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ABSTRACT

The p-shell hypernuclei have been studied in detail 

using tvo and th re embody oentral Yukawa A -N interactions • 

Intermediate coupling and a range of density distributions are 

considered for the core nuclei* The A wave function and 

volume integrals are obtained fay numerical solution of the 

appropriate tve-body ( A -core nucleus) eigenvalue problssuit 

the results are eonveniently expressed in terms of the numerival 

values of the relevant Slater Integrals and A kinetic energies 

The single assumption of a spin-dependent and charge-independent 

tvo body interaction is found to be adequate to account for all 

the known BA . Values of the spin-averaged volume integral of 

the two-body interaction, obtained from AHe5, ABe® and AC13 

agree veil in the absence of a three-body force} quite small 

upper limits can be placed on the pennissable strength of the 

latter*

Nothing can be deduced about the range of the two-body 

forces or about their interactions in relative p-states* Implic­

ations of these results for the veil depth in nuclear matter are 

discussed* The spin-dependent interaction energy is found to be 

completely masked by small uncertainties in the core sices and, to 

a lesser extent, by uncertainties in the re-arrangement energies}



little can thus be deduced about the spin dependence* Plausible 

assumptions about the core sizes and energies can be made such that 

the spin dependence is consistent with the values obtained for the 

s-shell hypernuclei} conversely assuming such values for the spin 

dependence makes the A into a quite sensitive probe into small 

size differences* In particular, a detailed study of the mass 7 

hyper nuclei places special emphasis on the A in this role* It is 

found that a structure consisting of an di -particle plus tvo 

nucleons is very strongly indicated for both the T - 0 (Li®) and
a a

the T » 1 (He , Be ) are nuclei* These conclusions are further
*

supported by a three-body ( - A  -d) calculation of A u ’, a

volume integral Ug, little different from the corresponding one 

from A H3, readily explains the value of B A •

Finally, an equivalent tvo-body method for calculating 

the band states of a three-body system is made more general by 

including states of arbitrary angular momentum and is then applied 

to A He®} no definite conclusion about the stability of this 

hypernucleus is obtained as its energy is found to lie close to 

that of the configuration A He® + n*
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CHAPTER 1.

Introduction*

Phenomenological analyses of hypernuelear systems as 

yet form the main source of quantitative information about the 

interaetiens ef the A ° hyperon with nucleons* In particular! 

assessments of the strength of these Interactions depend essentially 

on the calculation of tho energyf BA 9 necessary to remove the A  
particle from the hypernucleus ground state# leering the nucleons 

in their lowest energy configuration* Thus the measured value of 

this energy is used to determine the par mooters of some assumed A -N 
force* This technique has mostly boon applied to discuss tho 

binding of the A particle to the s*shell nuclei9 where the 

interactions take place predominantly in a states*

The work undertaken in this thesis is largely to ^>ply the 

above approach to the observed p—shell hypernuclei and to discuss 

the implications so obtained with particular regard to the A —N 
force* To oontrast with this it is interesting to remark that if 

one had sufficient confidence in the A -N interaction! e*g* 

assuming the relevant scattering data had been amassed and suitably 

analysed! then tho hypemucleua could possibly be used to discuss 

the physics of the nuclei involved* It is thus possible to imagine



the A  particle acting aa the source of a known perturbation 

enabling statements to be made concerning the structure of the 

nucleus and also about its compressibility properties* Consideration 

is also given to this aspect ef the hypernuclear problem! 

particularly in the c u t  cf tha A - 7 hypemuclei, A I*i7, A « * 7 

and A Be7.

It should be noted that utilimtien of the energy BA 

in calculations ef the above type is net the only wgy in which 

information about the A -N force has been obtained* Thusf 

assuming a spin-dependent two-body interaction! the observed 

branching ratios for the different dec^r modes of AH4 and the 

angular distributions involved9 very strongly suggest that the 

singlet interaction is more attractive than the triplet* This is 

also borne out for the p—shell hypemuclei by a similar analysis
g

of the decay ef A Li and is thus assumed to be true generally* 

However it is much less certbtn that the triplet interaction itself 

is attractive! as is indicated by the results for the s-shell 

hypemuclei! and one of the principal intentions of the work is to 

determine to what extent this situation is supported by the p—shell 

hypemuclei* The presence of a three-body A  —N interaction 

could also modify this conclusion and a further aim of tho work is to



consider the effect ef euch forces in the p-ahell end te estiaate

their aqgnitudo. The relevant values ef the A  binding energy
•SH-)

need ore shown in tsble 1 »

Hypemucleus Ba
(M.V)

Hypomu clous B*
(MeV)

3.1 • 0 .0S 6*35 t 0*3

h .t 3.9#± 0.7 6*0 - 0 *SA A

B« 7 4.9 - 0.5 Li9 8*0 - 0.3
A A

u 7 5.5 ± 0.2 B18 10*5 - 0.8A A

Li®
A

5.65^ 0.15 h Cl3 10*9 - 0*4

Table 1. Values of BA ini MeY*

1*1 The A -N Interactions*

For the discussion ef the p-shell hypemuclei 

phenoaonological two and three—body interactions are considered*

Only charge independentf centrals forces are used which are 

characterised by their 'woluae' integrals and Yukawa ranges* Thus* 

following Dalits and D o w n s * a  soft* spin-dependant* two-body A -N



interaction

VCrAN): ( pt av -V- P6 Us ) v-c rA„)

is used* vhsrs Pt and P, aro respectively th# triplet end singlet 

spin projection operators for the A -N systeoi and U* and Us 

are the corresponding volume integrals* Far

a Yukawa shape*

) . r- ,
u  *•»«

is token which is nensalised to unity* |i" 1 being the appropriate 

Yukawa range* In the «ain ordinary forces aro eensidered and the 

two ranges* • 0*7 fa* and *0*4 fa. correspond

respectively to tho two pion and I no son exchange processes* This 

latter Mchanisn in fact gives rise to an exchange force and 

appropriate Modifications are considered where necessary*



A central three-body force of tho fora

(8)

which poooooooo on exchange character suggested by noson theoretical
p ) —Pcalculations is considered* Hers f and f are the 

nucleon spin sad isobaric spin operators respectiToly and V is the 

total ••volume*1 integral ef the three-body interaction* Then, with 

W y  0, the force is attractive for the interaction ef a A  with 

a nucleon pair which is in an even relative angular momentum state*

The shape functions irCrA H ) are again taken to be normalised 

Yukawa functions of range V~' fu* The walues ef used,

namely v  • 1 *0 V 1*4 and 8*0 fn, where chosen so as to span a 

variety ef ranges as wall as shqpes* The intermediate range,

Vg : , corresponds to a feres ef Yukawa form

with a Yukawa range appropriate to the exchange of a single pien with each 

ef two nucleons, while the longer range is core nearly equivalent to an 

exponential shape with an oxpcnontial range ef The

shorter range is included to cevap possibly isportaMtf modifications 

due to higher order processes* It should be noted that, although 

meson theory suggests that nen-central contributions to the three-body 

force are very probably dominant, these are net considered explicitly*



1*2 Thi »»Sh>ll Hypormiclol

The results of Boditr and Saqpanthar for a aoft spin- 

dependent two—body interaction of Yukawa fora aro saaaarised below

in table 89 the errore quoted resulting froa uncertainties in the A 

sepOration energy and the o-partiele core sise* Coaparing these

and respeetirely • Qualitatively one can see the at tree tire

triplet interaction results froa the low statistical weight ef the 

singlet spin state in the interaction ef the A  with the spin 

and isobar is spin saturated a-partisle* It should be noted that 

for hypemuclei as light as these there exists an appreciable 

dependence ef the weluae integrals on the range ef the A  -N force*

The hyp e m u  clous H4 and its ainor partner He4 are netA  A
considered due to the anch greater uncertainties in the siso ef their 
nucleon cores*

two hypemuclei then leads to an estiaate for the spin dependence'

30 MoV fn8 for 

830 MoV

of approxiattdjr 1*0 MoV f* 3 for pgg and 

or al tornatlroljr ~  3*0 MoV fa8

and 3*0 MoV fn3 and 130 for /*-a *



y

Hypernucleu ■ Total 
Volume Integral

T
C n « v ^ ) C M . V 4 m )

H3A

5 X
A *

685 * 15 

1038 + 50

423 + 10 

788 + 40

Table 2 * Two-Body Volume Integrals for the e-Shell 
Hypernuclei calculated with Yukawa forces*

^  obtained with B A ( A H3) - 0.31 + 0.15 MeV 34 ̂

*  The values quoted her* refer to an r.a.s. radius 

R - 1*44 ♦ 0*0T tm for the setter distritoition of the 

particle* The sore recent measurements of Burleston and Kendall \  

together with a walue of 0*85 + 0*05 f® for the r*m*s* radius of the 

proton9 indicated by recent experiments, giwe R • 1*45 2. 0*065 f» 

and thus effectiwely the same walue of U4 with slightly reduced 

errors*



Tht dependence ef these volume integrale on the precise 

shape ef the two—body inter sc tien cen be illustrated by coopering 

these figures with these ebtained by Dalits and Downs*) using a 

Gaussian shape with the s u m intrinsic range as the Yukawa*s above*

Thus Dalits and Downs giro TXl*. • 915 MeV fm3 and 705 MeV fm3

for tig,| and |i& reapectirely9 which indicates a 10^  dependence 

en the sh^>e fer the ••shell hypernuclei•* The dependence of the 

results on both the range and the shape are heret p re sun ably 9 shewn 

at their maximum* As ene censiders larger and larger hypernuclei 

it is to be expected that these differences bacons increasingly 

snailer as the A wave-funetion is compressed inte the regien where 

the nucleen density is constant* The fact thnt the K Meson neehanisn 

gires rise to an exchange force is unimportant in the e-shell as both
i ' .. . ■ , ■ ■ '

the A and the single nucleen functions are Is states and possess 

a large overlap*

The presence ef a hard cere in the twe-bedy interaction 

has been considered by Dewns» Snith and Trueng4|6  ̂ and Muller7) for

* Dalits and Downs also considered the distortion ef the a particle 
by the A and concluded that this resulted in corrections ef 
approximately 3^ to the volume integrals*



9*

th« c u t  of tho hypertriton* Downs ot. al. using on hard eoro

radius of 0»4 fa followod by a wall with an exponential shapo
obtainod a M a n  seatteriag longth a - - 2*0 fa whieh is
coop arable with tho Talus a • « 1«S fa obtainod for tho soft
ferae bf Dalits and Downs9 tho two intoraotions possossing tho saaio

intrinsio range* Thoso figuros again illustrato tho insonsitiwity

of tho parMotors of tho low onorgy intoraction for foroos with

tho s m o  intrinsio range* Tho rosults also agroo wall with thoso

of Mfiiior who considorod an oxponontial wall of loiqger range.

Calculations of tho father s-shell hypornucloi with hard ooro
8 )interactions hawo boon perfenaed by Dietrich# Folk and Maag and 

9)Dutch ' using square wall shapes# again with tho s m o  intrinsic 

range as tho soft forces* Tho scattering tfcngths obtainod aro in 

reasonable agroMont with the other estimates quoted aboro*

Bodnar and SMpaathar also considorod three-body 

forces of tho typo defined by oqn* 3 for tho hypornnoloi A H and 

a H o \  Thus for oaoh of thoso hypornnoloi a relationship 

between tho two-body t o Iu m  integral ***** and tho throo-body 

strength w  Is obtained* However# as only two waluos of BA 

aro relevant no oonolnsions con ho nado about tho poshiblo 

Magnitude of tho throo-body force* To achieve this one m s t



consider other hypernuelear eyeteas in addition to tho e-shell
ftones* It Is interesting to note that in tho eaoe of A He 

tho relationship obtainod is 1 inoar| a fast which arises 

because tho ^  warofunotion is determined only by tho total 

potential# which Is itself insensitive to tho ratio of two to 

three-bofy foroos present*

1.3 Tb* A  I* Vm'l» W  >UttT.

The well depth felt by tho A particle in nuclear 

matter has boon estimated by Bodmer and Sampaathar3  ̂using 

perturbation theory with tho soft two and three-body foroos 

previously discussed# tho nmol eons being considorod as a Fermi gas* 

For tho direct spin-dependent two-body Interaction# oqn*l# tho 

first order well depth is then given by

■ C  ^  ■ £  V «~

• X  t r f

whore is an unperturbed warofunotlon constructed from

tho product of a A  particle in a plane ware state of momentum 

t  ^  and a dotormlnontal nuclear warofunotlon ,oerreapending



to the ground itiit of A nueUoni being roprooontod bj ill 

the ititti with io— it—  looi than tho Forai — nttti kp 

boing occupied* Tho qa— iiij ^ io thon tho nneloon density 

ond tho firot ordor woll dopth io indopondont of tho A  

— ntui« For exchange forooo tho corresponding quantity

non dopondo on but oppronohoo t>2o no tho rongo of tho

foreoo doorcases* For tho snail t oIuoo of tho rntio

• i- 35/##5 (corresponding to ^  0,170 ft" 1 ond

■ 0*4 ft) tho dopoddomt t o n  io mall (about iol of

tho diroot t o m  of thio rongo) ond oonoidorotion of ^  - 0 )

thon giroo on uppor linit to tho opproprioto veil depth* Tho veil

doptho resulting from tho three—body intoroottone ore obtained 

in on exactly onologeuo naaaer* Second ordor contributions* tho 

offooto of nuclear pair oorrolationo ond velocity dependence aro 

all found to bo aaall* of ordor \%j0 oorrootiono to tho firot ordor 

veil depths, Tho re suite for tho totel veil depth f D= 

io found to depend in a complicated nonnor on tho particular tvo and 

three-body rangoo involvodf tho relevant voluno integralo boing 

fined by tho results froa tho ^shell hypornnoloi, Hovovor it io 

found that tho value D  ̂  95 MoV (for further dioeuooion of thio

000 ooction 3,2) io reaoenahly consistent with small three-body



forooa* For oxoaplo with “cr Ui • 1025 MiV fi8 tad
^  ■ 200 MoV fa9 tho riiit of tho thrao-badj poitstlal Mirgj

it ibt total ptintial omargy la appraxlaatoly 0*1 far all ▼•!«•• of 
••Biidtrtd*

Tho A partialo la aaoloar aattor hao also boom caaaldorod 

bj Davao at al10  ̂ aasuaiag tho proooaoo of aa hard ooro la tho 

A -M latoraotloa# Thooo oaloalatloao again ladloato that a valao 

of D  la tho raago 80 - 40 MoV may voll bo oapootod although 

for thoao hard ooro latoraotloao tho ooatrlbatloao froa atatoa with 

-P>z 1 aro rolatlvolj aoro Important* la auaaary It o^r bo 

otatod that aolthor tho rooalto for forooo with or without hard 

ooroo aro aoooaaarlly laeoaolotoat with tho oxporlaoatal oatlnatoa 

of tho voll dopth D  although aa jot ao algalfloaat lafonaatloa 

about tho A -1 latoraotloa haa boon obtainod froa thio tjpo of 

oaloulatloa*



CHAPTER 2 

THE p -SHELL HYPEKNUCLEI

2.1 The Schrbdlngor Equation for the A Particle

The simplest method of annljriing tho systeaatles of tho A 
separation energies in tho p-shell to to oonoidor that tho excess 

of Ba oror B|y ( ^Hol)) ariooo entirely from the Interaction 

of tho A  with tho nueloono froa tho p-shell9 ao suggested by 

Lawson and Botenberg1^  and Iwao**^. Thus tho A wavefunction 

is assumed to be tho same for all tho p-shell hypernuclei and a 

constant energy9 C » 3.1 MoV, thon results froa the difference 

between tho interaction energy of tho A particle with tho s-shellA kinetic energy* Hence, with two-body feees, 

this approximation loads to tho expression

b a  = c  +  '/h . < u > ?  +  K < a > p  (5)

whore is tho number of p-shell nucleons, Vi|_ <  X X  and K

are tho expectation Taluos of the spin-aweraged interaction and 

spin dependence respectively and is a nuaber depending on the 

core nucleus structure and the spin of the hypernucleus state 

considered (see section 2*2 for the definition of 1^ )• If one



considers the hypernuclei vith spinless cores, namely

aB.7 (or aH*7)i aBo9, ^ 13, which *11 haw* K  - 

then this expression is linear in both actually and in theory* 

The slope of this line gires = 0*9 ♦ 0*05 MeV* If9

now, one considers the differences in B A for the pairs of 

neighbouring hypernuclei in table 3 one obtains an estimate of 

<  in the p-shell* In table 3 the walnes of If are

those quoted by Dalits**^ obtained by using the intermediate 

coupled nucleon wavefunotionsof Soper*

i^rpernuolei
1

< A > j ,
(¥•▼)

X - a“ 7 0.98 0*9 ♦ 0*5

X - A®*" 0.80 1*5 ♦ 0*5

>
CO I LI®A 0.T 2*1 + 0*4

y 2 - c13A 0.28 2*7 £  1*3

Table 3* Expectation Values of Spin Dependence from 
the p-shell Hypernuclei

The estimate ef go obtained in this manner is seen to

increase significantly as increases throughout the p-shell* In
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fact i8 a factor of throe times in the

region of a ^**> * situation which Markedly contrasts with the 

results for the s-shell hypemuclei where A  ^  )• To

understand this increase seems to require either one of two 

possibilities} first, the model assumed is not sufficiently 

flexible to giro a reasonable account ef the p-shell hypemuclei 

or, second, the increase reflects some feature of the A -N inter­
act! on not yet taken into consideration, e«g» possible spln-orbit 

or tensor foroes* It is thought that the first possibility is the 

more likely and consequently the p-shell hypernuclei are 

reanalysed, relaxing the condition that the energy C is constant 

and also introducing the nuclear sise explicitly*

Considerations are essentially based on a two-body model 

for the p-shell hypernuclei consisting of a A  and the core nucleus* 

Thus the A  , in a is state, mores in the potential wmll,^Cf’)# 

generated through its two and three-body interactions with the 

nucleueSof the coro and for the radial ware function, 

normalised to unity, the SchrOdinger equation is

(Ta VaO ) + B a) f ftCr) = o , (6)

where I a is the kinetic energy operator for the A  , with 

appropriate reduced mass and where BA is the relerant 

separation energy with respeet to the core*



1 6

ftFor those hypernuclei9 namely ^  He , the mirror pair 

^He^ and a®** ^  ^ 3f for which the total

angular momentum, J^ 9 of the cere nuoleus ie sero and with two- 

body foroes9 the potential ie obtained by folding the

A -N interaction into the density distribution of the core*

Then for the hyper mi clou a of nass number A (including the A  ) the 

eigenvalue problem,eqn* 6 ,may be solved for the total volume 

integral ^ A - l  » corresponding to the appropriate value of BA 

In generalt howevert / 0 and spin dependent effects will be 

present| in which ease it is necessary to have a more detailed 

description of the core nucleus* To give this a shell model type 

wavefunction is assumed for the oore and the spin dependent effects 

then arise from the coupling of the A with the p-shell nucleons 

only; the s-shell nucleons being treated as a spin and isobarlc spin 

saturated system* The exchange character mftme assumed for the three- 

body force also requires such a more detailed description*

The decomposition into s and p-micleons corresponds to single 

nucleon mass density distributions ^ s and , normalised to

unity9 which are mostly obtained from the corresponding radial 

harmonic oscillator fractions

u ’ c o ' b*V] " t [”%•»] (T)



1 8

u.j>cr) t* ;] ' l “'I'i;! (8)

*h«r« » u d  a are the oaeillator size parametara for the a and p• P *
nucleons respectively* For all but the k • 7 hypemuclei these are

taken to be equalf i*e* the s and p nucleons are assumed to more in

the same harmonic oscillator veil* It should be emphasised i M

that the density distributions used here refer to the centre of

mass of the core nucleus and that for the undistorted core the

values of a. and a are taken to be those which give the same ■ P
r*m*s* radii for* respectivelyf the s and p—nucleon mass density 

distributions as those obtained from analysis of the electron 

scattering experiments* Thus the oscillator parameters here 

differ slightly from the conventional ones which are obtained when 

centre of miss corrections are consistently incorporated in the 

harmonic oscillator wavefunotions* The mass distributions with 

respect to the centre of mass of the core are here always referred 

to directly as this is appropriate to the two-body model* For the 

case of small core distortion by the A » when the relevant density 

is that corresponding to an isolated nuoleusf the value of B/% in 

eqn* 6 may be identified with the experimental A  separation energy* 

Iff on the other handf distortion is important9 the isolated core



ilzea art no longer appropriate and also the ralue of BA need in 

eqn* 6 muat now be inereamed by an amount corresponding to the 

rearrangnent energy of the eere nuelena at it diaeuaaed in more 

detail in the following sections* Whether or not oore distortion 

ia important depends on the particular oore nucleus involved and 

will be diaeuaaed at the appropriate place for indiwidual cases.



1 9

2»2 Tho A  Potential doe to Two-Body Forces

With only two-body forces the decomposition into i and p- 

shells gives

VA U )  * V i S Cr) +  Vj,pC*-)

where

and

V z p O >  r

(•)

(10)

(11)

In eqn* 10 the Tolune integral ̂ * **s is just four

tinea the epin-aweraged volume integral of the A  -N interaction) 

while in eqn. 11 the wolnme integral id defined by

N p
XjTj, * < * «  X  (Pt U ^  + p5U5)|^T> # (12)



the alia being token over the N p-shcll nucleons and I o'>  isP
the ground state wavefunction for the hypernueleus* Eqn* 18 woy 

be rewritten an

(13)"Up * 'A. XT Np + A

•here A  -Vlj - U i  is the spin dependence of the —N

interaction and where

K  = <14>
^ i*i

In general different states of the parent nucleus are involved and 

with I \ denoting the hypernaclear state

obtained by coupling a core state of angular nonentun to the A

spin to give J, one has

l?> -- X * I ot; o> . (w)

The angular momentum of the core nuoleus can only have the values 

^ £  it labelling the core states having the sane value of



Jjl* Only the litita »f each lying lovaii 1b mrgjr art 

•xpaettd le bn important and accordingly tht label o< will iov 

ba dropped* Tho eoeffioients ar# obtained by

diagonalising the appropriate* now two-dinenslonal* energy natrix

wavefunetiou (nee seetion 2*4) and where9 eorrespending to the 

shell nodel description* enlj oore states arising fras different 

p~nucleon configurations are considered* The energies E  
are Just those of the parent nuclear state end the W  ̂  _ , 

are given by

For the ease of jj coupling this natrix element is diagonal in Jj| 
and one has

with elements £ T S T -■ 4- K  ^ , A  where3 m Jn  8p
is the relowant Slater Integral and implicitly involves the

(it)

11)

I'
\z [  3 C 3-+I) - In')

while fer 13 coupling
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C-)

Vcas+o w  (s lX«/csws j; vai_; js(si

where W(a b o d }  ef) lea Raoah coefficient. For lnternediate 

coupling) which le In general appropriate for the p-ehell nuclei) 

an expansion of the core warefhnctlons In terse of either Jj or IS 

coupled wavefanotioas^ then gires the required matrix elements. 

