
FOURIER ANALYSIS OF THE LIGHT CURVES

OF ECLIPSING VARIABLES 

by

Osman Demircan, B.Sc., M.Sc.

Being a thesis submitted in support of an application for the 
degree of Doctor of Philosophy in the Victoria University of 
Manchester.

May, 1978



ProOuest.

ProQuest Number:

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent on the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted.  Also, if material had to be removed, 

a note will indicate the deletion.

Published by ProQuest LLC (

 ProQuest

).  Copyright of the Dissertation is held by the Author. 

All Rights Reserved.
This work is protected against unauthorized copying under Title 17, United States Code 

Microform Edition © ProQuest LLC.

ProQuest LLC
789 East Eisenhower Parkway

P.O. Box 1346
Ann Arbor, MI 48106 - 1346

28077872

28077872

2020



JOHN RYLANDS 
UNIVERSITY 

LIBRARY



TO Y., O. AND E.



DECLARATION

I declare that to the best of my knowledge no part of the original 

work in this thesis has been submitted in support of an application for 

a degree at this or any other University of Institute of Learning.



- ii -

BIOGRAPHICAL. NOTE

The author graduated from the University of Ege, Izmir (TURKEY) 

in July, 1971 , with a B. Sc. degree in Mathematics, Astronomy and 

Physics. He was then engaged in teaching, for one year, at the high 

school in Pasinler (Erzurum, TURKEY), which was followed by two 

years observational research in eclipsing binaries at Ege University 

Observatory under the supervision of Professor Dr. A. Kizilirmak, 

For this he was awarded the degree of M.Sc.*  the subject was "The 

Apsidal Motion in Close Binary Systems".

In April, 1975, the author came to the University of Manchester 

to study under the auspices of Professor Z. Kopal. He was awarded 

another degree of M.Sc., in July 1976, for research on "The Light 

Curve Analysis of Partially Eclipsing Binary Systems, in the Frequency 

Domain".

In the following two years of research, in the same University, he 

worked on "The Fourier Analysis of the Light Curves of Eclipsing Vari­

ables". This work has culminated in the present thesis.



— iii —

ACKNOWLEDGEMENTS

I wish to express my grateful thanks to Professor Z. Ko pal, who, 

as supervisor of this work, has provided a continual source of tuition, 

guidance and kindness which have been a source of great encouragement 

while this work was being carried out. I would like to express my 

appreciation to all my colleagues in the Astronomy Department for useful 

discussions and friendly atmosphere. My deep gratitude to my wife and 

two children for their patience and generosity must also be mentioned. 

I am indebted to the Turkish Government for providing the financial 

support during the period ofmy study at the University of Manchester. 

My thanks also go to Mrs. E. B. Carling, who has typed..this thesis and to

Mrs. M. Gorman, who kindly drew some of the diagrams.



- iv -

ABSTRACT

This thesis deals with certain aspects of "The Fourier Analysis 

of Light Curves of Eclipsing Variables", The subject has been worked 

out mainly by Kopal in a series of papers starting in 1975, to devise 

swift and reliable methods for obtaining the elements of eclipsing 

binary systems from their observed photometric data.

When the fractional loss of light q< was identified with a Hanke I 

transform of zero order (Kopal, 1977a) it became possible to derive 

general expressions (Kopal, 1977b, c; Demircan, 1977b, 1978b) for 

the requisite basic quantities o< , I and - integrals of the

analysis. In this thesis a number of useful new algebraic expressions 

for the same basic quantities, in addition to those already referred to, 

have been presented. Their fast efficient computation has been put 

into practice. This has opened an easy way to practical applications 

of the frequency domain methods which have been constructed in the 

last four years of continuous effort.

Practical procedures (Kopal and Demircan, 1978) for obtaining 

the elements of any eclipsing system from observed photometric data 

by an analysis in the frequency domain have been reviewed. The methods 

for obtaining the elements of wide eclipsing binaries from a single 

minimum light curve have been automated and tested successfully on 

the light curves of YZ(21 ) Cassiopeiae and p Persei (Algol), A method 

has been developed for the iterative solution of the two fundamental 



eclipse parameters a and cq . Numerical tables of some new functions 

required in the analysis have been constructed.

It was noted that the determinacy of the unknown eclipse para­

meters depends on not only the accuracy of observations but also the 

nature of the employed g-functions. The choice of the most convenient 

g-function to obtain a good determinacy for the eclipse elements has 

been discussed. In this connection, i) the m dependence of the moments 

A_ , and the errors in the their observational values have been con- 2m . -

sidered, ii) different practical procedures for the solution of eclipse 

elements were introduced, and iii) different types of moments were 

tested.
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INTRODUCTION

The importance of the study of eclipsing variables in contemporary 

stellar astronomy is well known. Knowledge of all stars is increased by 

what eclipsing stars can tell us of the sizes, masses, densities, and 

luminous efficiencies of the stars of various spectral types. In fact, 

they try to tell us more than these, for example, about the nova phenom­

enon, X-ray emission mechanism, mass flow, extending atmospheres 

of Wolf-Rayet variables, etc.

Their fortunate characteristics are given below-.

1 . 0.1% of the stars in the vicinity of the Sun happen to be binary

systems exhibiting eclipses. If a similar proportion were characteristic 

of our galaxy as a whole, the total number of eclipsing binary systems 

within it should be of the order of 1 Q8 (Kopal, 1 975a, Introduction) and 

probably closer to 1 0®.

2. From the physical point of view, close binary systems are found 

to occur amongst all types of stellar populations, in all regions of the 

Hertzsprung-Russell diagram occupied by the stars. They include the 

"dwarf stars", "neutron stars", "red giants", as well as the probable 

"black holes".

3. They represent the only kind of double stars whose nature can be 

recognized by their characteristic variation of light or radial velocity 

across the great distances in space, including external galaxies.

The characteristic light and radial velocity changes of eclipsing
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binaries exhibited in the course of each orbital cycle are the principle 

sources for their investigation. These changes can be observed by 

different methods (photometric or spectroscopic) with considerable 

accuracy. For the collection of the recent observations of eclipsing 

binaries see, e.g., Koch et al (1 970), and Fracastoro (1972).

Many methods have been developed so far for the study and inter­

pretation of observational data of eclipsing binaries, starting with the 

attempt by Pickering (1880) to determine the elements of Algol. Most 

investigators including Russell and Shapley (1912), Fetlaar (1923), 

Sharbe (1924), Krat (1 934), Piotrowski (1937) and Schneller (1949) in 

this field worked in the direction of separating the specific parameters 

into groups, among which there is little or no correlation permitting 

determination separately. For example, it has long been known that 

the limb-darkening coefficient , the ratio of the radii K , and the 

maximum geometrical depth Pq form one such group. Some others 

are the ’’rectification” parameters, the luminosities L and L , s g ,

and finally i, r^ and r^ in their usual meaning.

Kopal, in a series of papers starting in 1941 and culminating in 

the monograph of 1959, introduced an iterative approach to the solution 

of the problem. He says, "As the problem proves to be highly nonlinear 

in quantities to be determined, its mathematical solution can be approached 

only by successive approximations. ”

On another line, Krat’s (1 940) suggestion about a minimization 

method was found to lead to the numerical experimentations of the



iterative minimization procedures. Many investigators have worked on 

this line, since the job here is only the simple numerical experimentation 

to select the optimum theoretical light curve by using electronic com­

puters. The required computations in this approach are too extensive 

even for the simplest physical models of binary systems with known 

initial parameters. Therefore, the analyst here has to work not with 

the large amounts of original observations, but judiciously manufactured 

small number of normal points. In spite of the above limitations, the 

methods in this line have been advanced, taking into account "reflection" 

and "distortion" effects as well as limb and gravity darkening. However, 

one should expect that, just as in other areas, this approach may yield 

useful and, very often, unexpected results. -

In fact, it is known that the main problem here in the description 

of the forms and the luminosities of the components of eclipsing binaries 

is one of the most complicated problems in stellar astronomy. Close 

binaries are never the spherical, uniformly luminous bodies moving in 

circular orbits that would make for easy analysis. They are deformed 

in body and complicated in radiation intensity by rotation and gravitation 

as well as reflection. Further complexities come from other possible 

companions in the system, eccentric orbits, rotating apsides, mass 

flow, mass exchange, star spots, surrounding materials, equatorial 

rings and tides. But as it was noted, the labour in this field has been 

most profitable .

As the inevitable results of the above complexities one should not
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expect to find trustworthy solutions by using oversimplified models 

(use of spheres or two similar rotational ellipsoids for the shape of the 

components5 and unrealistic ''rectification" of the observational light 

curves). If the components of the system are sufficiently far apart for 

their mutual distortion to be ignored (therefore both components can be 

regarded as spheres) the methods for the solution of the eclipse elements 

seem to be adequate, and to make them more adequate attempts have 

been made to minimize the effects of observational errors by least­

squares procedures developed by Wyse (1939) and Kopal (1959). When, 

however, the two components are brought closer so that the photometric 

proximity effects caused by the rotational and tidal distortion and radiative 

interaction of the components, become appreciable, the satisfactory 

situation with regard to solution for the elements of the system disappears. 

So, what could be done for the proper analysis of the light curves of at 

least uncomplicated systems?

With about twenty years of experience Kopal (1960) gradually came 

to a conclusion that a considerable alteration of the architectural style 

of the problem may be necessary for the proper analysis of the photo­

metric observations of eclipsing binaries. Radically different methods 

should have been developed for the parallel (rather than consecutive) 

operations on the proximity and eclipse effects. This analysis would 

be possible, not in the time-domain, but in the frequency-domain, i.e. , 

it is not the light curve itself which should be subject to orbital analysis, 

but rather its Fourier transform. Some of the underlying analysis in 
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the frequency domain was carried out by Ko pal in 1 959-1960, but 

unexpected preoccupation with the problems of the solar system between 

1 961 -1 973 caused a postponement of the problem. Then, the "Fourier 

analysis of the light changes of eclipsing variables" attracted the 

attention of Mauder (1 962, 1 966) and Kitamura (1 965, 1967) and they 

could develop in some respects the required techniques for the analysis. 

During these years, another novel integral approach was introduced to 

the solution of the problem by Cherepa^hcuk, Goncharskii and Yagela 

in a series of papers starting in 1966, by determining the light curve of 

an eclipsing system by a pair of Fredholm integral equations of the first 

kind.

After Kopal returned to the subject in 1973, the Fourier techniques 

have been developed to devise swift and reliable methods of deriving 

definite information on stars from eclipsing binary light curves. This 

work was chiefly instituted by Kopal (1 975a,b,c,d,e, Papers I-V; Kopal, 

Markellos and Niarchos, 1976, Paper Vi; 1976a, b, Papers VIII and IX; 

1977a,b,c, Papers X-XII, Kopal and Demircan, 1 978, Paper XIV), 

Other contributions to the subject have been made by Kurutaç (1976), 

Smith (1976,PaperVlf;i977)j Livaniou (1977; 1978), Al-Naimiy (19770,6) , 

Niarchos (1 977a-b),Budding (1977), Tsouroplis (1 977), Caracatsanis (1 977), 

Najim (1977), Kaskambas (1977), Theokas (1977-72),Demircan (1977a; 

1977b, Paper XIII; 1 978a,b, Papers XV and XVI), and Edalati and 

Budding (1 978, Paper XVII).

The present work is addressed to an outline of the certain aspects 
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of this novel approach: "Fourier analysis of the light curves of eclipsing 

variables". The most parts of the work given here are unpublished 

original work of the author. For some parts which are quoted in the 

text the Papers I, X, XI, XII, XIII, XIV, XV and XVI will be the 

fundamental sources.

In the application of the methods a background knowledge of some 

special functions such as oC. — and I—integrals is still required, Extensive 

tables of these functions have been published by Tsesevich (1 939, 1 940), 

Kopal (1 947), Merrill (1 950), Irvine (1 962) and Davis (1 964), and so 

much effort has been exercised to approximate these tables by some 

interpolating polynomials. This was successful for oC and inverse p- 

functions only in the case of linearly limb-darkened stars with the 

accuracy of almost four decimal places (of. Jurkevich, 1 970, and Fligel 

and Wilson, 1968). The I-integrals have been evaluated so far as elliptic 

integrals, just like °C-functions, directly by the iterative solutions of 

the Landen type transforms (cf., e. g., Budding, 1974), and recently 

the author (Demircan, 1976) has re-tabulated these integrals for partial 

eclipses by making use of the hypergeometric functions F .

However, Kopal has recently shown in Paper XI that all these 

integrals can be defined as Hanke I transforms in the frequency-domain. 

This new definition gave rise to a number of new useful expressions for 

the evaluation of respective integrals which will be the subject of 

Chapt er I.

The - and I-integrals are of fundamental importance for an 
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analysis of the light curves of eclipsing variables in the time-domain.

In the frequency-domain, however, they play but an auxiliary role, for 

the fundamental quantities used there as a basis for the solution of the 

elements of the respective system are the ” moments of the light curves” 

A^m • The second chapter is designed to provide an outline for these 

quantities. Some expressions for the theoretical moments A which 
2m

have been derived by employing the expressions given in Chapter I will 

be given.

Chapter III contains some discussions of the computational aspects 

for the quantities o< ’s and A ^'s as they are given in Chapters I and 

II. They have been checked numerically and the algorithms for their 

numerical computations for any set of parameters will be enclosed.

Chapter IV gives a review of the practical procedures (which are 

given in Paper XIV) for the solutions of the elements of any eclipsing 

system with the applications to two certain eclipsing binaries: YZ Cas- 

siopiea (see Paper XV) and p Persei (Algol).

Chapter V is devoted to the conclusions and the accuracy of the

Fourier analysis of the light curves of eclipsing variables. A discussion 

of the methods and the results is given, and various limitations in the 

practice and the further possible research are indicated.

In the Appendices the tables of a number of necessary functions 

for the analysis are given for grey plane-parallel stellar atmospheres 

up to four significant digits at intervals permitting linear interpolation.
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CHAPTER 1

THE LOSS OF LIGHT 

OC AND THE RELATED INTEGRALS

The concept of "loss of light” is one of the most important concepts 

in the light curve analysis of the eclipsing binary systems. In this 

chapter we shall discuss this concept.

In section 1 .1 we shall review briefly the certain aspects of the 

light changes of close binary systems. In section 1.2 a novel approach 

(see Ko pal, 1977bj Paper XI) to the loss of light will be outlined and in 

the following sections a number of useful new expressions, developed 

by Kopal (1977b, c- Papers XI, XII) and the present author (cf., e.g., 

Demircan 1977b; Paper XIII), for the loss of light suffered by mutual 

eclipses of the components of close binary systems will be given.

1 .1 Light Changes of Close Binary Systems.

A general task of determining the elements of eclipsing binary 

systems from an analysis of their light curves necessarily requires a 

knowledge of the light changes of close binary systems. This variation 

in light evidently depends on the form of both components as well as on 

the distribution of brightness over their apparent discs. Important 

contributions to this subject have been made by a number of authors, 
wo*  

including^Takeda (1934, 1 937), Russell (1939) and Kopal (1942, 1947, 

1954).

The surfaces of the components of close binary systems deviate 
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from a sphere and take one of the equilibrium form under instantaneous 

rotational and tidal forces. In these systems the proximity effects 

upon the light variation involve two main influences of "ellipticity" and 

"reflection" which correspond to the gravitational effects and the radi­

ative interactions. The description of "ellipticity" effects arising from 

rotational and tidal forces, in terms of spherical harmonics of up to 

and including fourth order has been given by Kopal (1942). We shall 

approach this description by considering the instantaneous luminosity I 

of a close binary system of the form

(1.1)

where U represents the sum of the uneclipsed luminosities L
1,2

of both components when the phase angle 9 becomes 90° or 270° ,

which is presumed to be constant and usually set equal to unity, and

is the luminosity correction due to both distortion and reflection effects

which can be given more concisely (cf. Kopal 1 976b, Eq. 2.6) as

where suffix 1 and 2 refer, respectively to the eclipsed and the eclipsing 

star and L stands for the luminosity of the respective sphere which 

represents the distorted component. The last two summations represent 
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"eclipse effect" upon the light variation of the system which is decomposed 

in two parts: the first summation gives the "circular" part of the resulting 

loss of light, while the second summation stands for the "boundary cor­

rections" arising from the distortion of the components, both summations 

vanish if there is no eclipse. The first summation on the r.h.s. of 

(1 .2) as a power series in cos 6 represents the light variation of the 

system which is free from any eclipse effects. For the reduction pro­

cedures of this ellipticity effect, together with the reflection from the 

observations between minima, see Paper IX. However, an assumption 

is made here that "the proximity effect obtainable from the observations 

between minima can be extrapolated for the eclipse phases."

The C^’s on the r.h.s. of (1 .2) are associated with the law of 

limb darkening of degree _/k in powers of the cosine of the angle 

of foreshortening of the form

if z A 7
J (o} I /“ ~ *'  '"6/.^-/- Ut % f K o J //• 3 ’

and given by Equations (2.4) and (2.5) of Paper II as rational fractions

in terms of the coefficients of limb darkening U , , 4a. as

The quantity relates.to
7= -

the correction to the luminosity of the 

(1 .4)

eclipsed area of the undergoing star and contains only the functions

*1 . while f1>2 represent the photometric contributions of the
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"boundary corrections" arising from the distortion of the primary and 

secondary components. These quantities f 

and I-integrals.

contain only the

Thus3 apart from the reflection effect, the whole complexity of 

the light changes of close binary systems between minima as well as 

, m -nr 
within eclipses is evidently stored in the evaluation of £><,. ,

Tm 1
. J

and J» y -integrals . These eclipse functions, occurring on the 

r.h.s. of (1 .2) have been extensively investigated (cf. Ko pal, 1 959, 

sections IV .4 and IV. 5) by a purely geometrical approach and put into

practice by a number of authors including Jurkevich (1 9/0), Linnet I and 

Proctor (1 970, 1971), Budding (1 973), Soderhjelm (1 974) and De mi ream 

(1977a). ' ,

The difficulty in carrying out the reductions for the above "photo­

metric perturbations" by employing the formulae obtained by the geo­

metrical approach is to work with different formulae of eclipse functions 

for different indices and different types of eclipses (partial, total, 

annular). For this reason computations are not only time-consuming, 

but also require extensive care.

