ou  dp  d%u

UEE+U5§—~H—Q_:+(_9€/_2’ (5.8)
2y g—’j ~0, (5.9)
subject to the boundary conditions:
u=v=0 at y=0, (5.10a)
U—>y-+-+ as T —» —00, (5.10b)
u—y+Alz)+-- as y— o0, (5.10c)

where A(z) is the displacement function. It can also be inferred from the above

equations that

d4 dp

Using this result, it can be inferred from Eqgs. (5.6c—d) that the slope 6 of the

streamlines at the outer edge of region I is given by:

j =t (2 =z, J 94 A
H_ylb%o(a)“’\ 6"{ d Tan (5.12)
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5.3 Main Part of Boundary Layer

The nature of the solution in the intermediate layer (regions Ia) and the main part
of the boundary layer (region II) was determined by Kerimbekov et al. (1994).
In particular, it was shown that the slope g of the streamlines remains invariant

across regions 1 and la, and that at the outer edge of region 1I:

é:wzeo{—a— jf; SCo } (5.13)

where A(z) is the displacement function given by Eq. (5.10¢). The parameters S
and £ are defined by:

S = (y — 1)H2NS 4yl g on1/2 (5.14)

L= an{M(Y)}_2 —14dY, (5.15)

where dp and M(Y) are the thickness and Mach number distribution of the up-

stream boundary layer. The first two terms on the right-hand side of Eq. (5.13)

represent the conventional displacement effect associated with region I

(cf. Eq. (5.12)), while the third term is the contribution due to the main part of
the boundary layer (region II).

It should be noted that if £ > 0, an adverse pressure gradient results in
an increase of the displacement thickness A(z) of region II. A similar kind of
behaviour occurs in subsonic flows, and therefore this case shall be referred to
as subcritical. On the other hand, if £ < 0, a pressure\ rise leads to a decrease
in the displacement thickness, just as for a supersonic flow. Consequently, this
case is called supercritical. In addition, the temperature factor g, enters into
the interaction problem only via the parameter S which is O(1) if the wall is
relatively cold, i.e. g, < 1. This implies that the surface temperature T, is small
in comparison to the stagnation temperature of the external inviscid flow, but

not necessarily that 7§ is much less than the mainstream static temperature T,.
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5.4 Inviscid Upper Deck

Following the analysis of Kerimbekov et al. (1994) for 2D flows, the solution in
the inviscid upper deck (region IIT) depends upon the following scaled variables,

suitably extended for AXI flows:

=1+ (y—1)Y2\" 5/4)(3/4 n+1/2y (5.16a)
§=(y~ 1)”EA‘S/‘*M;x%"‘gf“/Z{z + 1}, (5.16b)
4 =1+ A2eMI 0, o=\, (5.16¢)
p=1+ "yAl/Qx(l,/zq, p= 14 A/2%5 (5.16d)
h = heou? + A 2eg M R, (5.16¢)

Furthermore, the radius 7 of the body is assumed to be of the same order-of-
magnitude as the thickness of region III, and must therefore be scaled according

to:
= (y = 1)YENAL A gr L2y (5.17)

It can be shown using Eqs. (5.16b), (5.17) and (5.7a) that the body contour
defined by Eq. (5.4) can be expressed in the form z = (Ax,)/2f(z). Since xy < 1,
it follows that to leading-order the body surface is represented by z = 0. However,
the function f(z) does enter into the interaction problem by matching with the
solution in region II, as will be discussed later. In addition, the ratio Q1 of the

body thickness to that of the boundary layer is given by
O :% (Axo)™ 1/2'" (5.18)

which is therefore much greater than unity. Consequently, axially-symmetric
transverse effects within regions I-II can be neglected to leading-order (cf. Sec. 4.2}.

Nevertheless, transverse effects are important in the inviscid region I11.




CHAPTER 5. HYPERSONIC TRIPLE-DECK 96

Substitution of Egs. (5.16a—e) into the Euler Equations yields the following
linear system of equations:

0w  dq 00 Og

a—a; = '—5:;, 5{5 = —a, i (519&)

op 1 0 L onie oh _ g
R s ARG S v (5.19b)
(v = Dh=q-p, (5.19¢)

where j = 0 or 1 corresponds to 2D or AXI flows respectively. It follows from
these equations that the pressure ¢(z, z) in the upper deck is governed by a wave

equation of the form:

57?5_“8;5—24-7"%:0' (5.20)

The condition that the flow be undisturbed far upstream of the ramp corner and

also as z — oo requires that
g=0 as z — —o0, z = 00. (5.21)

Equation (5.20) also requires a boundary condition at the body surface z = 0,
which will be derived later in this section by matching the solutions in the vis-
cous and inviscid layers. For flows with subcritical wall cooling, the following
additional boundary condition is required in order to take the upstream influence

effect into account:

dq/0x =0 as z — oo. (5.22)

This condition is frequently used in the computation of inviscid hypersonic flows
(see, for example, Guardino 1995); however Eq. (5.22) can not be applied for
supercritical flows, since there are no upstream influence effects for this case.

From Egs. (5.16¢), the slope @ of the streamlines as z — 0 is given by

0=— =\ et+--- as z—0. (5.23)

=] &
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Since this quantity must match with the value of § at the outer edge of region II

(cf. Eq. (5.13)), it follows that

With the help of Eq. (5.19a), this condition can also be expressed in the form:

0 ?A  d? d?
(ﬁ) L e (5.25)
0z), , dz dz dz?
which is just the required boundary condition for Eq. (5.20).
5.5 Surface Temperature Regimes
It is convenient to introduce the Neiland number Ne, which is defined by:
Ne = |SLC4/3. (5.26)

This parameter represents the ratio of the contributions to the displacement thick-
ness due to the main deck (region IT) and viscous sublayer (region I). Furthermore,
there exist three temperature regimes which will now be described.
1. Ne <« 1, corresponding to moderate or high surface temperatures, i.e. g, >
Xo 20+ 1p this case, the contribution of the main deck to the displacement
thickness is negligible, and the problem reduces to the classical supersonic
triple-deck formulation first developed by Neiland (1969) and Stewartson
& Williams (1969). Numerical solutions for this regime in the 2D case
have been obtained by numerous authors, most recently by Bos (1998) and
Cassel et al. (1995). These results generally show that a separation zone
develops near the corner for ramp angles greater than a certain critical

value.

2. Ne = O(1), corresponding to moderate wall cooling, i.e. g; ~ X{;Q(Qnﬂ). Nu-

merical solutions for the 2D case have been obtained by Brown et al. (1990),
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and more recently by Cassel et al. (1996) who showed that wall cooling acts
to inhibit separation. Moreover, it was shown that wall cooling has a strong
de-stabilizing effect for subcritical flows, while for the supercritical case, it

has a strong stabilizing effect.

3. Ne » 1, corresponding to strong wall cooling, i.e. g, <« XU_Q(Q”H). I

n
this case, the contribution of the lower deck to the displacement thickness
is negligible. This regime, which is of interest in the present study, was
first considered for 2D flows by Zhikharev (1993) for the case of marginal
separation from a cold wall with strong subcritical wall cooling, and also
by Kerimbekov et al. (1994) for supercritical flows. The purpose of the
present work is to extend these seminal studies to the case of AXI flows
over both compression and expansion corners (see Chapter 6), and also to
investigate the separation and reattachment process in the vicinity of the

ramp corner for subcritical flows, where a Goldstein (1948) singularity is

expected immediately upstream of the separation point (see Chapter 7).

5.6 Formulation for Strong Wall Cooling Case

Following the analysis of Kerimbekov et al. (1994) for 2D flows, the following

scaled variables are indicated for the viscous sublayer in the cold wall limit as

Ne — oo:
x=Ne¥z, y=Ney, (5.27a)
u=NeVg, v=Ne ', p=Ne/?p, (5.27D)
A=Ne 4, f=Ne*f «a=Ne’?2p. (5.27¢)

The corresponding variables for the inviscid upper deck are given by:

z2=Ne1z, ¢=NeY?§, r=Ne¥¢ (5.28)
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Upon substitution of these transformations into the interaction problem defined
by Egs. (5.8)-(5.10) and Egs. (5.20)-(5.22), it can be verified that the governing

equations remain invariant. However, the matching condition given by Eq. (5.25)

becomes:
o4 1 24 4*f d%p
(&)250 = “Ng"(”{:ﬁ—z — d_f,E — Sgl’l(ﬁ) d.’fjg (529)

Therefore, the first term on the right-hand-side of this equation, which represents
the contribution of region I to the displacement thickness, can be neglected for
large values of the Neiland number Ne. This implies that the pressure distribution
¢(z, 2} in the inviscid layer can be determined independently of the flow in the
viscous sublayer. In addition, the ramp geometry is given by:

0, <0,

f(&) = (5.30)

where f is the scaled ramp angle defined by the third of Egs. (5.27¢). For conve-
nience, the superscript ‘>’ will be dropped and the equations considered
to be scaled with respect to the Neiland number for the rest of this
thesis.

The form of equation (5.29) suggests the use of the following asymptotic

expansion for large Neiland number Ne:
¢ = o+ Ne ¢ +Ne 3 py -+ | (5.31)

where ¢ represents u, v, ¥, p or A. The form for the third term is suggested
from the asymptotic analysis of Chapter 7 (see also Kerimbekov et al. 1994).

Moreover, the scaled ramp angle £ should also be expanded in the form:

B=pF+Ne 38+ (5.32)
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in order to consider small perturbations about the critical ramp angle g3 for which
separation first occurs. Upon substitution of these expansions into Egs. (5.8)-
(5.9}, it can be easily verified that the problem for the leading-order streamfunc-
tion 1)y is given by:

Otho 8%by Otho by dpo | Py

dy Oz8y Oz Oy:  dz = Oy (5-33)
where
Oy Otb
0= 0 gy = 2 5.34
to Oy vo ox ( )
In addition, the boundary conditions (5.10) become
o
iy = — = t =0 .
o 3y 0 at y=0, (5.35a)
1
Py — —2—y2 +--- as z — —o0, (5.35b)
1
vy — §y2 + Ao(z)y+--+ as y— oo. (5.35¢)

It can also be shown that the interaction problem for the higher-order terms ¢,
(for i = 1 and 2) is given by:
Obo 0% N O%tho Otps Ot Ot P Oy dps + &P

Oy Ozdy  Oxdy Oy oz oy Ay dx  dux oy’ (5.36)
subject to the boundary conditions:
s
;= = — O’ )
bi=, =0 by (5.37a)
P; =0 as z — —o0, (5.37b)
i = Ai(z)y + -+ as y — oo (5.37c)

5.7 Pressure Distribution for 2D Flows

For the 2D case (i.e. j = 0), the solution of Eq. (5.20) can be expressed in

D’Alembert’s form:

q(z,z) = g(z + z) + h(z — 2), (5.38)
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where ¢ and h are arbitrary functions. Since only outgoing waves are important
for hypersonic flows, it follows that g = 0. It can therefore be inferred from

Eq. (5.29) that

df
p—~F+£+5£T (5.39)

The parameter S <« 1 for moderate or hot surface temperatures, and in this
case the foregoing equation reduces to the conventional Ackeret Law (1.18) for
supersonic flows.

Substitution of the scaled variables defined by Egs. (5.27) into the above

[Sak}

equation, and omitting the ‘7, yields the interaction law:

_ dp
P = “Neda + + sgn (ﬁ)dm. (5.40)

In the cold-wall limit Ne — oo, the first term on the right-hand-side of this equa-
tion becomes negligibly small. Furthermore, if the ramp geometry is given by

Eq. (5.30), then to leading-order Eq. (5.40) yields the following ordinary differ-

ential equation for py(z):

o | pr ), (5.41)

po = sgn(L)—=— @

where H(z) is the Heaviside function. For the subcritical case, i.e. £ > 0, the
solution of this equation satisfying the condition that the flow be undisturbed far

upstream of the corner (i.e. p — 0 as £ — —o0) is given by:

po(z) = - (5.42)

The corresponding solution for the supercritical case, i.e. £ < 0 is given by:

0, z <0,
po(z) = (5.43)
ﬁg(l - G_m), z > 0.