Howeverf If the energy difference between the parent etatee of 

different ie large# then only the one correeponding to the 

ground state of the nuclear core ie expected to be important and
g

will then be obtained without any diagonaliaatlon* For A Li
_ 8 .and A Be in particular It ie neoeeeary to inolude both the

3 "JN - /2 ground state and the - l~ excited state at 0*48 UeV,

as remarked by Dtliti^^ both of which contribute comparably to 

the J m 1 hypernnclear ground state* Using Soper's wawefnnctions 

essentially the aarac results for )( haws been obtained as those 

quoted by Dalits12 *̂ (See also appendix l)«

Expanding the shape functions ^/w* ) into a sum of

Legendre polynomials one has

(18)
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(k>
v C r A n )= Z_| V  cr.r.) r^Cco>oaA K )

b = ©  (W )

where u>A H  is the angle between t* and ^  Averaging
-* - over the dimtioi ef 1* , appropriate to a A  in an a state9

eqns* 10 and it then respectively become

Co;
V 2 J i t ) - u u*scO (20)

and

va_l«0 ̂  C '/* y Np ♦ if A ) *u-ap O)
( W

vhere the potential ehape function U )  i* given by

(21)

Here -P refer* to the angular nomentum of the nucleon orbital and 

ll to the appropriate Legendre polynomial. For Xukava inter- 

actions i*ese integrals can be expressed in terms of the tabulated
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function Hha(i) , the relevant expression being given In 

appendix 8* In praetiee the functions V.n (r) were

obtained by numerical integration*

As remarked in section 2*1, for hjpernuclei with JN - 0 

and with only two-body forces the above explicit separation into
nflV

s and p-shell nucleons is nnecessavy as only the total density 

distribution and the spin-averaged volume Integral enter* For 

these hypornuclei one then has

D
(23)

Wh#r* th# *•

*  t ,  L  +  N r * T(m ]
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2.3 The A  Potential due to Three-Body Forces

The spin end ieobarie spin exchange character a*suited for 

the three-bo^y interaction, eqn. 3, alee requires that the a aad 

p-nucleone are considered separately and the shell model 

description! as previously discussed, is used. The assumption 

that the is nucleons comprise a spin and isobaric spin saturated 

system has the consequence that the net contribution to the three- 

body potential, t3(p)t arising from the coupling of the A  with 

a p-nucleon aad any of the s-nueleons is sere* Thus only the 

contributions V3j(p) and V ^ r )  coning from the interactions of 

the A with nucleon pairs in the s-shell aad the p-shell 

respectively need be considered. The former potential is given 

toy

W
j- - / ^ —9 ̂  a ^  )

v 3 ct-) * w < * x \ ^  C n . r jX'Ti.xi) V ^ >  v s s cr)

ip)
- —  I S ' W

(24)

vhsr* I OC ̂  is the totally antisymmetric spin and isobaric spin 

warefunction for the closed Is nucleon shell and the shape function is
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just

v j w  = | 0 u.l vCr**>* |  Ar?A»7 ^

(25)

\p) . . -IV i b  C O  bting calculated with the rang* parameter P

appropriate to the three-body interact!oa.

The three-body interaction of the A  with a single pair ef 

p-nucleons, coupled to orbital angular uouentun L, spin S and 

isobaric spin T, giree the potential

-? -o-o
V J f Cr) = W  <STlC«rt.nXX,.-C*>\ST> v JfCr> (2#)

where
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and it obtained by coupling the single p-nucleon
■

states f n^(r)Yx ( A  )# to angular momentum L. Only fay 

ignoring the spatial correlations between the two nueleons is 

it possible toieplace 1^ 1^ by a product of single particle 

densities y as nay be done for the s-nucleoms*

Expanding v C r lA) and nr Cf* *) in terns of Legendre 

polynomials and using the spherical harmonies addition theorea 

enables the Integration ewer the nnoleon angles to be performed* 

Thus one obtains

c Cih\ooo) cc lb1! poa) 
v*„lr) 3 Wr Li ^ ak4 ,XJi,\|)j,/A) = U-T

tejW-o.a

0 0  cW)
t») M a y

[£ © khK -k 'A )

(28)
where j a A denotes the polar angles of the A J c C a W ^  

is a Clebsch-Gordan coefficient and is a number constructed

fron a sum of products of four such coefficients* Averaging over 

g , 9 appropriate to a Is state A  9 and performing the sun
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OT#r •‘k  ^  the square bracket bee ones

34 i W d t U ’lO where w C a t c ^  is a

Raeah coefficient* 

Then

Co? , U>
V i  i f ) = -V t  w C ia u i^ i . )  V j  C r)

f * as ‘

which is now only a. function of r end where

(»)

O )  
\ r ^  U )

(30)

If the spatial eorrelations between the two nnoleons had been

neglected then only the first tern of eqn* 29 would hare been

obtained9 the second tern arises entirely from the angular

eorrelations* For the three possible raises of L in the p~shell9
CX)

rim« L • 0 , 1 and 2 , the coefficients of V 5<1 Cf) in eqn* 29
1

are 2/259 -1/25 and l/l25 respectirely* However9 the exchange 

factor of the three-body force is related to the orbital ware 

function through the exclusion principle and one finds that the 

contribution of the correlation tern is always attractlre for 

W >  0* Thus, for the rarlous two nucleon statesy one obtains
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V 3 fO ) s - W C S t ^ ’ )
for S and S1S state*

(31*)

WC SVjJ' 4 »/»« ) tor 13» •»< 81D atataa
(31b)

v if' ) ,or llp •tataa
(31c)

s w C v ^ 1 » ‘/as Vj^' ) for 33P atatea

Old)

The attractive potential, for W > 0, due to the angular correlation*
Co)

is normally smaller than the leading contribution involving 

The opposite sign* of the latter tern, for S and D states on the one 

hand and for 1 states on the other9 should be noted, this being a 

direct consequence of the exclusion principle* Thus the potential 

for a P state is predominantly repulsive, while for S and 0 states it 

is attractive*

If there are more than two p-nucleons one can obtain ?^(r) in
to) % %terms of and Ctj by expanding the core wavefunctione

in terms of two particle IS coupled states using the fractional

parentage coefficients of Elliott, Hope and Jahn15K  Thus,
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quite generally, for o hypernucleus of « mi number K one eon write

(32)

For on I£ coupled nueleor state one hoe

< .  * 1  U.CW.-i) %[t u V T r f i j t t ' j U S  V L S l l  <  C s,T)

1 LfcJWST

X
X) (33)

L43
L S T

and

X ^  Jt $ I ,LSl \ ^CL.S, l) (3 4)

with the woluee of «<?C S“0  and^m*,!*) giwen by eqn. 31 and with

t O ^ b V ,  LS T  ]  denoting the

relewont l«p»e«f For on intemediote coupled state the generalis- 

otion ie obwious*

The simple dependence ef the three-body potential on the 

number of nucleon pairs, which hoe been inoluded in the definition
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of oiM  ̂ and ^ * can bo strongly modified by tho

structure of tho nuclear state principally due to tho operation

of tho exclusion principle* This is indicated in table 4y whore

the coefficients are presented for the warions hypertmelei and

coupling schemesf the Tallies for intermediate coupling hare been

obtained using Soper's waTefunotions for the nucleons* The

results do net* In fact* depend sensitively on the coupling sohess

adopted* It should be noted that If for the p~nueleons one were

to assume that only S and D two particle ant lay— s trie states occur*

i*e* the fractional parentage coefficients relating to two particle

P states were aero, then the walue °* Hf * 3 * ^*P^P ~ ^

would be obtained* This is not in general true because of the

antisymmetry of the many particle ware fraction* This requirement*

together with ^ " 0 * obtained by neglecting the angular

correlations between the p~nuoleans* gives the same dependence on

the number of nucleon pairs as obtained in the s-ahell* and

essentially represents an upper limit for ^  • Thus
13considering as an example AC in coupling one obtains 

- 36 andl3/j^p(Hp - l) • 84. This latter Talue is 

relerant to a core state hawing permutatlonal symmetry ^ 6^ 

which* of course* is not possible due to the exclusion principle* 

The maximum possible symmetry is 1,443 and this corresponds to a 

3*6$ and a 32$ admixture of **P and ®*P two particle states
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%V <5*5̂ *
f  3 J ■?

i  <*ic< $

!

i ?
i S  . r j  !t •£- 't\ $  i\jr> ^ 3  ^ ^  ,i  fOf r<

A*T 3 US 3 0*24 q ic 8*72 0*42 
L i* 9
K *  IS 9 0 . 4 8ic 28.9 2.15 

C13 84 IS 36 2.80fi
JJ 20 2.08

I
. ie 17.55 0,87 j 

Be® 18
* IS 18 0.89

<a ie 21.8 1.42 
B 83

IS 27 1.73

ie 9.84 0.53
Li 18
* IS 10 0.54------------- --------- ----- - ----

Table 4. The Coefficients °^p and for the
ir«M* Si

^  The Mixing of the nucleon states with angnlar momentum

• £ end 3/2 , which is important fer the calculation of \\ 

is here unimportant as the three-body interaction is effectively 

a scalar in the space of the nucleon variables for an s state A  •
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9reipeotivtlj* For A Bo 9 on tho othor hand9 tho value of 

la IS coupling is just tho naiiaai possible oiaoo tho symmetry 

£4 ] to aow allowedv (aad corresponds, ia this sense, to a

p-ftholl -particle)* Tho aneh smaller value of for
0 9Li 1 which has tho m m  number of aaeleoas ao A Be 9 should

also bo aotod aad is dao to tho lever spatial symmetry ( l3l] ia

LS coupling) of Li® compared with that of Bo®* As Is to bo

expected.the inhibitlag offoot of tho exclusion principle ia
A

reducing bolow /2 N (I • l) boooaos progressivelyr p p
greater for larger A aad this is quite siailar to tho situatioa 

found for nuclear matter ^ 9 tho exchange character of tho three- 

body force very aaoh reducing its effect*
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2.4 Energy E w c U t i o .  Y»lne« for th> A  P»rU«le

It is convenient to dismii tho results is terns of the 

expectation values ef the A  potential and kinetic energies 

using the A  warefunction* obtained fron eqn. 6* Thus, with 

brackets denoting expectation values with respeet to this wave-* 

function,

8 a = <*>** + < * > » ,  + 0 » > 35 + < v>,? - < t « >

5 ■«*£? +Ci'wrV ,(A)Faf +'*w iff* w -<ta>
(35)

vhere in ***• p ■ 2 or 3 denotes the type of force,

X  • « or p relates to the miolear shell and the Slater integral
00r p is defined by n <

CV»)

(36)

(o) (o) 13
The two-body integrals Fgj| and obtained fras ^ C

A
and ^  Be and the A ■ T hypernuclei are shown in figs. 1 and 2 as

functions of a# and a^ respectively and for both ranges
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Sa&isas. Aftjacffifti*. !■.«*■«
Fig* 1* The Slater Integral

The apptr and lower^cami indicate the values for /•»< 

and f^xn respectively for A Ho5 with B A • 3*1 MeV# -tho 

ootid- tiiwii rifirrti!g~tr^g -W-M 7 6  ftr tnd tho dotted onoa to 

a^ ■ li264 fti» Tho valnes for tho p~shell hypo roue lei aro giron 

by tho oarroo (a) to (h)« For (a) to (d) a conaon oscillator
t««ao - . (e)

refers to this parasiotcr. For (o) to (h) tho values of au*.e

shorn as a function of a# with fixed a^ ■ 2*0 fn9 toeing

alnost indopondont of ap as is indicated by tho error bars on

curro (f) <x* « 1»2 fw and 1*5 fs which refer to a

variation Ilf of + 0*4 fa in a • Tho labelling of tho curves—  p

is as follows i

(a) and (b) C13# #A - 10.9 + 0.5 MaV . and ~Xf.

respectively *

(e) and (d) ^Be®, - 6.5 ♦ 0.5 UeV and

respectively*

(e) and (f) A - T, T ■ 1, BA - 5.0 MaV and /*»*--
* ' 0 * • • *

respectively*

(g) and (h) A - T, T - 1, Ba - 8.5 MaV |a- y-K and ^  

respectively.
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Fig* 2* The Slater Integral

The labelling fta an for Fig* 1* The carres (a) to 

(d) are again for a eomnon oscillator sine paraneter a, 

whereas (e) to (h) nor show as a function of a with2p p
fined a0 » 1*2 fta* Cnrres (i) to (l) are for square-well

p-mieleon rare functions for ▲ • Tf T * 19 aad for /***

aad a0 - 1*2 fta) curres (i)f (j) and (k) are for B A •

5 MeV and B^ • 1, 3 and 5*66 MeV respectively, aad curve (l) is

for B A - 3*5 MeV aad B - 5*66 MeV.P



1.2 1.4 1.6
as or a (fm)



Ql 1______I______1______i___ ___ I______i______ I----- 1------1
1.4 1.8 2.2 2.6 3.0

ap(</pq)for square-well results) or a(fm)-+

Fig. 2 .
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aad ^  • The mono tonic decrease ia the values of these

integrals as the nucleon siae parameter Is increased is primarily 

a reflection ef the fact that the forces considered are ef anoh 

shorter range thah the so cl ear extensions involved aad that for a 

^ -function interaction the potential shape functions
(p)

and ere just proportional to the appropriate single

nucleon densities* Thus an increase in the sine parameter for

either s or p-naeleon densities results in a decrease in the
<P> (o)magnitude ef or ‘vy*p respectively in the region where

the /\ warefnnction is large* For the nucleon sixes ef interest9

for example a. • a X  1*6 fm, there is still a significant range • P
dependence which leads to smaller wolume integrals for than

for » this difference decreasing as the sise increases*

Apart from the core sise and range of the force the integrals 

are also determined in part fay the A  ware function and than in 

general depend on the particular hypernucleus considered aad the walue 

of B* used* This results in the relatively small differences in 

the values obtained from the various hypernuclei and* as expected*

these differences again diminish as the oneloom density is made more
ip)extended* It is a general feature that re. is mere sensitive te

variations ia <^Cr) * for given a  and * than is

hence the greater relative differences between the various faypmnuelel
(d)for Fgs* This essentially arises from the behaviour of the potential
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functions aad where the A wawefunction ia larges
is hara a lowly wary lag whila daaraaaaa

ralatiwely rapidly aa tha diatanaa fra* tba origin increases* 

Variations la VACr) aad B A which laad to a greater r»a«S# 

radius for tha A than daaraaaaa tha *agnltada of tha iategrals9
I \ f Q

tha affact being *ara pronounced for F ^  * Than for both A C 

aad A la® an incraaaa in B A of 1 BeV fra* tha walues apeoified 

glwaa approximately 4*fljl aad 9)1 inoraaaaa la F g a ^  and * 2 p ^  

respectlwely* Using thaaa walnaa tha latagrala for hjperaaelai of 

intarmediata naaa aembera can ha obtained by interpolation aad a 

reaaonabla procedure is to consider the hyper nuclei A Ii8 aad 

A Li® aa A Be® systems aad AB12 aa AC13f suitably 

adjusting tha BA walnaa* The wariatioa of these two-body

Slater integrals as tha relatiwa proportion of three to two-body

force was increased was found to be Insignificant as tha owerall

potential V^Cr) aad tha A wawefunction, cJ^CtO 9 changed wary

little*

For tha A • T hypernuclei tha A wawefunction obtained is 

not expected ie be appreciably different for tha f • 0 and t » 1 

systems, assuming tha same core simas aad range9 because the walue 

of B A considered Is similar for both* Howewer, with densities 

appropriate to the electron scattering data (a^ x. 1*65 fm,

* S  2.0 fa) and with BA - 5.8 Mat, F. ^  far tha T - 1 hyparp *S
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nucleus was found to be approximately 10» greater than that from

A Li7, while fer a#* 1«S fm and the same rallies of ap aad B

the Integrals agree closely with each other aad with the raise

obtained from A Hie5 (also shown la fig# l)* This difference

originates from tho fast that eqn* 6 , for the T • 1 hyperanoleus9
f

was solred for the elgenralne U while for . Li , U « U4 was 

treated as a giren parameter aad the equation was solred fer /I 

Then, fer large ralnes ef aa, ‘Pa (**) obtained from A LI7 is 

more extended relatire to that from the t • 1 hypermnalel due to 

the neeeasarlly exaggerated attraction of the A  to the two p~ 

shell nucleons In A LI (see further discussion la chapter 5) 

aad a correspondingly reduced ralue of *• obtained* If

for the T • 0 hypenmclcus one had solred eqa* 6 with U • B (T - l), 

where U(T ■ l) is that ralue ef 0 obtained from the T ■ 1 hyper- 

nucleus with the same oore sines and range, them the Integrals 

would be rery similar aad accordingly only the results for the 

T « 1  hyper nucleus are giren*

The dependence of the two-body Slater Integrals on BA 

is indicated by the two cnrres giren for BA • 5*0 MeV and 

3*5 Met respectively. The difference between the integrals for 

these ralues of B A is seen to decrease as the re 1 or ant nucleon 

sise parameter is increased, as expected* Because the A ware- 

function is more strongly determined by afl than by a^ (there are



4 2

only two p-nucleons which or* in general spatially renote) the 

ralue of F2|^0  ̂ ie essentially independent of a^* Thus for a^ ■ 

1*50 fnt B ̂  - 5*0 MeV and the rariation in r2a^°^ ** *p

inereases fro* 1*8 tm to 2*4 fn is ^  1 «̂ Howerer, the ralue of

for giren apf B A and j*. was found to be nore dependent 

than this en A|f particularly for snail ralues of ap| for example 

with ap ■ 1*8 fn, B A  - 5*0 MeV and one obtains a Gfi

deerease in F« ^  as a. is inereased from 1*20 tm to 1*80 fn*2Sp S
For a * 2*4 tm the rariation was negligible*P

The three-body Slater integrals <UM*

obtained from y *  are shorn in fig* 3 for the ranges U •A
1*0 fn and 2*0 fn and for the two-body range I th* range

p " 1 • 1*4 fn glres ralues intenMdiate to these* The A  wawe­

function reIowan t was obtained from eqn* 6 considering two-body 

forces alone as the slight dependence on the relatire strengths ef 

the two and three-body forces is again insignlficanty particularly

in the light of the discussion of section 3*4* Values appropriate
-Ito the two-body range ^  j< wan be obtained from those giren fay 

noting that the small relatire compression of the A  wawefunction 

for this shorter range leads to increases of 4*8^y and if for 

F g ^ 0  ̂and respectirely for all three-body ranges*
9The corresponding integrals from ABe with the same sise aad

13rangesy are approximately 10^ smaller than those for AC for all



two and three body ranges*

For eonpleteness the values for obtained fres

eqn* 6 for the various hypermtolei are shown in fig* 4 and9 

taken together with the warione Slater integrals9 enable the 

valwe ef B to be estinated fron eqn* 35 for all reasonable 

sises and volune integrals* The dependence ef ^  TA ^  on 

B A for the A • T hypernuclei is again indicated by the two 

curves given for BA • 5*0 MeV and 3*5 MeV respectively. For 

these hypenuelei is shown as a function of »| for

ap * 2*0 fta, the aetual value ef ap being unimportant as 

does not depend sensitively on this* Thus for a * 1*5 fnf 

B a * 5*0 MeV and the total variation in as

ap inoreases fron 1*8 fn to 2*4 ft* is apprexinately 1*5^. For

and Be9 an increase of 1 MeV in the value of B AA  A
fron that specified results in increases in <  of

approximately 0*4 MeV and 0*3 MeV respectively*



Caption to flgwroa 3 m J 4

Fig* 3 Throe-Body Slator Integrals for A C13 with Two-Body
o-l

forces of range /*** As

The three-body interaction Slater integrals are shown 

for A C*3 with B a » 10.9 MeV and for two-body forees ef 

range . The solid curves are for v ' • 1*0 tm (left

hand seals) and the dashed curves for - 2.0 f» (right

hand seals)#.
i

% •' « • it

Fig# 4 The A  kinetic energy

The caption is the sane as for Fig# 1 bat for the 

couputed Talnes of the A  kinetic energy#
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CHAPTER 3

lu 9The gypornuolci ^ C and a Be...