However, recently, Ko pal (1 977b- Paper XI) proved that, in the 

Fourier approach, the "circular integrals" O<_and "boundary cor­

rections" f*  and f of the theory of light curves of distorted 

eclipsing systems can be expressible in terms of Hanke I transforms 

of the optical properties of the eclipsing and eclipsed components.

Although this new approach may appear to be less "elementary" than 
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the geometrical approach it possesses several distinct advantages. 

The following sections of the present chapter will be devoted to this 

novel approach and its advantages.

1 .2 A New Definition for .

Kopal has recently shown in Paper XI that the fractional loss of 

light cT, due to mutual eclipses of the components of close binary 

systems can be expressed as a cross-correlation of two apertures 

representing the eclipsing and eclipsed discs in terms of Hanke I trans­

fer ms of the optical properties of the components. The advantages of 

such a strategy over the more conventional (geometrical) approach, as 

fully discussed by Kopal, are (a) greater symmetry of the respective 

expressions; (b) greater affinity of expressions arising from distortion 

with those expressing the light changes due to eclipses of spherical 

stars; and (c) greater freedom in dealing with the effects of particular 

distribution of brightness over the disc of the star undergoing eclipse 

(generalized limb-darkening), as well as of possible semi-transparency 

of the eclipsing component. In this approach the orders of respective 

Hanke I transforms of the products of two Bessel functions depend on 

the physical characteristics (distribution of brightness, opacity) of the 

two components, and the geometry of the system (Le., the fractional 

radii r of the two components and the inclination i of the orbital
* 5 "

plane) enter only through the arguments of those two Bessel functions.

We shall approach this new definition of the loss of light by
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considering first the stars as representing circular apertures and the 

function f (x,y) the distribution of brightness within this aperture in 

the rectangular coordinates whose xy plane is tangent to the celestial 

sphere and the origin is at the centre of our aperture. If so, the two­

dimensional Fourier transform F(u, v) of the aperture function f(x,y) 

is known to be given by

-2/7/f ,

p(u,v) = j ( olxoUj • (2-r
— 00

By a resort to Jacobi’s well-known expansion theorem (of. e. g., 

Watson, 1 945; p 22 or 368) which permits us to assert that

go

e

(2.2)

where the symbols J (x) denote the Bessel functions of the first kind

Eq. (2.1) can be easily rewritten in the form

0
in the spherical coordinates. If, moreover3 we assume the distribution 

of brightness f(x,y) is radially symmetrical and can be given by Eq.

(1 .3) of the previous section, then the Fourier transform F(q) of the 

aperture function f(r) can be defined (cf. Paper XI, Eq. 2.15) as a 

series given by



(2.4)

where L^ is the luminosity of the aperture, and the coefficients 

depend on the limb-darkening for the apertures which have been defined 

by Eq. (1 .4) of the previous section, and

V = (2.5)

Let us now turn our attention to an off-centre aperture (of. Figure 1 ) 

which represents the eclipsing component, situated on the x-axis at a 

- r

Figure 1 . After Ko pal (1977b)
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distance ô from the origin of coordinates. If so, the Fourier trans­

form G(UjV) of the "transparency function" ? /£' of this second 

aperture should - by analogy with (2.1)-be defined as

J j 6 , (2.6)

If, in particular, this second aperture is also circular and the trans­

parency function is unity within the aperture, i.e., it is wholly opaque 

for y r and wholly transparent for > r , it can be shown 

that the above integrals can be evaluated in a closed form, by resorting 

to Eq . (2.2), as

Q-( = z-rr e171 S / "6C j f) f d f

(2.7)

in the spherical coordinates.

A frequency convolution of two Fourier transforms of the respective

aperture functions given by (2.4) and (2.7) should define the loss of light

D<, * thus, it would follow that

4- co
Lt c< =. H f^u, G"(u, V1) olu ol IS , (2.8)

which obviously is zero if the apertures do not overlap, and increases 

with an increase of their common intercept, weighted in accordance 

with the relative brightness of each element occulted. By making use
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of Equations (2.4) and (2,7) for the transforms F and G , and con­

sidering that
A

y 0
'L (2.9)

it can be shown that (of. Paper XI, Eq. 2,32) the associated functions

of zero order are expressible as
o
L

<X’6;,r„â)= (2.10)

o

This equation represents the associated alpha-functions of zero order

as Hanke I transforms of zero order of the products of two Bessel functions 

of orders V and 1 , This definition (2.10) holds good for any type of

eclipse and any value of r , r^ and à . In other words, the ot t Es 

as given by Eq. (2.10) represent real and continuous non-negative 

functions of between minima as well as within eclipses of any type.

Let us re member that it holds good, to be sure, only if the eclipsing 

disc is wholly opaque. However, this result has been generalized in 

Paper XI to a case in which the light changes arise from occultations 

by discs which are increasingly transparent with the angle of foreshort-

ening in the same manner as the limb-darkening of the eclipsed star.

The generalized result (cf. Paper XI, Eq. 2-38) can be given by

o
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for the radically-symmetric transparency function

(2.12)

By the way5 we shall not work on this latter form of the fractional loss 

of light (due to the occultations by semi-transparent eclipsing

stars) in the present work.

The right-hand sides of-the results (2.10) and (2.11) contain three 

parameters as multiplicative factors of the arguments of the Bessel 

functions occurring in it, namely r^ , r^ and j . It is, however, 

possible by a convenient change of notation, by writing

~ dr ; (2.13)

that the number of parameters can be reduced to two. For some par-

ticular values of , the arguments of the respective Bessel functions

and the new parameters of the fractional loss of light in this new

notation have been listed in the accompanying Table I. Eq. (2.10) for

), for example, can be readily rewritten in terms of

the above new parameters listed in Table I, as

o

D
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respectively. These integrals given by Equations (2.14) - (2.18) can

be expanded in series of different types of hypergeo metric functions and

will mainly be the subject of the following sect ions. It is known that 
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for the convergence of those hypergeo metric functions their variables 

which will usually be the parameters of the above respective oC? 1 S 

are required to be one or smaller than one. In this respect} the parti­

cular values of these parameters at certain critical points of both 

occultation and transit types of eclipses together with the notes on 

applicability for the respective expansions of the above integrls for 

have been given in the accompanying Table 2,. It is seen that in general 

Eq. (2.16) will be the most useful one for the expansions in series of 

hypergeo metric functions, but it should be kept in mind that the con­

vergence of the respective series to o<_°L *s  are slowed down with in­

creasing values of yu. which has been introduced by (2.13).
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1 .3 Expansions for in Series of Appell Hypergeo metric Functions

of the First Kind.

In order to derive these expansions let us first consider the

coefficients £ (of. e.g., Paper IV, Eq.2.1) given by

o
■I

(3.1) 

This equation for n 0 makes it evident that, since £>d, / 6/^ = 0

for any I ,

6.

àjK
6 (3.2)

as the respective obscuration at the time of maximum eclipse when

6 — 6 c . if 5 moreover3 we remember the derivative of c<_°^ with 

respect to 6 (cf. e.g., Paper II, Eq. 2,17) of the form

i ' -%

V+ •“

for partial eclipses, in which the modulus

(3.4)

a beta function

p 6^ -^ = (3.5)



as a numerical factor and the stands for the ordinary hyper-

geometric series. Now, on insertion of (3.3) in (3.2) it follows that, 

for partial eclipses

Normalizing the limits by introduction of the auxiliary variable

'Sr
&

we can write that

= - U U I -*  UlA * f 1 — jâ-UzL (J
\ o/l zr;

(3.7)

(3.8)

with

and consequently it follows that

I = j yV '% u) r) K) olu , (3.io)

D
where we have abbreviated 

Ç ( _ - Oo ,

~'if (3-11) 



The integral I on the right hand side of (3.9) given by (3.10) can be 

identified as an Appell generalized hypergeometric function of the first

kind. To prove this let us first appeal to known expansion of 2F 1

which permits us to assert, by making use of Eq. (3.8) for the modulus

K2 that

U (I- -77-^/ ' (3.12)

Accordingly, inserting (3.12) in (3.10) we get

77 Z—
/M-y

Q

(3.13)

On the other hand, we have (cf. e,g,, Erdelyi et al, 1953, Vol. I, p 231

o

Eq. 5)

and C — 01 )> 0 (3.14)

as the integral definition of the Appell generalized hypergeo metric 

functions of first kind. A combination of Equations (3.9), (3.13) and 

(3.14) discloses that for
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as the desired expression for partial eclipses, in which y is as given

by (3.11) and

(3.16)

This equation given by (3.15) represents the general expansion 

of the associated cK. -functions of zero order in series of Appell hyper­

geometric functions of the first kind. It is valid for any arbitrary degree

I of the adopted law of limb-darkening in only partial phases, since 

the derivative (3.3) as it stands holds good, to be sure, only as long as 

the eclipse remains partial when 6, <5 <5 । . At the commence­

ment of totality, when = r^ - r , we find that

At the moment of annular phase when — ér, = ry - r

while at the commencement of the eclipses of any kind, when = £ =

P1 + ’ both parameters vanish and so does as expected. Thus, 

and

above expansion (3.15) converges for partial eclipses - occultation or 
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transit type - but not for total and annular phases. Fortunately, for 

total eclipses the c< -functions take the simplest forms, as they are

well-known from the geometrical approach (cf. e.g., Kopal, 1947) 

that, in general

and zv

where y-vt is an integer and v may take both integral and half-integral 

values.

2
During annular phases of transit eclipses the modulus K as 

defined by Eq. (3.4) becomes greater than one (which would make the 

hyper geo metric series on the r.h.s. of (3.3) diverge) and, for central 

eclipses, it tends to infinity as <5 —> 0 (see Figure 2). In order to 

evaluate a similar expansion for annular eclipses Eq. (3.2) is to be 

replaced by

L

where the integrand of the first integral will continue to be given by

Eq. (3.3) and the integrand of the second integral will be given (cf.

Paper II ? Eq. 2.30) in the form

(3.21)

with the same modulus K as it is given by (3.4). The remaining
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integrations in (3.20) can be performed in the same way as before to 

derive the expansion of the loss of light OCÎ for the annular eclipses 

in series of Appell hypergeometric functions of the first kind.

y
t a#

1 .4 Expansions for

of the Fourth Kind.

in Series of Appell Hypergeometric F unctions

Here? we shall make use of the expressions (2,14) - (2.18) 

established in section 2.2 of the present chapter, for the fractional loss 

of light C’<_£ of zero order. To do so, let us first avail ourselves of 

a theorem by Bailey (1 936), asserting that
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A ^>0; f < 7 2 %, c< -f /S ,

-----———- x
K+AyX'r f \

2. /

JI? } a2- J ’

AV

"^n^rMro-

where F. stands for the Appell hypergeometric function of the fourth

kind, For the outside eclipse phases when 6^^+^, it is easily

seen from the combination of one of the equations (2.14) - (2.18) and 

(4.1) that outside eclipses cxA becomes zero, since in this case

r(i- f(0) =

If we consider now the total eclipses ( c)o <( 6 the conditions

attached to (4.1) will be satisfied if KSV, AâO ,yM = 1 and = / — V

and the combination discloses that, for total eclipses becomes 1/v

as known value from the geometrical approach. Should, however, the

eclipse become annular - r ) which conforms again to the

necessary conditions for the application of (4.1) if K = 1 , A E o , = v 

and =: /*- and the outcome of the respective combination for

annular eclipses can be given as

o
I (4.3)

which reduces to only for uniformly bright discs (v - 1), and

for even values of I it becomes a polynomial. If the inclination i is 

90° 3 at the moment of maximum eclipse Eq. ( .(,-3') becomes
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- "Y- J ; ( I W

(4.4)

in agreement with Eq. (3.9) of Paper III. Similarly, at the moment of

r^) Eq. (4.3) reduces to the ordinaryinternal tangency (6 = = r^

hype r geo metric series

< = -£ /Af'p /i-v, V+1 a
L p Fv+orfv+a) 1 n > f ( Vtz 77 ) ■ (4-5)

If, however, the eclipse becomes partial, Eq. (4.1) can no longer

be applicable for the evaluation of the integrals (2.14) - (2.18). We

shall, in what follows, extend the above results given in Paper XI by

Ko pal to cover all types of eclipses by introducing an expression for

the Bessel functions of first kind (cf. , 3,.ft . , Luke, 1969, Vol. II

p.49, Eq. 6) of the form
cso ,

x 4 F) = y t. Z_ f...... ifr ■ (4-5)
M - (3

If we now choose, for example, (2.16) for the fractional loss of light

cc'j to evaluate with the aid of (4.6), it can be written by setting

X = cv in (4.6) that

< m ivv) y f wiayimv
4- 0

J p >J v v •o
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where we set b = 1 - a . It may be noted that the r.h.s. of (4.7) will 

be infinity for c = 0 which means this equation will no longer be 

applicable when the inclination i is nearly 90°, but it may be highly 

convergent for partial eclipses. If we resort to the Bailey's theorem 

given by (4.1) for the evaluation of the integral on the r.h.s. of (4.7) 

by setting KeV , A = 1 , — 4n + 1 and accordingly cC = a ,

p = b and ûz = /Sc , we get

as the desired expression valid whenever 2c 1 ? i. e . , cos i

0.71 (r^ + r£). Note that the above Appell function is identified 

as a polynomial since first term of it is a negative integer and the 

coefficient of this polynomial does not depend on the degree I of the 

limb darkening.

Next, we shall derive three other expressions in terms of the

F^-f unctions for alternative to (4.8). For the first expression 

let us resort to a Neumann-type expansion for Bessel functions (cf. 

Erdélyi et al3 1953, Vol. II, p.99, Eq. 3) in the form

Zf? + (4.9)
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where the *s  denote the ultraspherical polynomials of even

orders. For /x = o and by setting sin 9 s c, Eq. (4.9) will take the 

form
■i - vj FF T777^ Li? ’ ... 

ft— 0 “

where the

1

Pg^’s denote the Legendre polynomials of the argument

A combination of Equations (2.16) and (4.10) with the aid of

the Bailey's formula (4.1) yields that

valid for any type of eclipse and any degree I of the limb darkening.

The coefficients of the series are independent of limb darkening, 

but at this time F^ which is the function of only variable a is not a 

polynomial.

The second expression for in terms of the F series, 

alternative to (4.8) can be obtained by a resort to another Neumann- 

type expansion for the Bessel functions Jv (cf. , e.g. , Erdélyi et al. 

1953, Vol. II, p.64, Eq. 6) of the form

which for positive integral values of ( ) transforms the Bessel

functions of integral or fractional order v into Bessel functions of 

order (ytt + 2n). However, it has been found that for yU = 0 and the 
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positive (including zero) values of real v expansion given by (4.12)

takes the form

2.
(4.13)

Z4

-n, fi
V*/ -/

KZ — o

where 6^ denotes the Neumann's number: £0 = 1 and = 2 for 

n > 0. bor the Bessel functions of the zero order, (4.13) yields, if

we replace g< by c that

4- o

On inserting this result on the r.h.s. of Eq. (3.16), we find the latter 

to assume the form

= y
i ~

Since a + b = 1 , Bailey's formula given by (4.1) can help once more to 

evaluate the integral on the r.h.s. of Eq. (4.15). The outcome discloses 

that

= v (4-18)
n-o '

as the general expansion for the loss of light oC? of zero order in terms 

of the products of two hyper geo metric functions F and both 

reduce to polynomials in this expansion and thus, can be easily evaluated. 

Moreover, let us note that the above expansion which converges under

all circumstances is valid for any type of eclipse, occultation or transit, 

regardless of whether r^ 4g. r and for any degree I of the law of



limb-darkening which does not occur in the first factor Fl ' The

variable parameters a and c of occur in different constituent

factors F and F of terms in the form F (c) F (a) which I 4 I 4

makes Eq. (4.16) more convenient for automatic computation.

For the third alternative expansion of cC? tn series of Fy1-

functions use will be made of a formula due to Bailey (1935) of the form

«4* p(n+K)
rM'rM : '

With the aid of this formula we can write that

X Et (-'M+K; 2., v+l; M,
(4.18)

And, moreover, let us consider (cf.? Wg., Watson, 1952, p.439) that

, , vV r/ v-tyx-A-t-l \ 
d'C _ «*  / ( 2. ) ______

f 2.xpv"a+i rïv+i')

(4.19)
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Now5 by substituting (4.17) in (2.16) and evaluating the remaining 

integral with the aid of (4.1 9) we are left with

, o _ u r c^+kj [ r(^Kj]
- V zL-----7ÎW--------- '

n - o '

. F M-,'1+x| cA. Fz (~,t> 'n-%; v+i; of
Z I 1 ‘ I / F

where K is a real number provided that K 2 . This general ex­

pansion has all the advantages of (4.8), (4.1 1) and (4.16), and moreover, 

the free parameter K in it can be used conveniently in the question of 

the speed of convergence of the expansion.

I 5 Expansions for aK.° in Fourier Cosine Series.

Let us first consider a summation theorem for the Bessel function

J (cf.^e.g., Magnus and Oberhettinger, 1948, p.31 ) in the form

&" f (5.1)

n—o
where is the Neumann’s number as it is given in the previous section.

By substituting (5.1) into (2.16) after setting c as sine Q in (5.1) we 

are left simply with

^2 (C
oc^ = z/U tP*  2 (5.2)

fl-o

representing an expansion of the fractional loss of light o<^ in the Fourier

cosine series, where we have abbreviated

-8-= 3^‘c ,
(5.3) 
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with c = 8/(r + Pg) as in (2.16), and following from the combination 

of (2.16) and (5.1) to yield (5.2) the coefficients of the respective

Fourier expansion can be given by

K(« = J-olx > <5 4)

being functions of a only (a = v /(y + r^)). Our next task is to evaluate 

the above integral (5.4). For this, use will be made of an equation due

to Bailey (1935) of the form

£*)  r(>t4-n+i\
%-* (5.5)

r'/-zi2,z^fzv + znfil ,z \ T ,
2.V-H I +

2 2
By replacing 1 , V , b and a as yt/t > V , cos $ and sin 9S , res­

pectively in Eq . (5.5), we get
« û*Q

j (ax) j. (Lx} = —x
v (i"x)1 r(v+ù i~Yv+±)

(5.6)

as the product of the first two Bessel functions on the r.h.s. of Eq.