Chapter 6

Numerical Results for the Strong

Wall Cooling Case

6.1 Introduction

In this chapter, numerical solutions of the leading-order inviscid upper deck prob-
lem given by Eqgs. (5.20)—(5.22) shall be obtained for both 2D and AXI hypersonic
flows with strong wall cooling. As discussed in Sec. 5.6, the displacement func-
tion A(z) formally disappears from the boundary condition (5.29) in the cold wall

limit Ne — co. Thus, to leading-order, Eq. (5.29) can be expressed in the form:

—g—z:—(;—Zj;——sgn(ﬁ)di}2 at z=0, (6.1)
where the surface pressure p(z) = ¢(z,0), and the ¢’ has been omitted for con-
venience. Consequently, the solution in the inviscid region III can be obtained
independently of the flow in the viscous sublayer (region I). As soon as the surface
pressure distribution has been computed, the solution in the viscous sublayer can
be found by solving the boundary layer equations (5.8)—(5.10) with prescribed
pressure gradient, as in the classical theory of Prandtl (1904). It should be noted

that the solution for the pressure can also be expressed in terms of an integral
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involving source and sink distribution functions (see Ashley & Landahl 1965 and
Kluwick et al. 1984), but the boundary condition (6.1) renders this approach
impractical.

A uniform mesh defined by

Ty = Tmin + (0 — DAz, 1<i< T, (6.2)

zr=(k—1)Az, 1<k<K, : (6.3)

shall be employed for the inviscid calculations, and quantities such as ¢;, will
be used to denote approximations to q(xz;,z;). In addition, an asterisk shall be
used to refer to the known solution from the previous iteration, i.e. ¢. Using
the computed surface pressure p(z) = ¢(z,0) from the inviscid calculation, the

solution in the viscous sublayer shall be obtained using a uniform grid defined

by:

i = Tmin + (i — 1Az, 1<i<I, (6.4)

yi =G —-1DAy, 1<j< U (6.5)

6.2 Numerical Algorithm for Inviscid Upper Deck

6.2.1 Subcritical flows (£ > 0)

Since subcritical flows do permit the upstream propagation of disturbances, the
z-derivative in Eq. (6.1) should be approximated using a second-order accurate

central difference quotient as follows:

(6.6)

—3¢i1 + 402 ~ Gy d*f _ Pig1 = 2pi +piy
2Az dz? /, (Az)?

Notice the use of a second-order accurate forward difference approximation for

the normal derivative of the wall pressure. Since the surface pressure p; = ¢; 1,
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the foregoing equation yields the following linear tridiagonal system of equations

for p;:
aipi—1 + bip; + cipiy1 = di, 2<i<I—1 (6.7)
where
G == — (6.82)
T T C'& - (ALL‘)2’ N
3 2
b= A= Ry (6.8b)
. (L
and
* 4(];2 — (]:3
Wi = oAy (6.9)

The quantity W) involves the solution in the interior of the computational do-
main, and is assumed known from the previous iteration. Methods for calculating
W will be discussed in Secs. 6.2.3 and 6.2.4. The upstream boundary condi-
tion (5.21) requires that p; = 0. The boundary condition far downstream of the

ramp corner given by Eq. (5.22) was approximated by:

L =0 P2 Lt (6.10)
dz /. 2Az ’ '

The above system of equations can be expressed in the form:

(1 0 \ 291\ 0

ao by Co P2 dy
- .1 (6.11)
ar—1 br—1 ¢y Pr-1 dr_y
\ v s ) \n ) o)
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Unless otherwise specified, all the other elements in the coeflicient matrix are
zero. The I-th row of the system can be expressed in tri-diagonal form using the

(I —1)-th row as follows:
—(4ar—1 + br-1)pr-1 + (3ag—1 — ¢cro1)pr = —dr_1. (6.12)

The solution thus proceeds as follows. First compute the solution g;; in the
interior of the computational domain using either of the methods described in
Secs. 6.2.3 or 6.2.4, from which W; can be determined. Then solve the above
tri-diagonal system using Gaussian Elimination to compute a new distribution
for the wall pressure p;. Next, recalculate the solution throughout the entire
computational domain, and continue in this fashion until the maximum change
in p; is less than a specified tolerance level €, which was taken as 10~7 in the

present study.

6.2.2 Supercritical flows (£ < 0)

In contrast to the subcritical case, supercritical flows do not permit the upstream
propagation of disturbances, and therefore the solution can be computed using
a downstream marching technique. Moreover, since the flow is undisturbed up-
stream of the compression ramp, the numerical integration may be initiated from

z=0.! Equation (6.1) is discretised as follows:

2. i — G 2 —Di_ 4p;_9 — bp;i 2p;
3¢i,1 + 4Gip Q,3:_(df) 4 TPiza t Api-a OPi1 + 2p (6.13)

2Az dz? (Ax)? ’
where a second-order accurate backward difference is used to approximate d?p/dz?,

since the solution at any point depends solely on the flow immediately upstream.

Since p; = g;,1, this equation yields the following numerical scheme for 2 <4 < I

—Di—3 + 4Pi_2 — Op;_q d*f

!Due to the slight rounding of the ramp (cf. Eq. (6.36)), Tmi, was taken as —2.
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where W; was defined by Eq. (6.9) and

3 2
M= By (6.15)

This method allows the computation of the wall pressure p; using the known
solution at the grid points ¢ — 1, ¢ — 2 and ¢ — 3. In order to start the marching
procedure, the values p_y, pp and p; are set equal to zero. It should be noted that

no global iterations are required for this case, and that no boundary condition

can be applied far downstream at 7 = .

6.2.3 Method of Characteristics

The Method of Characteristics has been frequently employed in the computa-
tion of inviscid supersonic or hypersonic flows, since it permits the solution to
be computed downstream along the characteristics. This reflects the real phys-
ical aspect that disturbances in a supersonic flow are propagated along these
curves. Moreover, the two-dimensional Euler Equations reduce to ordinary dif-
ferential equations (sometimes known as the compatibility equations) along the
characteristics, which are more readily solved than the original partial differential
equation.

The wave equation (5.20) is particularly suited for solution using the Method
of Characteristics since the characteristics are straight lines with gradient £1. By

defining

_0q _ 0q
5= o and t= oy’ (6.16)

it can be shown that the compatibility equations along the characteristics with

gradient 1 are given by (see Appendix B):

ds  dt jt
— F — = . 6.17
dz ¥ dez 247 ( )
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Figure 6.1: Grid for the Method of Characteristics showing three typical points;

mesh points intersecting the dashed lines are used for computing W;.

This equation can be used to compute the solution locally, as shown in Fig. 6.1,
where the solution at any given point A depends solely on information propagated
from two neighbouring points B and C. If these points are chosen close enough
together, it follows that Eq. (6.17) can be approximated along the characteristic
from B to A by the difference equation:

sA—Sp _ta—tp _ J(ta+tp)
h/2 h/2 ZA+zp +2r

(6.18)

where h = Az = Az. Notice the use of average values on the right-hand-side of
this equation. Similarly, the solution along the characteristic from C to A can be

approximated by:

sS4 — 8¢ tA—tc_ j(tA—i-f;c)
h/2 + h/2 B ZA—FZc-}-QT' (619)
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The solution of this pair of linear equations is given by:

5, — (1——1)0)(1}34—(1—1)3)&(; _ ac — ap
4 2+ bg — b T AT 2 by —bg!
where
b — ih b — ih
P 4za—r) =h) % 4za+r)+h)

ap = $s+ (bg — )tg, ac = sc+ (bc+ 1)tc.
Finally, since
dq = sdx + tdy,
the solution at point A is given by
h
da = (B + Z(SA + s +ta+tp).
The boundary conditions given by Eq. (5.21) require that:

ql,l{::O’ 1§kSK7

i Kk = O) 1 < 1 < f: if Zmax 2 Tmax — Tmin-
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(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

For k = 2, this algorithm requires knowledge of the wall pressure p; = ¢;,. For

subcritical flows, this is assumed known from the previous iteration, whilst for

the supercritical case p; is to be computed at the current streamwise location ;.

Due to the geometry of the characteristic mesh, there is some difficulty associated

with the implementation of the matching condition (6.1). However, this problem

was resolved by evaluating the quantity W; (which was defined by Eq. (6.9))

using only the mesh points which coincide with an effective finite-difference grid,

as shown by the dashed lines in Fig. 6.1.
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6.2.4 Finite-difference method

An alternative method considered here for the numerical solution of Eq. (5.20)
was an explicit finite-difference scheme, and the equation was discretised using
second-order accurate central differences as follows:

Gt = 2G5 + Q-1 Gkt = 2Qik + Qik—1 _ (@1 — Gij—1)
(Az)? (Az)? 202(z + 1)

(6.27)

This equation yields the following explicit scheme for 2 < i < J and 2 < k <
K —1:

[(Az)?
Gire = 2(1 = 2% qip + {/\2 + J(Az) ) } (Gikt1r — Qig+1) — Gi—1,6,  (6.28)

QAZ(Z;C +7r

where A = Axz/Az, and A < 1 in order to ensure stability of the nurmerical
algorithm (see, for example, Burden & Faires 1993). This scheme, which is also
known as the Leap-frog method, enables the solution to be computed everywhere,
starting from the initial conditions go; = 1,4 = 0.

It was observed that this scheme generated spurious oscillations in the solu-
tion if A < 1, which are visible in the result for the pressure distribution ¢(z, z)
shown in Fig. 6.13 (which was obtained using / = 200 and K = 100 which gives
A = 0.5). It is believed that these oscillations appear because the finite-difference
grid does not properly match with the physical characteristics (unless A = 1, in
which case the stability criterion would be violated). In fact, the appearance of
oscillations in the numerical solution of hyperbolic equations is not uncommon us-
ing explicit second-order accurate schemes (see, for example, Guardino 1995). By
comparison, the Method of Characteristics yields an oscillation-free solution (cf.
Fig. 6.12, where a mesh consisting of 200 x 200 points was employed). Moreover,
the finite-difference method requires the solution to be known at two previous
streamwise locations, whilst the Method of Characteristics only requires the up-

stream solution at two adjacent points on the characteristics mesh.
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6.3 Numerical Algorithm for Viscous Sublayer

Equations (5.8)—(5.10) represent a conventional boundary layer problem with
prescribed pressure gradient, and can be solved using a downstream marching
technique, provided that the flow does not separate from the body surface. The
following second-order accurate difference equation was used to approximate the

momentum equation (5.8):

e ((Yim2g T Wi T3 Y (it — i1 )
b 2Az “I 2Ay

dp Uijt1 — 2Uig + Uiyt
— (<2 ' g 2
<d$)i ! (Ay)?  (629)

This equation defines the following tri-diagonal problem for u; ;, 2 <4 < I

Qi j—1 + bj’lllz',j + Cilg 41 = dj, 2 S j S J— 1, (630)
where
1 'U;;kj

= , 6.31
“ T ByE T Ay (8:812)

Y —. 6.31
! (Ay)?  2Az’ (6.31)

2
C; = W - ay, (631(3)
Ui j dp

dj = 2_Ajcﬂc»(ui_z’j — 4’«'1,1'_1,]‘) -+ (a)l (6.31d)

The no-slip conditions at the body surface require u;; = v;; = 0. At the outer

edge of the viscous sublayer, the condition Eq. (5.10c) was approximated by:

(QE) _ g Ytz du; g1+ 3’LLi,J‘ (6.32)
oy Yoo 2Ay

The above tri-diagonal system of equations was solved using Gaussian Elimina-

tion. It should be noted that the condition (6.32) requires that the J-th row of
the system be expressed in tri-diagonal form using the (J —1)~th row in a manner

similar to that used for the /-th row of Eq. (6.11):

—(4&J_1 + bJ_l)u,j,J_l + (BG.Jul - CJ..]_)'U,,;"] = 2Ay aj_1 — dJ_l. (633)
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The continuity equation (5.9) was approximated using:

L (“i—z,j — Ao+ Uiy Uicpyon = Alioryon F 3um‘—1)

2 2Az 2Az
Yij — Vij—1
———— =, (6.34
which yields the following iterative scheme for v;;, 2 < j < J:
Ay
Vi = V-1 i (Uina — oy o+ Bui - Uicg i — Ui+ Buggo)
(6.35)

Starting from the upstream solution given by Eq. (5.10b), the above system of
equations were solved iteratively to determine the solution at the current stream-
wise location, using the computed solution from the previous location as the
initial distribution. The solution was marched downstream to £ = pax, or until
the flow separates.