133,1 Two Body A -N Forces for a  C

The relevant hypernuclei for which BA  io known and whose
T Tcores hare sero spin (Jg - 0) are the nirror pair, A He and A Be ,

A ®e® and AC13 of whisk only the last two will be considered

here, the A » T hypernuclei being discussed separately in chapter 5

because of their special features* With only two-body forces the

potential well for these and also for /\He5 is giren by eqn* S3*

The Tolume integrals l/2tfg and i/3 obtained for a Be*

ACi3 respectiwely should then agree with each other and with the
5▼alue of obtained fresi A He if two body forces alone are to

giwe a satisfactory description of these faypernuelei* In this
13 12section we shall aainly consider A C since the C core is stable

and its density distribution is known fron electron scattering
8 9experiments, neither of which is true for the Be core of A Be •

12Also the effects of the compression of the C core fay the A  is 

expected to be quite snail as such effects are, in general, 

proportional to l/(A - l) since there are (A • 1) nucleons and 

only one A • Thus for estimates on the lines ef ref*^

indicate a decrease of for Ulg and ^  3J& for the core radius

using reasonable walues of the compressibility coefficient
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K( ^  100 MeV). Such changes art small compared with tbs errors

due to uncertainties In B A and In the undistorted core density 

distribution and Justify the use of the latter for the evaluation

of V a O )
'■ii

For 11 we hare considered both an oscillator and a/\

Fermi nucleon density distribution, some results for the former 

haring already been giren by Dalits With the same oscillator

slse parameter a for both the s and p-nuoleons the total oscillator 

density distribution is giren by

^  Thus one obtains for the increase of BA arising from 

compression of the core the expression

’ C )a where is the ohange

in U(» l/3 U^g) needed to compensate the change S BA and where a  

is the oseillator sine parameter appropriate to the undistorted core* 

The corresponding change in the core sine is giren by

(k(A -1) . For /l-(3y U  - *<***> ft* and with

a  - 1*65 ft■ and the calculated ralues

and f  ) - o © *  / J 3 one obtains
^ < * / a  b it #<
— 3 
OL l<
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the electron scattering data for C*2(Z ■ 6) being veil fitted with 

a - 1*64 + 0*05 tm The Femi distribution ie given by

ft ■ ?. [» ' r m f  ; y.. [. ♦ 9 ’j «->
To investigate the effect ef the chape of ^ in U^g ve have 

oonsidered in particular #equivalent* Fend distributions having 

the sane half-density radius c and the sane 90?> • 10^ surface 

thickness $ (• 4*40d) as the oscillator distributions used* Thus,

for example, vith a • 1*04 fc the equivalent values for are

c - 2*30 tm and s - 1*82 fin* The parens tors o and s are essentially 

the only ones determined by electron scattering experiments and one 

night expect that they also effectively determine uniquely, 

independent of the precise shape of y  • In fact direct fits of

a Femi distribution to the electron scattering results give values 

for c and s which are in reasonable agreement vith those obtained by 

fitting an oseillator distribution

The results fer i/3 to be compared vith are shown in 

table 5 fer o and fer the most recent value B ̂  - 10*9 MeV 18 ̂ ,

the errors indicated being due to those in B * only* Our results 

for ordinary forces, are roughly in agreement vith those given by 

Dalits* The values of U 12 for * equivalent1 Fermi distributions are

^  Thus from ref W  one obtains 1/3 Ulfi » 950 £  150 MeV ftc8 and T40 +
3130 MeV tm for and respectively* These calculations relate

to Gaussian interactions vith the same intrinsic range as our Yukawa1 s*
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eoniitUiiily about 4J& m l l t r  for both and than for

tho corresponding oaoillator distributions for all values of tho 

aiao paramoter a considered* Thus uncertainties duo to tho shape 

of ^ aro rather auallor than thoao duo to orrora iu tho also and 

considerably auallor than differences lu UA obtained vith Qauaaiau 

aad Yukawa interactions of the aauo intrinsic range* For tho 

dependence on o and a one obtaina j ( ) $ * 430 MeV IM2

and l/3 ( )c • 235 MoV fM2 for • Thus for the

valnoa a • 2*24 fin and a • 2*2 tin obtained hj Meyer-Berkhout at al»1^  

fron fitting a Fond charge distribution directly to the electron 

scattering data* one obtaina l/SV|| * 1000 MeV fin3* Folding out 

tho proton charge dlatribetion von Id reduce thia and in fact Meyer- 

Berkhout et al# clain a acuovhat uore satisfactory fit vith an 

oscillator than vith a Feved distribution# On tho baaia of these 

results one reasonably obtains l/8 m 900 ♦ 00 MeV Mu3 and 

815 + 50 MeV flu3 for ordinary Yukawa Interactions ef ranges 

and respectively| uost of the error now being due to

else uncertainties#

—  , — ■         —        .

^  The corresponding difference for l/3 9 ^  it expected to bo

rather less than for U .......
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13Tftble 5 Result* for Two Body Forces for a C with B>v 
iQ.9 ± o.5 m
The Indicated errors are dee to those Id B a  only.

a
1 u 3 U12 c - k v i " '

1  u3 12 —  U 3 12 C -i-y y(°)
12 12 2p

(Me? f»3)
(ordinary) (exchange)

(MeV) (MeV) (MeV tm ) (MeT tm ) (MeV) (MeV)

ISb -0*54
£0,08

1.48
+0.03

750
+20

700
+20

-0.36 1.41 
+0.15 +0.05

008 -0*13 1.38 884 860 *■0.02 1.3T
lib +20 +0.08 +0.04 +20 +20 +0.16 +0.04

1003 0.31 1.33 015 060 0.40 1.32

1-75 +25 +0.10 |0.04 +20 +20 +0.18 +0.04

For the I meson range the exchange nature of the force should 

also be taken into account* This vas achieved by using the expression
I i j (o a})

of Dalits and Downs ' for the ratio £ » <  /< V> , of the

potential energies for ordinary and exchange Gsassian A  -N inter­

actions and using a Gaussian A  vavefunction. Since Gaussian and 

Yukawa interactions vith the same intrinsic range are very nearly 

equivalent in binding the corresponding ratios may be
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•zptoted to bo is excellent agreement vith each other* For the 

else parameter of the A  vavefunetion ve use a A « 1*80 tm and 

1.T5 fta for the ranges and respectively9 these valaea

giving the name r«a.s. radii as obtained fron the eigenaolntiona of 

eqn* 8 with a * 1*65 ftof the reenlta in fact de not depend
C«*ccL) . fjrJJ

sensitively on the previse value of a A For * <v>* /Vv>^

vhere • a or p for the interactions vith s or p-nucleons 

respectively» one finds • 0*09 and - 1.00 and

thns effectively no difference betveen ordinary and exchange forces9 

vhile Yylfzi ) * ppC/^K ) * 0.01* The resulting

valves for the total ratio *7 are * 0*86 and m

0*95 aad thns the values of l/d U ^2 obtained vith exchange forces 

vill be correspondingly larger than for ordinary forces. The results 

for the physically interesting range *7* are given in table 5 and
r u  o

one nev has i/8 ) ■ 830 + 50 MeV fts 9 the error

including sise uncertainties. For comparison the corresponding values

for nnolear natter ( >̂ - 0.168 tm ) are p J? (f*\<)

* 0#8 6| exchange effects thus being considerably greater here than

in The ratio9 P y of the total interaction energy in relative

p-states to the total interaction energy is given9 to a very good

ftppraxiaatlott, by P - 5  - 3  ( \-p)

since interactions in relative A -N states vith >  1 are
13expected to be negligible. Thns for one obtains PJ2 ) *
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and Flg ( ) - 2*3}* for a • 1.65 fa and, as oxpoetod, PJ2 ia

•mallor for tho shorter range* For nuclear matter the eorreaponding 

▼allies are P^C f*Xr%) * 15^ cad ?( y*K ) • f£. Interactions in 

relatire A -N angular momentum states with i  ̂  1 are thus

considerably loos effective in than in naelear natter* This
* 4

presumably is mainly a reflection ef the smaller average density of 
12C associated with its large surface and in this respeet conditions 

in the two are still substantially different* If, as an extreme 

case of an ordinary foree of range fer which interactions in

relative p-states are weakened compared with the a states, we consider 

a foree with only relative • state interactions, then one obtains 

1/3 U^g - 10T0 MeV fer a • 1*65 tm and B A • 10*9 MeV, corresponding 

to a 10£ increase as compared with the value for a static force*

It is seen that within the uncertainties of t/3 and

these are consistent with each other for both ranges and ymjl

and to draw any conclusions about the range cf the interaction from 

hypernuclei as light as the p-shell ones requires, above all, a very 

accurate knowledge of tho relevant core sices* The small values ef 

the quantity C - 1/3 Fg^°L <TA> should be noted, implying a near 

cancellation between the A  kinetic energy and the potential energy

due to interactions with the s-nueleons, although slightly larger
9 5values for C are obtained for A Be as shown in table 7* For A He

(i.e. no p-nueleons) C has, of courso, just tho valuo of ■

3*1 £  0*05 MeV and the conclusions of chapter 5 indicate a value
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similar io this also for the A « T hypernuclei* Tho weh snallor 

T s h o i  of C for tho hoarier p-sbell hypernuclei aro mainly duo to 

tho largor s-shell sizes for these, tho Slater integral 

dooreasing as tho else increases. The assumption that C ie 

constant and equal to 3*1 MeV throughout the p-shell made in other 

investigations of these hypenmolei implies that the

expectation raise of the spin areraged interaction ie alee oonetant 

and giren by 1/4 h O  MeV* Thie^therefore an under­

estimate for the hoarier p-ehell nuclei* As soon fron tables 6 

and T the raises of l/4 ere approximately 1*4 MeV for both

Be0 and C13 and do not depend/ much on the sine a*A A

Results for the potential well VA (r) are shown in table 

6 , the raises for tho two ranges and ywu  and also for

^ t and the 'equiralent' ^  agreeing closely* For ̂  ̂

the maximum density is Q  (r - 0*8 tm) • 0*169 fn* Howerer) H.o,
V A Ct) 4ofl n°t ehow a corresponding dip at r ■ 0 * This is 

because the finite range of the /\ -N interaction smooths out the 

effects of density rariations or or distances of the order of the 

range y*>~( (see alse the discussion in the appendix £)•
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3*2 Well Depth for Nuclear Matter and BA for Heavy Brpernuclol

Also shown in table 0 are the relevant values of D ■ *JUg> 

this being tho first order well depth, for mioleer Batter of density 

y for ordinary A -N forces* Second order contributions to the 

well depth are snail and probably less than about 10^ 3 .̂ Again 

due te the offsets of the finite range and finite core sise the 

values of V*(t) for the longer range are substantially

smaller than the corresponding values of Dt while for the

differences are nuch less (fer sere range forces one has VA ■ D). 

Thus | especially for t surface ef foots in AC13 are

sufficiently inportant for the central value of the potential9 

V A (0) ■ 33*5 + 2 MeV# for either range9 not to be a reliable 

indication of the corresponding well depth for nuclear natterf which 

for la 0 - 48 UaV for U - 1000 UaV f* 8 and y  - 0.108 fta"3

In aplto of tho faot that tho aantral donalty of C*2 la qalto eloae 

to that of nuclear natter* For exchange forces of range y** one 

flnda D^*xoh^  f D^ord  ̂- 89.5 UaV for 0 • 800 MoV f*3«»J - 0.88

Instead of • 33.0 MoV for ordinary foreoa.

19)Experimental results ' for heavy nuclei vith 60 ^ A • 1 

^  100 (corresponding to heavy ennlsion nuclei) indicate a value of 

B A in the region of 25 MeV and not nuch in excess of 30 MeV* Even 

for these nuclei B A is still substantially less than D both because
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the A  kinetic energy ie still appreciable (thne for A ■ 10 one

hae < T a> - 6.5 and T.5 MeV for BA - 25 and 35 MeV respectively) 

and because an appreciable fraction of the nucleus is still 

contained in the naelear surface. Thus using a Femi density 

distribution! eqn. 38,vith the values >̂D - 0.168 fhT3 and

s • 2.66 fu9 appropriate to electron scattering experiments for 

heavier nuclei» one obtains for 1 A  ̂(d) the values9 in MeVi 

B**80* (40) - 32.3, B^*°) (80) • 28.0, B*f°* (40) - £8.2,

(30) • 10.5 for /*2 !r and B ^ 20* (40) - 34.3, B ^ 20* (30) - 

24.8, B ^ )  (40) - 30.2, B ^  (30) • £1 for I tho dopoadoooo

of B A ei D being linear for all eases. Even for A • 200 there is

still a difference of about 5 MeV between D and B A f although for

these large values of A the effects of the finite range is very 

slight. The predieted values for a mean value of A ■ 80f to be

compared vith the experimental ones9 are then B A ■ 30 ♦ 1 MeV for

y*ajr vith U ■ 0^ • 1025 t 30 MeV tm* and B A • 20.5 ♦ 1 MeV for

exchange forces of range vith U * O4 • 785 + 25 MeV

Neither of these values seems inconsistent vith the experimental

results and it seems doubtful vhether significance should be

attaohed9 at present9 to the slightly large values for »

especially if uncertainties in U of about 10^t or possibly even mere*
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-r
are accepted* Such uncertainties may arise not only fres 

errors in the value ef the phenooenol ogi oal to lone integrals 
and U J2 but also fron possible uncertainties coning from a 

lack of knowledge of the shape and velocity dependence of the 

A  «4f interaction as well as fron possible differences in 

second order effects of the force in heavy and light hypernuclei* 

The value D ~ 40 Met for p m  obtained here with Yukawa inter­

actions agrees well with that ef Ran and Downs 10  ̂obtained by 

using a hard cere (ef radius 0*4 tm) together with an attractive 

well9 which| in the asyuptotic region» possesses an exponential 

behaviour appropriate to the two pien exchange Mechanicsf although 

for such a force the relative p-st&te contributions are greatly 

enhanced relative to those for •soft* forces such as we use*

-t*
The predicted value would in fact be reduced to X 88 lleY 

if there was an exparinental bias towards sualler values of A in

the range 00 ^ A «* 1 < 100*
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5*2 T.fe* __ A »«9

Btanlti for t/S Ug obtained i i1b| appropriate oscillator 
doiiij dlitribtiioMi eqn. 37 vith Z « 4* are shown in table 7 

for B /v • 6*5 + 0*25 lleV. Siaoe tho isolated Bo8 core melons 
is unstable* its si so and energy when tho A  is present are 

uncertain* As discussed in nere detail in sections 5*2 and 0*3 

in eenaeetien vith the A • T hyp* rone lei* the rearrangement energy 

of the sore* i.e. the difference between the total sere energy vith 

the A  present and that ef the isolated cere* east be positive* 

Thns the valne ef l/2 Ug obtained fron the two-body model 

calculations for a given B A and seme assumed eore sise vill 

be a lover limit to the valne which would be obtained if the re­

arrangement energy* appropriate to the aetual sere sise* was 

included. Bearing this in mind* inspection of table 7 then 

indicates that a sine 1.5 tm ^ a £  1.6 tm is consistent vith

the results fer and l/3 as veil as with a reasonable re­

arrangement energy ef <> 1 MeV.
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Such an approach is s three-body sodtl consisting of two <* 

psriielos sad tho /\ vhieh has boon considered by Vilhelnssea 

•si Zielinski ^  sad sort especially by Sah A aero

do toiled investigation hos boon node by Bodmer sad All jio bo 

pablishod) asiag aoro realistic oi - istoraetioas as veil as 

bettor trial ware Amotions thaa used by Sah. Vith <* 

istoraetioas vhieh giro phase shifts la reasonable agreement vith 

tho experimental values oao thoa obtains i/d Ug • 1038 ♦ 20 MeV fh3 

for yuaj. sad vith B A • 8.5 + 0.15 MoV vhieh is ia very good 

agreement vith tho oorrospoadiag value obtained froa A Ho® sad 

A C13. Tho sise of tho Bo8 sore obtained frs* tho three-body 

ealoulatioa nay bo expressed ia terns of aa equivalent osoillator 

sise paramo ter vhieh is aero or loss direetly eonp arable vith oar 

sise parasietor a. For this equivalent sine parameter oao obtains 

1.85 ♦ 0*03 faf while tho reaBrangeneat ehorgy tarns oat to bo 

soaevhat loss thaa one MoV. Tho results of table f are thus 

quite ooaslatent vith those of a three-body model ealoulatioa and 

can therefore bo aoro significantly Interpreted la terns of tho 

latter.



6 2

8<4 Two aid Threo-Body A «4I Interactions

For lKTtiilgftilng tho itmgih of tho tfaroo-body foreo
» • * < * ‘ • » » • * - «  * l * ' ' ' ’ s j v ' i 4 * < * ’ •

mainly A Ho® and AC*3 will bo considered» in riow of tho

inhoront uncertainty attached to a two-body modol analyoio of
9 6A Bo • Although thoro io a good agreement botwoon A Bo and

A c18 with only two-body forooo ono oannot necessarily oonolndo
from thio that three-body forooo aro negligible* Thao with tho

inolnoion of three-body forooo ono will obtain fron eaoh hyper-

molono a rolation botwoon V and V and if thio should bo oinilar

for both hypomnoloi than oonoiotonoy could bo obtainod for a largo

rango of three-body otrongths i no lading sere* On tho othor hand if

tho two rolationo aro ouffieiontly difforont then combining thorn will

giro significant limits on tho strength of tho three-body fores*

Results for A C*3 Including three-body forces haws boon 

obtainod using tho procedure discussed in chapter 2* As for tho 

case of aHo3, prowiously reported ^  and for tho same reasons as 

discussed thoro| tho rolation botwoon U and V for AC13 was also

found to bo linear within tho computational accuracy* Thns one has

V- U4 - Z4 W for ^ Ho5 (39)

» - 1/3 0 12 - a1#w for A c18 (40)

where tho waluos obtainod for tho coefficient  ̂aro giwon in

table 8 and depend on tho ranges and v~* j and 0 ^  being
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thi feliuM lntegnli obtained vith two-body forooo only* Fron 

eqn* 35 oao boo tho foil ovine exprcaaiona for #  - in to m o  of 

tbo rolovoat Slotor iatograla (vhooo valaea dopoad of ooaroo On 

tho portioalor bypemooloao eonaidered)*

(41)

(42)

It ia aaan that *4 ia apprasiaataly M n  aa larga aa ZIS, 

oorrtipotdiig to tho affect of tho foroa hoiag groator

la Ho9 thaa la A C*** •. Thio oaa bo aadorotood ao dao to tho
a  A

largo o-nueloon doaoity of Ho* oa tho oao baad9 tho throo aad two- 

body eoatrlbatloao bolag approximately proportional to aad ̂

roopootivolyi vhilo oa tho othor hand tho offoet of tho rather
13largo naaber of p-meloea pair* ia A C 1 ii very aaoh reduced by

9tho exeluaioa principlef aa diaeuaaod ia aootloa 2*3* For A Bo » 

la into modi a to coupling, oao has for ooapariaoa Zg • 0*125 ftT3 

and 0.105 tm*with V '1 - 1.0 f* and Zg - 0.030 tm"3 0.025

>»F36
c  '-*>>r as

ta \9Jjs +
to) .«)

r £  *  a  fi‘f'
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-Ivith v • 2*0 tm for and respectively aad far B A -
6*5 lfaT aad a • 1*00 fa* Thaa# ara quite close io iha eerrespond- 

ing values of Z ^ t iha throo-body foree contributions daa ia hath a 

aad j H a a l m i  aow being quit# aiailar far A C13 M d a * ia
faai9 for intermediate coupling iha ratio Zls/Zg ^  i far all 

reaaaaabla aisaa for c18 aad thia la smallor thaa tha ratio of tha 
number of p-nneleans for ihaaa nuclei* Tha aiailar ralaaa af Zg 

aad Zjg iaply that, even if iha aaeartaintiaa daa to iha aoro 

structure ia Ba9 could ba avoided (as, for example, ia 

achieved io aaaa extent by aa A aodal)9 ao usefhl Halts

could ba exp aa tad ia ba plaaad oa iha strength of tha thraa-body
9 13foraaa from a aaapariaaa af A Ba vith A C , vhila a comparison 

vith A Hafl would not ba expeeted to giro anything substantially 

different from comparing A Ha5 with

Combining tha raaalta for and AC13 than giwaa tha

values of U shown in table &  Tha results for V ~ • 1.4 tm hare 

not bean giren but ara intermediate io those for v • 1*0 tm and 

2*0 fnu Also shown ara the aorraspending ratios af tha three-body 

ia tha total potential energy whieh ara glwan by (Uy-~ u)/um-
M d  C'/3^.a-U )/'/3a ,2 fop A H.5 M d  A c13 re«i>»ctiT«ly aa

well as the aarrasponding ratio for mi a1ear matter9 win.

^  - CDa* 0  3/ f)a vhieh has bean obtained using tha results of 

ref3  ̂ far tha total and two-body wall depths D aad Dg raspaotively.
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For * giro* also of C1* tho raluos ^  ^ 12 aad aro

oomparable, tho nl«o« of ^ ^ being on tho rholo lonvtat 

largor tho* ^ 12 and ^  for tho rooooao already discussed*

Tho proeioo numerical ralneo aro ooo* to dopond in o rathor

Inrolrod ray on tho particular raagoo aad donoitioo considered*
12For a given two-body range aad tho nice of C tho proportion 

of three-body foroo doee not dopond anoh o* tho three-body 

range, while, for giro* ̂  aadv , tho raluoo of ^  

decrease as tho siso increases eoreesponding to attractire 

three-body forces for small raluos ef a, i*e* somewhat loss 

thaa electroa scattering sisos9 aad repulsire forces for 

largor raluos of a* Xa particular it is striking that for 

the actual siso expeoted for C** core, i*e* a • 1*64 &  0#05 tm, 

tho correspoadiag magnitude obtained for the three-body force must 

be quite small, ris* \ ^ \  • 0 ♦ 15^ for both two-body rangee.

The most probable raluos correspond to weak, attractive, three- 

body forces for u ^ aad weak, but repulsiro, forces for



Chapter 4 6 7

Hypirauclti with Non-Eero Spin Ctrtii
7Apart fron ALi 9 vhieh is discussed in Chq>ter 5f the

hypernuclei whose ceres hare non—mcro spinf J} / 0, end for vhieh
8 8B A is reasonably veil knevn ere the Mirror pair ALi end ABe 9 

9 joALi end a B * If these hypernuclei vere considered individually 

end an absolute calculation ef the total B A attenpted9 as has been 

done so far9 then the spin-dependent contribution to 9 vhieh is 

roughly ef Magnitude l/k relative to the doninant contribution 

depending only on U (and W)9 vould be Masked by even fairly Msall 

uncertainties in U, This is largely groided by considering the 

differenees9 ^ B a 9  in BA for the folloving pairst ABe® and 

a L1®# aB*° and AU 9, AC13 and AB12.