(5.4) for the coefficients K^p . Putting together these two results we 

have
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‘xn [Tv-h) r6^"è} wv i (mi -/-i) /
M-0

O

The integral on the r.h.s. of (5.7) does not contain the parameters a 

and c any more and can be easily evaluated with the aid of Bailey’s

formula given by (4.1), since # = 1 X (c<= % + ( B = %). Consequently

xM+V

we have

(5.8)

Alternatively, we can resort to another expression - instead of

AC

(5.9)
/4+vf zn+f

-/? //4-f W+-4-H

U + )

(5.5) - due to Bateman (1905) of the form
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which permits us, for

It can be found by following the same way that Eq. (5.8) for the coeffici­

ents of the Fourier cosine series (5.2) of c<° takes slightly dif­

ferent form as

pU-) _______ L_______ qW (v-nw+z) p+z)
2.wv(ai'12-[['(v+i\A-Z.— ry (m+i)1, P(Vi-M+2.-n\

- J fVt — 0 1 /

hl r/r -

(5.11) 
iws fif Z1.

Note that the infinite summation on the r.h.s. of (5.8) for K vanishes n
3 -terms

if n m + v for odd values of I • while the similar series on the 

r.h.s. of (5.11) for the same coefficients vanishes if n b> V + m + 2n
for even values of I .

Next it will be shown that the fractional loss of light ckL? assumes 

another form of expansion in Fourier cosine series. In order to illustrate 

this here we shall introduce another summation formula (of. e.g., 

Watson5 1945, p.358) for the Bessel function J , given by

J) (K x) =■ 2_ n (5.12)

o

valid for all positive values of R , r and f if they are the sides of
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a triangle such that the angle between the sides r and f is equal to

G f i. e ,

Y* 1* -f- f— 2. f f Coà
(5.13)

On insertion of the above expansion for R s c , r = a and j s b in

the r.h.s. of Eq. (2.16) we can rewrite the latter in the form of a Fourier

cosine series as

A — o
(5.14)

where it follows from (5.13) that

(5.15)

and we have abbreviated the coefficients of the above Fourier expansion

(5.16)

be in g a function of a = r^/(r^ + r ) only so that it may be given in one 

column tables just as the K^’s . For the evaluation of these integrals 

if we utilize Eq. (5.9) and the Bailey’s theorem given by (4.1) in the 

same way as before we get

.A)_ a fa+2-tn-i)

A zv 2~— ! (rt/F 

— /-M. 2. H -ffM f /‘Lr,( n+i
/ (5.17)
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in which both hype r geo metric functions ^F^ and F^ turn out to be 

polynomials and, moreover, the F is independent of limb-darkening.

Note that the Fourier expansions (5.2) and (5.14) of the fractional 

loss of light can also be easily identified as the expansions in 

series of the Chebyshev polynomials

(5.18)

and the outcomes will be

— n\ .
c<i = 2? P0) 2_'€'1 ' (sag)

and

<=.=0,
o

respectively, with the respective coefficients and given by

(5.8), (5.11) and (5.17). In (5.19) and (5.20) we employed the shifted

Chebyshev polynomials

T„*to  = T„(zx-I) = TJ.VX") = F Cl " I nx) <=.=,>

since it is customary in our problem to work with the normalized 

arguments varying between zero and one.



— 39 —

1 .6 Expansions for c<° in Series of Jacobi Polynomials.

To derive the expansions of the loss of light c<f , utilizing the 

integral form (2.16), in series of Jacobi polynomials we shall start 

with writing a formula (cf• ■. g., Watson, 1952, p .413, Eq. 7) in the

a

X / 2 /

This formula can be applied to evaluate the integral (2.16) for and 

the outcome, by setting = V , 0 and X = V -h I and

accordingly c4 = a , p" -, b and = c in (6.1), discloses that

y Tv) JP ft" (n+i) । *
L Hv-hi+i) ‘

f i-/-n, v+n+z mz j-- / n+i, -n-v-i a\
‘ r ? ° »f . c , (6.2)I* ' V " 7J a i 1 ' / '

or, alternatively, by setting =

YS a and y = C in (6.1) we get
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° _ l=.
^i- b L_ v 6vh') I r(v-n) 

n~o ■ ‘

C /-«/ 4+V + 2 C /-V-M-f, M + / I
J A Vf» I^J ' r ( J |C

(6.3)

The last expansion turns out to be identical with the formula given by

Eq. (2.34) of Paper XII. Next, following the same way as Kopal did in

Paper XII, Eq. (6.2) and Eq. (6.3) can be rewritten in the simple forms 

in terms of Jacobi polynomials. To do so let us first introduce shifted

Jacobi polynomials in hypergeo metric form as

2^',3Vy\ - c I\rt r /-/i, rt+A \
K" 1 - t( (6.4)

where /\ = &C-r-p> -/-/ and it is required that 0 •£?. x 5$. 1 . If, more­

over, we consider that

û<
(6.5)

then, Equations (6.2) and (6,3) take the following simple form

A-0

which is valid for any type of eclipse and for any degree I of the law 

of limb-darkening. In this general expansion we used shifted Jacobi 

polynomials for the same reason as noted before that variation intervals 

of the parameters a and c which are now the arguments of the above 

polynomials are (0, 1) but,not (-1 , 1 ) as required in general. Eq. (6.6) 

for can then be easily automated with the aid of known certain 

recursion formulae for shifted Jacobi polynomials given by
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^Jx) " + Bn) - ç Rn_6x)
(6.7)

with the coefficients

A - {J-A-lX) fzfl+A + i)
(n+X) fn+A) '

R _ 6n4-A) C^-^ + l) - (V-A-t-X)3 (6.8)

2 f/l + 1) 6? + A) Czd + A-O
and

x-s (fVv0^) (T'ld- z5) ^2/lf A 4- f)

(nf 0 A) A-0
where A= t’/Xf- / as given in definition (6.4). First a few values 

of R^’s for n = 0, 1 , 2, ... can be easily obtained from definition 

(6.4) as -

&o‘ - 1 )

X) = —( P + Ù +- P + Ô X . /
FÇ% = f/s+z)a«)xHxJ<6‘9)

etc. Finally, it should be noted that the numerical value of the coefficient 

in expansion (6.6) rapidly increases with increasing number of terms 

as a disadvantage in practice in spite of the simple structure of this 

expansion for c<| .

We shall in what follows present a number of alternative expressions 

(see Paper XIII) to (6.6) for the fractional loss of light cC ? .In order 

to demonstrate how those expressions are derived let us first re-resort
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to Bailey fs formula given by (5.5) for the expansion of the product of 

the first two Bessel functions on the r.h.s. of (2.16) as it is given by

Eq. (5.6). On insertion of this result in integral (2.16) for 

we find the latter to assume the form

3
= 223 m) b 

vf r'(v+ti+/) *
co (6.10)

, ymv+3h\ ( -4r M J (cx.)dx.
2/< I J } 0 °

The integral on the r.h.s. of (6.10) can be evaluated with the aid of

Eq. (4.19) by setting 0 , A=

and accordingly = I and p S C and the outcome can be

given as

n!

o

! g.

rrv-hnt -T

Putting together the results (6.10) and (6.11) and making use of the

-functions we havetransformation formula (6.5) for

o
L

r- Az/i, zvf ?
3
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or alternatively

Azn, z^f zvf 3
I z.v+1

(6.13)

It can Ibe easily shown that the ordinary hyper geo metric functions

on the r. h.sides of (6.12) and (6.13) can be identified as shifted Jacobi

polynomials (see Eq. 6.4) and (6.12) and (6.13) take the forms

0
X.L =

4- r(v) A, \ -%) A+4)
/ C— y / - — X

w (wiXw-2.) rfiwi)

’ A fl ' A A) , (6.14)

and

z 0
_ Tzvh) y* , y(zn)! (v+z/t+2)r6>+'i+-k)

I’ffv+f) rfzrl+ZV+l)

(a,Z.v) (y+4.,o)

' An ’ A (6.15)

respectively. These algebraic expressions for the fractional loss of 

light are also valid for any type of eclipse and arbitrary degree

I of limb darkening. They can be easily automated with the aid of (6.7) - 

(6.9). It is seen that the numerical value of the coefficient of the shifted 

Jacobi polynomials in (6.14) decrease rapidly with increasing number of 

terms which should be an important advantage for (6.14) over the other 

formulae of its kind.



— 44 —

Further alternative expressions to (6.6) can be obtained. For 

the sake of illustration, let us consider combination of (2.16) and (4.10)

with the aid of (5.6), (^19) and (6.4) (cf. Paper XIII, Eq. 2.21 and 2.22)

given by

/° _ if rMrfev+!) r(n+±) (pLx
"L ffv+i) Z— »! n '

s V ’ (~iP(z(ftf m) / (v f + -2

- (ft+Ù! P(za>4-2_A-V-h)-— O * 2L y

A
(6.16)

A combination of (2.16) and (4.14) with the aid of (5.6), (4.1 9) and (6.4)

(cf. Paper XIII, Eq. 2.25) discloses to a similar expansion of

\ (?-M) / (v+ZjH "r -£

f (m-h) I (n-M - /) j
M =0 '

X-----------------------  ------ --------- ----------------------------- ----------------- ------- ---------------- ----------------- ------—

P(y-V-PZ-M. -h/) P(v+M-Ffl+Xj p(P+M-/X+ -X 2^4
(6.17)

Both expansions (6.16) and (6.17) become again algebraic but in the 

form of double summations of the product of two shifted Jacobi poly­

nomials . As the advantage here, the first series on the r.h. sides of 

(6.16) and (6.17) are independent of limb darkening, and it can be 

observed that second series in (6.16) terminates whenever m = n - V — 
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/2 for odd values of the degree I of the law of limb darkening.

The second series in (6.17) also terminates in any case whenever 

m = n - 1 .

1.7 Expansions for o<" in Series of Kopal’s J-Integrals .

Here, it will be shown (cf. Paper XIII) that the fractional loss of 

light ° , as well as Kopal’s (1 947) modified associated o< - 

functions can be expanded in rapidly converging series of simple 

combinations of Kopal’s 3--integrals which are defined (see Eq. 7.30) 

in terms of well-known and best studied J-integrals of eclipsing binaries.

For J-integrals refer chiefly to Kopal (1947) and Lanzano (1 976).

First, let us consider, for example, Eq. (2.15) for

replacing x by kx for c< = 1 in (4.13) we get

(uy 2.v

v o /

V -FZ-— / (v-a-m') py+M+i') 2.n

and = 2. for H > °

o

(7.1)

which can be utilized for the first Bessel function on the r.h.s. of (2.15).

Thus, a combination of (2.15) and (7.1) discloses that

o?c- ) ———------- -K- T 2L p(v-n-n) p(v^+Ù
n—o

where we have abbreviated

(7.2)

(7.3)
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which is a function of k and h but independent of the degree I of the 

law of limb darkening. Note that the infinite series on the r.h.s. of 

(7.2) terminates whenever n = V + 1 for integral values of u so that 

for even integer 1 , the loss of light cK? can be expressible in closed 

form. On the other hand, the above integrals given by (7.3) turn out to 

be expressible in terms of the derivatives of with respect to k 

which are simpler in evaluation. To prove this, let us first write the

Û 
derivative of ocfrom (2.15) as

By a resort to Eq. (4.12) for x s kx and a< e 1 , the first Bessel

function on the r.h.s. of (7.4) can be given as

J (kx) 

(kx)v- - □2 > J v^' • (7-5)
h—o - *

Substituting this result in (7.4) we have

W

in terms of same integrals K given by (7.3). Hence, by inverting 

this series, which also reduces to a sum of ( y ) terms for positive 

integral values of V , the integrals K on the r.h.s. of (7.2) 

will be expressible in terms of the derivatives of with respect to

k . Furthermore, the above derivatives can be identified as Ko pal's

□-integrals, since (of. Kopal, 1959; Chapter IV.5, Eq. 5.30)
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(7.7)

Thus, we can invert from Eq. (7.6) for even values of I that

etc

X
3,1

-—f 0

J
•"•IjO

’ll

(7.9)

which can be deduced from (7.2) for 1 = 0, the fractional loss of light

_y o
for some particular values of I can be given from expansion

(7.2) as follows

o 
o

o
I

^1- 3 + KjTwi /"fe (7.12)
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■ o 

O

O
O

0
3

o
D

etc., where

° 4- J2.
0 63

ZLZ.jp?1' and (7.17)

25 1 25 r£
which are used in Eq. (7.11) for (cf. e.g. , Ko pal , 1959, Chapter

IV.4, and many other sources). Note from equations (7.10) - (7.16)

that the fractional loss of light for even indices such as oC° o<.^ f ;

etc. were all expressible in closed form, in general

o
(7.18)

where we have abbreviated
L+i

= ' (7-19)

For odd indices the ’s remain to be infinite series form in the 

foregoing formulation. However, if we replace equations (7.1) and (7.5) 

by the forms
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(7.20)n- o

and

(7.21)

which can be deduced from (4.12) by setting x = kx and then1

the fractional loss of light takes a different form

0 (7.22)V— X
in

where we have abbreviated

(7.23)

o
(7.24)

v-i

a combination of (7.2.1) and (7.24) will become

(7.25)

formulation of the problem enables us to rewrite equations (7.10) - 

/ 
o

n!Pfvt-su-z} w+i

(7.16) in terms of the M -integrals given by (7.23) which are also 

expressible in terms of the 3-integrals by inversion from (7,25). This

Z— ft I P(v-rt-j /"Yv pz.) 2/1+1. 2 
n-o

in terms of the same integrals as given by (7.23). The foregoing 

0

On the other hand, if we consider that (see Eq. 7.4 and 7.7)

2_
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time it can be observed that the fractional loss of light for odd

values of I turns out to be expressible in closed form, i.e.,

(7.26)

where we have abbreviated

i
zn

(7.27)

since both equations (7.22) and (7.25) reduce to a closed form for positive 

odd values of I . Furthermore, it may be observed that the quantities

given by (7.19) and (7.27) are identical with the Kopat;modified 

associated c< -functions of zero order.

In the foregoing expressions the fractional loss of light c<^ has 

been established in a general form in terms of known associated series 

(terminating or infinite) which converge rapidly to the desired results 

for any type of eclipse and are easily programmable for automatic 

computations. The expansion given by (7.2) gives the fractional loss

of light °<-£ for any degree I of the law of limb darkening, in terms 

of Kopal’s 3-integrals and c><^ which can be easily evaluated with the

aid of explicit formula (7.11). Thus, the whole complexity of is

O **evidently stored in «K and the J 
-1, 2.5

-integrals if we use Eq. (7.2).

It may also be added that general formula given by (7.2) for 

can be further simplified for occultation type of eclipses. To illustrate 
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this let us combine Eq. (2.15) with (4.13) for o< ~ k , when we

get .
co

< = t Eh," | k‘) euro, k «. c 
ft — o

which reduces to (7.2) for k = 1 and diverges if k )>1 , where we 

have abbreviated

Q (h) — ( J (X) Jjf x) J (kx) dx > 
) ta 10

(7.29)

which is a function of h (or ) only. Note that the G) ’s 
2n

are simply

the Kg^’s for k = 1 , in other words the Q^'s can also be defined as

a linear combination of the J (k - 1, h) integrals with the aid of
-1,1.x '

(7.4) and (7.7). Furthermore, the ordinary hypergeometric series on

th 2
the r.h.s. of (7.28) is a Jacobi polynomial of n degree in k (see 

the definition given by 6.4). It seems this simpler structure of the r.h.s.

of Eq. (7.28) for occultation type of eclipses lends itselt more conveni­

ently for automatic computations.

The constituent ^-integrals in (7.2), (7.21) and (7.28) have long

been known (cf. Ko pal, 1 947) from the theory of the light changes that

and the J-integrals J
-b 2

(7.30)

which are required to

evaluate the K *s  and 
2n 2n

*s can be readily automated by taking

advantage of the recursion formulae

9 (7.31)
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and

o

since the starting values for K = 0 are known as

and

if the eclipse is partial, and

TS | and J - 0
-l,o -h»

if it is annular, where continues to be given by (7.17).

(7.32)

(7.33)

(7.34)

Finally, another alternative approach of the foregoing type will 

be presented for obtaining the fractional loss of light . To do so,

let us first combine equations (2.16) and (4.13) replacing ck. by a in

the latter. The outcome of this combination yields that

n-o

o
L

-6 ( and — 2 for n _> 0 ,

(7.35)

where we have abbreviated

(7.36)

This expansion opens the alternative way to approach the fractional

loss of light , but the series on the r.h.s. of (7.35) does not

terminate in any circumstance. The ordinary hypergeometric series 

in this equation is also CX' Jacobi polynomials. As for the evaluation of 

the integrals I , we can introduce another expansion of the form
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~i>L A-0 (7.37) 

with the same integrals I as given by (7.36). This last expansion 

can be obtained by deriving (2.16) with respect to a and utilizing the 

definition (7.7) of the J-integrals and the expansion given by (4.12) for

oC = a . Consequently, if we take into account N terms in (7.37), 

N independent equations can be constructed for N different values of

I (remember that I^'s do not depend on I at all), and this set of 

linear equations can be solved numerically or otherwise for I inte- 
2n

grals. Hence, the integrals given by (7.35) become expressible 

again in terms of KopaUs J-integrals which can be easily"automated as 

it has been outlined before.

1 .8 Other Expressions for

Here we shall present two expressions for the fractional loss of 

light o<£ . The first expression may be stated by substituting

Jv (ax) from (4.9) for — v and sin Ô = a in integral (2.16) 

of the cC 2 that '

Y\ — o
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where we have abbreviated

Fto= ( J (Lx) Je(cx) ofx ,fl ) 1

1 .9 Differential Equations Satisfied by

o

(8.2)

which remains yet to be evaluated. The O^'s in (8.1) stand for the 

ultraspherical polynomials.

For the second expression we shall introduce a Neumann series

for Jv (cf. e.g., Erdelyi et al, 1953, Vol. II, p.66, Eq. 16) of the 

form

On insertion from this result by setting v = 0 and A s c in Eq.

(2.16) we find the latter to assume the form

1 = 0

where we have abbreviated

which also remains yet to be evaluated. Note that the H 's are inde­
n

pendent of c (or 4 ) and thus can be presented in the form of uni­

variate tables.