Since second-order accurate backward differences have been employed for the
x-derivatives in Eqs. (6.29) and (6.34), the resulting method is sometimes referred
to as a three-level fully implicit scheme. This scheme was found to be robust and
unconditionally stable (in the Von Neumann sense). The Crank-Nicolson scheme
(see, for example, Burden & Faires 1993) was also utilised for the solution of
the present problem, but this method required a relatively large number of mesh
points (as compared to the three-level scheme) in order to preclude the occurrence
of numerical oscillations. In addition, the three-level fully-implicit method is more
stable to short harmonic oscillations. For this reason the three-level scheme was

preferred and all of the solutions shown here were obtained using this method.
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6.4 Results & Discussion

Numerical results have been obtained by the author for various ramp angles and
body radii for both subcritical and supercritical cases. Unless otherwise specified,
the pressure distribution ¢(z,z) in the inviscid layer was computed using the
Method of Characteristics with I = K = 500 and z,,x = 10. For subcritical
flows znin = —10, whilst for the supercritical case Zmin = —2. In order to avoid
problems associated with the discontinuous derivative of the body contour f(x)
at z = 0, the ramp corner was rounded slightly so that f”(z) is a smooth function

everywhere. In the present study, f(z) was defined by:
_By. . aTTm
f(z) = S Vet R?:, (6.36)

where the rounding parameter R was taken as 0.05. Using the computed sur-
face pressure p(z) = g¢(z,0) from the inviscid calculation, the solution in the
viscous sublayer was computed using the fully-implicit three-level scheme with
I =500, J =250 and ymax = 10. Results are presented for the pressure p(z) and

skin friction 7,(x) defined by:

7o(z) = (%)yzo. (6.37)

The solution in the viscous sublayer was computed up t0 £ = Zmay, or until the
flow separates in which case 75(x;) = 0, where z; is the location of the separation
point. Solutions were also obtained using various other mesh sizes, and the results

are believed to be globally grid independent.

6.4.1 Two-dimensional compression corners

Results for the 2D flow over a true compression corner (i.e. with no rounding of
the ramp corner) are shown in Figs. 6.3 and 6.4. In this case, the surface pressure

distribution is given analytically either by Eq. (5.42) or (5.43). Furthermore, the
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Figure 6.2: Skin friction 7, distributions for various ramp angles 8 close to the

critical value §* =~ 0.48 for 2D subcritical flows.

solution for the supercritical case was initiated from the ramp corner, since the
flow is unperturbed upstream (i.e. p =0 and 7, =1 for z < 0 and £ < 0). As
expected, the minimum 7y in the skin friction distribution decreases as the ramp
angle B is increased, and eventually reaches zero at a certain critical value §*
at a streamwise location x = z,. This phenomenon is also known as incipient
separation. It is evident from Fig. 6.2 that for subcritical flows z, = 0 and £* ~
0.48. An important feature of this case is the occurrence of a Goldstein (1948)
singularity upstream of the separation point, and the sharp behaviour of the skin
friction immediately downstream of the ramp corner. It should also be observed
that the flow separates just upstream of the ramp corner for the case g = 0.49,

and therefore this particular solution could not be continued downstream of z,
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using the current downstream marching technique. However, it will be shown
in the next chapter that the flow in the separation region can be described by
considering a multi-layer structure near to the wall, and using the method of
matched asymptotic expansions to determine the solution in each region to form
a coherent description of the separation and reattachment process.

For the supercritical case, it was observed that z, = 0.5 and #* ~ 0.75, which
are in good agreement with the numerical results of Kerimbekov et al. (1994). In
contrast to the subcritical case, the skin friction vanishes linearly at the separation
point, and this phenomenon is known as marginal separation (see Appendix C).

It can also be observed that for both subcritical and supercritical 2D flows,

p— B, 1,1 as T — co. (6.38)

6.4.2 Axially-symmetric compression corners

Results for the AXI case are shown in Figs. 6.5-6.15. It is evident from these
solutions that AXI effects have a major influence on the flow properties, especially
for comparatively small body radii. I[n particular, the wall pressure reaches a
maximum value at a certain streamwise location? , after which it decreases further
downstream. This results in a favourable pressure gradient which accelerates the
flow and may cause the skin friction to exceed unity downstream of the ramp
corner, particularly for small radii. A similar kind of behaviour can be seen in
the results of Kluwick et al. (1984) for supersonic flows, although their results did
not take wall cooling into consideration. A rather surprising result is that, for a
fixed radius 7, the skin friction becomes greater than unity at almost the same
streamwise location, regardless of the ramp angle (see Figs. 6.5 and 6.7).

It can be observed from Figs. 6.6 and 6.8 that the minimum 7y in the skin

2For subcritical flows, this maximum in the pressure distribution occurs in the vicinity of,
but not exactly at, the corner & = 0 due to the slight rounding of the ramp.
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friction distribution increases with decreasing radius r for fized ramp angle. Con-
sequently, the critical ramp angle G5 at which separation first occurs is greater
for AXI flows, and increases as r decreases. In the limit as r — oo, the results for
AXI flows approach those for the corresponding 2D case, as shown by the dashed
curves in Figs. 6.6 and 6.8% . In this case, the AXI wave equation (5.20) reduces
to the corresponding 2D case.

Figure 6.11 (a) shows a comparison of the exact solution given by Eq. (5.42)
for the 2D subcritical case with the result obtained using the Method of Charac-
teristics. Figure 6.11 (b) shows the result for the corresponding AXI case obtained
using both the Method of Characteristics and the finite difference method. Very
good agreement is obtained in both cases, and this is despite the presence of
numerical oscillations in the interior solution obtained using the finite-difference
method (see Fig. 6.13).

The pressure distribution ¢(z, z) in the inviscid region is shown in Figs. 6.14
and 6.15, which were obtained using a mesh consisting of 200 x 200 points, and
the rounding parameter R was taken as 0.2. It is clear that the pressure decays
at large distances from the body surface, which is in sharp contrast to the 2D
case for which the pressure remains constant along the characteristic lines with

gradient unity, as shown in Figs. 6.12 and 6.13.

6.4.3 Expansion corners

Although the present study has so far been devoted exclusively to flows over
compression ramps, the governing equations can be equally applied to expansion
corners by merely requiring the ramp angle to be negative. For the 2D case, the
pressure p(x) decreases monotonically, thus resulting in a favourable pressure gra-

dient which accelerates the flow as it passes over the expansion corner. However,

3The pressure p(z) for these 2D cases were obtained by solving the full inviscid upper-deck
equations with § = 0 in order to take into account the slight rounding of the ramp corner.
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for AXI flows there is expected to be a region of unfavourable pressure gradient,
which may result in flow separation and reversal.

Solutions for various body radii are shown in Figs. 6.9 and 6.10, where the
ramp angle was kept fixed. It is evident that the flow separates if the radius is
smaller than a certain critical value r*, which is itself dependent on the ramp an-
gle. Since the flow separates downstream of the expansion corner, the singularity
encountered at the separation point appears to be weak and can be described
using marginal separation theory (see Appendix C). In addition, no separation
phenomenon was observed for the 2D flow over expansion corners, regardless of
the ramp angle. It is surprising to observe that the skin friction distribution
shown in Fig. 6.9 for the 2D hypersonic flow with subcritical wall cooling is qual-
itatively similar to that obtained by Rizzetta et al. (1978) for supersonic flows

without wall cooling.
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Figure 6.3: Pressure p and skin friction 7, distributions for various ramp angles

B (2D, subcritical case).
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Figure 6.4: Pressure p and skin friction 7, distributions for various ramp angles

B (2D, supercritical case).
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Figure 6.5: Pressure p and skin friction 7, distributions for various ramp angles

B = 0.2,...,0.7 with increment AF = 0.1 (AXI, subcritical case,

radius r=1).
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Figure 6.6: Pressure p and skin friction 7, distributions for various body radii

(AXI, subcritical case, $=0.47). Dashed curve (- - -) represents the

2D case (i.e. 7 = 00).
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Figure 6.7: Pressure p and skin friction 7, distributions for various ramp angles

B (AXI, supercritical case, radius r=1).
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Figure 6.8: Pressure p and skin friction 7, distributions for various body radii
r (AXI, supercritical case, §=0.75). Dashed curve (- - -) represents

the 2D case (i.e. r = oc0).
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Figure 6.9: Pressure p and skin friction 7, distributions for various body radii

r (AXI, subcritical case, # = —30). Dashed curve (- - -) represents

the 2D case (i.e. r = o0).
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Figure 6.10: Pressure p and skin friction 7, distributions for various body radii r
(AXI, supercritical case, § = —5). Dashed curve (- - -) represents

the 2D case (i.e. r = 00).
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Figure 6.11: Comparison of the pressure distribution for the subcritical case
with 8 = 0.47 obtained using the Method of Characteristics with:
(a). the exact result (2D case); (b). result obtained using the
finite-difference method (AXI case).
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0.4697

q(x,2)

Figure 6.12: Pressure ¢(z,z) obtained using the Method of Characteristics for
the 2D subcritical flow with 8 = 0.47.

0.4838

q(x,2)

Figure 6.13: Pressure ¢(z,z) obtained using the Finite-Difference method for
the 2D subcritical flow with 8 = 0.47.
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Figure 6.14: Pressure ¢(z, z) obtained using the Method of Characteristics for
the AXI subcritical flow with 8 = 0.47 and r = 1.

0.4859

q(x.z)

Figure 6.15: Pressure ¢(z, z) obtained using the Method of Characteristics for
the AXI supercritical flow with 8 = 0.75 and r = 1.
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6.5 Asymptotic Solution for Subcritical Flows

6.5.1 Upstream solution

It can be easily shown using the momentum equation (5.33) that the solution for
the streamfunction near to the surface can be expressed in the form of a Taylor
series expansion as follows:

—_ 1 2 1 de’ 3
holz,9) = 5m(@)y” + omy™ + oo (6.39)

where 7,(z) is the skin friction distribution defined by Eq. (6.37). Furthermore,

by defining

dpeg dpo
Ao = [ 220 _ (P .
. ( dm>m_’ vo ( o) (6.40)

the asymptotic solution immediately upstream of the corner can be written in
the form

1 1
Yo = 'jToyz + 6A0y3 +-0 a8 =07, (6.41)

where 75 = 7,(0). For 2D flows with subcritical wall cooling, it follows from
Eq. (5.42) that Ay = 8y and vy = 0. This appears to suggest a discontinuous
behaviour of the streamfunction at x = 0, which is clearly a physical impossibility.
This paradox can be explained by seeking a solution downstream of the ramp

corner in the form of an eigen-function, as will now be described.

6.5.2 Downstream solution for non-separated cases

If the minimum 7y in the wall shear stress is O(1), it follows from Eq. (6.41)
that the longitudinal velocity ug = 9y /0y is approximately linear as y becomes
small. Consequently it can be inferred from the momentum equation that a new

near wall sublayer of thickness y ~ 2'/3 should be considered. This suggests that
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the solution for 1 immediately downstream has the following asymptotic form:
1
Yolz,y) = 57'01/3772:1:2/3 + Mty tzh(n) + - as xz — 0V, (6.42)

where 77 is an O(1) similarity variable in the near-wall sublayer defined by

i/3_ Y
n=r'"—5. (6.43)

An affine transformation has been incorporated into these equations such that
the resulting equation for h(n) is independent of Ag, 1 and 7. Upon substitution
of the above equations into the leading-order momentum equation (5.33), and
taking the limit as x — 07, the following ordinary differential equation can be

derived:

B + %nzh" —nh/ +h =w. (6.44)

The parameter w characterizes the intensity of the axially-symmetric effects and
is defined by

W= K—z (6.45)
It should be noted from Eq. (5.42) that the pressure gradient immediately down-
stream of the corner 1y = 0 for 2D flows with subcritical wall cooling, which
implies that w = 0. However, it is clear from the numerical results shown in

Figs. 6.5 and 6.6 that » is non-zero for the AXI case. The appropriate boundary

conditions are given by:
h(0) = K'(0) =0, h"(c0)=1. (6.46)

The latter condition follows from the upstream asymptotic solution given by
Eq. (6.41), and also from the condition that the streamfunction 1), should be
continuous at z = 0. It follows from Eq. (6.42) that the wall shear stress distri-

bution immediately downstream of the corner point is given by:

7o(z) = 10 + Aoy PR(0)T P 4o as z— OF. (6.47)
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The quantity h”(0) can be determined from a numerical solution of Eqs. (6.44)~
(6.46), which were solved using the global finite-difference method described in

Appendix A.2. The condition A" (c0) = 1 was approximated using a second-order

accurate backward difference quotient, i.e.

(de_k) e —kn-3+4dkn_o — Skn_1 -+ 2ky
dn? /e (An)? ’

where £ = h' and N is the number of mesh points. It should be noted that

(6.48)

this requires two preliminary Gaussian eliminations to eliminate the two extra
off-diagonal elements in the Jacobian matrix (see Appendix A.2).