Ft o m eq* 35 ene then has

x* c w ;f.

wfaara ^ BA a^r otrletly only bo idantifiad with tha oxporiaontal

value if the rearrangcnent energies are the sane fer both nenbers ef
9 9a pair* Fer the pair A Be — A Li the first tern is net present 

since the Mass nunbers in this case are the sane* In eq* 43 

the tern depending on 0 (w) is nev coup arable vith the ether terns 

since it arises fron the interaction of the A  vith only ene nueleen*
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In fact the values U(w ■ 0 ) • 1000 end 760 MeV tu? for ^  end

Mk respectively ere taken, eoneietent with the result* for the

• 0 hypernuelei, the precise value used now being unioportent*

The third tern is due to differences in the sime between Members

of e pair* To e good approximation the quantity denoted hy

( )xf is given by the rate of increase of B A with

respect to the oscillater sise parameter, with V constant, for the
9 13* 0  partner, i*e* fer A Be and AC assuming only two body 

forces* It may be obtained directly from the results ef tables 

5 and 7 or from the results fer the relevant Slater integrals 

given in section 2*4* In fact, as is the case for the A • 7 

hypernuclei, is given to a fair approximation by

just thechange of interaction energy of the A  with the p —(•)
nucleons, since the remaining part of the energy, i*e* C ■ U F ^  - < T a >  

is small and does not change very much with a* One has always
,-ae , <°>( ^ Aft- ) xjt *< o corresponding to F0 increasing as thexp
sise a decreases* The last term in eq*43 is the difference in

three body potential energy, the relevant values ef and ^

being obtained from table 4* Instead ef W it is of more immediate

physical significance, especially with reference to the results of

section 3*4, to use i*e* the ratio of the three~body
13interaction to the total potential energy in A C * Correspondingly 

one then has W • U ( M )  ^12 /®12 *n *4* Alternatively,
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of course* ^ 4  or ^  could hero boon used.

The results obtained frosi eq* 43 using the

apprepriste ▼ slues fer the warieus pairs* ere shown in tsble 9

for both /*t« aud for the three—body rouges ■ 1*0

end 2*0 fn» the results fer v  • 1,4 fa being

intermediate to these* The changes in A  with respect to the sise

& and *£lg ore insensitiwe to the precise wolue of o (Jg ■ 0 ) 
used* while the wolue of A  for • 0 * ^ 0 depends senewhat

■ere on the sise o# although net at all critically* The walues

ef ^  used are these giwen by Dalits (see else appendix 1).

Considering first the results fer only two-body forces* 

i«e* fer |2 * ®t #n* notes that the walues ef A  fer ^a ■» 0* 

i*e* for the sane core sises* are wery considerably larger than the 

walues obtained fro* the S -shell hypernuelei* using the 

experimental walues ef • This seens true ewen when the

substantial uncertainties due to erros in ^ BA are taken into 

account* This conclusion is in ^reenent with the results giwen 

by Dalits*^ • Hewewer* the walues of A  are seen to depend wery 

sensitiwely on the sise differences X a* This is because the sise 

dependence ef the najor part ef BA is inwolwed* with the result 

that ewen fer quite snail I I the corresponding change in

energy* S<x can easily be conpared with or

is larger in nagnitude than the energy differences due to the 

effect ef essentially a single nucleon giwen by the first two
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itrai of eqn* 43* A rofloetion of this is tho ineroaso of 

( ^ A/^a) xJ with A*

13 12For tho pair C * • AB ono probably has positive

O a - Oil t oa fa* corresponding to tho waluoo a(C**) •

1*64 - 0*05 fa and a (B**) • 1 .55 - 0.1 .fa obtained froa analysis
IT)of electron scattering results '• For this oaoo tho rearrangeaent

energies aro expected to bo wary oaall and aloo wary aiailar for

both hypernuelei and tho resulting uneortaintioo to bo anch looa than

thooo duo to tho orror in & BA § It io than immediately clear

froa table 9 that for wary re aeon able positive values of Sa tho

value of A is reducod froa that for Sa » 0 to values quite

consistent with those obtained froa tho s — shell hypernuclei*

Thus for pgg one gets d  • 60 • IDS Mtv fa? and -500 — 285 MeV

fa* for S a  • 0*05 fa and 0*1 fa respectively* the errors being

due to those in S * Then to obtain auy significant information

about the spin-dependence it is necessary not only to hare quite 
accurate experimental values for i nA lot also very accurate

knowledge of tho core sixes* In fact one can reasonably reverse

the procedure and supposing that A  has a value of the order

obtained froa tho light (A ̂  5) hypernuelei* i.e* assuming that tho

A interaction is approximately known* one can consider tho

as a fairly sensitive probe into siso differences* In this way ono

obt&ina » - a (C12) - » (U11) - 0.04 i 0.02 ind*pe>.<U>iUy of

the range of tho A  —N interaction.
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fht situation is quits similar for

pairs although for thoso there is a further complication due to

the rearrangement energy which is almost certainly substantial
9 9for A Be • Thus an oA#l« A  model of ABe gives about

3*71 MeV fer thi*9 the corresponding oscillator sise parameter being

about 1*6 fs* It seems net unreasonable to expect the
8 8rearrangement energies for A J-i and ALi to be quite 

considerably less since for these the distorting effect ef the A  

is expected to affect all the nucleons ef the core more or less 

equally and thus be a fairly small \/k effect) the procedure 

used for A C ^  together with a r asset able compressibility 

coefficient giving S  0#2 MeV# This is in contrast to the
g

situation fer ABe where, within the frenvorfc of an A
3*7 A

model9 the distorting effect ef the on each ef the tightly

bound *  -particles will be very small but where there will be a

quite large effect on the relative motion ef the two -particles
gas these are net even bound in Be • Assumingf then, sere

8 0 0 rearrangement energies fer A Li and ^Li and one MeV for ABe

one gets the larger Effective9 values of • BA - 0.85 - 0*3 and

—0*5 — 0*3 fer and respectively#

The actual values are likely to be somevhat9 but not much9 less

than these# The effect ef the rearrangement energy is then to
Q,

reduce A  to the values shewn in the table# These are consistent
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tith the values obtained from the s-shall hypernuelei even when

the cere sisee ere token to be the same* In fact* for weluee of

W  •* the order of these just considered* this then implies

that the eore sizes (in the hypernuelei) are wery nearly the same*

It is clear that beeause of uncertainties in both the rearrangement

energies as well as in the core simes wery little can be said about A

except that there is certainly no obvious inconsistency with the

values obtained from the light hypernuelei* Because of the

increasing relative i^>ortanee with K of differential sise effecte

the corresponding uncertainties will also become progressively

larger* other things being equal* It seems that one is only likely

to obtain a reasonably reliable value for the apin-dependence from

the p - shell hypernuelei if the exeitatien energy of the spin flip

state corresponding to the ground state of some hypemueleus can be

determined reasonably accurately since the core sixes can be expected

to be almost the same for both states*

The effect on A of three-body forces* shown for Sa ■ 0 P

is seen to be small* although not entirely negligible* for strengths

consistent with those obtained in section 3*4 and will thus be

completely masked by even very small size differences of the order

of 0*01 fm* It should be noted that the difference in the three-body

potential energy* and correspondingly the effect on A is seen to

be about the same in magnitude for the equal mass number pair*
9 9A Be - ALi * as for the other pairs whose partners differ by
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oil ■At 'Aki
one nucleon. It is interesting te ebeerre that for %fc*^fae*d*r

ejJL*
■ango #r-".. ■ \ ill gar the difference in the three-body potential

energy has the ieie sign end eonparable Magnitude fer all three
pairs. »uf this t.hraifhnrty rang* Consistency with the walue ef A

obtained froa s - shell hypernuelei could then be approximately

obtained fer equal sises of the partners ef each pair with a

▼alue ef ^ lg ef roughly about • 0,5 corresponding to an extremely

strong repulsiwe three-body force which is# ef course# quite

unacceptable in view ef the previous results. fir the longer
9 9yanger the-three-body energy fur-the-pair ^Be ^  ia

seen te have the opposite sign to that for the ether iare pains.

Other contributions to BA for / 0 hypernuclei,

and thus to the differences S B A fer the paireconsidered# muj 

arise from non-central A -N forces. Thus# assuaing equal sises# 

Lawson has obtained good agreement for all the ef the

p—shell hypernuelei with a two-body tensor A • N force in addition 

to a spin-dependent central force. Three-bodr non-central forces 

■ay perhaps also ■afce an appreciable contribution fer / 0 in

view of tho fact that those are indicated te be quite strong by
2 )■eson — theoretical calculations .

It is interesting te note that the results fer S a • 0

and "f 12 ” 0 can also be obtained by calculating the relevant

Slater integral# *2p°^* asswning Gaussian A  - N interactions
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of ihi ! « •  intrinsic range as the Yukawaa and by using i A  

warofunction of Gaussian fona with the same sis# parasi#t#r as th# 

nucleon distribution* Thus* with a 5 * * eiA • 1 *6 fn, one

finds fer &  in MeV* fn3f the walues, A  ■ 450 7 72,

310 7 62f 636 7 104 fer ̂  and A  - 350 7 6 6, 290 7 58,

452 ♦ 178 fer fig, r el or ant to the pairs ef hypernuelei

B*9 - LI® , B«9 - Li9 and C13 - B12. ItA A A A A
appears that fer a calculation of A  in this Banner the

approxiuation that the A  has the sme density distribution as an

s-shell nucleon is then a reasonable one to Bake* For the pair 
9 9A Be - ^Li the abowe procedure slightly under est in ate s A 

compared with the walues in table 9, and this is because the 

wawe-function has here a snailer extension than that obtained froa 

eqn*6 and correspondingly is larger* Per the other two

pairs of hypernuelei this effect is Basked by the presence of the U 

dependent tern ( for ^ \  • 0 one just has d  • u/4 V( )•



Chapter 5«
7 6

Th.i_A

5*1 Introduction >

i %
These hypernuclei ere discussed separately because, 

firstly, the apin-dependenee ef the A  • N interaction is expected 

to here a relatiwely greater effect fer the I • 0 hypemucleua
m ■ )

A Li (j^ ■ 1) than fer the ether p-shell hypernuelei with

Jjj / 0 * The second* end acre i^ertant reason* is that both the

T • 0 and T m 1 nuclei* Li** and He** Be* are exceptional in

that the two p-nucleons are quite weekly bound* with separation

•nurgiuu of about 5 MoV for LI0 and a MoV and 0.8 MoV for Ho* and

Be* respectiwely* while the e-nucleons on the other hand are wery

tightly bound* probably corresponding to an °c-particle like cere**

This situation is also refleeted by the nucleon density distribution*

Thus the electron scattering data fer Li* indicate oscillator sise

paramo tors aa • 1*6 fa end Up • t«l fa fer the s and p-nucleon

distributions respectiwely* corresponding te a considerably greater

extension ef the latter* These walues ef the sise parcaeter are

those appropriate te the present usage* i*e* without centre of

aqss or any ether corrections* They are interpreted as giwing the

nucleon distribution with respect te the centre ef aass* haring been

obtained from the corresponding r*a*s* radii of s and p-nuoleen 
22 6distributions ) * Fer He the p nucleons are probably ewen acre

* Both these features are wery ckarly ewident in the quasi-free scattering
k -  T 2 6
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•xitadtd corresponding to iT«ln« * 2,5 fa obtained froa

tho Coulomb energy difforonco botwoon Ho6 sad tho lowoot T i l  

state of Li® *3) • Tho much larger Toluo of ns than obtained 

for tho ^k-partiele (aa » 1#175 fs) ean Tory plausibly bo 

oxp) ainod on tho basis of an a-p article plus tvo nucleon nodal 

as duo to tho spreading out of tho o-particlo density by its 

rocoil notion* rolatiTO to tho oontro of mass of tho wholo nucleus* 

duo to tho notion of tho two p-nuel sons®** 23f Bo ean so of

tho spoeial structural fonines of tho A • 9 nuoloi noithor a two 

bo<ty troatswnt of tho ▲ » 7 hypernuelei, which assumes tho A 

to intoraot with tho e o n  as a conposite whole, nor tho assumption 

of snail distortion of tho eoro by tho A  nay bo adequate*

Tho results of such a two-body analysis disoussod below show 

that tho fomorf ewen if not tho latterf is certainly tho oaso and 

that rather than obtaining inf seat ion about tho A  -N inter notion 

from tho A • 7 hypernuclei tho A nay bo eonsidorod as a reasonably 

sonsitiwo probe into tho strueture of the A - 6 nuoloi*

In wiow of tho results of section 3*4 wo shall for our two- 

body nodal analysis consider only two-bo4y A  -N forces# Tho numerical 

results wore obtained by solTing tho appropriate SehrBdinger equation, 

eqn*6 , the A  potential, V A (r) , haring boon obtained assuming 
U S  coupling for tho nucleons#
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5 .2  T li* T .  1 H ypTnucl« l« and f  B«7

For thooo tho raluo B A - 5.0± O.S VoV ( >  4.5 UoV)

obtoinod far AB. 7 *4> # U  <** U w  »•»«• *f
B A * 3*06 £ 0*7 MtV obtained for the alrror nucleus being

interpreted as corresponding to sn excited isoaeric state25).

An alternatire explanation 25  ̂ interprets the difference between

the two walues as due te the differing structures ef the cere

nuclei Be and He • further belev reasens are giwen why this

explanation does net seen plausible*

Fer the T m 1 hypernuelei only U is relew ant since the

core nuclei hare sero spin) thus Uq(T • I) m 3/2 U. The fact that

both A Re5 and AC13* as well as AB#®f giwe essentially the

sane walue for Uf in spite of their wery different density

distributions* seeas strong justification fer assuaing this sort

of walue alee fer the A • 7 hypernuelei* This* as will be seen*

is then tantgaeunt to considering the A  as a probe whose nuclear

interaction is known* The results obtained for the A  energies

with VK (r) generated froa nucleon oscillator density distributions

and assuaing U * 1040 £ 40 MeV fa3* and 780 £ 30 MeV fa3 fer

end ls respectiwely are shown in fig* 5 as a function ef a^ and

These energies* denoted Iqr fi/ cannot in general be identified

with the actual A separation energy BA but are larger thai this

fay the rearrangeaent energy of the core nucleus appropriate to its
* The existence and therefore stability of against henry
particle breakup into He5 ♦ p ♦ p giwes a lower liait ef 
4*5 MeV for BA
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configuration in tho hypornucleus and tho energy of tho isolated 

eoro nnolouo in ita ground state, whore ito total energy in a 

minimum* Thus Ba « + £a>/Ba tho equality sign applying

only when tho core configuration is tho isolated eoro with tho 

sise par ■■•tors a# ce 1.7 fn & ap &  2*5 fs for Ho6* For such

walues tho calculated BA which a^f now bo identified with BA is
ijr

only about 1*5 MoV (and probably owon loss for A Bo appropriate
d ato a soaowhat larger walue of «p for Bo than for Ho ) and this 

is much loss than tho experimental walue* This shows quite clearly 

that it is unjustified to consider tho A  as interacting with tho 

undistortod core as a eonposite* Further, remembering BA'^ B^

4*5 MeV, it is clear from fig*5 that unless tip is to bo 

unreasonably amallf o*g* ap < aa, one must conclude that tho 

effectiwoly sees an s — shell distribution which is much closer to

tho a - particle sise than to that of the isolated nucleus* In

Fact the presence of the A is not expected to reduce ap wery much 

from ito walue for the isolated core nucleus since the p — nucleon 

seperation energy will only be increased by approximately ene MeV, from 

about 2 to 3 MoV for A Ho7 and 0*6 to 1*6 MeV for Afle7, duo to 

the additional binding caused by the A  • Fer such an increase, 

calculations, discussed below, for p — nucleons mowing in a square 

well (which allews the introduction of tho nucleon binding energy 

in contrast to tho case of an oscillator well) indicate a decrease
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% of magnitude \ & apl £  0 *2 fm and 0 *3 fm fer A He7 and
7A Ue respectively* Such a decrease is also indicated by an 

estimate ef the effect ef the A  in compressing the p-nucleen 

distribution ef He6 using a compressibility coefficient for tho 

p—nucleons of kj, « 60 Her/ nucleon appropriate to Op c 2*5 fm23^•

Assuming then, fairly generally, that with tho A  present mp is 

not loss than about 2 fm one can conclude that the A must see an 

effeetire s • shell distribution which c m  at most bo wery little 

larger than an o-partiele* One may further conclude, since always 

B a* >/ B A that the rearrangement energy must be rather small* 

Thus, from inspection of fig* 5, ewen a reduction of ap to about 

2 fm is seen to imply f A ^  1 llew (assuming U is not greater than

•bout 1080 MoV 8 fa and a, z 1.8 fu and B A ^  4.5 MoV). For

a reduction by 0*2 fm to ap x 2*3 fm for AHe ono gets 

**A $ 0*5 MeV.

Thtu rem^lts can be readily interpreted if one 

accepts an <*-particle plus two nucleon structure for the core nuclei* 

It is then quite reasonable to expect tho A  to become strongly 

correlated with the of *particle, the interactien with this 

dominating that with the p-nucleons of which there are only two 

and those, moreover, haring a wery extended distribution*

The A  will then effectively see an e-nucleen extension comparable 

with that of a free o< -particle* The picture thus revealed in
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Figure 5 The A  Separation Energy B* fer A ■ 7, T • 1 

Hypernuelei

The A separation energy B A obtained without 

taking account of any re-arrangeaent energy» shown as a 

funotion of a» and Op for tho A • T, T • 1 hypernuelei t

the solid curves are for /*** with U - 1090 ♦, 50 MeV fs3

and the dashed curves fer with U • 780 + 40 MeV fM3#



(Aaw) !a



8 3

which ih« A  preferentially attache* itself te the -particle

instead of to the core nucleus as a composite probably corresponds
ft)quite closely to a throe—body model* briefly diseussed by Dalits * 

whose constituents are A H» * and the two p - nucleons* The 

preferred correlation ef the A  with the <* -particle is quite 

consistent with only a relatiwely slight distortion of the cere 

nucleus and thus a snail walue ef • That this is quite

conceiwable is nest readily wisualised for the corresponding
7 6situation fer A Li * discussed belew9 if for the Li cere one

assume — purely for the soke of illustration - an o< - d aodel*

within a shell rndel contest it is in fact only necessary that the

effectiwe total potential seen by each ef the two p—nucleons is not too

different froa that without the A - which seeas wery likely* These

conclusions* obtained by requiring U te be consistent with the walues

obtained froa A He^ and (end also ABe®) and thus basically

considering the A as a nuclear probe* aay in fact be regarded as

fairly strong and direct confiraatien of an << -particle plus two

nucleon structure for the A * 0* T * 1 nuclei*

It has been argued^ that the saall experiaental

walue of B A of about 3*9 MeV for AHe asy be reflection ef the
0 6 acre open structure of Be as coapared with He • Thus* if the sise
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6 6of tho «• «nd Bo ooroo in tho hjpomuelouo arc •ioilar and
A

mere nearly equal to that of the9 more oxtondo<l9 iaolatod Bo
A

than tho Bo nueleuo and tho later9 thoroforo9 expands when the A

io added while tho foraer remains about tho oame9 then tho
7 7rearrangement energy for ̂ He will bo larger than for ABe and *Vs

B a will bo corroapondingly smaller in agroomont with experiment*

Although9 becauao of nuclear aaturation tho core nueleuo will in

general expand when a further nucleon io added to it tho roworoe io

true when a A io added einee BA always ineroaoeo ao tho aero

size io doeroaood and tho hypemuelear configuration of minimum

total energy will therefore be obtained tay a contraction ef the core

from ito iaolatod else* In fact tho A will compress tho more
0 0 

extended Bo nucleons nore than He (thus the increase due to the A

of about 1 MoV in tho nucleon soporalien energy io relatively
7 7greater for A Bo than aHo ) and if anything tho rearrangement

7
energy will be greater fer A Be and its B A therefore correspondingly 

lees than fer * la fact the rearrangement onergiee aro net

likely te be very different# Thus fer tho Coulomb energy difference 

between He* and Be* one obtaino9 with LS coupled warefunctiona 

and uaing the p - shell aiae paraoeter of He* thd mlue

2 x 0*81 + 0#41 • 2*03 MeV instead ef the experimental 

difference ef 2*47 ± 0*2 MeV9 where 0*81 MeV ia the Coulomb



85

•ntrgj du« to tho interaction of ono p — proton with the o - protons

and where 0*41 MoV io tho calculated Coulomb energy bo two on tho two p —
« * ’ 0 protons* Thus nearly oil of tho onorgy of Bo is sseountod for by

using tho HeS configuration and tho difforonco in rearrangement

onorgios Must thoreforo bo quito snail* It thus soons wery unlikoly
7 7that tho difforonco botwoon BA for^Bo and AHo is duo to any 

rearrangement effects but that this is Much noro likely to bo duo to
7an isomeric state of AHe • It nay bo remarked9 as is clear from

fig* 5 that ewen tho snail walue B A B 3 *fCMoV would still
7inply a quito strong d- A correlation in Ho •

A

The calculated difforoneof appropriate to tho Ho6 size9 is in fact 

loss than tho experimental difference* Unless ono is prepared to 

accept absurdly snail walues of â f this soons to inply either a 

quite strong charge dependence of tho nuclear forces or olso9 and 

perhaps noro plausiblyt a considerably stronger angular 

correlation botwoon tho two p - protons than is implied by tho 

shell model* Tho latter explanation is tho analogue for the 

T » 1 nuclei of a possible tendency towards an ol -deuteron 

clustering in Li®#
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5+3 Calculation* for the T ■ 1 Hyptmuclti uiing 

Squirt *voll p - mid •on Vfamo Functions*

3 0Since the p - nucleons in Li end He ere rather loosely 

hound the incorrect asymptotic behariour ef oseillater functions 

■ay lead te some error* although this is expected to be reduced 

beeeuse ef the peeking of the p~ nucleon wsrefunetions at a 

finite radius* Thus efclculatios9 have been siede for in which

ic generated froa no re realistic weref unctions) Vafcr) 

being obtained froa a Gaussian e-nucleon density as before* The 

p—nucleonsare considered as moving in a square well of radius R end 

depth V0 where the corresponding binding energy Bp may be 

approximately identified with the p—nucleon sop ovation energy9 

although because of rearrangement affects the actual separation 

energy will be somewhat less* For comparison with the oscillator 

results it is convenient te use the 1equivalent9 harmonic oscillator 

sime parameter*

OL SL . J Or ' 3<v>r (««>
j.