/ °

**1 *

(9.1)
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2) à ■ry1 = ~z 67-* I (9-2)a à • z. f t r 1 • il

For first five equations which have long been known from the geometrical 

approach of the problem see Ko pal (1959, Chapters IV. 4 and IV. 5).

The last two equations have been presented in Paper XII by Kopal. For 

the solution of the second differential equation given by (9.2), refer to 

section 1 .3 in the present chapter. In these foregoing differential 

We have given a number of known differential equations for c<° .

4)

1 -I, L-Z

x rs # ) V I 0
' ■■ (9-6)

1 z-5 è b

\2_ >e

è é2-

o
/ rM £

=-

o

owtoi À “ j

*2

equations, in general,
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(9.8)

and they can be expressed in terms of ordinary hype rgeo metric functions

for p "1 , m = 1 and = I of the form

2
2.

, and

v-i 4
tr

and r^

, v—i 
4
Tr

if the eclipse is partial, and

(9.12)

if it is annular, where K continues to be given by (3.4) of the present 

chapter. The J-integrals for m = 0 and p = -1 which appear in (9.4) 

are as given by Eq, (7.30) and they can be rearranged by making use of

Eq. (9.8) ih terms of the I-integrals in the form

1 a. \ r, ) (8.13)

Substituting directly from (9.9) - (9.12) for I-integrals in (9.13) we find 

that the ZPs assume the following forms in terms of hypergeometric
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functions-.

In all the foregoing equations v continues to be given as v -

(I + 2)/2 and B(x, y) stands for a beta function which can be expressed 

as in (3.5) for x = v and y = % , In the last differential equation given 

by (9.7) the fractional loss of light (k, h = 0) at the moment of 

central eclipse when = 0 is known that for occultation eclipses

oC0t(k,il-o) = J- (9-16)

which is equal to the maximum value of attained during totality 

(see Eq, 3.19); while if the eclipse is a transit type

c<°£ ( k j K- & } = -—(9.17)

(see Eq. 4.4). If, moreover, we set
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occultation
V

V transit>

(9.18)

it follows that the differential equation (9.7) can be rewritten as

0 ; =■ 0

o

(9.19)

a : [ l - ~ ----- C-I)n (■i-zi'i+z) ] » 6
i z if z2* 2; 25 n f J ‘i

and more concisely

--° A= °. .
: I 6M // = °

- 2 ft = 0 (9.20)

: <7 1 ‘ 1 = C

with the same t defined by (9,7). Consequently, the differential Eq.

(9.7) takes the following form:

j-.—O (9.21)

which is exact only if n is allowed to approach infinity; but remains 

approximate for finite values of n oû : the approximations it 
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represents being the more accurate, the larger the value of n , It

can be shown that the solution of this equation gives us

Cfl (9.22)

n~i
as the expansion of in power series of the quantity h only. Un­

fortunately, this expansion does not converge if <S ,> r^ . However, it 

can be proved by making use of Eq. (2.16) instead of (2.15) in the deri­

vation of (9.7) that Eq. (9.22) can be replaced by

(jx, c) = ) Kn (0-23)

n-i 
which converges under all circumstances, since c varies between zero 

and one. The quantity a which depends on the sizes of the components 

enters only through the coefficients which can be defined by the 

boundary conditions of the problem. These boundary conditions in 

addition to (9.16) and (9.17) can be listed as follows:

°L (a, c = i) = °

° CTr& *

k _ y° \Ucc,

(9.24)

(9.25)

(9.26)

2.V  -



As for the higher derivatives, it can be shown (of. Paper XI, Equations

3.40- 3,42) that

(9.28)

for even values of I , and

for odd values of 1 . On the other hand, at the moment of inner contact 

for transit eclipses, these higher derivatives will exhibit a pole whereve 

n ,T> '—~ . In the derivation of the foregoing boundary conditions

given by (9.25) - (9.29), it should be remembered that (see Figure 2)

1.10 The Alpha-F unctions । of Higher Orders (m )> J)).

Ko pal in the final section of Paper XI has shown how to proceed to 

develop similar expressions for the associated alpha-functions

of higher orders (m )> 0) in terms of the Hankel transforms. The associ 

rA.
ated c< -functions of the type (m 0) are required to represent the 

photometric effects of "gravity darkening" over the surface of a distorted 

star undergoing eclipse.

We develop in this section the requisite expressions for these
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functions by mainly following the known strategy from Paper XI. Let 

us note in the beginning that for m 2 the relations between the 

resulting expressions and the -integrals become complicated and 

make it difficult to write the explicit Hanke I transforms for the ’s.

In order to derive the requisite expressions we shall proceed as 

follows-. First, it is known that in the presence of distortion the aperture 

function f(x, y) in Eq. (2,1) will be of the form (Paper XI, Eq. 4.10)

(10.1)

or, in spherical coordinates

where K stands for the angle of foreshortening. By remembering that

L, = rrf f(o) [i - F 4^1 ] ’ (10'3)
and, hence (see Eq. 1 .3)

I H fj ’*-7 — H
L--0

the Fourier transform of the aperture function f(r, 6) will then be 

of the form (Paper XI, Eq. 4.11)

I j r^'olr. (W.5)

o -JT

In order to evaluate the integral with respect to B in (10,5) we 

resort not to the Jacobi expansion (2.2) but for simplicity to another 
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expansion (cf. e.g., Magnus and Oberbettingen, 1948; p.27) of the

form '

, (,0„ 

^~o

where the -éLps denote Neumann’s numbers as defined before. Sub= 

stituting from (1 0.6), by setting cos CÇ = - CH fcp-f77) and ? = K 

in the respective integral we have

« \ Cs-ok 0-zz) d &

= i-iT^'r) (10.7>

/ rVM-t L+2. \ p/M-A+-z\ K 1
2_ // I 2_ /

since

It may be noted that the terms of the summation on the r.h.s. of (1 0.7) 

vanish for odd values of (m + k). Moreover, if (m + k) is an odd number 

(m - k) also becomes an odd number; thus, if we consider only even 

values of (m - k) the infinite summation on the r.h.s. of (10.7) terminates 

whenever m = k . From a combination of (10.5) and (10.7) it follows 

that
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«H+k+1m
77 M

x JO
M. f-1 (10.9)

which for m - 0 reduces to (2.3). If, moreover, we assume that the 

function f(r) continues to obey the law of limb-darkening of the form 

(1 -3), for the evaluation of the remaining integral on the r.h.s. of

(10.9), we can employ a formula (cf. e.g., Erdelyi et al, 1954; Vol. II, 

p.26, Eq. 34) of the form

by considering the definition (1 0.4) for f(r) and setting /MS m + 1 , 

A- ; V = K and accordingly x = r , y = and

a = r ; thus, the outcome yields that

1^,4- 2.

k+l , -*+l‘+z+-v

Thus, the evaluation of the Fourier transform for the aperture function



f(x, y) is completed. On the other hand, the Fourier transform

G(u, v) of the occulting disc remains the same as in Eq. (2,7). The 

convolution integral (given by 2.8) of the transforms F and G , then 

furnishes the requisite form

o
. n

( -zn i £ 4 (p
\ 6- cm

The integral with respect to (p here can be easily evaluated with the 

aid of (1 0.6) for g S Zz?S and cos S - cos jzf , and we have 

P . f j <=*0
<^"■1^“-^,^ =£ f-y, J s),

— Tt ¥\~O

> ( CM Fl p CM k (p o( (p —
-n

(10.13)
= 2.T1 C~i)k

as the result, since

2-TÏ for n = 0 and k = 0

n [° for n i k

Cm k(p d <p =- i n for n = m (10.14)

0 for k - O and n = 1,2,3, ...
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Furthermore, by making use of a formula (of. e.g., Luke, 1975; p.58,

X

VI-0

Eq. 1 ) of the form

J CÏ) ,
2_n+(X

(10.15)

where d = b + c — a-1 is not a negative integer, and (a). = a(a + 1 )(a + z) . 

. . (a f j - 1 ), (a) = 1 are Pochhammer symbols. Th® hypergeometric 

functions Fg on the r.h.s. of (10.12) can be rewritten in terms of the 

Bessel functions Jy , as

.IWMtM.j oo.w)
P(y) P(n+V+ Zft + vtk

Consequently, by a substitution directly from (10.16) and (10.13) in

(10.12) we have the convolution integral M of the transforms F and G

in the form

y\ — o n ! (n+fc) ! Pfn+v +

O

(10.17)
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where the summations terminate in many cases: remember that

r^~n)

for m.+ k = 1 , 3, 5, ...
(10.18)

for m + k = 0, 2, 4, ...

for m = kj n 0

for n = 0

for + 1 n, m ÿ k and

m - k = 2S 4, 6, ...

for m - k = 1 , 3, 5, ...

(10.19)

K

Hence? we can rewrite (10.17) more concisely as

Ni

X

where we have abbreviated

and

(10.20)

(10.21)

The quantity denotes a number defined by (10.1 8). This result

representing the convolution integral M of the transforms F and G 
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should somehow lead us to the associated c< -functions. For m = 0 

and 1 we find that this is really the case, i. e . ,

(ML, = l,2 c( ‘V <«
and

(M)„„ =-L,r,£c(U =4 o<
L = o

But, for the higher values of m the relation between M and 

becomes complicated. For example, for m = 2 we have

(m)„=1 - L1 Lc<0^ m"- 3,L+

o ’"""ifwhere for the identification of the integrals as o<_. and J . seeL — I, L*b  2_
the Hanke I transforms (2.10) and (7,24) for these functions. The last 

term involving the integral on the r.h.s. of (10.24) may define the 

function for m = 2. The physical significance of why the relations 

between the convolution M and the associated c< -functions

become complicated with increasing values of m is not perfectly clear 

at the moment.

On the other hand, these functions for m 1 may well be obtain­

able in terms of the o<° ? odj and I@ . -integrals by making use oft L —L

the recursion formulae established by Kopal (1959, Chapter IV.4-5).
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Soma of the results from Kopal’s (1978) work are given below;

where and continue to be given by (7.17).

1.11 The J and I-Integrals.

The 3 and I-integrals additional to must be invoked to 

describe the photometric effects of the mutual eclipses of distorted 

close binaries. These integrals are connected with the distortion of 

the projected boundaries of the two components, and they are purely 

geometrical. The aim of the present section will be to give a number 

of necessary expressions for the evaluation of these integrals in addition
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to the expressions given in Sections 1 .7 and 1.8.

It can be shown (of. Paper XII, Equations 4.8 and 4.9) by a partial

differentiation of (2.1 0) with respect to
2

and £ and considering

Equations (9.2) and (9.3) that

T° = 2"T(v) kV ( x‘VJ/kx)J0(x) Jc(M o(K
-d J

and •

T' = PM kvïx"vJvIM JM yuw
“I; L D (11.2)

as Hanke I transforms, where k - r /r^ and h = S /r^ as before.

For the similar expression for the J-integrals see Eq. (7.24). The

above Integrals may well be evaluated by employing the s'àme methods

described in the previous sections. If, for example, we utilize the

formula (7.1) by changing over from k and h to a and c for the

we have

(11.3)

parameters of the respective integrals

and

where all the notations are in their usual 'meaning. For the closed 

form expressions in terms of the ordinary hyper geo metric functions 

see Equations (9.9) - (9.12). The above expansions for the respective

P. integrals in series of shifted Jacobi polynomials « unlike the close 
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form expressions for the same integrals - are valid for any type of 

eclipse and any degree I of the limb-darkening. A similar expansion 

for the J -integrals can be set up simply by substituting (11 .3) 

and (11 .4) in (9.13).

All these functions for higher values of m > 1 may also be 

generated successively by making use of the well-known recursion 

relations established by Kopal (1959; Chapter IV.4-5) and Lanzano (1976).
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CHAPTER 2

THE MOMENTS OF LIGHT CURVES

The basic data for the analysis of the light curves of eclipsing 

variables in the frequency domain are represented by a set of the 

quantities A defined (cf. Paper I, Eq. 3.1) by

A = ( (/-i) d t's-'V'te) i (o.i)f Jo
2rnas the areas subtended by the lines 1 = 1 , sin 6 = 0, and the actual 

shape of the light curve of the respective spherical system in the 

2m
I - sin 6 coordinates (see Figure 3). The certain relations between 

the moments A^ and the eclipse elements, for m = 1 , 2 and 3 , 2m

have been developed in Papers I-IV and XIII under the following assump­

tions: i) Distribution of brightness over the apparent discs of spherical 

components of the system is radially symmetric, ii) components of the 

system revolve about their common centre of gravity in circular orbits. 

For the explicit expressions in the case of annular and partial eclipses 

refer also to Kurutaç (1976), and Demircan (1976). In Papers I and II 

it has been shown that the respective expressions turn out to be algebraic 

for m = 1, 2 and 3 , but this was not the case for annular and partial 

eclipses.

When, however, we utilize the expressions for the fractional loss 

Ô
of light c<| given in the preceding chapter in the evaluation of the
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integral (0.1) of the moments A_ , it becomes possible to derive 
2m

general expressions for
2m

in the simple forms of series expansions

which are valid for any type of eclipse, any degree I of limb darkening 

and for any positive real value of m .

The main aim of the present chapter will be to represent such 

expressions developed by Ko pal (1977c) in Paper XII and the present 

author (partly in Paper XV).

Figure 3.

A

2.1 The Moments A_ as Hanke I Transforms.————----- -— 2m ———-------- - --------------------

Firstly, if we. consider that

-1 - l.Lc'M
L-o

(1.1)
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and

j — m C&c. i f <5 ol ? <S0 = i

which can be obtained from the well-known formula given by

^--e s^-i + c^-i, (1 -3)

the moments of the light curves A_ can then be easily rewritten as 2m

or, by making use of the Binom expansion for given by
m-1

Next, by a direct substitution from the Hanke I transform (2.10) of

- V oChapter 1 for ocin Eq, (1 .6) we are left with
A M-l .

m L| i2_c 2-ji^-j-,)!6^ x / ci.7)

L-o i-°

In order to evaluate the above integral with respect to j , use can be

where we have abbreviated

0

made of an Equation (cf. Erdelyi et al, 1953; Vol. II, p.90, Eq. 7) of
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the form

( rW =^+v~^ - s J® sjs), (1.9)

where the symbol S( ? ) denotes the Lommel functions. Consequently,

Eq. (1 .7) can be rewritten in terms of Hanke I transforms, as
.A M-l

. Uo j-o

where and are two Hanke I transforms given by

IM-- 4J,MJ»s cmJxI K /Ao

and

2dHv) f J/xUf(hx)5 (hx)dx
> ■> K ' X Z/+b 0 (1.12)

being yet to be evaluated, where k = r^/r^, *"* o = <^/r and h - /r^.

The Lommel functions S(hx) occurring on the r.h.sides of (1 .11 ) and 

(1.12) can be easily obtained by the known recursion relations

S (hx\ - [(zj+Ù - ,1 5, > (1.13)

zji-Zj-t L J 4'"1
and



- 75 -

5 (kx) - Chx} —
Zj+3,0

(z-j+2-)2' S (hx) zjH, 0. (1.14)

since

and —*
b $

(1.15)

It may be observed that (1.10) is valid for only positive integer values 

of m , and reduces to Equations (3.11 ) - (3.13) of Paper XII for m - 

1 $ 2 and 3. Furthermore it may be verified that the integrals (1 .11) 

and (1.12) can be expressed in terms of c<^ and its derivatives with 

respect to r , r^ and 6 . Alternatively, known methods from

Chapter 1 for the evaluation of similar Hankel transforms can be utilized 

to evaluate these integrals. This work to develop explicit' forms of the 

integrals (1.11) and (1.12) has been left to be investigated, 

2.2 Expansions for A^ in Series of Polynomials.

A general expansion for the moments A^^ has been given by 

Kopal in Paper XII. We shall approach his result by substituting directly 

from Eq. (6.3) of Chapter 1 in Eq. (1 .4) for the moments. This sub­

stitution gives us

M Li y,1Yv"",z) Gst ■
L^o rv=-o

-[<^Vv'v+,,C1^ cist, (2-i)
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where the same notations have been adopted from Paper XII. The 

symbol stands for the Jacobi polynomials defined by

In Eq. (2.1), replacing j by (r + r )c as the variable of integration, 

and normalizing the limits by introducing an auxiliary variable

L 5C

X

jL” o
(2.4)
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n-D

X

where are Pochhammer

x

symbols. This result representing a general expansion for the moments

However, we can rewrite this result given by (2.4) more concisely

in polynomials is due to Kopal (1977c).

in terms of shifted Jacobi polynomials (since 0 c 1 ) defined by 

Eq. (6.4) of Chapter 1 . This expression (2.5) in algebraic form, 

representing a general expansion for the moments of the light

curve, is valid for every type of eclipse for any positive real value of

m and for any arbitrary degree I of the adopted law of limb darkening.

where we have abbreviated

x

X

/v)
(a)

n j

An alternative expression for the same moments has been given 

by the present author (Demircan, 1978b) in Paper XV. We shall in
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what follows outline the development of this alternative general expansion 

for the moments . To do so, let us first consider the expansion

(6.14) in Chapter 1 for the fractional loss of light (see also

Demircan, 1977b, Paper XIII for this expansion). If we now substitute 

for directly from this result in Eq. (1 .4), a general series ex­

pansion for the moments can be obtained:
2m

- cmTz rM V"f-o” I pH)
At ZL /(jzL 'L-o H—o J

■ F r'Tv"| t) ((^FVc^Fr-T114 a*,  
z / I j ) z*  / i j / z

where a = r /(r + r ), b 5 1 - a = r /(r + r ) and C-6 /(r + r )
I I C-. | I

in their usual meaning. Normalizing the limits of the integral on the

r.h.s. of (2.7) by making use of a new variable u as defined by (2.3)

x

L 
*

It has been shown by the present author (Demircan, 1 978a, also refer 

to Demircan, 1978b) that the above type of integrals can, in general,
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be given as

j—O

where A — ^"bp *b-  I . For p> — O the r. h. s. of (2.9) reduces 

to an ordinary hypergeo metric form:

n I
jy /-M; M + of-H 
/ ( I f c<+/

s) - (2.10)

'2_!o
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2 FG^+ù ■ Z.M

TMû-5 Z
2.rvi

x

(2.12)
-2^; 2/1 fZVf3

x

Note that both hypergeômetric functions on the r.h.s. of (2.11 ) 

— H; Mf V + ■£■

polynomials. Thus, this expression, in simple algebraic form, con­

l=.Q

Vf 2/1 f V f
= = - ——:--------------- ——------- ,

A ( P(y-t*IA4-l\  p/Mf V "b -2-\
rx^-o 1 J

stitutes an alternative to that given by Kopal, and represents another

general expansion for the moments of the light curves, valid for

any type of eclipse, any arbitrary degree I of limb darkening, and

any positive real value of m. For m = 0 it reduces to

D
L (2.13)

It may also be noted that first hypergeometric function can be identified 

as shifted Jacobi polynomials (see Eq. 6.4 of Chapter 1) so that the

moments can be given more concisely as 2m ,

where
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On the other hand, if we use the expression (6.15) for

given in Chapter 1 in the same way as we followed in this section, another

similar expression for the moments - can be obtained in the form 
2m

■D I (2.16)

p x v- r(zv<-') i+:
Si) ^Dl ~ i ( M+i / _ v p/v*-^\ Z— Zh-n) I P(art +zv+^

l-o ' n=o v '

T-+
J=.o
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(en)! + +

H / (vV-H^ i p^n + 2.V -h) *h

r I x 
art

r* /-A M+v+ I I , A r ( 3 ,-c°
Z J v MH- V 4- -J- I j

(2.17)

For the evaluation of the shifted Jacobi polynomials which occur in the 

foregoing expressions in this section, see certain three-term recursion 

relation (6.7) with (6.8) and (6.9) given in Chapter 1 .