A uniform grid defined by 7; = (i — 1)An was employed, where Arn was taken
as 0.01. The maximum value of 7 was taken as 20 and the tolerance level ¢ = 10~7.
The numerical solution for the 2D case (i.e. w = 0) yields A”(0) = 1.536 (accurate

to three decimal places).

6.5.3 Downstream solution for incipient separation

If the ramp angle is close to the critical value f; for which separation first occurs
(which is also referred to as incipient separation), it follows from Eq. (6.41) that
the asymptotic behaviour of the streamfunction immediately upstream of the

corner point is given by:

1
o = 6,\0@/3 4+ as z—0". (6.49)

Using this result, it follows from the momentum equation that the thickness of

4

the near-wall sublayer ¥ ~ z/4. This suggests that the solution immediately

downstream should be expressed in the form
Yol y) = A2 4g(O)+ -+ as z — 0%, (6.50)
where ¢ is an O(1) similarity variable in the near-wall sublayer defined by:

¢ =N (6.51)

2174
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and once again an affine transformation has been incorporated. Following a
procedure similar to that used above, it can be shown that ¢({) satisfies the

following nonlinear differential equation:
49" — 2(¢)* + 399" = 4w, (6.52)

along with the boundary conditions
9(0) = () =0, ¢"(c0) = 1. (6.53)

This nonlinear equation was solved using the same numerical procedure used
before, and the solution for w = 0 yields g”(0) = 2.009 (correct to three decimal
places). Furthermore, the wall shear stress distribution immediately downstream

of the corner point is given by
ro(z) = A" (0)z A + -+ as z — 0T (6.54)

Figure 6.16 compares the skin friction for 2D flows obtained using the three-
level finite-difference method described in Sec. 6.3 with the asymptotic results
given by Eqs. (6.47) and (6.54). It is evident that the numerical solution exhibits
the correct asymptotic behaviour as z — 0%, thus confirming the sharp behaviour

of 7, immediately downstream of the ramp.
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Figure 6.16: Asymptotic behaviour of the skin friction 7, immediately down-

stream of the ramp (2D, subcritical case).




Chapter 7

Subcritical Flows with Separation

7.1 Introduction

It is clear from the results of the previous chapter that flow separation occurs once
the scaled ramp angle exceeds a certain critical value 8}, which is itself dependent
on the body radius. Solutions exhibiting comparatively large regions of reversed
flow have been obtained by Brown et al. (1990) and Cassel et al. (1996) for 2D
flows with moderate supercritical wall cooling (i.e. Ne ~ 1 and £ < 0). These
results indicate that the size of the separation region becomes smaller as the
temperature factor decreases — or equivalently as the Neiland number increases
— and that strong wall cooling can ultimately inhibit separation altogether.

This chapter will primarily focus on the separation phenomenon occurring
in 2D hypersonic flows over compression ramps With?gl%ritical wall cooling. It
is rather surprising that no solutions of the triple-deck equations (5.8)—(5.10)
and (5.39) containing reversed flow regions have so far been obtained for this
case, which is believed to be due to the de-stabilizing effect of subcritical wall
cooling (see Cassel et al. 1996).

The present problem for the lower viscous sublayer is similar to that consid-

ered by Smith & Daniels (1981) in their study of the incompressible boundary

133
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Figure 7.1: Schematic of the multi-layer structure in the sublayer near the ramp

corner where the flow separates (not to scale).

layer flow over a small hump on a wall. In particular, it was shown that the
Goldstein (1948) singularity, which shall be described in Sec. 7.2, can be removed
through consideration of a series of regions having successively shorter stream-
wise length-scales, thereby permitting a smooth transition into a separated region
downstream of the hump (see Fig. 7.1).

Regions 1 and 2 simply serve to shift the singularity downstream to a certain
streamwise location X;. The flow within regions 3 and 4 is governed by an
integro-differential equation, and its numerical solution shows that the flow can
pass smoothly through separation. However the solution then terminates at a
subsequent location X;, where a more severe singularity develops. This behaviour
indicates a strengthening of the reversed flow, and that another nonlinear region
(labelled regions 5 and 6 in Fig. 7.1), centered on Xy, is required to remove the
singularity.

The scalings and nature of the solution in regions 1-4 have been described in
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detail by Smith & Daniels (1981) for the incompressible case, and later by Kerim-
bekov et al. (1994) for subcritical hypersonic flows with separation well upstream
of the ramp corner. The purpose of the present study is to extend this work
to consider the flow separation and reattachment regions near the compression
corner for ramp angles close to the critical value f; for which separation first

occurs, i.e.
B=p+Ne B+ ... (7.1)

The numerical results of Chapter 6 suggest that 8§ = 0.48 for 2D flows with sub-
critical wall cooling, and that this critical value increases as the radius decreases
for the AXI case.

In Sec. 7.3, the equations governing the flow in the inner interaction regions 5
and 6 shall be derived, and their subsequent numerical solution and asymptotic
behaviours shall be obtained in Secs. 7.3~7.7. The asymptotic solution in regions
¢ and d downstream of the ramp corner shall also be determined in Sec. 7.5, and it
shall be deduced that the reattachment point lies well within the nonlinear region
5. It will also be shown in Sec. 7.8 that the separation process on AXI bodies
within the inner interaction region 5 reduces to the 2D case. A similar situation

occurs for AXI flows with marginal separation, as will be shown in Appendix C.

7.2 Goldstein’s Singularity

7.2.1 Leading-order terms

The structure of the solution ahead of a point of zero skin friction z,, where
separation first occurs, was first investigated by Landau & Lifschitz (1944) and
Goldstein {1948). Immediately upstream of z;, it was shown that the boundary
layer splits into two parts (labelled regions a and b in Fig. 7.1). It can be in-

ferred from the momentum equation that the transverse coordinate y which is
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O((—s)'7%) in region a, where s = 2 — z,. In addition, the asymptotic expansion
in Eq. (6.49) can be continued in the following form (see, for example, Sychev et

al. 1998):

ao(—s)??2

DN | =

1
ho(z,y) = 6/\0(—5)3/4773 +

. agn®
(—s)%/4 <a1?72 - —0_) +--- as s 07, (7.2)

N

+ 120

where the constant )\ is the pressure gradient upstream of the separation point,
and 7 is an O(1) similarity variable in this region defined by:

n= (—_%74- (7.3)

The constants ag and a; can, in principle, be found through a numerical solution
of the full leading-order problem given by Eqs. {5.33)—(5.35). It follows from this
solution that the skin friction distribution immediately upstream of z, develops
a parabolic profile as given by Eq. (1.19). An important consequence of this
singular behaviour is that the solution cannot be continued downstream of z, if
the pressure gradient is prescribed in advance.

It can be inferred from the foregoing equations that the asymptotic solution
as s — 07 in the quasi-inviscid region b can be expressed in the following form

(see also Kerimbekov et al. 1994):

bo(@,y) = Lo(y) + aoAg " (—s)/* @y ()
+a (=)0 (y) + -+ as s — 07, (7.4)

The leading-order streamfunction ®o(y) must satisfy

1 a’
Do(y) = EAOy‘g - 2—406y5 4+, as y—0 (7.5)

in order to match with the solution (7.2) in region a. Matching at the outer edge

of region b also requires that

1
(I)Q(y) — §y2 -+ Ao(ﬂ?s)y +-r a8 Y — 00, (76)
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where Ag(z,} can, in principle, be found from a global numerical solution.
The displacement function upstream of z; can be determined by a comparison

of Egs. (5.35¢), (7.4) and (7.6), from which it can be shown that:
Ag(z) = Ap(zs) + ao g (=) 2 + e g (=) 4+ as s—0".  (7.7)

This implies that the slope of the streamlines 6 at the external edge of the viscous

sublayer is given by:

dAyg

Oo(z) = — ds

= ) B a a0 (19

Hence as s — 07, the slope of streamlines becomes very large in magnitude.
This provokes the formation of an additional inner interaction region centred on
T = Zs, where the contribution of the sublayer to the displacement thickness
can not be neglected. A preliminary estimate of the streamwise extent Az of
this inner region can be obtained by a comparison of the Ne ! A’(z) term in
the original interaction law given by Eq. (5.40) with the pressure term on the

left-hand side yielding
Az ~ Ne™?, (7.9)

which is very small indeed for large Neiland numbers. However, it will later
be shown in Sec. 7.5 that Eq. (7.9) underestimates the true extent of the inner
interaction region (cf. Eq. (7.73)), since it does not take into consideration the

solution downstream of the separation point.

7.2.2 Higher-order terms

It follows from Eq. (5.31) and the 2D interaction law given by Eq. (5.40) that p,

satisfies the equation:

dp1 dAo
= — = — 7.10
P dz dz ( )
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Since the distribution of Ag(z) immediately upstream of z;, is given by Eq. (7.7),
Eq. (7.10) can be solved yielding the following asymptotic behaviour for p;:
pi(z) = pr(ms) — aghg  (—8)Y2 -+, as s —07. (7.11)
The asymptotic solution for the next-order term 1, was given by Smith &
Daniels (1981):
¥1(z,y) = In(—s)"*hy(n) + ha(n) +
(=&)Y In(—s) 1 hg(n) + (=) hg(n) + -+ as s—07, (7.12)
where the functions h;(n) satisfy the boundary conditions:
hi(0) = hi(0) =0 for i=1,...,4. (7.13)
The solutions for hy, hs and hs are given by:
1
hi(n) = 5 n° for i=1, 2, 3, (7.14)
where 0; are constants. The equation for hy(n) is given by:
1 ag aob ,

1 1
hy' — g)\oﬁe’hff + =XonPhy — Z)\O"?hll = —— —

1 A 3 (7.15)

By making the substitution & = nh,, Smith & Daniels (1981) were able to obtain
an analytic solution of this equation which is not exponentially large as 7 — oo

provided that

1/2

by = prg "7, (7.16)
where
1 T'(3/4)
- ~ —0.9560. 7.17
JAT6/4) (717

Equation (7.12) suggests that in region b

¥y (z,y) = {%1 In(—s) + by + %3(—5)1/4 In(—s) + 64(—3)1/4}

X At (=) Py (y) + oo as s 07 (7.18)
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It can be inferred from Egs. (5.31) and (5.40) that for 2D subcritical flows, py

is given by:

pa(z) = (7.19)
ﬁg, x > 0.

The solution for 13 in region a was sought in the following asymptotic form:
ha(2,y) = (=8)"fi(n) + (=)™ fo(n) +--- as s =07, (7.20)

where m is an unknown constant to be determined as part of the solution and
the functions f; satisty f;(0) = f/(0) = 0 for ¢ = 1 and 2. Upon substitution of
this expansion into Eq. (5.36), it can be shown that the only non-trivial solution
which does not exhibit exponential growth as n — oo occurs when m = 0, in

which case
filn) = se for =1, 2, (7.21)

where ¢; are arbitrary constants. Hence the solution for v, in region a can be

expressed as
1
Wolz,y) = ~2—772 {er+ea(=s) 4+ as 507, (7.22)

This solution suggests the following expansion in region b:

Po(z,y) = Bo(y)(=5) Y24+ ... as s—=07, (7.23)
where
1oa
Dy (y) — Say +o sy 0. (7.24)

By making use of Eqgs. (5.42), (7.11) and (7.19), the asymptotic behaviour of
the pressure immediately upstream of z, is given by:
p(z) = Ag + Aos -+ Ne™ {p(zs) — ao)\gl(ms)vz}

+Ne'4/3{ﬁ2 +_ﬂ28}+"'i as s — 0. (7.25)
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7.3 The Inner Interaction Region

7.3.1 Upper region 6

It can be shown that the solution for the pressure, displacement and streamfunc-

tion in the upper region 6 can be expressed in the following asymptotic form:

p(z) =po(z;) + (Ne™" In Ne) A X (7.26a)
+ Ne H{py () + Mo KXo} + Ne™/3 )\;2/317()() e
A(z) =Ag(ws) + Ne VAP B(X) - - (7.26b)

Y(x,y) =Po(y) + A Ne™/* B(X)Pf(y) + -, (7.26¢)
where X is a new streamwise variable defined by:
z =z, + (Ne™  InNe) Xp + Ne™ Xy + Ay "/* Ne= /3 X (7.27)

Matching with the solution in region 4 obtained by Kerimbekov et al. (1994)

requires that:

PO X4p(=07 P4 L 0 v, — o0, (7.28)
B(X) = p(~X) 2 4 -
where the constant p was defined by Eq. (7.17).
Upon substitution of Egs. (7.26a-b) into the pressure-displacement relation
given by Eq. (5.40), and making use of the above upstream boundary conditions,

it follows that the interaction law in the inner region takes the following form:

dP  dB  dF
_dB _dr 7.9
@ -ax ax ! (7.29)

Since Ag = fy (to leading-order) in the interaction region, the scaled surface
geometry f(z) = Ne /3 \;*2F(X) is given by
0, X <0,

F(X) = (7.30)
X, X>0.