where <  ► > is the r*m*s* radius obtained with a square well 

wavefunetion and considered9 consistent with the previous 

prescription to refer to the p—nucleon density distribution with
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rcapiet tp the centre ef b m « of the cere*

Instead ef showing for the T « 1 hypernuelei the results for

B corresponding te the assumed walue ef U as in fig *5# the

results obtained fer U for the assumed experimental walues of

B A - 5*0 i 0*5 MeV are giwen in Pig*6* For any set of walues

of a0 and assumed to giwe the core sise in the hypernueleus

the walues ef U will alwqjrs he a lewer limit te the walue which would

be obtained if the rearrangement energy was taken into account**

For Bp between 1*5 UeV and 3 MeV# corresponding te the separation

energy expected fer a p-nucleon in the T - 1 hypernuelei# ene sees

that the square well results are quite similar te the escillater ones,

also shewn* in Fig.6 . The mostly somewhat smaller waluea for the(•)
former are a reflection ef the correspondingly larger walues of F ^  

for a square welly as Illustrated in Fig *8# the cussing ef the two 

curves fer large ^  being due te the difference in < T A ^  for 

the two cases* All the prewious conclusions# in particular thmse

• The walue which would be determined if the rearrangemnt energy was

included would necessarily be an upper limit if the assumed core 

sise is the one actually realised in the hypernueleus# but net 

otherwise*



8 8

concerning tho strong U- A  correlations, are thus unchanged 

unless, again, quite unreasonably ssiall walues of ere

admitted*

In thie connection the walue of required

to giro the exporimental difference of 0*81 MeV between He6 end the 

corresponding T * I state of Li** has been calculated* If this 

difference is interpreted as being entirely due te the Ceulesib 

interaction ef a single p - proton with the s - shell protons which, 

fer simplicity, are taken te act as a point change, i*e* assuming 

S| ■ e, one then obtains • 4*36 fm, wery nearly

independently ef the precise walue ef lip* The comparable walue 

for the harmonic oscillator warefunetien is 4*19 fm.* *3) Assuming 

the ratio of the two walues i*e* 1*04, te remain about the smse also 

for an extended e- shell proton distribution then giwes <  r?> ^

• 4*05fm* fer a « 1.8fm. corresponding to p ■ 3*9fm** 1
obtained fer an oscillator distribution including centre of mass and

exchange cerrectiens as discussed in ref**3)* Correspondingly one then 
(so)has a? H b 2*6 fm instead of ^  • 2*5 fit* for the oscillator case*

•The closeness ef these two walues must be regarded as a reflection ef 
the peaking ef the p~nueleon density at a finite radius in wiew of 
the fact that the Coulomb energy and the r*m*s* radius inwolwe 
difference moments of the distributions* Because of this such close 
agreement could by no means be expected for two a»nucleon type 
distributions of different shapes
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Tin wolwao liitgrtl obtained Mgl«ciii| ugr 
rearrangiMit onorgy9 la shorn am a functloa of tho also 

paraaotora for tho i • f| T • i hjpornuelol with 
I / ̂  • 5*0 jf 0*5 MoV and for • Tho daahod

curwoa aro for haraonlo oscillator p-nuelooa wawo 

functloaa characterised by ap* , Tho hill ourroa aro for 

square wo 11 p-fuicleoa ware funetioas aad eerrespoad to tho(h )
uao of tho oquiwaloat also paraaotor ap • Tho ourroaCa)to 

Lc) aro for Bp • 19 8 aad 5*06 MoV respectively*
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Fig, 6 shows thst tho dependence of U on < r  is in general

considerably stronger then thst on Bp unless tho fonsor is quite 

I ergo ortho latter quito Mill** This is aainly a rofloetion of 

tho stronger dopondonoo of tho p-shell extension* and honoo of

on tho well radius R than on Bf,exeept for Tory snail Taluea 

of tho latter* Thus for Bp • 3MeV one has *^1/^ ^  M«Y *

and ? f 3 Further* for tho sort of raluos of R and

Bp of interest* tho well depth V0 depends aainly on R* It is then 

clear froa Fig*6 that for a definitOf assumed* waloo of U this will
( gn 1dotomino ap » R *nd VQ approximately as a function of a,9 

largely independently of tho precise walue of Bp, Table 10 shows

iha Taluaa obtained for V - 1025 - 30 MoV f» 3 for B* - 5 MoV
*

and also for BA • 5*5 MeV for onl^ Bp ■ 5*60 MoV, Tho effect of 

tho errors in U is in fact soon to ho larger than that duo to ewen 

quito substantial wari&tions in jip . It is iaportant to note that 

any rearrangement energy will inoroaso tho offoctiwo walue of B A 

to ho used shore tho experimental walue of about 5 MoV and will load
( m  \to a corresponding dooroaso of and R and an increase of Vq *

Tho Main conclusion to bo drawn froa table 10 is then that only for 

walues of a* oloso to 1*2 tm and for tho assooiatod largo walues

Tho increase of U with Bp for fixed <  ^  is duo to tho fact
that R aust bo aado larger as Up is increased with tho result that tho 
bulk of tho warofunction which is inside tho well becomes aero 
extended resulting in a smaller walue of F^J^*
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Table 10 S«ere Well Rerolte for A - 7. T ■» 1
ftnxrmolm 

with U - 1028 + 30 »«V f 3 W l  f i e -

(ft.)

B Harmonic 
Oscillator

*p
(MeV) (fa)

B ('q) R VP a p  0  

(UeV) (ft.) (ft.) (MeV)

1.2 5.0 2.1 1  0.2

\

1.0 2.65 + 0.2 3.1 +0.4 2 9 + 9

3.0 2.39 +, 0.2 3.48 + 0.4 27 + 8 

5.66 2.23 + 0.2 3.6 + 0.4 29 + 7

5.5 1.9 + 0.2 5.66 1.99 + 0.2 3.05 + 0.4 37.5+10

1.3

V* ^ ^ ^

5.0 1.7 + 0.15

1.0 2.29 + 0.15 2.4 + 0.3 47 T  10

3.0 2.00 + 0.15 2.62 + 0.3 43 + 10 

5.66 1.89 + 0.15 2.85 +0.3 40 + 10

5.5 1.55+ 0.15 5.66 1.68 + 0.15 2.4 + 0.3 55.5+11

1*5
5.0

1.0 1.85 + 0.1 1.65 + 0.15 97 + 18

3.0 1.60 +, 0.1 1.0 ♦ 0.15 84 + 14 

5.66 1.49 + 0.1 2.0 + 0.15 73 + 12

5.5 5.66 1.33 + 0.1 1.68 + 0.15 9 4 + 1 4
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( 9(1)of a£ and alao only for fairly Mall rearrangement

onorgioa ( ^  0*5 MeV) aro tho nueloon wall doptha V0 in 

roaaonable agreement with tho typo of walue to bo expected* Thu a 

Miaa Jackaon**^ and Johanaaom and SakaMto^^ haro fittod tho Li0 

oloctron ac at taring font factor with a amoothly rarylng wall for 

tho p-nueleona haring a central, aaxiauai raluo of about 40 UoV 

and half radiua of qpproximately 2*5 fa* Allowing for tho difforonoo 

in ahq>e botwoon an eh a wall and a aquaro wall, thoao valuoa aro 

in good agreement with tho aquaro wall roanlta with Y0 « 15 MeV,

R • 3*5 fa* for n^ » 1*2 fa*9 whoreaa thoy would already ho 

ineonoiatont with tho aquaro wall roanlta for a0 • 1*3 fa* Thoao 

aquaro wall roanlta thua further aupport and aharpon tho 

oonoluaiona already prowiouoly reached*
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•t5*4 Tht T ■ 0 Hrptrniiclmi A LI

7 6For ALi # whose core nucleus Li has - 1# both U

and A  are relevant* Fig*7 shews the values ef A for jig*

as a function of a^ and ^  or for tho experimental waluo

B A  - 5.5 t O . S S  H*V 13) and for V - 1000 1U V  and 1040

MeV f»3* Tho p — nucleon square well results# which aro quite

siailar to tho oscillator ones# here been ebtained fer Bp • 5*66 MeV

in an enaetly analogous Banner as fer the T ■ 1 hypernuclei* Again

the values shown aro lower liaits to those which would be ebtained

if the appropriate rearrangement energy f A was taken into account*

Tho rapid increase of A  with ^  for given at is a reflection of

tho fact that tho spin dependent part of tho energy comes only from

the p • nucleons ( F ^  decreases as ^  increases end a

correspondingly larger value of A  i# thus required to give the

•ms* Ba ).

The situation is quite analogous to that fer the T - 1 

hypernuclei end siailar arguments apply* Thus for sine parameters 

corresponding to the electron scattering results fer Li® (<ts 

1*6 fa# Op x B *1 fa)# for which • o# A  must have quite
A

unreasonably largo valuos of about 1000 MoV fa as compared with tho
■ 3value obtained from analysis ef the s * shell hypemueloi A H sad 

a H.6 2»3* which giT* A *  1*0 M«V f» 3 * 30 M«V f« 3

for i^)* To got such valuos of A  with tho value of *p not
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much U c i  than 2*1 fm* r— — bring that the reaulta ehown are 

lower limit at one ia again f oread to conolude that the A  aeea 

the a - nueleona wary nearly aa a free of -particle. The reduction 

in duo to the preaenoe ef the A  ia expected to be about 

0*1 fm* rather leaa than for the T ■ 1 hypemuclei ainoe the 

relative increaae in Bp brought about by the A  ia now 

eorreapendingly leaa* It ia intereating to note that aa earning 

• 1*2 fm* one muat hare Op ^  1*8 fm* aa etherwiae A

becomes negative which ia unacceptable if the ainglet ia atronger 

than the triplet A- n  interaction* Alao the rearrangement
» 1 * » • , ' . J , ’ | • ' ; « S

energy muat again be correspondingly — alls thua fer â  • 2 fm 

and A • 160 MeV fm3 one haa £*A ̂  0*3 MeV* Thus* aa for

tho T • 1 hypernudeua* the A  may eaaentially be oonaidered aa 

a probe into the Li6 core* it being clear that very little can be 

deduced about tho A  -N interaction*

CMHf * nit *»
Tho spin dopondonco A  obtained for aogleotiag •aj

rearrangement energy* ia above aa a fraction of the aiae par a— tore for 

B . ■ 5*5 + 0*25 MeV and for Mo —  • The daahed curve a are for _
* C J = vcH*> it**

aquaro well p-nuoleon vavefrnctiona with Bp • 6*66 MoJ? Tho frll ourvea 

are for harmonic oacillator vavefrnctiona with U • 1046.and 1000 MeV fr3 

ferVa)andVlj) reapoctivoly.
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B t e w H  th# spin - dependant contribution to 

ie (roughly) due to only a single nueleon and thus ef erder ef

magnitude l/A relative to the bulk ef the energy vhieh depende enly

on U9 any uncertainties in U will be correspondingly Magnified in the 

value ebtained fer A Thus, e*g* for B A ■ 5*5 MeV and a^ •

1*2 fs, Sp • 2*1 fm ana gats A • 290 ♦ 180 MeV* fm3 cerraspending

to U » 1040 i 40 MaV fm3 while arrars af 0*25 MeV in B A give

errors of approximately - 60 MaV fm9 in A . finite apart from arrars

in B A one would hare to know U quite accurately in ardar to obtain

a reasonably goad value far A even if ana cauld make a much batter • 

dynmiical - calculation far the total BA However, mast af this

uncertainty can in principle be avoided bymaking a calculation af the 

A energy relative to that of i*e* for J B^ ■ ^
C^( A Li*) - B a ( AHe3) ■ 2*4 i 0*25 MaV although at the cast af 

proportionally somewhat larger errors in S b a  than in B A ( ̂  LiT),

One has S &A a S *  F/j = (* t* «t A)r^(^Lk) -f X C (45)

whoro C - <  Y > *  - < Ta>  f With < V > s  - UF2J#) (for „ Mo5 

the value af C is just the corresponding Bn )*, and where the 

rearrangement energy for A He3 is assumed to be negligible* The 

effect of errors in V is now quite acceptably small since they occur 

enly through the U dependent p — nucleon contribution to this energy*

*i*e* corresponding to the relevant value of U*
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Thus for /*xt% and «$ ( A Li*) • 1*2 fm on# has S c  ■ 0*5 MeV

and than for ^  • 1*1 fm and £ A » 0 , giving a lovar Iimit9 ana

gats A  • 122 MaV fm3 vith errors now only - 20 UoV tm* duo to

- 40 MoV fa3 in U but of - 80 MoV fa3 duo to 0.25 MoV in S B„
However for the value ef A sise uncertainties (these in afl

enter through the value of & C) are new quite critical (thus fer 

^  • 1*3 fn9 a^ » 2*1 fm9 one gets % C • - 0*3 MeV and A • 370 

MeV fm ) and9 as might be expected, one just gets bask to the smae
fsituation as discussed fer the total B A fer ALi except that 

the relevant errors due to U are now reduced, these due to S BA

being slightly Increased - exactly the same result can be achieved in
-;-Tt 3

the discussion of the total B A there the value U * 1040 MeV fm

with errors ef about - 5 MeV fm3 and with errors of about - 0*25

MeV in B A • The T • 1 hypernuclei can, of course, also be
5considered relative to A He with precisely the same cenclusiens 

as already reached*
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5»S Direct Cwpirlian of iht T * 0 i d  T m I HypTiHicUi<

Eiptelallj ftr ih« apis»d«ptndnet A  it is of

ini«r«it to mslte a slculatien of tho A energy of tho T m 0

hypornuclous relatiwe to that of tho T ■ 1 hypernuclei i«o« Eh o  ̂

8 '***((T - 0) - B a (T • 1) - 0.5 t 0.5 MoV. Although tho

wneortaintioa duo to XX aro now largely awoided thoro will of

Ia wiow of tho prowloui results wo shall as subs that tho offootiwo 

s * shell density soon by tho A  ia the same for T • 0 and T • 1 

and also that both rearrangement energies aro snail and siailar*

In fact tho roarrangoaoat energy for T m 1 is expected to ho seaewhat 

larger than for T m 0 resulting in a doeroaso of tho offootiwo walue 

ef to ho usodf this decrease* hewewer* is expected to ho well

within tho experimental errors % One then has

Tho second term is sore if tho total density distributions aro tho

course ho largo errors duo to tho wery largo rol i* & B*.

(45)

difforoncos in C • U F^m - being negligible for all walues

of a# of interest owon when&a^ • a (T « 1) ~ ^  (T a 0) ^  0«

It should ho noted that (in 13 coupling)

any throo^hody forces will not essentially contribute to tho
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differenced B A . Results obtained for A  using oscillator

functions aro shown in table 11 for 0 * 1040 and •

781 MoV fn 9 any uncortaintios in U now being quito un inportant*

Also shown forS^ * 0 aro tho rosults obtained using square well

p-nueleon wawefunctions for B * 5*66 MoV for beth~f • 0 and T • 1*P
For ^ ^  >  0 tho second tors in eqn*46 is positiwo and tho

▼alue of A is loss than for S ^  • 0 # Tho waluo S »p • 0*4 

fn used in tho table is appropriate for tho isolated core nuclei 

and will bo somewhat larger than for tho hypemueleus since tho 

reduction of ^  (T • 1) by tho presence of tho A  is expected to 

bo slightly larger than that if ^  (T • 0) • Because of tho largo 

errors in tho experimental waluo of S B A and of further 

uncertainties duo to tho rearrangement energies it is dear that 

with 0 0*4 fin and for reasonable waluos of (T • 0)

there is no discrepancy with tho waluos of A  obtained from tho 

s-»shell hypernuclei* It is interesting to note that for such waluos 

a waluo of ^  (T ■ 0)s 1«8 fn is indicated (especially if any redaction 

in tho offootiwo waluo J BA duo to re arrangement offoots is taken into 

account) which is consistent with and supports tho p-shell sixes used 

in prowious discussions* Tho wary similar waluos obtained for A  (Mg.) 

and A  (|ig) is a consequence of tho largo p - shell sixes compared 

with both ranges*
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 A Thr««-Body.M<»d.l of , ̂  Li,

The picture of the A • 7 hjpernuclei suggested by the 

two—body model analysis of the preeeeding sections requires that 

the notion of the A  particle is strongly correlated to that of 

the 91 sM nucleons and that this core needs to be described by a 

density distribution which differs little from that of a free oC 

particle* In addition it is also required that the nucleon re­

arrangement energy is snail and probably not in excess of 0*5 MeV* 

The purpose of the present section is to see to what extent the 

abowe conclusions are substantiated by a three-body calculation of 

the hypernueleus A U 7 } assuning this to be composed of a free 

oC' particlef a A  particle and a free deuteron* It is 

then to be expected that the fact that the A  is able to 

interact with a free o< - particle is sufficient to account for 

the greater part of the obserred A  seperation energy* The 

remainder* which in /\k7 arises from the interactions of the A  

with the two shell nucleonsy may conveniently be split into a 

spin-independent and a spin dependent part* The observed 

seperation energy for the T= I hypernuclei, for which the spin 

dependence has no isportance9 suggests that the forner contribution 

is the larger and the two-bbdy results obtained for these hypemuclei
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indicate that its Magnitude is some^rat insensitive to the 

actual position of these nucleons* In view of this the 

imposition of deuteron correlations on the two nucleons perhaps 

do not lead to much underestimation of this part of the seperation 

energy* The energy due to the spin dependence* which is expected 

to be of the order of 0*5 MeV/ as witnessed by the difference 

Ba(T?o) —  8 aCt= I ) / may then possibly be obtained with

a reasonable value of A  (i*e* of the order suggested by 

analysis of the light hypernuclei)* If* on the contrary* the 

nucleon system is strongly distorted by the addition of a A  then 

one suspects that "unreasonable" forces may be needed to explain 

the magnitude of the seperation energy simply because the A  

interactions hare also to account fer the correspondingly large 

rearrangement energy of the nucleons*

The estimation of the energy B MeV with which the three 

particles are bound is performed variationally by choosiqg the 

trial wave function V, TV) which gives a} * I o "

See* for example* fig*6 from where it is clear that 
decreases quite strongly as decreases from values
associated with the form factor sime to those of particle size*
For the latter it is found that an uncertainty in of 40 MeV fm'*
is equivalent to an uncertainty of 0*33 fm in but of only 0*06
fm in a  s.
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maximum value for B  such that

(47)

The icftlar coordinator Y"c are the

interpartiele separations shown in fig*8 f and are

Figure 8 *

the aaai and angle
opposite the i aide and

V ;O i) the
reduced aaaa and the 
interaetion appropriate to 
this side* The left hand 
•ide of eq»(47) ie juet 
the expectation value of 
the three-body Hamiltonian, 
after removal of the 
centre of naoa energy, 
expressed in teraa of

triangular coordinates* TJie element of integration is accordingly

dx 2 8 t JT  ̂  <Lf? and the domain of integration

is restricted by the inequalities K:

The three-body binding energy B  is defined as the sum

_ ^  t x and the Yalues 8  C L-~*)
b a c „ u 7 ) +  f
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- 5.5 t  0.23 1WV and 8 j|CUfc ) - 1.5 MaV are obtained

from experiment a The emphasis of the calculation is placed en 

the determination ef the strength of the A -  N  force necessary 

to reproduce this Talue of B - ~7- o t 0*25 MeV) the rolume

integrals obtained are then upper limits to the actual ones*

For computational simplicity the ware function 

‘'i’C t*3> ie assumed to hare the product form

i f c w .n ) ,  /I J;in) (w)

end the functions are taken to be sums of

exponential terms* possibly multiplied by a polynomial in h  .

If the interactions Cfi) are also chosen to hare

this seme form then the total integral of eq»(47) can be expressed 

in terms of the integrals ^

'A'» lrSe * ^ 3V*i
>r,-M

3 C-)
(49)
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Bjr the** Man* th* calculation ia reduced to computing the aaxiaua 

▼alue of a rather complicated algebraic expreaaion# It ia 

necessary, however, before the diacnaaion of any reaulta to 

cenaider the actual fern of the function* 3 ;Cr;) and the 

potentiala to be uaed in thie calculation*

Although an o( particle — deuteron atrueture, 

particularly one which conaiata of free particles, ia not an 

extremely well justified model to take for the ground* atate of the 

Li*” nucleus,it doea predict a reaaonable energy for thie 

atate together with a nucleon denaity diatribution which haa an 

r.m.s. radiua only alightly greater than the one obtained from 

electron ecattering experiment*. It ia intereating to digress 

a little and to diacuaa the aain feature* of thia model in order to 

fix the fora of the function 9 , and the potential V%0 %).

Suppose that conaiata

/

*»

\

of an o( particle, a 
proton and a neutron, 
fig ( ^ J then the

/

2  intrinaic motion ef theae
f three partialea may be

doecribed by the following 
Schrddinger equation,

4  1 a
F H written in terma of the

Figure 9*

—J —Xcoordinatea ^ and ^
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(50)

whtrt vn is the nucleon etiif represents the

interaction of a nucleon and an <* particle and V wp is the 

neutron-proton interaction* £ is the total energy of the

three particles* The alphar-deuteron model is obtained by

assuming a ware function of tho product form ? =  J ^ p )

where - ^  ) i« conaidarad to ba dafinad by

r i » a , , -| (51)
^  ' EA9<(P)

i«a« = p'C® -c **) ia tho fraa

deuteron ware function and ' E J is the deuteron binding

energy* Taking expectation ralues with respect to ‘X C ^ )  

then giwes an equation for the relative motion of the ot particle 

and the deuteron9 namely
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with the effective «A interaction given by

V 0*M?»)+V ovifo X((>)
(33)

and £ - t 'E J ie the deuteron eeperation energy

from l~'i * Ualng the Oaueeian phenomenological

interaction due to Sachs et.al*^ the angular integration is easy 

to perform and one then obtains a central form for A ( r, )

The interesting point is to decide which of the possible bound 

states of this well is most analogous to the ground state of L t .