2.3 Further ^Expansions for A .—------—------—--------—---------- 2m

Here, we shall present some further expressions for the moments

Ag . To do so, let us first resort to the expansion (5.19) in Chapter 1 

for the fractional loss of light o<° (see also Paper XIII for this expan­

sion). Substituting this result in (1 .4) for A ’s we are left with 
2m 

U-0 fl zz-D

where T*  's denote shifted Chebyshev polynomials, the coefficients

which are the function of only quantity a — r /(r^ + r^) have been 

given by (5.8) and (5.11 ) in Chapter 1 . In order to evaluate the integrals 

on the r.h.s. of (3.1) if we change over the variable of integration

from & to u with the aid of (2.3) and remembering that c = £/(r + r_), 

we have



*I = (T-^ "Ç (c^ oU2- = b-c^tT"1 T*̂  du.
6^ . o (3.2)

Let us moreover utilize the result (5.21 ) from Chapter 1 which can be

easily rewritten by making use of the series expansion for F as

(3.4)

This result permits us to rewrite the integral (3.2) as

.6fV/n+J-/)/._ / ,' 
t'M/rû'+i) Q

(3.5)

sequently, we have

2jm.

The integral on the r.h.s, is a beta function B(m, j+1). Thus, con-

X
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which can also be written in the same form as (2.13) and (2.15). Note

that a similar expression for the moments can be obtained by
2m

making use of Eq. (5.20) from Chapter 1 .

Next j we shall represent another similar expression for A 
2m

due to Ko pal (1977c). This expression can be obtained if we replace

(4.11) of Chapter 1 in (1 .4) for the moments, leading to

L^-0 fl= o
r 2.

. p n+i> v+iJz> y) j(T-sd *2.fi  *~ •

%

In changing over (as before) from 6 to U as the variable of integration, 

we can evaluate (3.7) as

z

x

L—o o

f n+i; v+/ >z ( u.mHpp
■A ° , OÔ

pr ) ) V*H ) 2. * CQ bz■

J = p

where P^'s stand for the Legendre polynomials, the is the Appell 

function of fourth kind, and for the symbol (o<\ « see Eq. (3.4)
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Finally, we wish to present an expansion for A2m in series of

polynomials. This can be derived on insertion for ek® directly from

(4.20) of Chapter 1 in (1 .4):

R& K si 2_ •

For K = 1 , for example, if we use (2.3) and (2.10) for the evaluation

l-o n-o

of the above integral, results enable us to rewrite (3.9) in the form

-ft, n+l} 2 / V-H j fri cf (3.10)

All the foregoing expressions for the moments A in this 

section hold good likewise for any type of eclipse, any positive real 

value of m and any arbitrary degree I of the adopted law of limb­

darkening.

It should be observed that many additional expressions are obtain­

able for the moments A of the light curves by simply replacing the 

expansions for directly from Chapter 1 into the Eq. (1 .4) of the
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present chapter for the moments.

2,4 Closed Form Expressions for Integral Values of m .

We begin with integrating Eq. (1 .4) by parts to yield 

A
2
L~o

(4.1)

remembering that

=4 d = d M o- vrj -
os (&,)=. o. (4-2)

By making use of the Binom expansion for ( «Sy*  )m , Eq. (4.1) 

discloses that

A M »

L-0 j-0

which leads us to the desired closed form expressions*  for the moments 

A when m is a positive integer number, where we have abbreviated

These expressions have been given by the present author in

Paper XV for m = 0 , 1, 2 and 3. The methods will be developed 

in this section to generalise these results.
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(4.4)

which is yet to be evaluated and obviously reduces to 

for j = m = 0 (see Eq. 3.2 in Chapter 1) so that we have (2.13) for the 

moments A which can be deduced from observations as U - A (where 

U is the total maximum light received on the quadratures when -K 

or iff i while the quantity A in the same scale represents the total 

light received at the time of maximum eclipse "when £ s = cos i,

or 8 = 0 or 77 ).

It may be proved that the quantities given by (4,4) (which

are valid for 0 j m and 0^1^. ) can be expressed in terms 

of the and I-integrals. Our next task will be to illustrate this and 

to utilize the results in the evaluation of the desired closed form expres­

sions for the moments A^^ , by simply substituting the results for 
(/jH in Eq. (4.3),

In order to approach our aim we resort to a basic recursion 

formula derived by Ko pal (1975c) in Paper III which permits us to 

assert that 

» ,(4.5) 
0

which holds good for any type of eclipse. By re-arranging the terms 

in this recursion formula and remembering from the geometrical 

approach that
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(4.6)

then (4.5) can be readily rewritten as

This result permits us to construct successively all the requisite values

of cfj0 if the functions *4 and can be regarded as known. Thus,

the closed form expressions for the moments A
2m

may easily be

written in terms of and I-integrals for any positive integer

value of m . To illustrate this here analytically, for the firs few

values of m let us proceed as follows*  as for the if for

example j = 0 , from (4.4) we have



(4.10)

and
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where for the symbol '"7 

and we have abbreviated

see Eq. (7.30) or (9.13) in Chapter 1 s

If> now, we rewrite Eq. (4.3) in the form

(4.12)

it can be shown for m = 0, 11 2 and 3 , that

Af-t C10 =>

Ù = 2. [4^ -ÿ. J
A ■

? t=o

(see Eq. 2.13)

A

(4.13)

(4.14)

(4.15)

(4.16)
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L—o

1-0

, I Ajti) 

L 4 V t

.(0 0 _

• °<z +
L—o

° -h/W f-__ 2__ Xü c
L q) L.(l*z)(t+4) X ^3 7

1-0

where j a? b and c are all in their usual meaning as in

Chapter 1 . The quantities S , S and S are again the functions 
1 ëL o

of a and cq . They can be given in terms of Kopal’s I-integrals (cf.

Demircan, 1978b) as .

CL _ /W«- C\ > "
—■A b Q ) U( L+Z, (4.18)

5, = QUl +
+M(XlQL4 ^XYt)3!1, '

'L+*r  ° z -jz 1+2. (4.19)

and
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The quantities j[ and Q are defined in terms of the I-integrals
-4/5 n

(see Equations 7.30 or 9.13 in Chapter 1 for ’s and (4.12) for
y

Q ’s). For these well-known and best studied functions of eclipsing 

binaries refer chiefly to Ko pal (1947) and Lanzano (1976)’.

The f^^/s given by (4.14) - (4.17) hold good for any type of 

eclipse and any degree I of the adopted law of limb-darkening. Let 

us consider now what happens when the eclipses become total, It is 

known that all the I-integrals vanish for total eclipses, so do S^'s 

since all the Q’s and 3’s are zero there. Thus, for total eclipses

Equations (4.14)- (4.17) reduce to

(4.21)

(4.22)



— 93 —

1=0

.A
and

£=. o

for any degree I of the law of limb darkening. The summations on the 

r.h. sides of (4.23) and (4,24) become

|5 — 9-U, 3 f / 5 U /) 3 ^3 5- f ? Uj)
5<3-U,) ? 5 (3-U,) and (4125)

respectively, for the linear law of limb darkening, and

2.05 — ^-U/™ l&Uz) £(~Uz.} 14^$—Uj (À2.J
—/ -— -----— ; -—— ——   and ...  —--------- - — (4.26)
5 (â**2.  Uj-^3 S (è ~ 2.Ul — 3 Uz.) 2-Ut— 3

for the quadratic law of limb darkening. If the distribution of brightness 

over the disc of totally eclipsed components is uniform, then. Equations 

(4.21) — (4.24) further reduce to

f I
10 (4.27)
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(4.29)

and

It may be noted from (4.21 ) and (4.22) that f^ and f do not depend 

on limb darkening for total eclipses.
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CHAPTER 3

NUMERICAL COMPUTATION OF 0Ç 'S , I'S AND 

fS

The requisite basic quantities for the Fourier analysis of the 

light curves of eclipsing variables are known to be the moments 

and the 04 and I-integrals. In the foregoing chapters all these quantities 

have been redefined as Hankel transforms and these transform integrals 

have been expanded to a number of convergent series hopefully to gain 

new properties of the respective quantities and utilize them for the 

proper and fast analysis.

The present chapter is devoted to the numerical computation of 

the above functions * This will show us the way to the practical appli­

cations of the certain methods which have been constructed in the last 

four years of continuous effort.

The numerical integration of the respective Hankel transforms 

were performed and the results were quoted in the first section. In 

section two the computation of the same requisite quantities were made 

by employing their series expansions. Section three is devoted to the 

development of some certain recursion formulae to reduce the round-off 

error and speed up the computations. The revised expressions for the. 

moments A^m were also given in this section. Finally, in the last 

section fast and general fortran programs were enclosed for the 

numerical computations of these functions.
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3.1 Numerical Integrations.

For the application of numerical quadrature methods we considered 

here two integrals, namely the fractional loss of light o< for uniform

limb-darkening: 

o
0

& -

(1.1)

and for linear limb-darkening:

o

as Hankel transforms which can be easily deduced from the general 

results (2.15) and (2.16) of Chapter 1 , where the parameters k, h, a, 

b and c are as given in (2.15) and (2.16). We have these two functions 

in tabular form (cf. e.g., Tsesevich, 1939, 1940) which enable us to 

check our results. Here, it will be useful to note the following correl­

ations between the notations used in the present work and in the tables 

of Tsesevich for these functions:



"I I M 2. (1 .3)X

where k = r /r and
s g

(1.4)

(cf. Ko pal, 1959; Chapter IV. 4) and see also Eq. (4,5) in Chapter 1 for 

more general expression.

For the numerical integration of (1 .1 ) and (1 .2), first the simple 

trapezoidal rule was employed for some particular values of k and h , 

In Table 3 we present one such computation of (1 .1) for r^/r^ - 0.6 

and 6 /r^ = 0.76 (or p = -0.4),

It is seen from Table 3 that the number n of the trapezoids should 

be large even though the upper limit of infinity in (1 .1) may be reduced 

to a number as low as twenty (see column two of Table 3) owing to the 

strongly oscillating character of the integrand (see Figure 4). In the
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Table 3

n f(x)
» a

C<.g(0.6, 0.76)

5 0.1 0.024 92150 0.00299

10 0.2 0.049 37449 0.01 092

20 0.4 0.095 07400 0.04091

40 0.8 0.162 98179 0.14802

80 1 .6 0.168 00908 0.43601

160 3.2 -0.001 10851 0.66224

320 6.4 -0.000 03498 0.70149

640 12.8 0.000 57792 0.68750

1280 . 20 0.000 06773 0.68670

Exact value 0.68697

beginning the faster approximation to the true result is also observable 

from Table 3. For example, the first zero of the integrand is about 

3.17 in the above example and the integration up to this point with only 

1 59 trapezoids gives us almost two significant decimals (0.6623). If. 

steps in x apsisas are taken to be larger than that of the example, 

better accuracy for the result cannot be secured even if the integration 

is performed until much higher limits. For example, if the upper 

limit is taken to be 50 and the step is 0.1, we get = 0.68649, on 

the other hand, if we use 500 trapezoids between 0 and 5, and 1000 

trapezoids between 5 and 25, we have c<° = 0.68691 for the same 

parameters k and h ,
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f X1O’

30

10

2010 15

Figure 4. The behaviour of the integrant! f(x) of the loss of light 

o<* for L = 0, k = 0.6 and h = 0.76 (p = -0.4). It is zero 
in the origin and reaches its first maximum value (f = 0.187) 
for x = 1.20. It is estimated that ( f(x)dx 10

20
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In what follows, we give some important results which are 

revealed from the application of the trapezoidal rule for the numerical 

integration of the Hanke I transforms (1.1) and (1 .2).

1) The numerical integration of the Hanke I transforms (1.1) and (1 .2) 

by means of primitive formulae are possible with the high-speed com­

puting machines by using very large values of n ,

it) The integrands of the respective Hanke I transforms are strongly 

oscillatory (see Figure 4), which requires very large number of divisions 

in the numerical integrations by means of primitive formulae.

iii) The rate of convergence to the true results is usually very fast 

in the beginning - for small values of x - but si owes down rapidly with 

increasing values of the variable x of integration. As a result of this 

property we may truncate the summation at a certain point, depending 

on the requisite accuracy for the approximation.

Next, it was intended to apply some of the more efficient numerical 

methods. The Gaussian-type formulae have been employed for some 

different values of the parameters k and h . For comparison purposes 

we give here a table. In this example we chose the same parameters 

k an d h as in the earlier example in Table 3 and the upper limit B 

of integration was taken as 30.

It is obvious from Table 4 that we gain better accuracy by employ­

ing Gaussian-type formulae. It may also be noted that G24 is enough

-4
to secure four figures in this case. The error of 10 in the result is 

obviously caused by the neglected part of the integration beyond 30.
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Table 4

Rule __ C<£(0.6, 0.76)

G4 0.64268

G16 0.67637

G24, 32, 48, 64 0.68705

Exact value

G4 = Gaussian 4-point formula;

G16 — Gaussian 16-point formula, etc.

0.68697

The Chebyshev and Laguerre integration formulae have also been 

employed for different values of the parameters k and h , It was found 

that in most cases 3-4 significant figures can be secured easily in the 

results. But, unfortunately, in the beginning of eclipses, i.e., if 

h 1 + kp for occultation type eclipses and h «-*<--  k + p for transit 

type eclipses, almost all the accuracy vanishes and 2 significant figures 

can hardly be achieved even if much higher point formulae are employed. 

For example, Gauss - 32 - point formula gives (0.2, 1.2) = -0.093

instead of true value zero in this first contact point.

Expansions (5.19), (5.20), (7.2) and (8.4) from Chapter 1 have 

been automated by employing Gaussian 32-point formula (G32) for the 

evaluation of their coefficients. It may be useful to note that the 

numerical values of the coefficients in (8.4) rapidly increases with 

increasing n , but contrary (1 - c2)n/2n/av/nI diminish more rapidly 
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so that we, in most cases (for large values of c ), have the convergent 

results. If c 0 (or 6^0) the respective expansion diverges.

It was found from the practical applications in addition to the 

above results (which are also true for the applications of these expansions) 

that approximations to the true results are also highly oscillatory with 

irregularly diminishing amplitudes by increasing n . For this see the 

accompanying Table 5 which was constructed by employing (5.20) from 

Chapter 1 in the first contact point ( £ = r^ + r^) for r^/r^ = 0.6. 

In this case

S,) = 0n = û . (1-3)
ft-O

The coefficients U were evaluated by G32 where the upper limits 

of respective integrals were taken to be 30. This example reveals that 

the present numerical method for (1 .3) is unable to secure more than 

three figures in the respective points.

In all the foregoing numerical integrations we reduced the infinite 

interval to a finite one by ignoring the "tail" of the integral, as

0 0

= j ^x) c/x < Tolerance

ZS (1 ,4)

where it is difficult to fix the quantity B owing to its dependence on the 

values of parameters k and h in addition to the tolerance in the result. 

On the other hand, since the integrand is highly oscillatory in our case, 

summation of the positive and negative contributions to the results
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Exact value

Table 5

n o(°y=o.6)
_  "I—...— - ■ O

’ o II O
' 

0)

■ 1 - ---

0 0.186 451 0.139 838

1 0.119 640 -0.039 622

2 0.027 696 0.001 922

3 0.001765 -0.000 727

4 0.000 215 =0.000 405

5 =0.000 873 0.000 906

6 =0.000 569 0,000 052

7 -0.000 557 0.000 889

8 -0.000 407 0.000 280

9 . -0.000 261 0.000 673

10 -0.000 249 0.000 299

11 =0.000 149 0.000 522

12 -0.000 093 0.000 382

13 -0.000 083 0.000 506

14 =0.000 036 ' 0.000 452

15 0.000 016 0.000 430

16 0.000 035 0.000 483

17 0.000 032 0.000 435

18 0.000 019 0.000 463 '

19 0.000 005 0.000 455

20 =0.000 001 0.000 452

0.000 000
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cause some loss' of accuracy even if B is properly fixed, especially if 

the successive contributions are almost equal in absolute value. This 

happens in the case of first contact points when 6 = r + r^ in our 

problem. There are, of course, numerous devices to speed up the 

convergence of series summation. It is the authorfs expectation that 

these devices would not give satisfactory improvement in our problem, 

besides their application will require some additional time-consuming 

operations. However, they may be worth applying.

In the following section we shall compute the respective HankeL 

transforms without any numerical integration, but by series of hyper­

geometric functions which have been developed in Chapter 1 for the o< 

and I-integrals, and in Chapter 2 for the moments ",

3,2 Approximations by Series Summations.