PRARCHESTER
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In addition, it can be inferred that the slope of the streamlines 6 at the external
edge of region 6 is given by:

dA dB

This result can also be determined from the fact that

_ Y
'@by,

and it can be easily verified that the slope of the streamlines throughout region

0(z) = % = (7.32)

6 remains constant and equal to that given by Eq. (7.31).

7.3.2 Lower region 5

The solution in the nonlinear reattachment region 5 can be expressed in the

following form:
Y(z,y) = Ay Ne ' U(X,Y), (7.33)
where Y is a scaled transverse variable defined by:
y= AP Ne VY. (7.34)

Hence, it follows that the inner interaction problem is now defined by:

o PV pUPT AP BT

aY oxoy X ov:  dx oy (7:35)
along with the no-slip conditions at the body surface:
o
V= = YV =0. 7.36
57 0 at (7.36)

The upstream boundary condition for ¥ is determined by asymptotically match-

ing with the solution in region 3 obtained by Kerimbekov et al. (1994) yielding:'

1
¥ T4 u(-X)PY b as X o oo (7.37)

'Egs. (7.28) and (7.37) correct mathematical errors in Kerimbekov et al. (1994).
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It should be noted that in view of Egs. (5.31) and (7.33), the third-order term
given by Eq. (7.22) does not influence the solution in the inner interaction region.
Matching with the solution (7.26¢) in region 6 yields the following condition:
1 1
T — EY”D’ + iB(X)Y2 +.+ as Y — oo (7.38)

Furthermore, it can be shown using Eq. (7.32) that the distribution of # in region

5 is given by:

|/
0(z) = —Ag Ne —. (7.39)
Yy
Matching with Eq. (7.31), which is valid at the outer edge of region 5, shows that
ov  dB oV
8—X = a"fé? as Y — oo, (740)

and it can be confirmed that this expression is consistent with the boundary
condition (7.38) for large Y. It should be emphasized that the affine transforma-
tions employed in this chapter render the inner interaction problem completely
independent of both the critical ramp angle §; and the pressure gradient Ag
immediately upstream of the ramp corner.

Smith & Daniels (1981) obtained a numerical solution of a similar inner in-
teraction problem for the incompressible boundary layer flow over a small hump
on a wall, and found that a smooth solution exists for all X. However, their
steady-state code eventually proved to be divergent at a certain streamwise lo-
cation. Zhikharev (1993) obtained solutions of another interaction problem with
marginal separation far upstream of the ramp corner where F(X) = 0 (see also
Appendix C). However, it should be emphasized that both of these solutions were
obtained using boundary conditions different from those employed in the present
study.

Before discussing the unsteady numerical algorithm for the solution of
Eqs. (7.35)—(7.38), along with the interaction law (7.29), the asymptotic be-
haviour of this system of equations far upstream and downstream of the ramp

corner shall first be determined.
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7.4 Upstream Asymptotic Solution

7.4.1 Leading-order terms

The solution of the nonlinear inner interaction problem was sought in the follow-

ing asymptotic form in the limit as X — —oo:

U= LX) (X)) + (X)) o, (7.4La)
P=X+c(=X)" 4, (7.41b)
B=c(-X)"+---, (7.41c)

where «, v and ¢ are constants to be determined and

Y

n= (—x)A (7.42)

is O(1) in the inner interaction region. From the no-slip conditions (7.36) on the

body surface, the required boundary conditions for f; are given by:

f1(0) = f1(0) = 0. (7.43)

Upon substitution of Eqgs. (7.4la—c) into the system of Egs. (7.29) and (7.35)—
(7.38), it can be easily verified that the only non-trivial solution for f; satisfying

the required boundary conditions is given by

1

filn) = sen’, (7.44)

where ay is an arbitrary constant. It should be noted that this solution is valid
for any value of . Moreover, since the pressure gradient is of the same order
of magnitude as the convective and viscous terms, it can be inferred from the

interaction law and Eq. (7.38) that

y=a—-1/2 and c¢=a. (7.45)
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7.4.2 Higher-order terms

It can be shown that f; satisfies the following equation:

1 1 3 1 1
" §773 5+ (a - Z) n*fy — <2a - Z) nfz = 1(1 ~ 2a)ain® + 5o, (7.46)

along with the no-slip boundary conditions:

£2(0) = f5(0) = 0. (7.47)

It is evident from Eqs. (7.4la—c) and (7.44) that in order to be consistent with

the upstream boundary condition given by Eq. (7.37), it is required that
a=0 and aj=p~ —0.9560, (7.48)

where p was defined by Eq. (7.17). The solution of Egs. (7.46) and (7.47) for the
case «v = 0, which has never been obtained before, is unique under the additional
condition of absence of exponentially growing terms in the asymptotic expansion
of the function f,(n) as 7 — oco. This condition occurs only if the second of the
matching conditions (7.48) is satisfied.

In the present study, a novel technique shall be employed in order to solve
Eqs. (7.46) and (7.47) with o = 0 for both f5(77) and the constant a; (which will
be assumed unknown), and in so doing it will be verified that a, = u. Therefore,
this analysis will produce the required solution for f,, and it will also confirm the
validity of the upstream boundary condition (7.37), both of which are required
for the subsequent numerical solution of the inner interaction problem.

The function f, was expressed in the form:

£an) = Gar{essa(a) + 2(0)), (7.49)

where the linearly independent solutions s; and s, satisfy the following equations:

1 1 3 1
8'1” - §7?35I1’ - anS,l + 17751 = E'ﬂza (7.50)
1 1 3
8y — gnP’sg - ZW25’2 s = 1, (7.51)
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subject to the initial conditions:
5(0) =0, s(0)=k; s(0)=0 1=1, 2. (7.52)

The third condition follows from the observation that an arbitrary term of O(n?)
can be added to any solution of Egs. (7.50)-(7.51). The value of k; is deter-
mined from the requirement that the resulting solution for s; must not exhibit
exponential growth as n — oco.

From inspection, it can be deduced that the solution for the case i = 1 is

given by:
sy=n and r; =1. (7.53)

The solution for s9(n) was obtained numerically by integrating Eq. (7.51) using
the predictor-corrector method described in Appendix A.l, starting from the
initial conditions (7.52). In order to determine the value of xy which does not
result in exponential growth in s as 7 — oo, it is important to consider first
the asymptotic behaviour of Eq. (7.51) for large n. It can be verified that to
leading-order:

1 4
52~-2-62772+§?—?+--- as 0 — 0o, (7.54)

where the constant by is to be determined. This suggests that x; can be computed

as a root of the equation:
P(ka) = sb (005 K2) = 0, (7.55)

which can be solved using either the Newton-Secant or Bisection method. The

numerical solution for sy — which is shown in Fig. 7.2 — yields:
Ko = 0.9560 and by &~ 1.312. (7.56)

It is also evident that this solution exhibits the correct asymptotic behaviour for

large i given by Eq. (7.54).
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Figure 7.2: Numerical solution for s5(n), sh(n) and s4(n).

In addition, since f;(0) = 0, it follows from Egs. (7.49), (7.53) and (7.56) that

a1 = — = —2 ~ —0.9560, (7.57)

which is in very good agreement with the expected result that a, must be equal
to p (cf. Eq. (7.48)). This confirms the analysis of Smith & Daniels (1981) for
the higher-order streamfunction ¢, (see also Sec. 7.2.2). The numerical scheme
employed here can also be used to solve Eq. (7.50), and the resulting numerical

solution strongly confirms the analytic solution given by Eq. (7.53).
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The above analysis yields the following asymptotic expansion for the stream-

function as X — —o0:

1 1 1 _
W= o’ (= X)Y 4 Spn? o+ S (=) 4 sa(m)} (7.58)

By substituting Eqs. (7.53) and (7.54) into Eq. (7.58), and making the replace-
ment 7 = Y (—X)~4, it can be shown that:

1y, 1 Y21 _s/4 Y 1, v
V=Y kT T T T
(7.59)

This result can now be used to determine the asymptotic behaviour of the dis-

placement function B(X) upstream of the ramp corner by comparing with

Eq. (7.38) which yields:
B(X) = p(—Xx)"2 4 %bg(—X)_E’M 4+ as X — —oo. (7.60)

Finally, the pressure P{X) can be determined using Eq. (7.29), and making use
of the fact that F'(X) = 0 upstream of the ramp corner:

1
P(X) =X+ p(—X)"2 4 §b2(—X)‘5/4 + k4t as X — —oo, (7.61)
where k is defined by

k=A% B,. (7.62)
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7.5 Downstream Asymptotic Solution

7.5.1 Leading-order terms

Using an argument analogous to that used in Sec. 7.2, it can be inferred that
the boundary layer downstream of the interaction regions 5 and 6 remains split
into two parts (labelled regions ‘¢’ and ‘d’ in Fig. 7.1). From Eq. (6.50), the

leading-order solution in the lower viscous sublayer ¢ is given by
oz, y) = )\{1)/4533/4g(§) +--- as T— 0%, (7.63)

where ¢(¢) is the solution of Egs. (6.52)-(6.53) and % denotes the streamwise

distance from the ramp corner which is given by (cf. Eq. (7.27)):

I=x—az,— (Ne'InNe)Xy— Ne ! Xy = A% Ne=/3 X, (7.64)

The similarity variable ¢ was defined by Eq. (6.51), and can be expressed in terms

of the inner variables as follows:

In order to determine the solution in the upper region d where the viscous term
is negligible in comparison to the convective terms, the asymptotic behaviour of

Egs. (6.52)-(6.53) for large ¢ should be considered, and it can be verified that:
g 1 o 3,
9“64 +§COC —§COC+--- as ¢ — oo. (7.66)

The constant ¢g can, in principle, be found through a numerical solution of
Eqs. (6.52)—(6.53). Equations (7.63)—(7.66) suggest that the solution in the quasi-

inviscid region d can be expressed in the following asymptotic form:

Yoz, y) = Oo(y) + /4By (y) +--- as T — 0F, (7.67)
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where ®¢(y) is the streamfunction in the vicinity of the ramp corner (cf. Eqgs. (7.4)-
(7.6)). In order to match with the solution (7.63) in region ¢, the functions ®;(y)

must satisfy the following boundary conditions:
1 1
(I)Q(y) = EA(}QJS +-ey, (I)l(y) = —2—)\3/460@/2 +-+ as y— 0. (768)

Upon substitution of Eq. (7.67) into the momentum equation (5.33), it can be
verified that

d(I)O
dy

Bi(y) =0 (7.69)

The constant o can be determined using the boundary conditions given by

Eq. (7.68), and it follows that

o =gt (7.70)

It can also be inferred using Eqs. (5.35¢), (7.6) and (7.67) that the asymptotic

solution for the displacement function A(z) in regions ¢ and d is given by:
Ag(z) = Ao(ze) + ozt + ... as z— 0T, (7.71)

Therefore, the slope of the streamlines at the outer edge of region d is given by:

dAO _ 0‘____3/4 = +
—d—j“‘— 4$ + as 7z — 07, (772)

0 (Z) = —
which can become very large as £ — 0*. Using this result, it can be inferred from
the interaction law (5.40) that the streamwise extent of the nonlinear interaction

region is given by
Az ~ Ne™*/3 (7.73)

which is much larger than the previous estimate given by Eq. (7.9). Moreover,
this estimate is of the same order of magnitude as that of the inner interaction
regions 5 and 6, thus confirming the expectation that the reattachment point lies

within this region.