The total orbital angular momentum operator »- , expressed in
— —5>

terms of the above coordinates, is given by L 3 Lr, ,
where and ^  1 f > v f .

It then follows that as L*. XCf) - o  one must have a

relative S  state of motion in order to produce a state 
*with o . Howevert it oust be noted, the ware function

is not an eigen function of the angular 
-=> -9 .

momentum operators Jp and  ̂ where ¥p3

etc* and thus contains some degree of configuration mixing*

The ground state of L~«.c is considered to be an eigenstate ef
the total orbital angular momentum ) and total spin
( S = I )• Sp in-orb it and tenser effects are thus being neglected
in this approximation*
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This wave function, used together with a phenomenological 

interaction, allows the existence of a component which violates 

the Pauli Exclusion principle end the particular S  state chosen 

for the relative 4 motion must be the onewhich contains a 

minimum amount of the spurious configurations* Clearly this csi 

only be the 2, S state, the \ S state corresponding to both 

nucleons being mainly found in the (spurious) Is levels* That this

is the correct choice is borne out by the energy spectrum of the

potential well which possesses a IS level at

about 30 MeV and a X  S level at 3*4 MeV* The fact that the 

energy of the X  S state is lower than the measured seperation

energy of the deuteron can readily be understedd in terms of the 

remaining (but small) spurious state component *f this ware function*

Further justification of the *1 model of would require

that this spurious part is removed and the energy recalculated*
he/*

However, the main interest^ is on the hypernucleus A\~~«7 and a 

much simpler procedure is adopted to obtain the required reduction 

in the binding energy* It is supposed that the main effects of the 

spurious state is taken into account simply by adjusting the 

strength of the potential well until the X  $ state

occurs with the correct energy* Thus it is found that a 13 %
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dtcrtua in the depth produce* the required 5 5 %  reduction in

energy# In thie eienner aone treatment of the epurioue etate

ie given whilst retaining the essential simpliticity of fonmilating

the problem# It is to be noted that the Modified ware funetion so
obtained gives rise to a nucleon density distribution which
possesses an r#m#s# radius of only approximately 10 %> greater than

the experimental one# The d model used in this way then
4

provides a simple two-body representation of the nucleus which

possesses tho correct energy and rery nearly the correct sise#
■*1In order to reduce the calculation of to an

algebraic one it is necessary to replace the modified potential

by a well hawing a simple analytic fora#

Except for small values of r, C ^  ) the modified well

may be reasonably represented by * - <T ' ) MeV

and the corresponding A S  wave function by (1' ̂ ,)(c - *'

where 9- o *Si*. has been chosen to giro a node at t~t

- 1#85 fm;such as occurs in the eigen solution of eq#52 using

tho modified interaction# Tho IS state is found to occur at
-I 23r, -isSr.x

23 MoV and is described by the ware function U  )t

It is to be noted that the I S and A  S variational ware 

functions obtained by the above procedure aro orthogonal (i#o# the
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overlap ia ^ o  a %  ) and this fact give* com confidence in 

the fora ef the function proposed for the 2.S state* In the 

calculation of A li1 / which follows/it is assumed that the 

above I S state is entirely spurious and a trial function

hawing the fora above# namely 

is used* The value of the paraseter J  is always chosen to 

ensure orthogonality to the IS state*

A potential well describing the interaction of an 

<< - particle and a A  may readily be ebtained from the 

previously mentioned analysis of the hypernucleus* In

the calculation of A i.J two cases are considered# corresponding

to different sizes of the o*- particle core# and an excellent fit 

to these potential wells is found of the fora

Vatr*) = (e - e )
(54)

va • Vt
Thus for a A- N  interaction e# a 2% range one obtains

ioi|.o W«v ' /* ' 1 ’ ̂  co responding
to CI5 -a 1* %'S and "CX^ a uu*

». 8 fe t - ’ o~4 2 ol*«» {̂ T* corresponding to

- |. a S and a larger <*- particle radius* A
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variational calculation using the above interactions and a wave 

funetion of the fora e  is found

to give the correct A  seperation energy together with the same 

expectation values of the kinetic and potential energies as 

obtained in the original analysis of Au<5 . For the two

sixes of c<- particle one has o • 8 ' and

with  ̂V ii and £~<»,

In much the sasie manner as the interaction ef an << particle 

and a deuteron was obtained* eq*(53), an effective potential between 

the A  and the deuteron may be generated* Details of this 

calculation are given in appendix 3*£) it is sufficient to note 

here that the potential well obtained is reasonably fit by a fora

V3C X a j  A U ^ - e ^ rj)
(55)

Wi Hn ft
and for a A- w interaction •# 2% range one finds that the 

values A  - ; * l*tf f,*- ' v - 3 ?. are suitable* In

terms of the usual volume integrals ef the A~ M  interaction
 of IU x *  * tu * A ^ single parameter function q (f})r€



1 13

is considered in the Calculation of A\-C , details of which

are further discussed in appendix 4*

With given interactions the binding energy 6  was first 

maximised with respect to the single parameter ol3 using for

the functions and ^ a Ctx ) the values appropriate

to the ot' <1 and the c< - A isolated two-body

systems respectively* At this stage variation of 3 *Ct-«) 

was perfonaed until a new and greater local maximum was obtained* 

Finally the function was adjusted* For all

interactions considered no further increase in the binding energy

was now possible by readjustment of any of the parameters* The 

reason for this lies in the fact the functions % 0 ,) and 

need little variation from their initial starting values to obtain 

the maximum value of 8 - In fact variation of these two

functions produced improvements in the estimation of the binding

energy of the order of 0*06 MeV at the most9 frequently much less* 

and in general maximisation with respect to the single parameter 

of cij ) gave an estimate only 0*1 MeV smaller than

the maximum* The usefulness of these starting functions is 

very suggestive that the two systems concerned are little different
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in AL j  than in isolation* It in also noteworthy that tho 

inaccuracy which foil owe from using an alphar»deuteron model to 

prowide an effective compressibility for the nucleons is also 

small 9 all that spears necessary is that the aero order energy 

is given correctly*

Fig*(lO) shows the energy B  plotted against the 

volume integral Ci ̂  with different interactions Va(r^) ,

The experiaMntal value 6  « 7*0 - 0«lSMeV is also shown
» 3

together with the value « 685 — $5 MeV fm reasonably

obtained from analysis of the hypertriten (see chapter 1)*

The value ef needed to reproduce the experimental value

of B 9 obtained with ^  « 1040 MeV fm3 aiK&4 » shape

corresponding to an o<~ particle of siae is found to
a , 3be X3 a » 730 — 50 MeV fm f where the uncertainties arise 

only from those in B. This is somewhat larger than the value

obtained from the hypertriten although the two values are 

consistent for smaller values of 8 . In part this discrepancy

may arise from inadequacies of the function ^Cr*). It h*a 

already been remarked that variation of o( 3 produces by far 

the major increase in 0 (of the order of 2*3 MeV for

■ 730 MeV fm3) • It appears possible that a three*
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parmtter form for this function aqr yield a furthor incroaao of 

tho order of 5 % which would bring U ̂  alnoot in alignaent with 

that froa A vP . This poaoibility ia in tho process of

being followed up*

Uncertainties in tho siso ef tho alpha-particle core 

in A U eb give rise to uncertainties in u  4- of approximately

- 40 MeV fm3 which# if the shops of the potential ^  Cf^ )
4

is unchanged# in turn prouuce uncertainties of 90 MeV fa in o a , 

These figures# however# overestiaate the effect as the A 

potential should be chosen to give the oorrect 8 * C a M * 5 ) 

sppropriate to whatever sise is considered for the particle*

The results obtained by using such a potential are seen to be

aueh closer to the original curve (ewen though tho valuo of

is 70 MeV fa3 larger) and a aore realistic estiaate of this source
A

of error is of the order of 20 MeV fa •

Tho aain conclusions of tho two-body analyses of the 

A •• 7 hyper uclei seea to be borne out quite well by the above 

three-body calculations* In particular the A correlations 

aro probably not aueh different than in a Me* as evidenced by 

the little change necessary in and in the saallness

of the paraaeter °<b (this being ^iproxiaately 0*25 fa-
Q

• 730 MeV fa ) * By a siailar token tho rearrangeuent effect
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Pig.10 The Three-Body Binding Energy of ALv7

The aaxiaum value ef the three-body energy 6  ; in MeVf

ie plotted egelnet MeV fra3). The herimontel llnee

correspond to the experiaental value G - 7*0 - 0*25
♦ 3MeV end the vertieal ones to the value U 3 • 685 - 15 fa 

obtained froa a siailar analysis of A The solid

curve was obtained vith )=> icVo ( g  -  e )
* j

the chain dotted curve vith ) = 10 sfo (e * ^

and the dashed one vith y A C ^ )  =. * ^ r,?
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of the nucleon* is else peobably small* Further ewen

with the single parameter function 9 3 ^*3 ) the correct

la obtained with A  . 210 * SO

lleV tm t which is more or less in good agreement with the

▼slue from the light hypernuclei* The calculation has* 

however* only been performed with respect to a A - Td 

interaction haring a 2% range as the shell model results suggest 

that little information concerning the range dependence is 

likely to be obtained* Nerertheless it seems worthwhile to 

check this conclusion and the necessary modifications are in 

the process of being mode*

▲ three parameter form •= <f Pi

for the A  -d correlation fraction has been found to inprore the 

estimate of B by 0*1 UoV* This is equivalent to reducing the 

estimates obtained for Ug by approximately 20 lleV fn3$ 

agreement with the ralue from the hypertriton now being cron 

better*
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Chapter 6 The Prparaueleua —A-SS-------

» . * * * 1 * v - * * t I ' ' *. ,/< X * ' * ' S ' ' *

6,1 Iutroduatian

Variaua calculation# and aatiaataa have baan

made to ascertain the stability of the T=*/a hypernucleus
0

A He • The conclusions obtained, hovnerf are not in general

agreement and it in at present uncertain whether the hjpemucleus

in expected to exist or net* In particular the calculation of

Schick predicts that if A He6 is fenced in some manner then it will
A Avery quickly decay ▼is the mode AHe -> He ♦ * > while

that of Barsella and Resati indicates that the system aqr he bound 

by as much as 0*5 MeV relative to %his decay mode* It is thus of 

interest* as well as in keeping with the main theme of this 

thesiSf to reconsider the abewe hyperauelews and the calculation 

is discussed in this chapter*

The chore estimates hare all one characteristic in common| 

no freedom is allowed for the A  particle to hare individual 

correlations with the s- nucleon core end with the Hp~*h*llH 

neutron respectively*
• ' ' " JF ' ' ' ' l,n " J 11 ' mmmmm—m tv ̂  u
The work discussed here has been performed in collaboration with 

Dr*S# Resati during his visit to Manchester* Dr.Roaati, however, 
bears no responsibility for this particular report of the work*
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It is htrt proposed to nisin« tho itptr»ii«n energy
g

of tho neutron u s u i n g  a three-body model of A Ho whose 

constituent particles are an a-p article, a A particle and a 

neutron* The calculation is performed by using an "equivalent* 

two-body Method for the three-body problem*

The idea of an *equivalent* two-body formulation for a 

three-body system was first introduced by Wigner90  ̂ in order to 

discuss the triton and the method has received an interesting

generelistion in two recent works91#92^# The ^>proach
31)of Delves and Derrick ' extends the method to include non-central

, ? f ,» * • * t ' f 4 ? i 1

interparticle forces with hard cores for both the bound and
f _ t , , . , f j • . ■ l  \ ' , i | f  * r * \  jr . (

scattering states* Their formulation, which necessarily involves 

some approximations to be made to the *effective* three-body 

potential, gives a good starting trial wave funetion(in fact the 

best with respect to the approximations made) together with a prescrip­

tion for qystomatieally improving this wave function* In the
, 32)work of Bodmer and All ' central interparticle forces only are• i ■

considered and the method is applied to study particular boundSstates**

* The states considered are just these appropriate to a wave function 
with the form T f where ft, and fj

are the interparticle separations*
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It it proposed tkftt th« *effectire*coupledp two-body Sehrftdinger 
equations obtained can be aolwed in a eelf-consietent Manner 
through an itoratiwe procedure whose progressive improvement 

originates in the wariational basiq of the equations* A useful 
modification of their Method is to coMbine the use ef explicit 
trial ware functions for two of the three pairs together with the 
nuMerical solution of the Sehrtfdinger equation for the third pair* 
The "effective* potential appearing in this equationp and hence 
also the eigenraluop are then functionals of the trial ware 
functions and9 with respect to thesep the best solution and energy 

are obtained by searching fer the MiniuuM eigenvalue*

In the present chapter the procedure of Bedaer and Ali 

is generalised to deal with states ef arbitrary angular Monentaf 

the necessary Modifications being dereloped in the next two 

sections* The Method is then applied to the hyperaucleus A He® 

in section 6*4*
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6 >2 Impact at ion Value of tho Kinetic Knergy«

To aiapllfy tho diacuaaion tho particlea are conaidorod 

to intaract through eontrai forcoa alone* It la than appropriata 

to uaa the U  S  coupling acheme and tha vara function of a 

atata with total angular Momentum 7  and j? coaponent 

la written aa tha product of a apin-prbital and a radial function 

aa follow*i

V ) l , S  \
^  c C u s ^  ) <P <v
U S ,  he.,?*) r<

s,s?

ucv-.,r<(v 3)

(58)

where the coordinate* V", 

defined by *; r

|te- i £  ̂ f.fe, i - I, A A 3

ere the interperticle eeperetiona



123

is a Clebach-Gordan coefficient. Tha orbital function
L .L tx

♦ho radial function ^Cr,,ra,t5 ) transform like a scalar

specifics completely tho total orbital angular momentum L .

commute with that part of the Hamiltonian which describes tho 

interaction of particlea 1 and 2 and none degree of 

configuration mixing is present in the total ware function*

The form of the radial function ie restricted by 

requiring that in the limit of no interaction between two of the 

particles G t~*, r ) becomes an eigenfunction of

angular momentum for the other two pairs9 considered separately* 

belonging to the eigenvalue sero* It is to be noted that this

angular momentum a e r a t o r s ^ 2- Cf, + )* and

where -P: - - i k !“• x V r. iyr * | and St X  ' ?

is the corresponding function for the total spin Since

with respect to rotations ef the coordinate system* ^

However v.cr,p fa, ) and hence ^

in general an eigenfunction ef and due to its

dependence 9^ tj, In fact these operators do net

tallies the orbital function <y 

with solid harmonicsf , 

is constructed 

rather than

with the more usual surface spherical harmonics*
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The expectation value of the total kinetic energy 

operator T  with reepect to the ware function •q.(56)

will be denoted by \ 3 7 j  | T  4 "3 7 ?  ^  and ie given

by 

<7T*lTlT3T«>* Z c C ^ ^ S .T jX L iT ^ s i j ,  ) L c,

<0 L 'L *  

u 'cft,e*> T L.Lj4>L (V»> "U.

(57)

The appropriate fora of I ie

r- - ak.v,;  ̂ vv v?1 * • • * I]
2 — ) — >

(58)

irith the mass factor* given by Ki - r t 1 (.”')V"'U)/ "'li 

for I ^ j f- . Using the Wigner-Eclcert theorem end

the fact that ^  ie a ecalar operator allowe the eun

over the Clebech-Gordan coefficlente to be performed and one
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simply obtains tha result

It  l ^ y - - L  £
<2 l*\ £ L M O N O ]

(»9)

This expression greatly simplifies the discussion of the 

kinetic energy as it is only necessary to consider ^>in~sero 

particlest the expectation Talue depending only on the quantum 

number Introducing the explicit form of ^

into eq(59) and suitably integrating by parts enables one to 

write

< o T ;  I T  I T T *  >

t , U *
{60)
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with the functions ^  and defined aa follows

t . -4-  r :  \ < v t '" \*
°'« 2 l>* ^  i IM*-L

<I2 a 71 ^ L,M ^  y  « o u ’^
* U ‘ Kk, _l '(*,?*> ^  ■ f=>

(61)

(62)

The presence of the functions of* end J j in the expression 

for the kinetic energy represents the necessary Modification to 

the work of Bodmer and Alif who hawe considered the case V,??a*o. 

For these values of and one obtains = I

and Sz = o  as may be seen from an inspection of 

eqs*(61) and (62)t and expression (60) then corresponds with their 

result*

The functions and f  ̂  may be evaluated for

arbitrary values of *̂ ( and ^  i by expressing the

orbital function ' as a sum of products of solid
)
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harmonics9 i.e.

(83)

wh.r. w»d 6 ],f^ tr. the polar angles of the

vectors Y, end fa with reepeot to a fixed coordinate
r\ U.M

■j a tea. Under rotatiena of this coordinate eye tern Y(*>, ,-9o

transform® like an irreducible tenaor of rank L and

accordingly the quantity &% , obtained fay contracting

two euch tenaor s9 mu at be an invariant. 3i , may then be

evaluated in any convenient reference frame and the one choaen 

ia auch that = o and ^  ̂  o . It then follows

that © a 3 IT*- o<3 where °< $ < #r
■p —*>

la the angle between the vectors r, and r* Substituting

these values in eq(<»t ) and performing the sum over M  then

gives the result
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e c-jL (.9?,*i)li?a+i) af,
•" *• r*

c u ) '

J . o o )  c C {* i,5 o)
J 

W  ?A ft ',L j) Pj ( c©5 0̂ 3 );

(64)
where W U V ^ A  Jej-) is a Racah coefficient

and fj ( co5o(} ) is the Legendre polynomial of

degree i, From the properties of the Clebsch-Gordan

and Racah coefficients it can simply be seen that the Yalues of j
are restricted to the eren integers j *' ©, 2 , ~ - - 2 *?^

where is the smaller of the pair -t, or .

The function X 2. may be ewaluated in a similar

manner by using the fact that VV, . is also a scalar
~P ^ y»\operator* The quantity V  t i« most siiqply
3*vevaluated by using the formula )
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<65>
where the ephericel baeie wectore for ^  -- ±1 «.»<A o (

are orthogonal in the aenae that

U r V*o '‘ cfy fv •' <•-> \ -v (66)

We obtain

■'a

w(e, fa Sco;-i *  j,co)c(?a-i ^
j

W O . P *  ?,-i £-1, Ui) pjCc^w,),

(67)
I

where the s u b  orer J now conpriaea the odd integera

It ia to be noted that



i« aero unless the total orbital angular 

momentum ^ 3 ..

It ie convenient at this stage to express the 

expectation value of the kinetic energy in teraa of the 

triangular coordinates t", , and T3 . Eq«(60)

then takes the fora

V-1

7 -L*

"’i
U-? X ^  i

where the volume element A-X - &"a^ ^  ̂  Af, Aij

and ' ̂  ) f ̂  • The domain of integration is just

the usual one* being limited by the appropriate triangular 

inequalities Y~{ ^ T* and the angles

are those interior to the triangle*
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From now onwards a radial function which has tho

product form

/ I
I'l

(69)

is considered* For this type of function the first integral 

in eq*(6 8) can be further simplified* as is discussed more 

fully in appendix ( S )9 and the final expression obtained is

u 3 Xj <1t

where the function 

and of-i as

Jt
(70)

la defined In tenaa of
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V |N 2 M 3 t) * - V x .
w

- i, .^  * *"3

(71)

It is to bo noted that for tho ease 5 * Q than

^  - O  and eq*(70) reduces to tho expression quoted

by Dovni ot al ) and used by ref*32)*

4*3 The Variational Prineiplo and tho 

Effective Two-Body Equations*

Tho procedure of Bodaer and Ali is now followed9 

using as far as possible the sane notations* Tho rariational 

principle whlehgiwos the best radial ware function with the 

product form of eq*(69) may be written

IT + - NE loo*>- O
U  v*;|

(T2)
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where denotes the functional variation with respect

to and is the potential energy for particles

and ,

interaction is denoted by ^  )

energy fens of eq«(tf) just becosies

If the spin expectation value of this

then the potential

-- J
1 = 1

(73)

The kinetic energy integral is given by eq*(70) and the 

normalisation N  i*

N
D

^ lIT jV ,)
V/1

r (74)

Performing the variations with respect to the functions 

^ C Y \  ) then gives three coupled integro-differential

Euler equations for these functions such tha>t the eigenvalue is 

an upper bound to the total energy of the three particles* The
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equation* obtained are

M t J  . 0  (75)

for *i 2 1/ •? 3 and where« with A~c

denoting the woluae element* 8 lT^ j-fci 

the following notatione hare been introduced!

Ktn > ■ Jat“'J, T  <|.V; ) ,

T^U). [(%')*- 3 ^  - 9i 3,| 3t'

<\* Oj > II <J|jSrfe) ,

J i k*i

tr

J * ' * ' V

<*rx tr,)z ^ 3/tr}> *

(76)
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The difference between theee equations end the onee of32) _
ref, 7 lies in the presence of the function JTi in

the various integrals and in the additional term Hi ,

The transformation ) puts eq.(75)

into normal fora and the resulting SchrHdinger equations are

(T7)

where the effective three—body potential energy term C ^  ) 

is given by

Ni Ni

h  Hi
+• J.'i

(78)
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When suitably normalised the function h i  n  

con be interpreted oe the probability amplitude for finding 

particlea j and t  a op orated by o distance M,

irrespective of the position of the third particle* The 

properties and self-consistency of the coupled equations nay 

be discussed in a very similar manner to that of ref • We 

will only note that in the limiting oase ^ 3  C ^ )  - o 

and ®  one obtains a self-consistent solution

by taking ' * Th« functions 3 ,Cr\)

and then satisfy single particle Schrtfdinger

equations with energies £, and £ a respectively! such 

that E - £, t C a  , end with the appropriate

centrifugal barrier potentials arising from the last two terms 

of Oq*(78)*
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66»4 Application to  ^ He

The formalisn of the preceeding section* ie 

applied to the three-body model of fig*(U)» by

using trial ware funetione end

for the ot - A and A - sides respectirely* to

generate the effectire three-body potontial W, Ct,) giron 

by eq*(78)« Tho rosulting single particle Sehrtfdinger equation 

for tho rolatire motion of the o( -particle and the neutron 

is then numerically integrated .

figure 11
A

If the three particles interact through central forces 

alone then a suitable ware function is obtained from eq«(56) by 

considering -P, 1 1 and - O  corresponding to

total orbital angular momentum La  ̂ and S  ~ O

corresponding to the interaction of the A* particle and the
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neutron being more attractive when the two particles ere found 

in a singlet spin state* However phase shift analysis of the 

scattering of protons off the particle indioates the presence

of a small spin—orbit force in the phenomenological interaction so 

obtained* In particular the interaction considered here and 

due to Sack et al28  ̂ is given by

\/ / » v  ^  \/ ~ ^  s ? \\<Sr') = - vt e _ VS o e U  .<* )
(79)

whara Y c - 47.32 MaV, o - 5.88 MaV and \  . 0.4348 f»-1. 