In this section the numerical evaluation of the requisite functions 

will be examined by series summation from their expansions in series 

of hypergeometric functions (see Chapter 1). In these expansions terms 

consist of the product of two or three hypergeometric functions of the 

type F and F^. As it is well-known (cf. Erdelyi et al, 1953; Vol, 1, 

Chapters 1 and 3)

and
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D M- 0

i—yn
M (2.2)

where (c<^ is the Pochhammer symbol as defined before. Below we

produce Fortran programs for these two hypergeo metric functions.

Fortran program for 2F1

ID

15

20

FUNCTION F21(A,B,C,O) 
TA = A .
TB = B
TC = C ,
Pal» '
I A = 0
Tf = TA
T2 = TB
T3 = TC
3 =1, + C CA*Q)/C)*Q

102 Ia=IA+1
PxPA'(lAfrl)
T1=T1*( A+ÏA)
T2=T%*(B+IA)
T3=T3*(CfIA)
A A - I A + 1
31 ™ 3 * A A
^=(T1/T3)*(T2/P)*Q1
G - G I1 3
AW=A85(W)
IF(AX»O.Q0000001)101,101,102

101 Fpl=G
RETURN
END



1

5

10

15

20

25
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Fortran program for F

r'JlCTUN Fd(AlfBl,:lfC2,X,Y)
3 = l,fAl*BUX/ClfAU-BlA-y/C2
Tl =A1 '
T2 = 31
MsîO

6 M " M + 1
ri=Tl*(Al+FL3AT(N))
T2=T2*(81+Fk3AT(N) )
MMsNf2
00 2 11 = 1,MM

'i = ^M# I I
T3 = GAM(C2tFL3AT(I))/3A'1(C2)
T 4 2 3 A ( C 1 + F L25 A T (B ) ) / G A ( C 1)
RM = Fi,3AT(M)
RI=FL?AT(I)
X X = X A * R M .
YY=Y*ARi
', = (Tl/T3)*(r2/T4)*(XX/3A>1C^I  + l.))*CYY/Gi\'.|(RMti,))
j = to + it ■ ' ’ '

2 CONTINUE
AW@A3S(X) .
ZFCAX-□„00000001)12,12,ti

12 F4=G '
RETURN
ENO .

Thus, with the aid of these programs ^F and F -functions can 

be evaluated efficiently if the respective series given by (2,1) and (2.2) 

are rapidly convergent. If they are not rapidly convergent, the above 

Fortran programs may give inaccurate results owing to the growth of 

round-off error with n . However, the following transformation formula 

(see above reference, p. 1 08) may be used to speed up the convergence 

of gF -functions if Q
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Ifif) = r(c-a-b) c/b
* c 1 r(c-fi) Hc-B) 1 l A+B-C+)

(2.3)

which reduces to

i~n + E>“C-n, & c (2.4)

if gF concerned is a polynomial of degree n .

To terminate the summation routine in the above programs we 

make the following assumption: if .

Inn

W+M A AJ

tolerance (2.6)

n-N

for ^F and similarly if

SIG- ,
n=N n

(fitJ)min (&1}mtft vwi x,R

for F^-f unctions, where arbitrarily small real number SIG has been

-8 "
taken to be 10 just as an example. Thus? once W becomes equal to

or smaller than SIG the routine terminates. In the "FUNCTION F4n>

GAM( oC ) stands for the Gamma functions P. Computer 
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software for / (cxQ can be found in any subroutine library.

Gauss’ relations between ^F and its two contiguous functions 

(see above reference, p. 1 03) can be used as the three term recursion 

relations for the evaluation of the n dependent F^ -functions. This 

procedure i) considerably shortens the computing time, and ii) reduces 

the round-off error. Moreover, if the quantity A or B in F 

happens to be a negative integer, then the above procedure leads us to 

utilize the three-term certain recursion relation for the shifted Jacobi 

polynomials (see Equations 6.4, 6.7 and 6.9 in Chapter 1).

Expressions (4.3), (4.11), (6.3), (6.6), 6.12), (6.13), (6.14), and

(6.15) for the fractional loss of light oCj , (11 .3), (11 .4) for 1°
—1,1 

and ij -integrals all from Chapter 1 , and in addition (2.5), (2.11), , 

(2.13), (2.14) and (2.16) for the moments from Chapter 2 have 

been automated. For this the above programs of and F^ , and 

the certain recursion relation (6.7) with (6.8) (from Chapter 1) for the 

shifted Jacobi polynomials have been utilized. The tables of J , 

t . and f -functions with large intervals in a and c have 
-1,1 -1,1 2m

been constructed for small values of I and m by employing the above 

automated expressions. An inspection of the numerical tables leads to 

the following conclusions:

1 . In general, all the approximations to true values show irregularly 

and slowly damping oscillations (see Table 5). This gives rise to a 

question: How and where to stop the summation of the respective series? 

It is obvious that here a similar criterion to (2.5) cannot be applied.



When a term for n = N becomes smaller than an arbitrarily small 

SIGMA, the summation beyond N may well-be large amount. We 

decided from the applications that the criterion can be put on the maximum 

number of the considered terms to achieve the wanted accuracy. For 

example, in general, the summation of about the first 20 terms is enough 

to secure three significant figures for from expansions (6.3),

(6.6), (6.12), (6.13), (6.14) and (6.15).

2. If the recursion relations are used in the re-computation of terms 

in the series summation of the respective expansions, in general, the 

results with 4-5 significant figures are obtainable, but in the first and 

second contact points (when S = r^ + r^ and = j r ) the conver­

gence of the expansions is considerably slowed down. Therefore, in 

this case 4 figures are hardly obtainable by considering first 80 terms 

for c< | and more than 100 terms for I-integrals. As it was noted,

3 figures for are usually obtainable by the summation of only the 

first 20 terms.

3. If the expressions include a F^-function in double infinite series 

form, in many points round-off error starts propagating before we 

achieve three figures in the results. Moreover, these expressions are 

time consuming, since we have no existing recursion relation for the 

re-computation of n dependent F^-f unctions for successive values of n ,

4. All the expansions (6.12) - (6.15) show identical behaviour in 

approaching to the exact values. In convergence they seemed to be 

slightly faster than the expansions (6.3) and (6.6) for the same - 
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functions , but the former expansions take more computing time than 

the latter, since they include a shifted Jacobi polynomial of even order 

for which the recursion relation is algebraically complicated and has 

not been employed in our computations.

5. The algebraic expansions (2.6), (2.15) and (2.17) for the functions 

hardly secure two significant figures up to n 15. After this 

point round-off error starts propagating as it has been shown by the 

present author (Demircan, 1978a) and consequently the respective series 

diverge. This loss of significance in computations is caused by the 

successive subinstructions of almost equal quantities in the last sum­

mations in the form

\ \7 if' ^n+ei+^ X1 - "y / v\ — ) v U *—" — —— ------ * —I in Lx) - y
. .

= -P (~a> rt+*ix'] (2.7)M/ /1 I /
of the respective expansions. Here, for the sake of illustrating the way 

in which the round-off error propagates with n , we extracted the 

following numerical example (see Table 7) from Demircan (1978a).

This example gives the machine results of the summation of the l.h.s.

of (2.7) for X = 1 , m = 0 and X - 3, It can be shown that for these 

elements (2.7) reduces to
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as exact values,

Table 7

' n
j = 0

n
r

' j =Hd

0 1 .000 00000 12 1 .000 00054

1 . -1.000 00000 13 -0.999 99332

2 1.000 00000 14 1 .000 01144

3 -1 .000 00000 15 -1.000 19455

4 1 .000 00000 16 0.999 19128

5. -1 .000 00000 17 -0.994 75098

6. 1 .000 00000 18 , .1.051 14746

7. -1.000 00000 19 -1.275 39063

8 1 .000 00000 20 0.476 56250

9 -0.999 99999 21 -5.515 62500

10 0.999 99998 22 -36.906 25000

11 ' -1 .000 00027 23 639.750 00000

* •

In order to improve the numerical results for the functions f , 
2m 5 

it is necessary to get rid of the propagating round-off error in the com­

putations so that we could consider larger number of terms in the res­

pective expansions. Numerically it is known that nothing can be done, 

for example, use of a double precision arithmetic would merely delay, 
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but not prevent the growth of error. However, the analytical methods 

as the development of a recursion relation for the successive numerical 

evaluation of the summation (2.7) for any set of parameters may solve 

the problem.

3.3 Recursion Relations and the Revised Formulae for A_ *s . 
- -- — ------- ---------- - -------- —----------- --------- —------ -——  2m— 
The basic quantities of the problem are o< ° , 1° , ij

L 51 1-51

and fg • All the other requisite quantities may be defined in terms 

of these basic ones. In point of fact constitutes merely a

particular case of fgm if m = 0 (see Eq. 2.13 in Chapter 2) and 

may be written in terms of 1° and 1°. by means of a recursion
I 5 L ”” I 5 I ^12

relation provided by Kopal (1959, p.21 5, Eq. 5.52) in the form

r' =/W r r 
js,y * * p,y+z- (3.1)

where JA is as given by (7.17) of Chapter 1 . Thus, actual basic 

quantities are only the and f . The 1^ may be easily and

efficiently evaluated by means of its algebraic but slowly converging 

general expansion (11 .3) given in Chapter 1 . Its Fortran program will 

be produced in the following section. As for the fg “functions, it will 

be more convenient - as it has been discussed in the previous section - 

to work with the algebraic expressions (2.6), (2.15), and (2.17) whose 

simple analytic structure lend themselves readily for automatic com­

putation by means of computers of very modest size. The computing 



— 113 —

time may be considerably shortened by using the recursion relation 

(6.7) for the shifted polynomials from Chapter 1 . However, a 

serious problem in the computation of these f -functions is the slow 
2m

convergence of the respective series and propagating round-off error 

with increasing n (see the conclusion 5 in the previous section) where 

in the computation of summation (2.7) the following procedures have 

been employed:

H
i) Set Mn = JF ® J 2 ~

J-o
it) Find > L = Û> ,J Z>" ' (3.2)

üi) Ma = t '

Moreover, we have utilized the recursion relation

in the successive evaluation of the respective terms. This recursion 

relation may be easily deduced by a combination of well-known formula

n~F i) — l) (3,4)

for the Gamma functions, and (2.7) with the definition i) in Eq. (3.2).

We shall, in what follows, represent two other methods (cf., e.g., 

Davis and Robinowitz, 1975, p.216) to reduce the round-off error in 

the computation of the summation (2.7) which is a factor in Equations
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(2.6), (2.15) and (2.17) for the f unctions of Chapter 2.

METHOD 1 . ■

n
i) Set Mn Qj ? = Ct=

j-o
it) Find 4. = 4; + Ch. . , t - Oj h?-, * - • ; A-i

Ul-H 1

7iVl = T,-tt ; £/+, = 1i+i " ;

w(v( = - 4-+/ / ® °
iii) . . iMfi. = "^ + u>n .

METHOD 2.

l) Set Mn=£c(; , to = (Xo, t^o, s = o

J=O .
it) Find ô; =. a. + . uL = T, ; ■

= ("it-f- ÜÔ + %

(3.5)

(3.6)

These methods are based upon the fact that when a small number is 

added to a large number a part of the accuracy inherent in the former 

will be lost. ■

Next, we shall represent the derivation of a recursion relation (of. 

Demircan, 1978a, b) by which all the sequence of the summation (2.7) 

for the successive values of n can be generated recursively in a very 

simple manner. The process is not only fast but also prevents the 

round-off error from propagating. It is well adapted to modern computing 
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machinery5 and may be useful even if only one member of the sequence 

is desired.

In order to illustrate the derivation of this recursion relation

let us first write the well-known three-term recurrence relation satisfied 

by the orthogonal polynomials

satisfies this recurrence relation (of. Demircan In order to

derive the respective coefficients (2.7)

more explicitly for n - 1 n and n + 1

n-1+i 1 i

ft
K/0 (3.9)n

■a-ht
n+ijM-iDn-f-i (3.10)

where

ïb J

fl-i, o

A-H,

1

It may be shown that summation (2.7) as polynomials of degree n in

, , B and C let us write n n n

x"

It may be easily shown that
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a a j éfi, jfl (j-f-0 (w-*+j)  ">J (3.12)

(see Eq. 3,3) and

%, J = '(nTo ' J 6 ” ’ C3-’S>
Now, if we construct the r.h.s. of (3.6) with the aid of (3.7) and (3.8) 

we get ■

Thus, one can easily write by comparing Equations (3.10) and (3.14) 

that

^n+i,o ®-n,o + t~n ; fl >. I

C^hi, f + i + G

Cln+i,n-i C(n,n-z."l~ \n-i + Q ;
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7% an,n-i + > n >z \ (3.15)

^n+ijn+i ~ *'*i  ®n,n > n > °

Consequently, we find from these results by using definition (3.11) and

recursion relations (3,12) and (3.13) that

(3.16)

Thus, the derivation of the requisite recurrence relation for computation 

of the sequence (X) given by (2.7) is completed. This procedure

not only Shortens the computing time, but also reduces the round-off 

error in the evaluation of (2.7) for any set of parameters m, c< and 

n . Therefore, the functions f (a, c ) can now be evaluated easily 
2m o

and effectively by means of the recursion relations (6.7) for the shifted.

Jacobi polynomials from Chapter 1 , and newly derived (3.7) with (3.16) 

for the new polynomials.

Finally, we want to give a few special values of summation (2.7) 

for n - 0 , 1 and 2
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o

and

z) C=<+ 3) 
+ C<j ( M +- ai + l

which will be necessary to start the computation of the sequence

(m. oA
(X) by using recurrence relations derived, -

According to the above development, Equations (2.5), (2.6), (2.14),

M-MÈZ-
(3-18)

where

(3,19)
M. V4-2L)

(fw-C) v+m-i)

(2.15), (2.16) and (2.17) for the moments may be revised as follows:
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or

Algorithms for
0
L

Purpose

ALFAO calculates approximate values (accuracy almost 4 figures) 

of the fractional loss of light oC? for any type of eclipse and any degree

I of the adopted law of limb-darkening (see Eq. 1.3 in Chapter 1).

Method

for the shifted Jacobi polynomials from Chapter 1 . The coefficients

It uses the formula (6.6) for with the recursion relation (6.7)

n\
(nt-i) Pty+n+i}

(4.1)

in (6.6) are also evaluated recursively without any resort to gamma 

functions, as

p _ c/ x (v+Zf[+^
I n .fi (n+i)

wherepi - pi «..É3+J.L
' 'n+i n (v+n+i)

(4.2)

(4.3)
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with

F/o =v 4^ n=o, -for r^i, etc. .

Usage

It can be used solely through the argument list, ■ 

It requires no subprograms, 

Description of parameters

L =- An integer specifying the adopted degree I of the law of limb­

darkening (L = 0 for 9 L = 1 for c<^ $ etc.).

NM - Number of terms to be considered from the infinite series 

summation (6.6) of Chapter 1 . It is related with the accuracy 

of the results for NM 100. "

A11 - Stands for the quantity a = r /(r+ r^) .

C11 - Stands for the quantity c = 6/(r^ + r^) . 

Accuracy

For NM =15 , 2 significant figures are accurate.

For NM = 25 f ~ 3 significant figures are accurate.

For NM = 80 , 4 significant figures are accurate.

20

M/s.Mx.’ 1
V=FL'3AT(L+2)/2,
Cq-Agsçci1*1,)
IFCCH-,0001)20,20,11
ALrA3=0.
%ETURN.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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11 IF(All-_5)42,42,13 '
42. X&=!.-2.*A11-C11

0001)43/41,41 1 .
41 &LFAO=1./V . -

RETURN
43 V +1, •

0=V+2. '
. 01 ='^(3 + 1.) ..

3 t 1 s I , * A 1 1 ■
■. ' A ( 2 s A 1 1 * * 2

312*311*  A-2
' Ci 2 = 211**2 .

C?2=l,-C12 ■
■x312*C?2**PP
Fi0=1,/V
-1(1)=!./(Vfl.)/V
Fi(2)=2./(V+2,)/(V+l,)/V
="P=F10*(v+2.)
fqx- Fl(l)*(V  + 4.)/2.

■ -q=Fi(2)4(vt5.)/3,
R1 (l) = -(V + l.) + (Qtr,)*Ail  
R2(1)=Q-(Q+1,)AC22
R1 (2) = (Vtl1)*Q/2 1*Q*CQf2J  *A11  t-CQ+2,)*(lU3 i)*A1272 e
R2(2)=Ql/2,~(QtU*(a+2\)*C22+(Q+2.)A(Qt3.)/2,AC22A*2,
A[q FP+FQ*Rl(l)*f2.t%2(l)+PR*RiC2)A*2.4R2C2) '
0% 1Q0 4=2,NX - ' ' ' ' .
M 4 = 4 + 1 - "
A4=FL3AT(N) ’ .
3 M = 2 . * A N
RM=FL^AT(NN)
sM=2,*RM .

• -1(M\|)=F1(N)*R\|/(V+-RN) - '
=F H MN ) * C V f PM t-2 , ) / C RN M , )

Ot 1 = (BNtQ) *(34+0+1 . ) ZR;/( A.4 + Q) '
0| A = (3MfQ) a (2, - Va-*2,  ) •(BNfQ)**3,
Ot 3 = 2, *RM* ( A4t3) *(3Ni-0,.l f ) •
)lCs(AN+i.)A(ARtV)»(3NfQ+l.) .
)l5=RN*(ANtQ) 6(34+3*1.)
3t 2 = D1A/D1B
)13=D1C/D1D

1 3?1=*D 1Î '
1 ))2=A^t(AN+Q-l.)6021/(3^+3.1,)+34+J

023s(AN + Q-l.)ArQ22/AN-(AN + Q)*(A4+Q-l t)/AN/R.4
RlCNN)-(Dll*AllfD12)*Rl(N)»D13A-Ri(4»i)
R?(M\|)=(02l*c22f022)*R2.CN)*D23*R2C4*D
3=F*'R1(S ’N)**2.* K2CNN)
AL=A[+G ~ '

loo continue

ALfAO = ALAE-
Return
2nd- • . . . - -
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2. FUNCTION AINTO

Purpose .

AINTO calculates approximate values (accuracy almost 4 figures) 

of the 1^ -integrals for any type of eclipse and for any value of real 

1^0.