CHAPTER 7. SUBCRITICAL FLOWS WITH SEPARATION 150

Although not required for the subsequent analysis, the solution in regions c
and d for the case in which 75 = O(1) can also be obtained using a method similar

to that employed above. From Sec. 6.5, the solution in region ¢ is given by:

1 .
Yo(@,y) = 570/ 8 + horg ' Eh(n) + -+ as F = 0%, (7.74)

where

y
n:ﬂﬁ;ﬁ (7.75)

It can be verified that the asymptotic behaviour of the function i(n) for large i
is given by:

1
h~6#+%ww~ as 1 — oo. (7.76)

The numerical solution of Eqs. (6.44)-(6.46), which was obtained in Sec. 6.5,
shows that dy = 1.427. Using these results, it can be shown that the asymptotic

solution in region d is given by:

oz, y) = Q(y) + dodory P22 (Y) + -+ as T — 0T, (7.77)
where
Lo 1, 4
Qoly) = ooy + EAoy +-..- as y—0, (7.78)
1
Qoly) — §y2 + Ao(z)y+--- as y -—»oco. (7.79)

It follows using the above boundary condition that

Ao(z) = Ag(z,) + dodorg P22+ as & — OV, (7.80)
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7.5.2 Higher-order terms

By making use of Eq. (7.71), the asymptotic behaviour of p; can be found by
solving Eq. (7.10) which yields:

pi(z) = pi(zs) + ozt 4.0 as T — 0 (7.81)

The solutions in region c for the higher-order streamfunction terms v, and 1), in

the asymptotic expansion (5.31) were sought in the following form:
Yi(z,y) = oZ"k;i(C)+-+-- as 0T (i=1or2), (7.82)

where o was defined by Eq. (7.70) and n is to be determined. Substitution of
Eqgs. (7.63) and (7.82) into Egs. (5.36)—(5.37) yields the following linear equation
for l’ﬂz

3 1
K+ J0k] — (n + Z) g'ki+ng"k; = (7.83)

subject to the no-slip boundary conditions &;(0) = &/(0) = 0. The third required
boundary condition shall be discussed later in this section. The forcing term
on the right-hand side for the case ¢« = 1, which enters into the equation for k;
if n = 0, is due to the second-order pressure term given by Eq. (7.81). The
appropriate value of n for the case ¢ = 2 was determined by considering a small
streamwise perturbation of the form Z = xq + Az, where xy is a characteristic
streamwise distance downstream of the inner interaction region. It follows from

Eq. (7.65) that the similarity variable ¢ can be expressed in the form:

(=¢q— f—;oAx, where (p = )\é/d‘i (7.84)

/4"
Ty

Using this result, it follows from Eqs. (5.31), (7.63) and (7.82) that

h = )\5/4333/49@0) + ok1(Co) Ne™!

T )\é/zlxo—l/zle {ZQ(CO) . ECOHI(CO)} +0'$8k2(C0) Ne—4/3 e, (7.85)
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If the streamwise disturbances are confined within the length-scale of the inner
interaction region (i.e. Az ~ Ne™** from Eq. (7.73)), it can be inferred by
comparing the third and fourth terms of the above expansion that n = —1/4.

Moreover, it follows that

k2(C) ~ 39 — ¢4, (7.86)

which can be verified by direct substitution into Eq. (7.83) with n = —1/4.
The higher-order terms for the solution in region d can be obtained using an
argument similar to that used in Sec. 7.5.1 for the leading-order terms. Forn =0

or —1/4, it follows from Eqs. (7.66) and (7.83) that to leading-order:
’ﬂ,;N %d,,gZ—F as C-“}OO, (@—_‘— 1 or 2), (787)

where d; are constants. Upon substitution of this result into Eq. (7.82), and
making the replacement ¢ = /\(l]/ Yyz=1/4, it follows that the solution in region d

can be expressed in the form:

- F1/2
bi(@,y) = Ta(y)z~"/2 + as 7 — 0%, (7.88)
Yoz, y) = To(y)T 3% + -

where the functions Y,(y) satisfy the boundary conditions (for ¢ = 1 or 2):
1 1/2 o
Ti(y) = 5odidg"y’ + - as y—0. (7.89)

Upon substitution of Eqs. (7.67) and (7.88) into the higher-order momentum
equation (5.36), and making use of the boundary condition given by Eq. (7.89),
it can be verified that

O'di d(I)o

; = —0—. 7.90
Since v; — Ai(z)y as y — oo, it follows that
Ay = Az )z 2+ - -

o) = A(w) as I — 0%, (7.91)
Ag(z) = Ag(z )T 34 + ...




CHAPTER 7. SUBCRITICAL FLOWS WITH SEPARATION 1563

In addition, since T; — A;(z,)y as y — oo, it can be inferred from Eqs. (7.6)

and (7.90) that
di = o N2 Ay (). (7.92)

This implies that the third required boundary condition for Eq. (7.83), which
hitherto has been left unspecified, depends upon the displacement effects Aq(zs)
and Az(2zs) induced by perturbations of O(Ne™') and O(Ne™/3) respectively to
the critical ramp angle B5. Although these conditions are required for the unique
determination of k; and k,, their solution is not strictly required in the subsequent

analysis.
By making use of Eqgs. (5.42), (7.19) and (7.81), the asymptotic behaviour of

the pressure downstream of the reattachment point can be expressed in the form:
p(z) =y + Ne™" {p1(z;) + 02/*} + Ne™2 By +--- as z—0". (7.93)

In addition, the corresponding asymptotic behaviours of the streamfunction and

displacement thickness in region ¢ as Z — 0T are given respectively by:

P(x,y) = A "2 g(C) + ok1(¢) Ne™ 407~ Y4y (¢) Ne /3 4. . (7.94)

A(x) = Ag(zs) + o + Ay (25)7 V2 Ne™ ! + A5 (z,)z ¥  Ne™/3 + ... . (7.95)

By expanding these solutions in terms of the inner variables defined by Eqs. (7.27)

and (7.33), it can be shown that as X — oo,

U(X,Y) = X3g(C) + oMok () + org XV Aky(C) + -+, (7.96a)
P(X)=co XY+ k+--, (7.96D)

B(X) = coXM 4 NP Ay (m) X2 4 ABI2 4o (g ) X34 4. (7.96¢)

where the constant « is defined by Eq. (7.62). The above result for the pressure
P(X) is also consistent with that obtained by integrating the interaction law

given by Eq. (7.29).




CHAPTER 7. SUBCRITICAL FLOWS WITH SEPARATION 154
7.6 Unsteady Numerical Algorithm

7.6.1 Formulation of the Interaction Problem

In this chapter, a novel unsteady algorithm developed by the author shall be
employed in order to solve the nonlinear interaction problem discussed in Sec. 7.3.
Previous experience has shown that interactive boundary layer problems involving
separation can be successfully solved using the unsteady form of the governing
equations, and by advancing the solution in time until a steady-state is reached.
In order to consider small perturbations about the critical ramp angle & (cf.
Eq. (7.1)), the streamwise coordinate X in the upstream asymptote given by
Eq. (7.58) was replaced by X — A (where A is a parameter), which is equivalent
to a streamwise shift in the position of the ramp corner.

It is convenient to introduce the shear stress 7 and velocity components U

and V defined respectively by:

ou ov v

The nonlinear inner interaction problem given by Egs. (7.35)—(7.38), along with

the interaction law (7.29), can be expressed in the form:

or or or o*r

dP dB dF
AxX —dx “4x +1, (7.98h)
UP=U=0 at Y =0, (7.98c)
T=Y+BX)+-+ as Y — oo, (7.98d)

T=Y 4+ pu(A—X)"H2 ¢ g(A — X)MSH(E) +--- as X — —oco, (7.98¢)

where the similarity variable £ is defined by:

Y

CCEeoT (7.99)
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It should be noted that an unsteady time derivative term has also been included
in Eq. (7.98a), where ¢ denotes the time step, and that the surface geometry F/(X)
enters into these equations only via the interaction law (7.98b). In order to avoid
problems associated with the discontinuous derivative of the surface geometry
F(X) at X = 0, the ramp corner was rounded slightly by defining F(X) as

follows:

X)) =+ {X + \/X2—+R?} , (7.100)

2

where the rounding parameter R was taken as 0.5.

The upstream boundary condition given by Eq. (7.98e) involves the function
s which was derived in Sec. 7.4, and whose solution is shown in Fig. 7.2. It
is also evident from Eq. (7.98e) that large positive values of A correspond to

comparatively small ramp angle perturbations, i.e.
Bo—0 as A — oo, (7.101)
whilst negative values of A correspond to larger perturbations, i.e.

fo— o0 as A — —oco. (7.102)

7.6.2 Finite-difference scheme

The unsteady boundary layer equation (7.98a) was approximated using second-
order accurate formulae for the spatial derivatives and first-order approximations
in time as follows:

Tig = Tig e (OT\" | e ((Tigl = Tigi
A +Ui,j(ax>i,j+%’j( NG

TGl — 2T+ Tij-1

(AY)?

(7.103)
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A uniform mesh defined by:

Xi= X+ (i — DAX, 1<i<I, (7.104)

;=G -—1AY, 1<j<.J (7.105)

has been employed, and an asterisk is used to denote quantities evaluated at the
previous time step. It should also be noted that conventional central differences
have been used in the transverse direction, whilst the streamwise convective term
is represented by an upwind or downwind formula depending on the local direction

of the flow, i.e.

Tr o s —4Tr | 43T
o ® i-2,j 1 1,1 i, for U*. > 0
7 2AX 1,7 == Vs
ﬁ = (7106)
.. —37F . 4ATH - .
(2] iy itlg  'id2,] *
: A for U;; <0.

Equation (7.103) defines the following tri-diagonal problem for 7; ;, 3 <4 < It

05T -1+ bjTij + CiTij41 = 75, 2<5<J—1, (7.107)
where
o = _(_A%? _ .Ath, (7.1082)
by = (A;)z n 2‘2%‘/, (7.108b)
c; = (—A—ifﬁ)i - aj, (7.108c)
rj = Uy, (%)J - Zi (7.108d)

A similar finite-difference formulation for the momentum equation was employed
by Cassel et al. (1995, 1996) for the solution of the triple-deck equations given
in Chapter 5. In order to implement the interaction law (7.98b), the following
fundamental relationships (which follow from Egs. (7.98a) and (7.98c—d) must be

considered:

dP or dB or
x= (%), m=0x),. (7:109)
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Using these results, Eq. (7.98b) can be expressed solely in terms of the shear

stress and known surface geometry F'(X) as follows:

or or dF
or — (9T S 711
<6Y>Y:O (wf)y%o ax " (7-110)

This equation yields the first required boundary condition for 7 and can be ap-
proximated using the following second-order accurate difference formula:

=371 +4ATi0 — g Tigg — 471y + 3T B (dF) 1
i

dX

2AY 2AX (7.111)
It should be noted that a backward {(upwind) quotient has been employed at
the outer edge of the computational domain where j = J since the interaction
problem does not permit upstream influence. In addition, the shear stress is
assumed unknown at the current streamwise location X, where the solution is
sought, whilst the solution at the previous two spatial steps 7 — 1 and 7 — 2 is

assumed known from the previous time step (hence the asterisk). The foregoing

equation can be rearranged in the following form:

=371+ AT — Tia 30 Titz,J - 47—:—1,17 _ (dF> +1=M" (7.112)

2AY C2AX T 2AX dx
It is also evident from Eq. (7.98d) that
or TiJ_2~—4Ti jm1+3TiJ
—— =1l = - : 113
(ay)hm ! NG ’ (7.113)

which is the second required boundary condition. Equations (7.107), (7.108),
(7.112) and (7.113) can be expressed in the following form:

—A B —C p\ /[T M

(2] b2 Co T2 T2
= . 1, (7.114)

aj—1 bjo1 cjo T Tr—1

\ cC -B A)\Ty \ 1
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where T; = 7;; is the shear stress at the current streamwise location X;. In

addition,

3 2 1 3
A_my’ B“X?’ C‘sz’ D“_zAX' (7.115)

Unless otherwise specified, all the other elements in the coefficient matrix are

Zero.

7.6.3 Solution procedure

Starting from the upstream solution given by Eq. (7.98¢) at i = 1 and 2, Eq. (7.114)
was solved (for 3 < i < I) to determine the solution at the current streamwise
location X;, using the computed solution from the previous location as the initial
distribution. The solution was marched downstream to X = X, .. to yield a new
distribution of 7;; throughout the entire computational domain. The marching
technique was then repeated in order to determine the solution at the next time
step, and the procedure is repeated until a steady-state is reached.