Such a force does not comsnite with the operator for the total 

spin b  : /if t  ) where cr̂ CT̂

are the Pauli spin operators for the neutron and the A particle 
respectively9 and a more appropriate wave function for A Vl^ 

consists of a linear superposition ef the two possible spin states* 

The wave function considered is given by

(80)
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T  7, O jl T  'T, •> i
where the notation j£fo o <- = X  \xCh la K  ̂Ĉ ,?x)L,s x ce.#e*)L,s v*,1*;
has boon introducod and tho normalisation implied io ouch that 

-xl,7, t  ^  - 1 and tho phase ia ehoson auch that

jc>o and *a >  o  .

If tho ware function* eq(80) did not contain any 

configuration mixing* i.e. CVj) = I and tho ontiroO _v
dopondonce on tho polar angles of tho rectors f, and r*

T  */0 ^
w aa specif led by the functions ? c » e)^  then tho

—̂  ^
expectation value of tho operator •£, .0~, may simply bo

obtained by expanding tho functions © u s  in

terms of tho oigon states of the angular momentum operators 

J# T, ♦ and - Ta -V '/:* OJ * In this case

the procedure of taking spin expectation values of the 

interaction* indicated by eq«(73)* is just equivalent to 

considering a central interaction given by

ir.cf.) = - ( V c , VSo <f’.a-?>)c’tV’

where ^  V  ' ^  ~  ̂ + 2  Ji . In general
-  dcorrelation function of the form Q Cr, ) - e, ^ is
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considered and, with O f the above potential

should be supplemented by an additional non-central term 

which arises from the illicit dependence of th% part of the ware

function on the polar angles of t, . Such a contribution

possesses a rather complicated shape but its strength is

proportional to the product of d Q , Anticipating somewhat 

the results of the calculation, where is found to be

reasonably small ( ^  0*15) the modification to eq*(81) is not

thought to be important and is neglected* .

The prescription ¥,-\ and o enables the
functions (fj and of 3  to be calculated from eqs*(64) and

(71) respectively* Thus one obtains and

Assuming also trial wacre functions of 

the fora e at-*-*c «nd 3 3 (.r4 J* e " ^

and the following central interactions for the o<~A and A- v,
ft t „

systemst

— (■

X
U L

i
I

-e )
~A* *"3 

e  '+3 (82)

- A r3e
r3 '
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the various integrals of eq#(76) sqr be expressed in terns ef 

the functions 1 ^ ^  C ^ ) , vhich are defined

I to*, f )h j \

<3o

n -o(Ne A*a
Uo

ir, .

Here the o(-/\ interaction used has been previously discussed

in chapter 5 and the A'*> interaction is just that of 
I

eq«(M) after taking the appropriate spin expectation values* 

Thus for the effective three—body potential one obtains

V.o.) a + ** ̂ 3 + tf3 + 2 k,
« -*> . <JU, t -, *

-  k \' +  j l !j^avo, / a oj, r, to, 3,* J

where the notation* *)• : ^  A i 1 (®j! ^  , ^ j ;?«uc,3 (

and ' 2  N, ^  have been introduced} primes

denoting differentiation with respect to V% • Expression 84
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is given in appendix 6 in tenia of the standard integrals of 

eq* 83 • It is to be noted that in the case ^ ( ^ ) =  I

then the last tens of eq*84 is sero end the ordinary centrifugal 

barrier t e w  is obtained vithout Modification*

It is nonsal procedure w$en integrating a Schrttdinger 

equation to consider a potential function C\TXt\) chosen 

such that O as t", — S> 00

If \vvn ̂ W ,  Ct\) ~ £ then such a potential

for A is given by * \r,cr,)tV^Cr.)

and tho equation describing the relative notion of the <K particle 

and the neutron ngjr bo written

a k ,  [ "  -( i r u )  - » - $ )  I- = o
(85)

With £  »<• B ^ C ***«>) B A C n V\e5)

is tho total three-body binding energy* For the hypemuclcus to 

be stable with respect to the decgjr node A 

it is required that ^ ° and thus

^  ̂  3 »l , The energy £  is found to arise entirely

fro* the first tern ef eq» 84 and its calculation is further 

discussed in appendix 6 * It is sufficient to note that for

a given A  interaction £  depends essentially
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on tho pATiMttri of tho trial ware function* and ^ ^ ( 5-3 )

and for tho oaao \ it attaina ita minimum walue

of * 3*1 iUV when la ehoaon to bo tho boat

▼ariational ware function q^propriate to an iaolalod o<~ A  

ay a ten* For any othor choico of varo function* wo mu at thon hare

f  > -  3*1 M«V*. Tho atability of A V\cc may thon

bo diacuaaod by numerically integrating eq*85 to aacortain whether 

a bound atato oxiata for onorgioi^$'3<H£ . Thla ia moat alnply 

achieved by inapoction of tho logarithmic deriTfctiwe of tho function 

) oraluatod at aome auit able radiua ^  , o )

If tho diaeontinuity D  ia defined

thon 0 - 0  apecifiea an oigonatato at energy ^  charactoriaod

by tho number of node* h  of tho eigenfunction |(r, ) |

tho node at t~, of tho function r» ) ia not counted* Iff
>howororf O 4 0  and »i= o  thon no bound atato oxiata auch 

that Bv,( f\ Me**) ^  O  and accordingly tho hypornucloua

ia not atable* On tho contrary if O  < O  thon there are at

moat *> * I bound atatoa poaaiblo of which only tho moat deeply

bound ia intereating*

Tho roaulta proaontod hero hare moatly boon obtained uaing

an r\ interaction giwon by U^.? tol^o M w V  I

and V ' It 5 If. |,t*. * which, aa prowioualy diacuaaod in
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chapter 5f ia it sal f obtained from a two—body analyst a of 

by assuming an * partial# of r»m*a« radius 1*44 fin together 

with a A- v> interaction of Yukawa form and a 2 * rang#
f-'

parameter, Thia potential,tog#th#r with th# best variational 

war# function, <*■* ^  , V>» 2 -C and c a - o  t ? ,

giw#a an #xe#ll#nt representation of . In th#

ealeolation of A ^ e t , for given forces, th# paraa#t#ra 

obtained which minimia# th# dieeontinuity in th# logarithaiie 

derivitive D  evaluated at th# #n#rgy o& may, of

eoure#, differ from th# "aero* order on#a qnot#d above* However, 

it ia to b# n#t#d, that thia minimum vain# of t) diff#ra only 

inaignifieantly from th# vain# obtained with th# m#ro order 

p#r«s#t#ra due to th# fact that dfc) iteelf increases as th# 

param#t#ra are changed from th#e«* . Thna, for #xmapl#, with 

A  m 150 M#V fm3 f dr o-iSyl'and X  «1*0 on# obtain# O  • 0*13115

for ^  m 0*5168 MoV with th# s#ro order war# fnnation and

th# minimum vain# O  • 0*13036 for ^  3 0*5449 )I#V with

(X * 0*67 fm * j m 2*36 fm * and c - — 0*42*

Accordingly th# r#aalta given w#r# obtained uaing th# A 

war# function obtained from A v\€5 , Some r#eulte

obtained by uaing ^ ( r A ) • - 1111*5 (c
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corresponding to tho larger °( -particle r*e««» rediue ef 

1 #54 tm, ere elee given.

Fig ( I ol ) ehove the value of the qpln dependence /i 

necessary to produce a bound state, with m o ,  at the energy 

( 0 (i.e. with 8 n ( A He*0 ) - 0 ) expressed as a

function ef the correlation parameter of A  fm"*# Also given is 

the variation ef the energy ^  itself# The different curves 

vere obtained by changing the amplitude of the singlet spin 

state in the *We° vare function, eq. 60# The amplitude

varies from x. * 1 *0 , when ^  2 is an eigenstate of

the total spin belonging to |S> = 0  (assuming d - o  ) and the 

contribution from the A- n  interaction is most attractive, to 

r ^ / 3  when likewise an

eigenstate of belonging to j, - and the <*' n

interaction is most attractive* It is clearly seen that the 

latter structure is the one most favourable to the existence ef

If one supposed a value for the agin dependence, 

say A • 150 £ 50 UeV fm3 as is appropriate to the light 

hypentucleif it is possible to estimate the energy with which
-t“0*3

the neutron is bound# Thus a value 0H Cnv\et) • 0#04 __

MeV is obtained corresponding to the 3/^ structure#
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„Th.e, .w.̂R..4fp*nd*n»a. ..A, ( vi>r3)
»WmWZ.i«LA.teB&Jiî . ,**. ffl«3g.-Si Si.
the energy 8 ) (MqV) shown u  function, of the

Th# curve# a) to •) differ only in th# oeount# 

•f einglet and triplet apin etete# in th# wav#

function* #11 th### eurr## being obtained with X7z Ĉ jl )

• - m o  ( eT*<'*’a . ) u#v . The

amplitude of tho iliglot q i U  state to given by x> J ^ 3  

( jt: 3/a #ig#n #Ut#)| x  « 0#9| 0 #95 • 0#975 and 1*0 

(Vo#ig#n #tat#) re#pectiv#ly. Curv# f) i# for x- 

with -o^cr*) r -* m i . a  ( ^

corresponding to a larger X  -particle aiae* The dotted 

curve ahewfi the variation ef the energy in MeV,

obtained using tho former «-n internetion.
—  o *6 8 A?The curve# were all obtained with e -o-(f?e

the ware function obtained from a two-body analyai# of A«e

»•</>
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Uncertainties in A He*1) thia order also arise

from these in ^  as saj be seen from the results

relatlxq; to the larger << -particle else*

Isrconclusionq it is net yet possible, in the basis 

ef the above calculations, te fern a definite epinlon as tethe 

existence ef A due to the lack ef detailed knowledge

ef the A- N  interaction* Even with the siuple forces 

considered here the situation is not clear cut but it appears that 

the neutron is either only just bound or only just unbound* 

Howerer, one serious objection to the aboYe calculation can be 

■ode, namely, for o  the ware function ef eq* 80

contains a coop o non t which violates the Peuli Exclusion 

principle in allowing Is state of motion of the <4- particle and 

the neutron to be possible* In neglecting the spurious state 

so far the neutron seperation energy has been overestimated and 

it is quite possible that the neutron will not be bound, for 

reasonable values ef the spin dependence, when this effect is 

taken into account* The spurious state correction is at 

present being undertaken*
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Chapter 7 Summary and Conclusions,

The studies of the p-shell hypernuclei reported 

here show that the staple assumption ef a soft, centralt spin- 

dependent and charge-independent* two-body A- N  inter as tien 

is at present adequate to aeeount for all the known walues 

of B A; including these ef the s-she11 hyp e m u  cl ei as 

well as those of the hoarier hypernuclei relew ant to a 

determination ef the well depth D* In particular* if there 

are assumed to be no three—body forces* the walues ef the spin* 

awersged welume integral of the two-body interaction that are 

obtained from the hypernuclei ^He5*AB*® *8^and A ^ 3 •K1*** 

wery well with each other* As a reasonable arer^ge walue

for the hypemuclei one has 11 » 1020 - 60 MeV fm3 and 600 - 50
3 | ^MeV fm for ordinary Yukawa interactions ef ranges andyv

reapeetiwely*
' i

Further* it has been shown that not only are central 

three-body forces not necessary but that any that may exist

must in fact be weaks they cannot contribute more than 20^ 

of the total interaction energy of A He3* The meat 

probable sign depends on the range assumed for the two-body force*
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Thus for tho throe-body interaction turns out to bo
most probably attractive while for it is most probably

repulsive* Those results for the three-body interaction depend
12on the validity ef a shell model description for C with the

values of the siso parameters having been determined by electron

scattering experiments* Uncertainties in the core sises account

for most of the errors in the values of ^  as well as for

the upper limits which it is at present possible to place on the

strength of the three-body forces* These sise uncertainties

furthermore preclude the possibility of deciding between the ranges

spanned by and /m <! (although an

intermediate range is marginally favoured and a range as long as

is meat probably excluded)* More accurate

determinations ef the relevant density distributions* especially 
12that of C | is thus very desirable*

i

The uncertainty about the range* quite apart from ether 

possible uncertainties in the form and/or due to higher order 

effects ef the interaction* implies a correspondingly large 

uncertainty in the value predicted for the well depth D felt by 

the A  in nuclear matter since this is proportional to U  

in first order* Thus for ordinary forces and with j> 5 °
s I f  J  t  V  vc.)

m 34*5 - 2 MeV| for exchange forces of range /■«<' th*
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latter value would bo reduced by a factor 0 *8 8 . Tho

corresponding values of for A cs 80| relevant to
♦ath* h**vi*r omul cion nuclei* ore B, C ^ n ) » 3) — MeV

and ) ■ 25 » 2 MeVy the latter being red need to

22 i ^MoV for exchange forces* None of these values of BA is

very inconsistent with the experimental evidence*

It is to be noted that the effective A- nucleus
12potential VA Cf) at or near the centre of C depends

only slightly on the range of the interaction and on tho details 

of the shape of the density distribution of the corey but that 

| V A Co) \ can differ very substantially from the

corresponding value of D unless the range ef the interaction is 

quite short* Thus for /***“ the value of W n t©)\

is considerably less than the corresponding value of D whereas 

for /kx< there is only a small difference* Only if one 

believes the range of the A- Is* interaction to be quite shorty 

as would be the case if the interaction is dominated by single 

exchanges of heavy mesonsy would I Co) I also be a 

reasonable guide to the value of D,

The difference between ordinary and exchange interactions 

is even smaller for the p~shell hypemuelei than for a A
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in nucUtr Mattery the proportion of the interaction energy in 

relative p atato* being quite am all for eoft forces even for 
the long range - Then, at least for soft forcesy it
does not see* possible to say anything about the interactions in 
relative p states from the values ef BA for the p shell
hypernuclei. This may be possible for forces vith a hard corey 
howevery since for such forces interactions in relative p states 
are expected to be enhanced as compared vith soft forceso 

The spin dependence A obtained from the p shell 
hypemuclei seeasy unfortunately9 to be at the Mercy of quite sMall 
uncertainties in the core sises and to a lesser extenty also of 
uncertainties in the rearrangement energies* Assuming no
differences in the simes and rearrangement energies of tho Members 
of each of the three pairs of hypernucleiy a O ,

a C 1̂  *or values are reasonably veil
knovny one obtains very considerably larger mines of A than are 
obtained frou the s—she 11 hypemuclei* Hovevery for very reasonable 
and quite small sise differences and for reasonable rearrangement 
energiesy there is net the slightest difficulty in obtaining 
values of A  that are completely consistent vith the s-chel 1 ones*
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Indttd the B A of just the p obeli hypernuclei ore quite 

coueietent vith a opin-independent interaction (and oleo one which 

haa a considerably larger spin dependence than required for the a 

eh ell hypernuclei)* It aeeaia quite probable than at appreciable 

part of the fluctuations in the values of BA of the p-shell 

hypemuclei about the average trend ia attributable merely to 

variations in the spin averaged interaction energyf which arise from 

quite small aiae differences,and from differences in the 

rearrangement energies* In particular the rearrangement energy for 

is expected to be quite appreciable**^ (somewhat leas than 1 

MoV)* Shall differences in the spin averaged interaction energy 

can be comparable with the whole of the spin-dependent part of the 

interaction energy because the latter is approximately only of 

order */a times the spin-averted interaction energy*

Central three-body forces hare been shown not to 

contribute appreciably to the differences in B A , Of course non­

central forces (both two—body and three-body) could in principle 

contribute significantly - but because of the uncertainties 

mentioned it seems most unlikely that anything could be deduced 

about such non-central forces* In faetf assuming the effect 

of these to be reasonably small and tho effective spin—dependence
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to bo about that for tho a-ahell hypernuclei inplioa that tho A 

ia a aenaitive probo into amall aiso difforoncoa for neighbouring 

coro nucloi haring ainil&r or amall roarrangoniont onorgioa* Quito 

goner all 7 it aoaaia el oar that th# information obtainable about tho 

A- M  interaction ia at pr#aant limited at l#aat aa much by 

uncertaintioa in tho core aimea* and to a loaaor extent by 

uncort&intioa in moarrangement energies* aa it ia by uncertaintioa in

In Tiew of the abore concluaiona the only meaningful 

determination of A ; and hence ; mu at at preaent therefore

be atill from the BA ef the e-ahell hypernuclei* If three-body 

forcea are neglected and one uaea the reaulta of ref*l) for H 9 then 

one obtaina A  a 170 - 35 MeV fm3 and 25 — 20 MeV fm3 ^  

and reepectively* If the reaulta obtained for three-

body forcea (table 8 ) and alao in ref3) • for A H3 are te&en into 

account one obtaina aomevhat larger Taluea of A for 

(-200 t 4 0  MeV fm3)*»and alightly amaller value a for
3

(t5 ♦ 30 MeV fm ) • If the indication# of a range ahafter than 

are tdt«» cerieuely then tria impliea that the apin 2epf :*lonce usay be 

correapondingly amaller*
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Perhaps the only direct determination of A 
from tho p-shell hyperuucjei may bo possible subsequent to 

the obserretion of excited states* Of particular interest 

would be a measurement of the excitation energy of a state 

for which the A  has flipped its spin relatiwe to the

ground state* This energy could be obtained from a

measurement of the energy of the Y-ray of the relewant 

transition* It is reasonable^ for states which differ only in 

the fact that the A has flipped its spin* to expect that 

the core ware functions are quite similar and therefore 

uncertainties due to differences in the core sise and 

rearrangement energy will be quite small*
7A favourable case seems to be that of _ Li for whichf\

the excitatien energy of the first excited state ( 3/a ) relative 

to the ground state (^:*/̂  ) is f s /̂a A .

The assumptions on which this value of £ is obtained are that

the -pnucleons can be represented by oscillator wave functions 

and that the wave functions for s and p nucleons are the 

seme for both states* Then with A  • 150 t 50 MeV fm**-* a
one gets for the values E ■ 0*75 £ 0*25 MeV end 1*5 £ 0«5

MeV for ap? a, ̂  end 1*8 fm respectively* For^K the values 

of E ere correspondingly smaller* It is to be noted
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that especially for tho largor value* of Op tho value of
— iF̂ j> Caf) io not very dependent on • Clearly the 

accuracy with which A can be deteruined free a measurement 

of tho excitation energy £ will be liaited by the accuracy
7with which one knows tho extension ef the p  nucleons in ALi • 

Observation of the low lying levels of tho A - 8 

hypornuclei would also bo very interesting for these purposesf 

although the situation is aore complicated* The level scheaes to 

be expected are illustrated belew for assuaed values ef A  

consistent with the e-shell hypernuclei and a core density 

distribution with <xp - 1 *6 fa9 i*e« with AFz^ ~ 0*88 MeV

and 0*16 MeV /»il7 and respectively (even quite

substantial uncertainties in the cere sise9 say 7 0*8 fa ealy

aove these levels by 7 0*3 MeV £oc /*2Tf and 7 0*2 MeV for /m * )•

Three excited states are now to be found

1*3 « 2L2 -

0*3

Z4
0*5 S’

-0.5

3=2 oo 5
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with energies less then 1.5 MeV and obserration of the first 

excited state, which has J • 2, could lead to a determination of A 

as outlined abore* The second pair of spin flip states, namely 

the first excited J • 1 and the J ■ 0 states, are not at all 

useful in this respect, their energy separation being almost 

independent of A  (see Appendix l)* However

the obserration of a pair of states lying close together m^r 

yield some information about the range of the A- N  interaction*

In particular it seems likely that one or other of the two ranges 

and will be farouredp possibly with the

exclusion of the other* These conclusions follows directly from 

the range dependence obtained for A from the s-shell hypernuclei* 

It is also worth noting that the obserration of a single state, 

without determination ef its spin, will giro rery little information 

(for exmple a state at 0*6 MeV could be a J m 2 state with a 

long range interaction or equally likely one of the pair with 

J m 1 or 0 and a short range interaction)) this is to be
7contrasted with A Li where any state obserred at less than 1 MeV 

excitation is almost certainly the J - /2 spin slip state*

Obserration of three low lying states, without spin measurements,



1 58

would* of course* bo extremely uooful as it is strongly

indieatod that tho excited statos appear in tho order J • 2 * 1*0),
_  lo)

independent of ,

Due to uncertainties in the cere sizes* rearrangement 

energies and in the walues of B A it is found that no 

information about the A- N  interaetien eon he dedueed from 

studying the A • 7 hypernuclei using the two—body approach* 

However, if (most plausibly) the effeetiwe A  — M interaction in 

these hyperntdei is assumed to he about the same as that obtained 

from the e-shell hypernuclei (and therefore the walue for U  

also as obtained from A6ê  and A c’3 )y then the A particle

becomes a quite effeetiwe probe into the structure ef the A * 6
7 7 /nuclei* For the T  m 1 hypernuclei ^He and ABe (for which

7only IX enters) as well as for the T  - 0 hypernucleus A L1 * 

the experimental walues ef B A then strongly i^>ly that the A 

effectiwely sees die s- nucleons with an extension close to 

that of a free o( -particle instead of the considerably greater 

extension appropriate to the isolated A • 6 nuclei* This is most 

naturally interpreted in terms ef* and indeed strongly suggests* a 

structure for the cere nuclei consisting of aa -particle and two
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nucleons* If thi A  i« strongly correlated with tha 

<< -particle it will than effectively aae tha aa hawing ita

fraa sise* wharaaa for tha iaolatad cora nuclai tha eora 

extended s-shell diatributton ia to be interpreted aa a 

conaaquanca of tha recoil Motion of tha << -partiala* A 

atrong A correlation a a ana quite natural bacauaa of tho

predominance of tha interaction of tho A with tha a - nucloona 

of tha A • 0 cores* Tha p—nucleon diatributton ia probably 

only alightly compressed by tha praaanca of tha A * also tha 

rearrangement energy ia moat probably amall ( ^  0*5 MeV).