Method

It uses the formula (11 .3) for integrals with the recursion

relation (6.7) for the shifted Jacobi polynomials from Chapter 1 . A 

recursion relation similar to (4.2) is also employed for the successive 

evaluation of the coefficients

m n! (v+zn+i)
(4.5)

in (11 .3) for the respective integrals, as

F. (4.6)

where

(4.7)rw-l

with

(4.8)vfvtz) .V

n x

Yl i " ?
, H 4“ V T /

Usage

It can be used solely through the argument list.

It requires no subprograms.
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Description of parameters.

Same as in ALFAO.

Accuracy

Slightly lower than that of ALFAO.

FHNCTI3N AINTOCL^vb i\l i,cm
9I^:NSI3N Rl(80),R2(8O),Fl(8D)
M x s M •
M X = M X’" 1
V=rL3AT(L+2)/2.
Cn=A3S(c[l-lt)
lFCCM-40001)2^,20,11

20 ATNT3=0. 
RrTURN

11 lF(All*,5)42,42,43
42 X ft I ( 2,   A 11-C  11 ■* * *

IF(XA+.OOOÏ343,41,41.
41 AT^ro=o. «

RfT'JRN
43 Vv=2.v*

Q = V i-1,
Q1=w*CQ+l. )
311=1,«All
A,2=411**2
312 = 311**2
:12=C11**2
C?2=l,*C12
Fi3=l./V
F1(1)"1./(VH,)/V
=h(2)=2./(V+2.)/(V+l.)/V
Fp-"1D*(VH,)
Fg = : Fl (1)*( Vf3,)
FR=FlC2)*(Vt5,)
£=(A11/B11)**VV*812*C22**V
-Ri (l)=*(V  + l.)t(Q+l.)*Aii
R2Cl)=Q-(Qtl,)*C22
R!(2)=(Vt2;)A3/2.*(Q+l.)*Ca+2.)»All+(Qt2,)*(Q+3.)*A12/2.
R?(2)=(Vt2.)*Q/2,"(Qtl.)*CQ+2,)*C22tCQ+2.)*(u+3.)*C22A*2/2,  
AL= FpfFQ*Rlc 1)**2,*R2 c1)+FR*RIC 2)A* 2,*R2( 2)

. 3% 100 N=2,NX ' "
M a M + 1
A%=FL3AT(N) .
3 >M s 2 , * A M ■
R\t = r U3AT(N,N")
.?.N 5 3 e *.R N -     - - - - - - - - - - - - - - - - - - - - -■ - - - - - - - - - —  
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- /
-1 (N)*R\|/(VtRN)  •

3. FUNCTION F2M ■ . -

Purpose -

F2M calculates approximate values (accuracy almost 4 figures) 

of the constituent ^mCa> cq)-functions (see Eq, 4.13 in Chapter 2) for 

the moments of the light curves for any type of eclipse and for 

the quadratic law of limb-darkening ( -A- » 2), 

• Method •

* . It uses (3.18) of the previous section to construct f^^'s;

• - :=rl(\N)A(V+PN+l;) \
)!l=(8N+3)A(RNf%fl,)/RN/(ANfQ)
DlAsC3 *NtQ)*(l 1-'V*A2,)"(0N4-3)**3 e
5l *R ‘J*  ( A3) * (BNi-Qe i , )
)tC=A%*CAN+V)A(3N+9+l,)
3tD=R^*(A^t3)*CBSt3»l e) •
>12 = 01 A/D 13

• >13=>1C/D1D
) 9 1 s • D 1 t

>?3=(AMfQ-l.)*>22/AN.(AN+Q)A(AM+Q-l.)/AN/RX
Rt(MM) = CDll*All+012)*'RlCN)*0U*Ri(M-l) 
R2(W = (021‘C22tD22.) *R2 (N) »D23*r2 ( M«1 ) 
3=F*r1(NN)**2-.*R2CNN) .
%L=AL+G ' ' .

-100 C^MTINUE
AT'1TO = 4L*£ ' -■
RETURN ,?...
1NQ • ' • ' :
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The recursion relation (6.7) with (6.8) from Chapter 1 , and (3.7) with

(3.16) from the previous section have been utilized to evaluate the

f ’s recursively. Remember that the general form

reduces to

(4.10)

(4.11)

Cl")for m = 0 , where the coefficients C y are associated with the law

of limb-darkening of degree -A . T hey can be given by (see Eq. 1.4

in Chapter 1) •

/-» Û)_ su,

3 — Uj 3—(J*  (4.12)

for a linear law of limb-darkening (i.e., when -A> = 1) and

z-v(o) éÔ-Mi-Uz) .
L- — 77------ -----------x '

U- ztz,- 3UZ}
CM= ... ' (4.

lu, - 3 I
^2. . I

for a quadratic law of limb darkening (A. = 2). Thus the ’’FUNCTION

F2M” for m - 0 permits us to evaluate the o<^ -functions as well.
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FUNCTION F2M also utilizes the closed form expressions in the case 

of total eclipses for integer values of m (see Equations 4.21 - 4.24 in 

Chapter 2).

Usage '

It can be used through the argument list. The user must supply 

one additional function programi GAM(A) for the gamma functions p (A). 

Moreover, the following coefficients have to be provided by the main 

program or by another subprogram. This is done to save the computing 

time since the F2M is called repeatedly with the same coefficients given 

below. ,

rn
i) The coefficients C denoting the C -’s for the quadratic law 

of limb-darkening (see Eq. 4.13).

ii) as-given by (4.1) for every adopted I (for the quadratic 

law 1 = 0, 1 and 2) and considered n ,

iii) The coefficients Di 1 , D12 and D13 (for every I and n ) of 

the recursion relation for the shifted Jacobi polynomials as given by 

(6.8) of Chapter 1 .

iv) The coefficients D21, D22 and D23 (for every I , m and n) 

of the recursion relation for the new polynomials M^(X) as given by 

(3.7) and (3.16) in the previous section.

Description of parameters

NM - Same as in ALFAO and AINTO. .

M - An integer specifying the index m of f . 
v 2m

A11, C11 - Same as in ALFAO and AINTO,
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D11 , D12, D13 - The coefficients A , and of the recursion

relation for the R^(X)-polynomials. ■

021 g 022, 023 - The coefficients A^, B and of the recursion

relation for the /VL (X)-polynomials.

Restriction

The parameter M cannot be any integer but 1,2,3, 4, 5, 6, 7 

and 8 specifying m = 0, 1, 2, 3, ^/2, X and X respectively.

Accuracy

Almost the same as in ALFAO.

FUNCTION FZMCNM/M/AIGCIO
EXTERNAL GAM
COMMON C(3)fF(3.|00),011(3JQO)fDl2(3,WO)fD13(JfWO)f

1D21 (8,3,100) , D22(8.3,100) ;D23(8,3J00) "
DIMENSION FM(3),R1(80)7R2(B0) 
B11=1,nAl 1
A 1 2 A1 1 * * 2 ■
G1 2 = B1 1 * * 2
Z1=B12/A12
C12;C11#*2

- - - - - - - - - - - - - - - cy=L.-Cd2_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
NX
1F(A11M|5)42,42,4 3

42 XA=1.p2,A11rCl1*
1FCXA)6 3,41,41

41 X=(B12"C12)/A12
GO TO (4A,45,46,47)H

44 F2M=1.
RETURN

4 5 F 2 M s X
RETURN , , ,

46 = + * C£2)-H-/3- *Cf3))
RETURN '

___4 7___ f2M = x**3 f-X ^Z1 *C 3■ * C(1 ) *t  8 75* 16 C(2,) + C(3)) 4*
I Zi >(C(l') + 48-A05 ,7C(Z) .f h/4.Tc73T) 

RETURN '
43 GO 70(11,12,13714,15,16.17.18)M

11 RM=O.
GO TO 20

12 R M = 1 ,
GQ TÛ 20 '

13 RM=2.
GO TO 20
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14 RM-3,
GO TO 20

15 RM=.5
GO TO 20

16 »M = 1 ,5
GO TO 20

17 RMp.25
GO TO 20

18 RM?,75
20 DO 30 11=1,3

lF(C(II))51i50,51
50 FM(II)=O,

GO TO 30
51 I L 3 I I f 1

V-F LOAT C ! 1*2)  /2-, 
pPsRM + v + 1 ,

„ = B1 Z*C22**PP/A1 2**RM*GAM( RM*1 7) *CCI I )   
P - V+ 2-*

Kl^)= (V+I»)/J2.« - /I*  6A+Z-) n t 6/4 /%'
RMA=RM*A . Z
GA=GAM(A) .
GMAsGAM(RMA)
S=GA/GMA „
R2ÛPS
XP = A«A*(A*1 ,)*  C 2 2/R M A
R2 (1)=XP*S  ,
XR2A*(A+1.)/2."'A*(A+1,)*(A+Z,)*GZ2/RMA+A*(A+1

lC22**2/z./RMA/CRMA+l,)%C4+3O
R2(2)=XR*S
FO=A/(A"2,)
Fl=(A+2,)/(A~i.)/(A~2.)/2
F2=Z,»(A*4,)/(A~i.)/(A-^.)/A/3,
AL=FO*R<0+F1»R1(1)**2*R2(1)*F2*R1(2)**2*RZ(^)

10 N=2,NX
HN = N.,1

.)*(A+Z. )*

1 « (\fc ( n“j 1 = ----------- —------------ ----------- -—.— - - ...

G - F C MR #I If N N)*  R3(NN)**2*R2CNN)
A L K A1, + q

10 CONTINUE
FM(I I)=AL*E

30 CONTINUE
x F2M=FM(1)+FM(2)+FH(3\

. RETURN
END  
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CHAPTER 4

THE PRACTICAL PROCEDURES FOR OBTAINING THE 

• ECLIPSE ELEMENTS

In the preceding chapters the fundamental quantities for the new 

approach to the problem of an analysis of the light changes of eclipsing 

binary systems in the frequency-domain have been given as the simple 

algebraic formulae and their fast efficient computation in practice has- 

been discussed. The algorithms in Fortran have also been enclosed for 

the numerical evaluation of these quantities.

The moments A of the light curves (for the spherical model) 

have been presented (Chapter 2) i) in the form of general closed expres­

sions in terms of the KopahJ-integrals for integer values of the quantity 

m t and ii) in the form of infinite series expansions. In these latter 

express ions 3 the terms have been given as the product of two different 

polynomials which satisfy certain three-term recursion formulae, Thus, 

the numerical values of the theoretical moments A. can be generated 2m 

recursively up to four significant figures for any given set of eclipse 

elements.

When we evaluate the observational values of these moments with 

the aid of definition (0,1) in Chapter 2 for any positive value of real m , 

they constitute simple algebraic relations between the unknown elements 

of the eclipses and the observed characteristics of the light curves, 

This can be utilized to solve the eclipse elements in two ways: i) with
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fa 4 É^ms V
a direct method jid*  minimization jb^the observational moments 

(area fitting), and it) with an indirect method, (for the procedures see 

Paper XIV) as a suitable elimination of the unknown parameters and 

solving the remaining two non-linear independent equations for the 

remaining two unknown parameters a and cq .

The aim of the present chapter will be to utilize the results obtained 

in the preceding chapters for the development of practical procedures 

(of. Paper XIV) for obtaining the elements of any eclipsing system from 

the observed photometric data by their analysis in the frequency domain 

for any type of eclipse, any proximity of the two components, and any 

degree of the law of limb-darkening of the eclipsed star.

In the first section the wide binaries with^hB spherical components 

will be considered. The generalized procedures^ssfethe- systems con­

sisting of arbitrarily distorted stars will be given in section 2. In these 

procedures, the distribution of surface brightness for the apparent 

discs of the stars will be assumed to be radially symmetrical and the 

respective limb darkening coefficients will be taken to be known from 

the theory of the stellar atmospheres. Section 3 is devoted to the develop­

ment of a method to the solution of the two respective simultaneous non­

linear equations for the unknown parameters a and c , The methods 

from section 1 for obtaining the eclipse elements of wide binaries from 

one observed minimum alone have been automated and tested on the light 

curves of YZ(21) Cassiopeiae (cf. Paper XV) and R Persei (Algol). 

The results of these applications will be given in the final section.
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4,1 Systems Consisting of Spherical Stars.

The aim of the present section will be to outline the practical 

methods (cf. Paper XIV) by which an analysis of the light curves for 

the elements of eclipsing systems which consist of spherical stars can 

be performed in the frequency-domain for any type of eclipse. At first 

sight, the adoption of spherical shape for both components of such sys­

tems may seem to be unduly restrictive, and limit the applicability of 

a model based upon it only to a very small class of systems which are 

sufficiently wide for mutual distortion of both stars to be negligible.

However, by virtue of their relatively low probability of discovery 

(narrow eclipses) alone, such systems are likely to constitute but a very 

small fraction of eclipsing systems known to us at the present time. As 

the probability of their discovery increases with increasing proximity 

of their components, so does their mutual distortion; and the proximity 

effects arising from it are bound to cease to be negligible. However, 

as it will be outlined in Section 2, a solution for the elements of dis­

torted eclipsing systems can always be reduced to one based on a spheri­

cal model. This fact should make the subject matter of the present 

section fundamental for an analysis of any light curve in the frequency­

domain - regardless of whether or not the form of the components whose 

mutual eclipses give rise to the observed light changes is spherical or 

distorted*  in the former case, it represents the final solution; in the 

latter, a necessary prerequisite for subsequent developments.

As has been pointed out already in Chapter 2, the fundamental
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observed quantities which will serve as a basis for a determination of 

the elements of the eclipse giving rise to the observed light curve are 

the moments of such light curves defined by Eq. (0.1) in Chapter

2. The basic data from which we depart in quest of our solution are 

represented by a set of these moments A_ , the number of which 
2m

must not be less than that of the unknowns sought for. The zeroth

moment (see Eq. 2,13 in Chapter 2)

where X = 1(0) stands for the light of the system at the moment of 

conjunction of the respective minimum (caused by an eclipse of the star 

of fractional luminosity ). The p£(a, c ) - °<0 signifies the maxi­

mum obscuration of the star undergoing eclipse, of luminosity , 

depending on a and cq . The fractional luminosities o are 

defined so that

h + Eg = 1 . (1.2)

Even in the absence of a knowledge of the foregoing parameters a, c 

and , the value of Aq can be ascertained from Eq. (1.1) in terms 

of the observed depth X of the respective minimumjwhile all higher

moments (corresponding to m X 0) can be established (of. Figure 3) 
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by a quadrature (or planimetry) of its observed light curve . As could 

be expected from the fact that, within eclipses, sin G 1 and there- 

2 m
fore, sin G 1 for increasing values of m , it follows that, 

numerically, A for m .

On the other hand, the theoretical values of the moments A^ 2m 

for any type of eclipse, expressed in terms of the elements , a and 

cq , have been established in the previous Chapters 2 and 3.

Suppose, now, that the coefficients u^ of limb-darkening can be 

estimated from the theory of stellar atmospheres, and that our aim is 

to determine the four elements r^ , r^, i and of the eclipse from 

the moments A^^ (the number of which must not be less than four).

In general, if we form the ratios

we can obtain that

provided that

+ , (1.6)

with real powers k^’s and j ’s , and the positive orders x^'s and 
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y^s (m, n = 1 , 2, 3, . . . ). At least two values of y 's should be 

different from x *s.  For two different sets of parameters k . x .
n n*  n ’

j and y , Eq. (1 .4) constitutes two independent relations between 

the observed quantities and the eclipse parameters a and c , since 

the quantities B given by (1 .3) can be established from the observations 

as ratios of the respective powers of the respective moments of the

light curves. In particular, if we suppose that n = m = 25 J1 = jg = kf =

kg = 1 ; x = Xg = 2 and y = 0, % y2 = 4,6, we obtain

and

(1.6)

(1.7)

These two simultaneous nonlinear functions can be solved for the para­

meters a and cq (this will be the subject of the Section 3 of this 

chapter). Once the values of the unknown parameters a and c have 

been determined we can use any one of the ratios A /A , , x
Xi Xj (X. / X ) to 

determine the fractional radius r^ of the star undergoing eclipse. If, 

for example, we use the ratio A^/A , with the aid of (3.18) of Chapter 

3 it may be inverted to yield r^ , as
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or with the aid of Eq. (4.9) of Chapter 3

since in (3.1 8) of Chapter 3

(1.8)

(1.9)

(1.10)

The other parameters can be obtained very easily; r from the defin­

ition of a , as

| — ti)
(1.11)

i from the definition of c .as o

t =■ £ ( 0 J ; (1.12)

and, finally, from the moment A = 1 - A (see Eq. 1.1),

(1.13)

In more specific terms, the fortran program F2M given in the
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previous chapter can be used as a basis of the construction of appro-

priate tables of the quantities g(a, c ) for two different sets of para- 

metcrs; and these tables, for example, in the case of 92 * 94 may be

inverted to yield the unknown parameters a(9g, g^) and g^) in

terms of the observable quantities and 94 for any adopted values

of the coefficients u^ of limb-darkening. This work has been done for

and for a quadratic law of limb-darkening, characterized by the 

coefficients u^ = 0.6500 and u^ = -0.0226 , which reproduces the 

solution of the equation of radiative transfer in grey plane-parallel 

stellar atmospheres within errors graphically shown on the accompanying

Figure 5. The corresponding tables of g2(a, cq), g (a, cq) were con­

structed (see the Appendices 4 and 5) with the aid of a CDC 7600 elec­

tronic computer of the University of Manchester, and their values 

accurate to almost four significant digits (tabulated at intervals permit­

ting linear interpolation between neighbouring entries within errors not 

in excess of 0,0004). The general behaviour of these functions is 

illustrated on the accompanying Figures 6-11 , and the graphically inverted 

almost two digit accurate a(g , g ) and c^(g , g ) tables are given in 

the accompanying Tables 8 and 9.
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-'0240

**•0080

-•0320

-•0160

•0000

0 0*2 0*4 0-6 7*0

Figure 5. Deviations of the linear (I) and quadratic (II) approximations 

of the law of limb-darkening from the exact solution of radiative 

transfer in grey plane-parallel atmospheres (abscissae) plotted 

against cos Y of the angle of foreshortening (ordinate), Curve I 

represents the deviations of the exact solution of the problem from 

a linear approximation of the form J( if) — 0.4 +0,6 cos Y ; curve 

II, the corresponding deviations from the quadratic approximation
P

J( Y ) - 0.373 + 0.650 cos Y - 0,023 cos Y (after Kopal, 1949).
/
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Figure 6. A plot of the function g (a, c ) versus cq for fixed values 
of a .
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Figure 8. A plot of the function g.(a, c ) versus c for fixed values 
of a . °. ■
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Figure 9. A plot of the function g^(a, cq) versus a for fixed values 
of c . 
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Figure 10. A diagrammat la representation of the function g (a, o ) 
as defined by Eq. (1 .5), in the (a, c ) plane, for every type of 
eclipse. ° .
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Figure 11 . A diagrammatic representation of the function g .(a, c ) 
as defined by Eq. (1 .6), in the (a, co) plane, for every type° 
of eclipse. '



— 144 —

Table Ba. aC92- 94) - functions for the occultation-type eclipses.