An efficient Gaussian elimination solver for tri-diagonal systems was employed,
suitably modified to take into account the extra non-diagonal elements in the
coefficient matrix of Eq. (7.114). Firstly, the J-th row of the system was expressed

in tri-diagonal form using the (J — 1)-th row as follows:

—(BE +b;_\)Ty_1+ (AE —c;_ )Ty = E—ry_,, E= “gl. (7.116)

Next, the matrix was reduced using Gaussian elimination to upper row-echelon

form using the lower-diagonal elements a; as pivots (which are non-zero from
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Eq. (7.108a)), which yields the reduced system of equations:

A B —-C D \/n\ [ M+
52 52 -D T2 7':2
(=1)-1D =l 1, @am
bs_i Ci-1 Tyt Ty-1
\ 5 J\n) \%)

where the tilde ~ indicates the computed elements after the elimination process.
The use of a; as the pivot elements enables the entries of the J-th column to
be known in advance. This reduced system of equations were then solved very
efliciently using backward substitution.

The streamwise velocity U and streamfunction ¥ were then determined by in-
tegrating Eqgs. (7.97) using the Trapezoidal rule, subject to the no-slip conditions
at the body surface U;; = ¥;; = 0. The transverse velocity V = —0¥ /90X was
then determined using forward or backward differences depending on the sign of
Ui in a manner similar to that used in Eq. (7.106). It was observed that the use
of central differences render the algorithm unstable.

The computation was marched forward in time until a steady-state was
reached, and this was assumed to take place when the maximum difference in
the skin friction distribution between successive time steps was less than a spec-
ified tolerance level €, which was taken as 1077 for all of the results shown here.
A linear stability analysis shows that this novel unsteady algorithm is numeri-
cally stable if the Courant-Friedrichs-Lewy criterion is satisfied (see, for example,

Anderson 1995 and Guardino 1995):

At < "rUé{—l' (7.118)
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It follows from Eq. (7.98d) that the maximum streamwise velocity

Unax ~ %Y,ﬁax. (7.119)
However, due to the non-linearity of the boundary layer equations, as well as
the possibility of instabilities which may arise from the implementation of the
boundary conditions (7.112)—(7.113), the time step At was restricted to values at
least one-half of that indicated by Eq. (7.118).

An important feature of this method is that the shear stress is assumed un-
known at both j =1 and j = J, and is determined from the solution of the above
system of equations. This is in stark contrast to the steady-state approach used
by Smith & Daniels (1981), in which the shear stress at the outer edge 7 = 7;
is assumed known from the previous iteration. It turns out that physically un-
realistic converged solutions are obtained if this approach is used in the present
unsteady algorithm. In fact, the generation of spurious steady-state solutions
is not uncommon in unsteady CFD codes (see also the recent review of Yee &
Sweby 1998). The novel algorithm described above is globally second-order ac-
curate in space and first-order accurate in time? , and was found to be robust. It
was also observed that the third-order term in Eq. (7.98e) is of crucial importance
in order to obtain the correct upstream asymptotic behaviour given by Eq. (7.37).

Once the shear stress 7 has been determined throughout the entire computa-
tional domain, the displacement function B(X) is found using Eq. (7.98d), which

can also be expressed in the form:

B(X) = lim (r — ). (7.120)

Yoo
The pressure P(X) can then be determined at any desired time using the inter-

action law given by Eq. (7.98b), and it can be shown that
P(X)=B(X) - F(X)+ X + &, (7.121)

where xk was defined by Eq. (7.62).

%Since steady-state solutions are sought, the first-order accuracy in time is irrelevant.
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7.7 Results & Discussion

Calculations were carried out using a number of mesh sizes and the results are
believed to be globally grid independent. Unless otherwise stated, all the numer-
ical results shown here were obtained using a uniform mesh with I = 150, J =
100, Xmin = —50, Xinax = b0 and Y.x = 10. In addition, the time step At was
taken as 5 x 1073,

It is evident from Fig. 7.3 that the numerical solution for the case A = 0
exhibits the correct upstream asymptotic behaviour given by Eqs. (7.58) (with
Y = 0) and (7.61), namely

r () = p(=X)H 4
as X — —o0,
P(X) =X + p(=X)"2 4 §bo(=X) ™M 4 o - -

(7.122)

where y ~ —0.956 and by =~ 1.312. The third-order term in Eq. (7.58) can
be omitted from the expression for the skin friction because s5(0) = 0. More-
over, the solution clearly tends to the downstream asymptotic solution given by

Egs. (7.96a—c), which to leading-order can be expressed in the form:
(X)) = g"(OX V4., PX)=co X" +Kk+-- as X — o0, (7.123)

where ¢ is the constant in the asymptotic expansion (7.66) of the function g(n)
for large 7. The numerical solution of Eqgs. (6.52)—(6.53) (with w = 0) yields
co ~ 0.995 and ¢"(0) ~ 2.009. It is interesting to observe that Eq. (7.123) also
yields a reasonably accurate shear-stress distribution for small values of X, even
though the formula is strictly only valid for large X.

Solutions were also obtained for various values of A, and the results for the
surface shear stress are presented in Fig. 7.5. These results show that as A be-
comes large (1.e. as the ramp angle perturbation 35 decreases), the size of the

separated region is reduced and ultimately vanishes as A — co. Moreover, all
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the solutions exhibit virtually the same downstream behaviour, which is why the
higher-order terms in Eqs. (7.96a—c) can be neglected. In addition, the reattach-
ment point is very close to the point X = 0 for all values of A, which implies that
the separated flow region is always located upstream of the ramp corner.

The separated region is shown graphically in Figs. 7.4 and 7.6, where the
velocity vectors are plotted for the cases A = 0 and —7 respectively. It is evident,
from these pictures that the speed of the fluid in the reversed flow region is much
smaller in comparison to the rest of the flow field. Moreover, the strength of the
recirculation region increases and a vortex is generated which moves upwards into
the flow for decreasing values of A.

The convergence histories of the numerical solutions are shown in Fig. 7.7,
where A is the maximum difference in the skin friction distribution between

successive time steps, i.e.
A=max(r;—75), 1<i<I. (7.124)

Clearly, the time required to obtain steady-state solutions increases as A de-
creases, and no converged solution using the current mesh size could be achieved
for values of A less than —7.22.% A similar kind of numerical breakdown was
observed in the steady-state calculations of Zhikharev (1993) for the marginal
separation from a subcritical cold wall (see Appendix C). In fact, the impossibil-
ity of obtaining converged solutions at a finite value of the controlling parameter

is typical of interactive boundary layer calculations (Smith 1988).

3Steady-state solutions for A < —7.22 could be obtained using a coarser grid, but with less
resolution of the separated flow region.
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7.8 Extension to Axially-Symmetric Flows

For z ~ Ne™/3 it can be inferred from Eq. (7.26a) that the pressure q(z, z) in
the inviscid layer above the inner interaction regions 5 and 6 can be expressed in

the following form:

q(, z) = qo(2)+(Ne ! In Ne)q, (2) + Ne™! g4(2)

(7.125)
+Ne™B3QX, Z) 4,
where X and Z are O(1) variables defined by (cf. Eq. (7.27)):
z =z, + (Ne™' InNe) Xy + Ne™! X + A3 %? Ne=4/3 X, (7.126a)
7= AP Ne 7. (7.126b)

Notice that = and z are scaled identically (with respect to terms of O(Ne™"/%)) to
avoid degeneration of the wave equation (5.20). Matching with the asymptotic

expansion for the surface pressure given by Eq. (7.26a) requires that:
do s Po (xs))
a1 — Ao Xo, as 2z — 0. (7.127)
g2 — pl(xs) + )\OX-U,

|25
Upon substitution of Eqgs. (7.26b), (7'8) and (7.126) into the axially-symmetric

wave equation (5.20), it follows that in the cold wall limit Ne — co:

(]i(Z) = A; ln(z + T‘) + B;, 1=1, 2, 3, (7128)
8Q 0*Q
R (7.129)

where A; and B; are constants and r is the radius. It can also be inferred from

the matching condition (5.29) that

6q,— . n
=, =0 i=1,23  gf 5.  (7130)
B d*F 4P

axz _axt axr (7-131)
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V27
Applying the boundary conditions given by Eqs. (7.8) and (7.130) shows that:

9 = po(zs), @1 = AoXo, g2 = P1(zs) + Ao Xo. (7.132)

Moreover, the inner pressure distribution Q(X, Z) for the axially-symmetric case
is governed by the two-dimensional wave equation (7.129), which has the well-
known D’Alembert solution (cf. Eq. (5.38)). In addition, it can be inferred from

Egs. (7.28) and (7.131) that

dP  dB dF

ﬁ_ﬁmajf_'_l’ (7.133)

which is identical to the 2D interaction law given by Eq. (7.29). Consequently,

the problem for AXI flows in the vicinity of the separation point reduces to the

solution of an equivalent 2D case.




Conclusions & Suggestions for

Further Work

In Part T of this thesis, the self-similar equations for the hypersonic flow over
very slender 2D and AXI bodies of the form y,(z) = rz®* have been solved
numerically. These solutions are of practical interest, since they yield reliable
estimates for the skin friction and heat transfer rates without recourse to the
solution of the full Navier-Stokes equations. The influence of the slenderness
ratio r on the boundary layer thickness § was also determined analytically, and
new quadratic and cubic formulae for § have been derived. It was also observed
that there exists an optimum value of r which results in minimum drag and heat
transfer on AXI bodies.

The upstream propagation of disturbances from the trailing-edge was consid-
ered by means of perturbing the boundary layer flow near the leading-edge, and
analysing the resulting eigenvalue problem. Upstream influence was discovered
for the AXI case for slenderness ratios and surface enthalpies greater than certain
critical values. The numerical results for the 2D flat plate were found to be in
good agreement with solutions obtained by previous authors. Asymptotic results
have been obtained for very hot bodies, and the effects of varying the Prandtl
number and ratio of specific heats have also been considered. New analytical

results have also been obtained for cases in which the boundary layer thickness is

168
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negligible in comparison to the body thickness, particularly for power-law bodies
of the form y,(z) = ra® where @ < 3/4. It was discovered that the upstream
influence effect decays exponentially as the leading edge is approached, and an
analytic expression has been obtained for the upstream influence eigenvalue.

In Part II, the equations describing the interaction between the boundary
layer (which proved to be predominantly inviscid) and external flow have been
successfully solved for both 2D and AXI hypersonic flows over compression and
expansion corners with strong wall cooling. In particular, the pressure distri-
bution in the inviscid upper-deck has been computed using both the Method of
Characteristics and finite-difference ‘Leap-frog’ method, and it was observed that
the former approach yielded oscillation-free solutions. The resulting pressure gra-
dient was subsequently employed in the solution of the boundary layer equation
in the viscous sublayer using a fully-implicit downstream marching technique as
far downstream as the separation point (for cases in which the flow does not sep-
arate, the solution can be continued indefinitely downstream). As expected, it
was observed that the flow separates for compression ramps if the ramp angle is
greater than a certain critical value. For AXI flows, it was observed that the pres-
sure gradient becomes favourable at a certain distance downstream of the ramp
corner, and that the minimum in the skin friction distribution increases as the
radius is decreased for fized ramp angle. It was also discovered that the flow over
expansion corners separates if the radius is smaller than a certain critical value.
New self-similar solutions were also found far downstream of the ramp corner for
flows without separation, and also for cases exhibiting incipient separation.

Separated hypersonic flows over 2D compression ramps with strong subcritical
wall cooling have been considered using an asymptotic theory based on the ‘com-
pensation’ regimes originally described by Smith & Daniels (1981) for incompress-

ible flows in order to remove the Goldstein singularity at the separation point.
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The resulting fundamental inner interaction problem was successfully solved for
various ramp angles close to the critical angle using a novel semi-implicit unsteady
algorithm developed by the author, and the solutions are believed to be the first
ever obtained for the present case. It was observed that the separated region lies
entirely upstream of the ramp corner. In addition, asymptotic solutions far up-
stream and downstream of the interaction region were derived, and the numerical
solutions were found to be in very good agreement with both of these analytical
results. Finally, it was shown that the asymptotic theory considered here, as
well as marginal separation theory, can both be used to describe the separation
process occurring in axially-symmetric flows.