Thaaa concluaiona are further aupportad by calculationa for p 

nuclaona moving in a square well* In particular* reasonable 

parameters for auch a wall are obtained only for s-nucleon 

diatributiona cloaa to that of a fraa -particle*

Aa by-products of tha atudiaa ef tha A m 1 hypomuclei 

two further point a are worth note* Firstly* due to tha fact that 

B A always incraaaaa aa tha cora nuclaona are conpressed* it

appears moat unlikely that tha low oxperimental walues obtained
* * 

for B A ( A Ha ) aa coopered with B A ( A Be ) arc caused

by rearrangement affect a* Thus support ia obtained for tho

interpretation of thaaa low waluea as due to an isomeric atato
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7of A llo • Secondly* assuming tho binding energy difference bet we on
0 0 Ho and tho corresponding T * 1 atato of Li to be entirely due

to the Couloab interaction* the r#a*s* radius obtained with square
A

well ware functions for the p-nucleons in He is wary close to tho
2 3)

r«s«si radius whieh was obtained with oscillator functions •

In the aain the conclusions obtained froa the two-body studios 

of the A » 7 hypernuclei are further justified by the a ~<JL 

no del calculation for A Li • Notwithstanding the approximations 

aade to describe the nucleon structure of this byperaucleus* the 

experiaental value for the A  separation energy is readily 

explained with a voluae integral little different froa

the corresponding value obtained froa A H * \  In addition it 

seeas likely that the degree of agreement obtained can be still 

further iaproved by consideration of a aero elaborate function to 

describe the S- X  correlations* This* together with the fact 

that the wave functions obtained for the other two pairs of 

particles in isolation give a very reasonable estiaation of the 

binding energy* strongly suggests both that the A particle 

effectively interacts with a free -particle and that the 

rearrangeaent energy of the nucleons is aaall*
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Finally* it is found that tho results obtained froa
m

the thro e-body calculation of ^ He * taken together with 

▼aluss of tho spin dependence consistent with tho a-shell 

hypemucleif do not allow a definite conclusion to bo drawn 

to whether the hyperoueleus is stable or not* Dependent 

upon the particular walue considered for A it is 

indicated that the hype run cl eu a is either only just bound or 

only just unbound* However the fact that the ware function 

used to obtain these results contained a component corresponding 

to spurious motion of the neutron relative to the e-shell core 

nucleus* even though this component is likely to be snail* 

suggests that tho latter event is possibly tho nore likely and 

that the hypemucleus will not bo observed* The effect of tho 

spurious state will be partially offset by any inadequacy of tho 

single parameter A -neutron correlation function considered and 

it is clear that further calculation is neeesaavy before any 

definite conclusion can be reached9 although tho situation 

is qualitatively determined*
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Th* Quantity K

In analogy vith the nuclear shell model* the hyper- 

nuclear ware functions | J ^  should be ehosen to provide a 

representation in vhieh both the residual oneleon-nuelean inter­

action and the A  -N interaction are diagonal* However* rather 

than performing this calculation, it is more illustrative to 

consider the representation provided by the functions 

Ik ; T  of eqn* 15* in which the nuclear part

of the Hamiltonian is already diagonal* The only non-diagonal 

terms are then due to the matrix elements of the A  -N Interaction 

taken between states which differ only in the quantum number 

these elements being proportional to the spin dependent volume 

integral A  • For many eases of interest the energy associated 

with the off-diagonal part is much smaller than the energy separation 

of the nuclear states involved* (i*e* one obtains a matrix A such 

that I Atjl ^  lAii ) and accordingly the eigen­

functions can differ but little from the original basis functions 

|oC; *3*,, • Table 1*1 gives the values of the quantity ̂

IVp ^

K *  -
i* \

t
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T»bl« 1.1 Value* ef K

Ifypernucleus Nuclear
State J K

Nuclear Ware
Function

V i
ground
state 3/2 -i

1

a u 3
JM-1 T-0 */2 0.08 i.e.

1st excited 
dtf*3 f-0 

2*18 MeV
6/2

7/2

2/3 ■ \  ■
•

.

ground
state

J„-3/2 T-l/2
1

2

5/ 12

-i

|
1 5.08/12 i.e.

A • 8
1st excited 0 “ p.
JN”1/2 T-l/2 1 . l/l2 i

0.478 UeV 1 0.9./j2 I.e.

.
2nd excited 
Jjj-T/2 T-l/2

3
4

®/28 
-i

10
 

-e 
1

4.63 MeV •

u 9

ground state *3/2 * •
Jjj«2 T»1 5/2 -i 2

4
3/2 . 2.84/^ i.e.

B12
ground state 1 ®/l2 jj coupled
J|f»3/2 1 3.03/j2 i.e.
T«J • *
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for variant hypernuelear states, walcculated by neglecting the 

non-diagonal contributions* It is to be noticed that the nee of 

intermediate coupled nuclear ware functions for the lighter hyper­

nuclei , produces only very small changes in U. \ the vave 

fanctionsA largely dominated by a single 1*3 coupled state* For the 

heavier hypornuclei intermediate coupling effeets are more important

as may be witnessed by the 40^ reduction la the value of K
12obtained for • For these hyperauclei which have spin-sero

cases (Jjj - 0 ) the value K. • 0 is obtained* This is independent

of whatever coupling scheme is adopted and the only possible source

of spin dependent effects in the ground state of these hypernuolei

must arise from admixtures of the excited nuclear states with 
8 12Jn - 1* For Be and C these states occur at energies of 18 MeV 

and 12 MeV respectively and the value \<. • 0 for these hyper­

nuclei is thus well justified*

The above procedure applied to the expected J • 1 ground
* * *

state for the A ■ 8 hypornuclei leads to an underestimation of • 

For this hyponucleus, as mentioned in the text, it is necessary to 

include also the contribution due to the Jjj • J excited state* No 

other states lie low enough in energy to produce any farther 

significant effects and the energy matrix C  to be dlafonalised 

is
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e  *

k'i% A^r

1 —

'3 «*

HP)

where the energy is Measured relative to the ground state of the 

nucleus and >  o  in the excitation energy of the

■ J state (the contribution from the spin independent part of 

the A  -N interaction prodnces a change in the origin and is 
taken to be aero without loss of generality)* Diagonal!nation of 

this Matrix then gives for the eigenvalues ^   ̂(ft) the 

expression

*c * a i £ * J x/ C W t)J
W)vtl

l». E.„- CKV j +k v,J ARf'

^ • £  = -Ev.) -  O ^ A F * ’)*.
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VC4> l C'ip)For large excitation energies E^ it is clear that A  -> ~ ** r*j»

and X C * E Vjl - k.,aV< A  as previously

stated* The eigenfanction a ̂  C4) corresponding to the eigen~ 

value lying lowest in energy may be written

C + )  C O S  f e  \  * * ,  H o » V  + ■  5 ' v  e  V '*/k*  ^

where

K .  f e , * * *  * fw’ Vv. AF"'
- k v ,, A f  «

The value of relevant to the J • 1 hypernuclear ground state

is then

\* c o s ^ e  +  2 c o s t i v e  k , ^  + s ; ^ 6  K v „ •

v C>) ,In figure 1*1 the energies A  lleY and the value of \  are

shown as functions of A F  ̂  for Ej • 0*4)& MeV and with

^ 3 /^3 ~ <Xv'^ S  -

appropriate to US coupling* Also shown are the energies of the

J - 0 and the J - 2 states and the two J ■ 1 states (chain dotted)

obtained by neglecting the admixture* It is to be noticed that

diagonalising the A  -N interaction in this manner effectively
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depNstea the J » 1 ground state at the expense of the first J • 1 

excited state; in faet9 this latter state now behaves in a 

similar manner to its J » 0 partner obtained by flipping the A  

epin.

Assuming the mines A  • 150 UeV fn3 and «
— 3 «-\5.5 x 10 fin , as typical for faoes with a range , one

obtains K  ~ 0.7 whereas for A  * 2 5  MeV fm3 and •

7f0 B 10~ 3 fm"3, relevant to , one finds K  ^  0*52;

the apparent range dependence arises principally from considering

values of A  obtained from the s-shell hypernucleir appropriate
to forces of the above ranges*
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tow**1* 2

The Potential Shape FanetIons with TwoHBodr Forces

C W )  %The potential shape fractions <xr? )̂ (t) defined by 

eqn* (28) can be written
<*>

7* -9where 1  ■ h - ^ns-r#a h and z is the cosine of the angle

between the rectors | and ir • For normalised Yukawa inter­

actions, /krri # and with

harmonic oscillator radial ware fractions and can

farther be expressed in terms of of the integrals ^

Ob

H I . . O .  <2-2)

Thus with and ? r - S* V a ^  » the eafflx

■ » or p referring to the appropriate oscillator for the a and 

p nucleons respectively, one obtains
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(**?, x . hVS., O )

-r*^ A
?5 ) ' e"* + *5)1 (2.3)

and

- 1  ^ /

At the origin, r • 0, the explicit range dependence of the interaction 

can be exhibited and one hae

(2.»)
> ?

and
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Vo)

««fO»- p(rflf) (2.6)f

where

S^Cx)- K * HV,(x)  ̂ ^

and

J7 Cx) 1 )c? VlV^Cx). (2.8 )

The fanctlon Cx) is such that C  ae >c -̂ >o and

^  -=> | as <rf> « Thus la the Halt of ehort range

forces or extensive density distributions the contribution to the 

potential shape is just given fay the single nucleon density 

distribution* On the other hand, —> o  both as o

and ic -*> <30f the short range Unit reflecting the fact for 

function interactions no contributions from the p-shell nucleons 

are expected for r « 0 *
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Appendix 3 

The A -d outer on interaction

The interaction of the A  particle with a free 

denteren can be obtained by the ease procedure aa ie given in 

section 5 for the oL -d interaction. Thus one can write

<3'”

where

UjU,)* i Ji?\‘X«r^lrClt^?0 '«OFXi,oj <a'")
and -v A is the appropriate voltme integral

of the A  -N interaction. The free deuteron wave function 

is taken to be

where N ie the normalisation constant. A typical wave function of 

this fora is obtained by choosing oC » 0.232 fnT1 and 3 «

6.2 • Substituting fat ' I T ) the normalised Yukawa

interaction of eqn. 1 enables expression 3.2 to be written as
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< % « » > ■ elfifV (3.4,
K " J  t i i - i ? '

The Yukawa factor in this integral can be expanded into a series of 

products of the Bessel functions of the first and second kinds with 

imaginary arguments, X 0 and respectively* Thus one

has

-rK’-H y- ta»40 k (̂ ) P j(„.©) (»••>
 3 T “  ' A j  r » V'a M '/ar  5

id- o

is the angle between the rectors a and b and the expression 

is ralid if 0 ^ b ^  a* Use of the spherioal harmonics addition 

theorem then enables the angular integrations to be performed* The 

contribution to which arises from that part of the

radial integration for which */x $ Xj is then giren by

r_NV / ' rj ^ . U c j )  * "h*r*

O . t p )  - j V c e  ̂ - e H ' C e C  e  ^  ) • <3.«>
o

In a like manner the contribution for ^  ^3 is

wh*r*
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(3.7)

Thus one finally obtains

(3.8)
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The o( - A  -d Model of A Li7
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The details of the calculation of the three-body binding 

energy B are presented in this appendix* For convenience the 

notation is sonevhat changed from that in the nain text* The 

interactions considered are denoted by

YiOi)- U (4.1)

and the vare functions are

(4.2)

In addition the following notations are introduced I

ci, a„i, a * )

( Ct+oi,)* f a*, (*+-r,X4Vp,) , )

B>a> -> ( -a jp * ,  (4>W.) , (d .U + p ,)  -2*? 9f,(f+p.)

V *  - » O V ,  ^.9^,(5, , )

c i >»i »*i ^  > J. ^4 ^
/3,ca *>+•*,+ £,) , ,*,*(.*>+p. > )

D;«> -> C -ftiV 2o», ) , -2i>„, (-p«,t(i,) ,--P*f<-9*3(>.))
Di°’ -> C JP3*, , Jl*., C-.-T p. ) f - -P*,? ( -P4 2?. ) >
E  i*} C  oL'f t̂ 4 ^ 3 ) ; ^  )

U *  ^ a/9»,v T v = . <4‘3>
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III the following expressions the integrals )
always hare the argument , unless otherwise

indicated*

The normalisation integral W  is giren by
QO

t/li* ; ft*!**. \
o 4 AtTnx

- Z  <4"°
Si.HM L j

4 a «•' tj\■ "fe <jlr » , Ks »xfe ),
S j > «

•*y>
and the potential energy by

^  J  I C £ W *  *~5Ĉ J

* t| t  A-° >]

+ U a[$C*tVr^.*k) -

3 u v r , * v v

(4.5)



Similarly the kinetic energy K j becomes
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k, -

0t> COp o
r,<U

VO °

* h  ft . a - x ’ { »ri... I

+  /V^tta +  A-M C f T . . %

+  . i „ ,  - 1 ..3 )

+ ° r ’( i 3.,+ 3 ,,, -i,.,)

C>x% -^o3o)

r=” { ■̂ tac. + -*-102 ~

+  ± lo-̂ A ^ )  - M  ( ^ o + ^ o ; * - X 5sr>)j J
(4.6)
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Th» three-body binding energy B  is not simply given fay

A f  U.t)

and it is this expression which is to be maximised*

In performing the Tariatioas of the parameters of the 

wave function ^  , eqn. (48)y it is necessary to prevent the

production of that nsxiaua of B which corresponds to the value 

$  » 0* This value of B is just the one which would result from

using a trial wave function with a fora appropriate to the IS 

state of motiCn of the alpha and the deoteron and will grossly 

overestimate the binding energy* It is consistent with the 

assumption already aade9 namely that the 2S wave function does 

not contain spacious components9 to treat this IS state as being 

wholly spurious and accordingly the position of the ”<><&* in 

is chosen to minimise the amplitude 9 1  of the IS statef 

1 e 1 9 in the wave function

The amplitude 9/ is given fay

oo
(4.8)

V'>» •
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Expanding gjCr3) = h, fct) PK(<«,S © )  • »hore (£)
K- °

Is the angle between the vectors r, and ^  and using the 

spherical harmonics addition theorem enables the angular Integration 

to be performed*

One obtains

P

^  C •<»+(*,/*3)

(4*9)

where the radial integral is given fay

to V * *

\ 3  €  .

W m (4.10)

For the case of no A  -d correlations, and ot3 ̂  o ,

one has the relation ^ - n ^  a ; c ) 7 ^"yxi % ( < 0  } where

= C ^ ‘ ^ ^  , and this allows a constant value of

to be chosen suoh that the overlap integral ^  ie sero 

for all values of f* • (This is just equivalent to making the
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requirement j A t ^ s W ^ C r . ) - ©  ) . For general calculations

Co(3 ± o )  the integrals O  ,0*3 ) are not

linear functions of T* and can only be made zero for

one particular value of fa (at least if -P is to be a 

constant)* This value is arbitrarily chosen to be Fg, the 

r*m*s* radius of <3 **-**) where

r; + (4*11)
'   — * .

T 2C 4*- ) 4“ -oj T g  (̂ f.a 3

The value of -P used is then given by

jp /*?) 4v», (4 .12)

-^2 | Cc?,Wt/o<3 1-%-̂

where the integrals are calculated with r*= t* * For all the

various wave functions considered the value of the overlap integral

J<Vt: X , s C O  9 1Cr« ) ^ C t a ^ C r 3 ) (4.13)

/  -3was found to be ^  2 x 10 9 a fact largely to be expected in view of
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the smallness of the parameter 0*3 fnT1) required

to maximise Bj the amplitude ^  being everywhere small*

The integrals ^ («<, defined by eqn*

( ) in the text are now given* A basic set of integrals is

obtained by the specification of those integrals corresponding to 

all the partitions >, m n associated with the integer

J • -J ♦ a ♦ n* Every possible integral can then be obtained by 

using the symmetry relation

<-*.(*«*> * <-«XjpV ) (4.14)
w in-

where is some permutation of the integers 1 m n and

ok (sV Id the same permutation of ‘X.p, ^ • The table

shows the expressions for J < 5 and the notation <x = <*+ p/

(fc + V f c_ = if -Y ol has been introduced*

The other integrals required are

^ H (x’<)> ' (**-;>))e* * * - +*a*(3 -^))* >

+ S 3 + «*3«a

- + 1 ^  +  c 3^ ^  x^- ~  e ̂ rjtJ  Ax*-.})*

V - j . */*»



* ®V>V* . j S ^ c )
1*83

y f Ik

© Xooo ^ /  » V?t
i Iioo al-* * 0  /«*v>c*

X I^OO V L a li*c 4t'] /
a  L « » *+ -<*>♦*>+a v c i / V W V 1

3 X 3«ro 

.1 2«o

I lit

Utok^fc1  ̂ +«k«l -»tU/AHV,t^

U- L a  ̂v + at t l W c )  -1- 3%t J  / ^  ̂

W L ^ ̂>) -V\>cC\*-V*) 4 ac C®^() +a\>c] / a3 ̂

K I«tOO

Ij»o

lai® 

Xijj__ ,

a^c ■» a1!1 +fcc14c^}/ 
u C * ^ ^  -|a*ctl\>*c) ^ ait1 (3V4«) * W-bc*3/a5 b2 c V
g [ ^  4- a * C V > * c ) W C V V a V c * c * )  *** C V*c ♦ Vcl> + C W l / a *  t?c3
^t 4-(2<x<, +J\> )  43aV>c C*4c) 4 2%t (ac42\?)}/

5 l 5 * «

i H - i o

I 310

J3«i

r a a i

2 ^ o t a ^ k  4 » * c 3 -V a ? c ^  -V ae.*k > c 5J  / a** \ )  c ** _

V ® t + » ^ C W « )  (JVkc) J / V *

5 s t « s -v « H W )  +  *»(V>4*>* + •,c C 5 V % 5 V ^ 4 c ,) ^ 2 « V J ( 3 W « c ) + k o t V ! l A t V*t! 
U*[>b(.\cv)4Uc42V')UHc») H U . W M 1) 4(3*V't +..VX«H*) « • ?  V<?l/a5 \ A J L  

8[3«v tV.+<L+«H3V,l43J+ltWt ) 4 «  (JV’+SVfc 4SV«?+3«?) + 4 > U  f b ’ t W t c 1 )

+  ( . t y c % V , V ) J / a S y t « ^  * _ ____I
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Apptndlx 6 

Slapllflc»tloB of th« Iln.tlo Energy

In order to tiaplftfy the expression for the expectation 

nine of the kinetic energy9 eqn. (68), consider the integral

(5.1)

vhere " 1 , 2 , 3. This say be writtn 1b t acre

convenient nanner if nee ie nade of the foil owing relationships t

Y f.», * ^  + ?  v  , 4
^  ***** ffe^b . (5.3)
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£« &f

Using expression (t) in eqn* (*) and suitably integrating

by parts then gtree

i -  { C S X

5.3J
If the expression for V* a. f eqn. ("S), is nev used and note is

taken of the faet that if the function uO#,!** ) has the

produet fo ra  X ? , S . O i J  then u-^s -
* 5,1

one sinply obtains

(5.4)

where V) may be eT.ln.ted by using eqn. (5.3). This

result then leads direetly to eqns. (70) and (7l)*
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The Ef fee tire Three-Body Potential for A He
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For completeness the Tarions quantities involved in 

eqn* (84) are here expreeeed in terns of the integrals 

and the parameters of the trial vare functions* One has

3 : a«i) +  aa.T,0 C3J/a«v)a

4-2c C»4V) 1,0(2<J,«»-vV) 4a\»c 1^34,2 ) (

Dj* ^ , a d ) 4 a c  T loc«4V./ad)

~ tl^ | ' ^ ^^4/*,^4) - I „  C4«4v, aa)

£* (ju ^ ut-v*,A) [  1 ,0 C«“ , a«*V a ) 4at T to(tt4v;ac)V .a)^3-' ~



I-Oi

oo / 1 *

T„(a«,aA)

I,,'Ua,, aa ) + xju-tb,**)

I,'' (2 a,aa > + 2 t i "ca*v,aa ) +<?:*" cav.aax
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The standard integrals required are glren by

I ” u,p) Jc ^ ~ 3  [{*i» ^ * - | w kP + r,^(|W;J e-Pr<|  ̂

1,1 W , ? )  , 

X .  c W  ^ 7 T )} | J U V ^ n y u ^ j j - **_

The beharioor of these Integrals for large rallies of f; is given

toy



K  C «<,(*) <z. ^ ^  j3 < o<

-£«. ^  KC^js) fie'^'

*%} CS<?> ~  - K U , ^ ^ , ^ '

!»"<*, (O ^

»her« K  (■•<,$) - ■~T7 • ^  ° i  °< >  o
C * -  nr)

and the behaviour of the integral T M and its derivatives for 
s ^ is obtained by using these interchanging c< and

asymptotic expansions in eqn* (30) then gives

^  V  f <o< 

;
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1a*v v/,ctO ? £

«\-5>oo

= +2c c«V-Jkl)K(^V,ad)+^(Vl-JP) k(?v,a<*>]

- K ^  [ h  C^ov ) K  C^a4V} Id)

+Sc ̂ H C~*fe-y, ad) - k (“*W,a.d)J+c*̂ Kuv>+/»)ad)̂ Va3\M>’, sd )j | 

~  j^K Qa«,a<i) + a c Hc^+v.,ad) k  c^v,^<j)^J,
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