There is much further interesting work which can be carried out to extend the

present study, some ideas of which are listed below.

e Analysis of the hypersonic flow over axially-symmetric compression or ex-
pansion corners for cases in which the radius of the body is of the same order
of magnitude as, or even much less than, the boundary layer thickness. As

discussed in Sec. 1.2, this situation corresponds to the case Q ~ 1.

e Development of a modified triple-deck theory for cases in which the ramp
corner is located in a region of strong global viscous interaction. Brown et
al. (1975b) have already considered this case for 2D flows under the as-
sumption that - is close to unity. The effect of wall cooling would also be

of particular interest.

o Analysis of the hypersonic flow with transcritical wall cooling (i.e. where

the Pearson integral |£| < 1).

e Consideration of the overall body rotation, since this may provide dynam-
ical stability to a vehicle in flight. If the axis of rotation is parallel to

the oncoming freestream flow, the problem would not be as formidable as
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it may first appear since the formulation would be mathematically two-
dimensional. Furthermore, it is anticipated that the boundary layer would

bifurcate into two layers for relatively high rotation rates.

e Consideration of non-zero angles-of-attack. This would complicate the for-
mulation of the problem for AXI cases since the flow would be truly three-

dimensional.

e Inclusion of real gas effects (including chemical reactions), and the use of
a more realistic temperature-viscosity law, such as Sutherland’s Law, since
these are important for real hypersonic flows (see, for example, Ander-

son 1989 for further details).




Appendix A

Numerical Solution of Ordinary

Differential Equations

A.1 Initial-Value Problems

Consider a general nonlinear second-order initial-value problem of the form:

I

y' =o¢(z,y,2), z=vy, a<z<)h, (A1)

y(@)=a, y'(a) = A (A.2)

This equation can be solved using the following second-order accurate Predictor-

Corrector method (for 2 < i < N):

Vi = Yi—1 + hziq, (A.3)
2z = zi—1 + hd(Zi1, Yio1, Zi-1), (A.4)
Zi_1 + 2
Yi = Yio1+ h (————* 12 i ) : (A.5)
: _— £ *
7 = zi-1 + ho (ml_l; xz, yz_12+ Yi ) 4 1; % ) . (A.6)

It should be noted that a uniform grid defined by:
zi=a+(i—1h 1<i<N, (A7)
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has been employed, where h is a constant step size and N is the number of

intervals. This method has been successfully used to solve Eqgs. (7.50)-(7.52).

A.2 Boundary-Value Problems

A.2.1 Second-order equations

In this appendix, a global finite-difference method shall be described for the

numerical solution of a general nonlinear second-order boundary-value problem
of the form:

y' = ¢(2,9,2), z=9y, a<az<), (A.8)

y(a) =a, y(b) =4 (A.9)

This equation can be approximated using second-order accurate central differ-

ences as follows:

Yitl — 2Yi + i1 Yitl — Yi-1
i+ h; i — QS (xi;yia __Z’__éh—z._

The boundary conditions (A.9) imply that 1 = « and yy = . This N x N

), 2<i<N-—1. (A.10)

system of nonlinear equations can be solved using Newton’s iterative method
(see Burden & Faires 1993). If y; is an approximation to the solution everywhere,
it can be shown that an improved approximation is given by y* = y; +wv;, where v;
is given by the solution of the following tri-diagonal system of linear equations:

(1 0 (v [0

ay by Vg T

=1 . | (A.11)

an-1 by-o1 en-1 UN-1 N1

\ o 1) \w/) \o0)
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The matrix in the foregoing equation is known as the Jacobian matrix and its

non-zero elements are given by (for 2 <i < N —1):

i=—l-53 (A.12a)
o
i =2+ W=, 12
b= 2+ 1o (A.12b)
hd¢
¢ =—1 55, (A.12¢)
i = Yi — 205 Yy - B (A.12d)

This system of equations can be solved very efficiently using a tri-diagonal Gaus-
sian elimination routine with backward substitution' . In order to start the solu-
tion procedure, an initial distribution for y(z) satisfying the boundary conditions
(A.9) is required. The solution is assumed to converge only when the maximum
change between successive iterations is less than a specified tolerance level e.

This method can also be extended to cope with more complicated boundary
conditions. If, for example, the boundary condition y(a) = « is replaced by
y'(a) = p, then this latter condition could be approximated by

dy —3y1 +4y2 — s
— =~ . Al
(dx)i=l g 2h (A-13)

This requires that the first row of Eq. (A.11) should be replaced by the following

equation:
—3’U1 + 4’02 — Vs = T1, (A14)

where ry = 2hp+3y; —4ys +vys. Using the second row of Eq. (A.11), this equation

can be expressed in tri-diagonal form as follows:

(CIQ - 302)’01 + (bz + 462)?)2 = 19 -} CoTy. (A15)

! Alternatively the Thomas algorithm (see, for example, Anderson 1995) could be employed,
but the implementation of derivative boundary conditions would be less straightforward.
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A.2.2 Third-order equations

The algorithm described above can be readily extended to solve third-order (or

even higher-order) nonlinear equations of the form:
w" = p(w,z,y,2), z=y, y=w, a<z<h (A.16)
w(a) =7, w'(a)=a, w(b) =24 (A.17)

These equations can be expressed in the form:

' =d(w,z,v,2), z=1v, a<z<bh, (A.18a)
y(a) = a, y(b) =0, (A.18b)
wie) =7+ [ (e) de. (A.18¢)

Equation (A.18a~b) can be solved using the method discussed earlier and Eq. (A.18c)

can be integrated using the Trapezoidal Rule:?

w; = Wi + g(yz + 1i1). (A.19)
This recurrence relation can be used to integrate Eq. (A.18¢) for 2 < i < N,
starting from the initial condition w; = .

The finite-difference algorithm described in this section is globally second-
order accurate and was found to be very robust. Moreover, the method works
equally well for linear as well as nonlinear problems, and convergence is achieved
within a relatively small number of iterations. An alternative method to solve
boundary-value problems involves using a ‘shooting’ technique to integrate
Eq. (A.8) using any marching technique (such as the Runge-Kutta or Predictor-
Corrector method described earlier in this appendix), starting from the initial
conditions (A.2) for an estimated value of A. The procedure is repeated until
a value of A is found such that y(b) is close to § (see, for example, Burden &

Faires 1993). However, this method usually requires reasonably accurate initial

approximations for ¢'(a) in order for convergence to be achieved.

2Since the complete algorithm is globally second-order accurate, little or no accuracy is
gained by the use of the more accurate Simpson’s Rule.




Appendix B

Derivation of the Compatibility

Equation

In this appendix, the compatibility equation (6.17) shall be derived with a mini-
mum of detail (for full details see, for example, Kincaid 1991). Consider a general

quasi-linear hyperbolic equation of the form:

a82u ) 0%u n cazu
Ox? oz 0y oy?

+e=0. (B.1)

The quantities a, b, ¢ and e are assumed to be functions of z, ¥, w, s and ¢,
where s and ¢ are defined by Eq. (6.16) but such that v — 4ac is positive in the
domain being considered. By defining a curve C' in the zy-plane by z = z(s) and

y = y(s), where s is a real number, it can be easily shown that along this curve

Pu_dp_ Pudy
022  dz  OxzOydz’

(B.2)

and similarly for 0%u/dy?. Hence it follows that Eq. (B.1) can be expressed in

_ O | () dy
oxdy dz dz ¢

The curve C is now chosen such that the term §%u/0zdy disappears from the

the form

Loledy dt  dy
“QGrdz  ‘az Tz

0.  (B.3)

foregoing equation. Consequently the original hyperbolic equation reduces to an
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ordinary differential equation along the two characteristic curves, which are given

by the two distinct roots of the equation

dy\? dy _

In particular,

J__ 9%
(y +r) oy

a=1,b=0,c=~1 and e=— (B.5)

for the axially-symmetric wave equation (5.20) considered in this thesis, and the

characteristic curves are simply straight lines with gradient 1.




Appendix C

Marginal Separation Theory

C.1 Supercritical Flows

C.1.1 Two-dimensional case

Marginal separation occurs when the skin friction vanishes linearly at the sepa-
ration point, and was first considered by Ruban (1981, 1982) and Stewartson et
al. (1982) for incompressible flows. Kerimbekov et al. (1994) have shown that
marginal separation occurs in the hypersonic flow over 2D compression ramps
with supercritical wall cooling (see also the numerical results of Chapter 6). In
particular, it was shown that the inner viscous sublayer (region I in Fig. 5.1) de-
velops a multi-layer structure with streamwise extent Az ~ Ne™%/? in the vicinity
of the reversed flow region, as shown in Fig. C.1. The structure of the solution
in each of the regions labelled a, b, ¢ and d was determined by Ruban (1981). It
turns out that the solution in regions ‘a’ and ‘¢’ (and similarly in regions ‘b’ and
‘d’) can be expressed using the same asymptotic expansion, which is in contrast
to the more complicated structure considered in Fig. 7.1.

It was shown by Kerimbekov et al. (1994) that the appropriately scaled dis-

placement function B(X) in the inner interaction regions 1 and 2 satisfies the
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Figure C.1: Sketch of the multi-layer structure in the viscous sublayer in the

vicinity of the marginal separation point (not to scale).

following integro-differential equation:

X B(E)+1 I'(3/4)
2 _ x? - o =77 .
B AT n/_m -7 "TGremy OV
where
B(X)—> —X+aX 1+ as X — —o0, (C.2a)
B(X)—X+-- a X —oo0. (C.2b)

The parameter a is proportional to the perturbation f about the critical ramp
angle g5 (cf. Eq. (5.32)). The numerical solution of the foregoing fundamental
equation was obtained by Kerimbekov et al. (1994), and it was shown that sep-
aration occurs for values of a greater than 1.287. It was also observed that the
separation point moves progressively upstream as the ramp angle is increased (i.e.
for increasing a); however the reversed flow region is always located on the ramp

surface.
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C.1.2 Axially-symmetric case

Although marginal separation theory was originally developed for 2D flows, it
will now be shown using an argument analogous to that employed in Sec. 7.8
that the theory is also applicable to AXI flows. The analysis of Kerimbekov et
al. (1994) suggests that the pressure ¢(z,z) and displacement function A(z) in
the inviscid layer above the inner interaction regions 1 and 2 can be expressed in

the following asymptotic forms (for z ~ Ne™%/3):

¢(z,2) = qo(2)+ Ne ™3 q (2, 2) + Ne™ g5(2)

(C.3a)
+ Ne™/3 g3(z,2) + Ne ™ Q(X, 2) + -+,
Az) = Ag(zg) + Ne 22 B(X) + - -+, (C.3b)
where X and Z are O(1) variables defined by (cf. Eq. (7.126)):
r=x,+Ne 23X z=Ne 272 (C.4)

Substitution of Egs. (C.3)-(C.4} into the axially-symmetric wave equation (5.20)
and matching condition (5.29), and taking the cold wall limit Ne — oo, it can be

shown that:

Go(2) = po(2s) and  ga(2) = p1(zs), (C.5)

in order to match with the asymptotic expansion for the pressure on the body

surface given by Kerimbekov et al. (1994). The functions ¢; and g; satisfy the

equations:

g 0w  J Ou .
- — LR =1 C.6

Ox? 022 z+7r 0z (d , 3), (C.6a)

1
g1 — )\()X, gs — 5/\1X2 as z — 0, (CGb)

Oq d*p;
5 ——sgn(ﬁ)&—ﬁ as z — 0, (C.6c)

where A\g and A; are constants. Furthermore, it follows that Q(X, Z) satisfies the

two-dimensional wave equation (7.129). Thus the 2D marginal separation theory
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described by Kerimbekov et al. (1994) can also be applied to AXI flows in the
neighbourhood of the marginal separation point. This is particularly important
for the flow over AXI expansion corners shown in Figs. 6.9 and 6.10, where it was
discovered that marginal separation occurs downstream of the ramp corner if the

body radius is smaller than a certain critical value.

C.2 Subcritical Flows

Zhikharev (1993) considered the case of marginal separation from a cold wall with
subcritical wall cooling. It was shown that under certain circumstances, marginal
separation theory can break down in the vicinity of the reattachment point z,,
and that an additional inner region with streamwise extent Az ~ Ne™*/? centered
on z, should be considered. The resulting nonlinear interaction problem took the

form:

or 9+ ov 5*W dP 3V

Y oxXay axav: - ax ' ave (C.7a)
o
T — éYB + —;—B(X)Y2 +-- as Y — o0, (C.7¢)
v — %YB + %ch + a8 X — —oo, (C.7d)
dP dB

where the parameter ¢ is proportional to z,.. It is important to note that this
system of equations differs from that considered in Sec. 7.3 in both the upstream
boundary condition (C.7d) and the interaction law (C.7e}, which is due to the
fact that the reattachment region was assumed to take place well upstream of the
ramp corner where F(X) = 0. Zhikharev (1993) used a line-relaxation method
based on a Newton iteration procedure to obtain solutions of Egs. (C.7a—e), and

found that a reversed-flow singularity occurs for ¢ > 1.225.
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