0.60 0.61 0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.70 0.75

Table 8b.

0.800 0.47

0.805 0.46 0.46 0.46 0.45

0.810 0.46 0.44 0.44 0.44 0.44

0.815 0.44 0.43 0.43 0.43 0.43

0.820 . 0.42 0.42 0.42 0.42

0.825 0.40 0.41 0.41 0.41

0.830 0.38 0.38 0.40 0.40

0.835 0.34 0.37 0.38 0.39

0.840 0.31 0.34 0.35 0.38

0.845

0.850

%(92' =4> - functions for the occultât ion-type eclipses.

0.800

0.805

0.810

0.815

0.820

0.825

0.830

0.840

0.835

0.845

0.850

ox? 0.60 0.61

0.06 0.04

0.23

0.03

0.12

0.20

0.01

0.09

0.13

0.02

0.10

0.24 0.12

0.06

0.28

0.07

0.15

0.43

0.10

0.23

0.51

0.13

0.29

0.56

0.05

0.22 0.14

0.39 0.30 0.05

0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.70 0.75
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Table Sa. a<92’ a4) - functions for the transit “type eclipses.

' (O/ %
-

0.60 0.61 0.62

0,800 0,58 0.58 .

0.805 0.58 0.59 0.59

0.810 0.61

0.815

0.820
-

0.825

0.830

0.835

0.840

0.845

0.850

0.68 0.69 0.70 0.750.63 0.64 0.65 0.66 0.67

0.60

0.62 0.62 0.61

0.63 0.64 0.64 0.63

0.65 0.66 0.65 0.64

0.67 0.68 0.67

0.70 0.70

0.72

0.64

0.66 0.65 0.65

0.70 0.69 0.67

0.72 0.71 0.69

0.75 0.73 0.72

0.80 0.78 0.75

0.84 0.82 0.70

Table Sb. cQ(g2, g ) “ functions for the trans tt^type eclipses

01/
%

0.60 0.61 0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.70 0.75

0.800 0.10 0.03

0.805 0.20 0.17 0.12 0.05

0,810 0.23 0.20 0.18 0.07

0.815 0.30 0.25 0.22 0.08

0.820 0.36 0.30 0.25 0.22 0.05

0.825 0.39 0.33 0.30 0.24 0.12 0

0.830 0.48 0.41 0.39 0.32 0.21

0.835 0.49 0.45 0.39 0.31

0.840 0.56 0.47 0.41

0.845 0.62 0.52

0.850 0.68 0.20



— 146 —

we can enter these tables to establish the corresponding values of a 

(1.14)

the eclipse under analysis turns out to be an occultation (i.e 
1

while if

1 (1.15)

if the value of
V o

happens to be such that

1 (1.16)o

the eclipse is bound to be partial. If

1 - 2a (1.17)

the eclipse becomes total; while if

(1.18)»

co

co

there is no solution. If, however, the solution discloses that

it proves to be a transit (r

r2);

Moreover,

With the values of and g ascertained from the observations 

and cq. It is interesting to note that for many pairs of and 

it happens to be annular.

To make the formulae (1.8)-(1.13) for the eclipse elements 

practicable, four-digit tables of f '(a, c§) and fQ* = f '/f '̂ , permit­

ting linear interpolation for intermediate entries, have also been con­

structed and given in the Appendices 1 and 2. For the behaviour of 

f ’(a, c ) - functions see Figures 12 - 14. The above tables should o s o
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Figure 12. A plot of the function f '(a, c ) (see Eq. 4.9 in Chapter 3 
versus cq for fixed values o? a .
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Figure 13, The functional behaviour of the function f '(a c ) 
defined by Eq.(4.9)of Chapter 3, in the (a, c ) ‘plane?
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make a determination of r^ from (1 .9) a matter of simple algebra; 

and to obtain the other unknowns from Equations (1 .10) - (1 .13) is 

straightforward enough. It may be noted that if a < % and cq 1 - 2a - 

Le., if the eclipse under investigation proves to be total — a solution 

for the elements becomes wholly algebraic, requiring no aid of any 

auxiliary tables, and can be carried out in a closed form by methods 

already investigated in Papers I and II.

The entire process described so far can be carried out on the basis 

of the light curve of any one minimum - say, the primary (deeper) one - 

alone, without any recourse to the secondary minimum; the only necessary 

prerequisite being a knowledge of the light level (Le. , the luminosity 

of the system outside eclipses) subtending the areas representing the 

moments . The process furnishes, moreover, a direct solution 

of our problem with the aid of necessary tables for a and c^ ; r^ (r^, i); 

and L. (L - 1 - L ) in that order. Its feasibility depends, however, on 

the accuracy with which the two simultaneous equations like (1 .6) and 

(1.7) based on the observations of the same minimum, can be solved 

for the parameters a and c (see Section 3 of the present Chapter); 

and this, in turn, depends on the numerical magnitude of the Jacobian

Vf,
à

(1.19)

As is well known, the vanishing of this Jacobian would imply a 

functional relationship to exist between successive functions g(a, c )

□ HpJ RYLANDS 
UNIVERSITY

LIBRARY 
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which would render a simultaneous solution of Equations like (1 ,6) and 

(1 .7) indeterminate. In general, this will not be the case. However,, 

if the Jacobian J , while non vanishing, is numerically small - as is 

likely to be the case for shallow partial eclipses - a simultaneous 

solution of equations of the form (1 .6) and (1.7) for a and c may be 

feasible only if the left-hand sides of these equations can be deduced 

from the observations with the requisite degree of accuracy.

Suppose, however, that the simultaneous solution of equations 

like (1 .6) and (1 .7) for a and c based upon a given light curve is 

weak, or borders on indeterminacy. If so, the determinacy of such a 

solution may be restored if we are in possession of the light curve of 

the alternate (secondary) minimum of the same system. -In such a case, 

the roles of the fractional radii r^ and r^ are interchanged, and the 

unknown quantities a and c can be solved from the pair of equations 

like

rL

(1.20)

(1.21)

based on the same moments of the alternate minima. Such a 
2m

procedure is generally to be followed in an analysis of the light curves

of systems (like WW Aur, for instance) whose minima are due to partial
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eclipses of comparable depth; and tables of g^(a, c ) continue to be 

available to facilitate this task. .

Suppose, however, that the depth of the secondary minimum is so 

shallow that the proportional errors of the moments A^_ on

the l.h.s. of Eq. (1 .21 ) become too large to make this latter equation 

of any practical use - a situation frequently encountered in typical Algol 

systems with cool secondary components. In such cases, only Equation 

(1 .20) remains significant, and additional independent relations between 

a and c must be sought.

In order to construct such a relation based on the depth of both 

minima alone, we may proceed as follows. Let denote the

remaining fractional light at maximum occultation or transit eclipses 

alternating in each system, and c< (a, c ), o^(b, c ) be the fractional 

losses of light of the components L , L, . The subscript a will here- a o 

after refer consistently to the smaller component of the two (an eclipse 

of which is, therefore, an occultation) and the subscript b to the larger 

star (an eclipse of which is a transit) - regardless of whether L^;

while, in the arguments of c< , a continues to be equal to r /(r + r^) 

and

If so, then an occultation eclipse (r

(°h ca) La )

(1.22)

(1.23)
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while half a revolution later, during a transit O > Pg),

X^ - I — c°) • (1.24)

An elimination of L between (1.23) and (1 .24) , taking advantage of 
a j b

(1 .2), discloses that during an occultation eclipse,

=<(<*,  Co) = /- A„ + -----------------— ; (1.25)
6f)‘y

while during a transit,

C<(L,Co) = I-Al, -t- /(A6-) / (1-26)

where we have abbreviated 

(1.27)

representing a slowly varying function of its parameters as well as of 

the coefficients of limb-darkening of both stars, whose theoretical value 

may be obtained by use of Eq. (1.1).

Equations (1 .25) and (1 .26) represent a second desired relation 

between the parameters a(orb = 1 -a) and c based on the depth of 

the two minima of light, and whichever of them should be adjoined to 

(1 .20) to obtain the solution for a and cq depends on the nature of 

the eclipses giving rise to the observed minima. Should the primary



— 1 54 —

minimum be due to an occultation eclipse (i.e. , if A( 5 Aq Eq. (1.25) 

should be used; while if it is a transit ( A, => ), (1 .26) should be

adopted. If, moreover, the occultation happens to be total (i.e., if 

c<(a, c ) = 1), Eq. (1 .25) can be solved to yield

(1 .28)

for the depth a/b (<L 1 ) of the respective system; and for an annular 

transit a similar equation holds good, provided that the fractional 

luminosity refers to the light intensity of the system at the com- ■ 

men ce ment of the annular phase.

In general, only one of the alternatives A - A, , or At will 

lead to a real solution for a and c . Such a solution can be facilitated 
o

by a recourse to tables of g^(a, c ), c<(a, c ) 5 f^(a, c ) and Y(a, c ). 

The tables of function Y(a, c ) have also been constructed for the same 

distribution of brightness over the apparent discs of the two stars, and 

given in the Appendix 3. For the behaviour of this Y(a, c^)-function 

see Figure 15. For machine computations, the fortran program F2M • 

given in the previous chapter is sufficient alone to perform the respective 

tables for any adopted values of the coefficients of limb-darkening, and 

once these have been done and the parameters a and c inverted.
o

the respective solutions can be obtained in the same way as before from 

the Equations (1 .8) - (1.10) or alternatively, for the fractional luminos­

ities & of the two stars can be evaluated from the following equations-
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Figure 15, A plot of the function Y(a, 
" versus c for fixed values of

cq) - as defined by Eq. (1 .27) 
a .
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and

Eq. (1 .29) can be derived with the aid of (1 ,28), (1 .24) and (1 .27).

Should, lastly, the depth 1 - Ag. of the secondary minimum be 

negligible - as it would be if the secondary component were effectively 

dark - this would imply that = 1 (or very close to it). In such a 

case, the second independent relation between a and c to be adjoined 

to (1 .20) would follow from (1.1) in the form ..

depending on whether the observed minimum of depth 1 - A, , is due 

to an occultation or transit eclipse. Only one of these, together with 

(1 .20), will yield a real solution for a(b = 1 - a) and c , and once 

their values have been obtained, the remaining elements r and i
1 >

can proceed in the same way as before.

4.2 Systems Consisting of Distorted Stars.

In the preceding section the practicable procedures for an analysis 

of the light curves of any type of eclipsing system have been developed 
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which are directly applicable to systems whose co'mponents can be 

regarded as spherical. However, as soon as photometric effects 

arising from their proximity cease to be negligible, such effects will 

produce a continuous light variation of the system throughout its orbital 

cycle, which will superpose upon the changes of light arising from 

possible eclipses. This fact will, in turn, necessitate certain modific­

ations of the reduction procedures outlined in Section 1 to make them 

applicable also to an analysis of the light changes exhibited by close 

eclipsing systems; and the aim of the present section will be to outline 

the requisite modifications from Paper XIV.

In order to extend the methods of Section 1 to an analysis of the 

light curves of distorted eclipsing systems, we must first re-define in 

an appropriate manner the respective moments of the light curves. In 

the case of spherical systems treated in Section 1 , the upper limit of 

integration on the r.h.s, of Eq. (0.1) of Chapter 2 was taken to be 

2m 
sin 9’ , where the value of the angle 6f of the first contact of the 

eclipse could be read off the observed light curve. For distorted 

eclipsing systems the variation of light 1(9) will continue beyond 9^9*,  

and the position of the angle 9T on the light curve can no longer be 

ascertained in advance without ambiguity. In order to avoid this 

ambiguity, the moments of the light curves are redefined as

A = ([ t( t)~ J ? - (2.1)

9
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where I (%) denotes the maximum brightness of the system at the time 

of quadratures (6 = ■£ ; ). This new definition is indeed quite con­

sistent with that represented by Eq. (0.1) of Chapter 2 - for in the case 

of spherical stars - an extension of the upper limit of integration beyond 

the moment of first contact would not affect the numerical values of 

A^m ? as their integrand 1-1 vanished outside eclipses It agrees, 

moreover, with Eq. (4.2) of Paper V. Since, however, the range of 

integration adopted on the r.h.s, of Eq. (2.1) extends now from the 

moments of conjunction to that of the quadrature, the empirical values 

of can again be ascertained directly from the observations - without ..

any prior knowledge of the properties of the respective system. In par­

ticular, we do not need to know whether or not the system exhibits eclipses, 

or whether the observed light curves are due to the photometric proximity 

effects alone. We may also add that the definition (2.1) of - like 

(0.1) in Chapter 2 for A^ - holds hood also for m = 0 , in which case 
2m

Eq. (1.1) is to be replaced by

= L ) - I (°} > (2-2)

and represents the total amplitude of the observed light changes between 

quadrature and conjunction of the respective minimum.

The straight theoretical moments A_ of the spherical case as 
2m

defined by Equations (3.17) - (3.20) of Chapter 3, in terms of the eclipse 

elements are then related exactly with the empirical moments A^ 

by Eq. (2.11) of Paper IX, of the form
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valid for any value of m (including zero), where the quantity on the 

l.h.s, of Eq. (2.3) represents the empirical )observed) moment obtain­

able by planimetry of the respective light curve, and the c Js are the 

amplitudes of the proximity effects varying as cos^©, The physical 

significance of these constants has been established in Section 2 of 

Paper V (Kopal, 1975e; Eq. 2.48) to which the reader is referred for 

fuller details; hereafter we shall regard them as unknowns to be deter­

mined by subsequent analysis. Lastly, the stand for the 'photo­

metric perturbations1, within eclipses, arising from distortion both of 

the eclipsed portion of the disc and of the eclipsing limb.

The numerical magnitude of the /^gm* 5 generally quite small, 

and for moderately distorted systems they constitute the smallest term 

of Eq. (2.3). This, however, is not true of the weighted sum

of the constants c.
■ J

responding to even harmonics j (and in particular, c^ factoring the 

second harmonic of tidal origin) may become relatively large, and their 

weighted sum (2.4) comparable in magnitude with A on the left-hand 

side of Eq. (2.3). In such cases the numerical magnitudes of the c.'s 

(2.4)

. Indeed, for close eclipsing systems, those cor-
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must be established 5 from those parts of the light curves which are 

unaffected by eclipses, before an analysis for the elements of the eclipses 

(if any) can get under way.

As is well known (cf., e.g., Ko pal, 1954 and subsequent publications), 

the range of possible eclipses in close binary systems is bounded even 

if their components are in actual contact, and the mass ratios not in ex­

cess of 10:1, their duration cannot exceed G’ = 60°. Moreover, if i 90° 

and (or) if one (or both) components become detached from their respective 

Roche limits, G' 60°, If so, however, it was shown in Papers V and 

IX that the values of the individual constants can be established by a ■ 

suitable 'modulation' of the light curve between eclipses - i.e., by an 

evaluation (through quadratures or otherwise) of integrals of the form

(X

c- = ([ t (D-d te) ) of 6c*»»)  (2.5)

-a

where j denotes, as before, the degree of the respective harmonic 

factoring q , n is the total number of such harmonics included in a 

simultaneous solution, and a = cos 9'.*  The explicit forms of the 

'modulation polynomials' (cos G) for different ranges of eclipses 

and the first four partial harmonics included in the analysis (n = 4) 

have already been given in Paper IX for the following ranges assumed

Not to be confused with the a used before
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to be free from any effects of the eclipses: -

(i) 60° < Q <120°; a = % ; Equations (5,1 8) - (5.21 ),

(ii) 45° < 9 <135° ; a = ^2/2 ; Equations (5.42) - (5.45),

(lit) 30° < 6 <150° ; a = fè/2 : Equations (5.65) - (5.68),

in which we have set cos Gsx ,

The actual range to adopt should be ascertained by an inspection 

of the respective light curve. If the light changes are continuous and 

exhibit no obvious indication of an onset of the eclipses, we can never 

go wrong by adopting range (i). Should, however, a piecewise discon­

tinuity in the shape of the light curve indicate the phase angle 9’ at 

which eclipses commence, then range (ii) or (iii) should be chosen within 

which G )> 9*  . The more extended the range, the greater the accuracy 

with which the values of the cJs can be determined from the light curve 

by a modulation represented by Eq. (2.5). On the other hand, should 

we allow 9*  to lie within the adopted range, a determination of the c/s 

may then be vitiated by eclipse effects.

It should also be noted that, inasmuch as these constants occur on 

the r.h.s. of Eq. (2.3) only through their sum (2,4), the value of this 

sum could also be obtained directly by an analogous modulation of the 

uneclipsed part of the light curve - by use of the polynomials as given 

by Equations (5.23) - (5.25), (5.46) - (5.48) or (5.69) - (5.71) of Paper 

IX, replacing the y (X) 5 on the r.h.s. of (2.5) without seeking to 

specify the cjs individually. The latter possess, however, a distinct 

information content of their own, which can be utilized in due course
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(for instance, for a specification of the amount of gravity-darkening of 

the respective stars, or of their mass-ratio, with the aid of Eq. (2.48) 

of Paper V). Therefore, an individual determination of the c^*s  and 

subsequent formation of the sum (2 4) from them should generally be 

preferable. Should the sum so obtained turn out to be sensibly equal to 

the corresponding empirical moments (thereby implying the 

quantities as well as to be negligible), this would signify

that the respective system does not eclipse, and that its observed light 

changes are due solely to the proximity effects.

Lastly, the leading terms of the 'photometric perturbations' , 
! tw 

corresponding to the first three spherical-harmonics in rotational or ' 

tidal distortion, have been established for total eclipses in Section 6 of 

Paper V, and their investigation subsequently extended by Livaniou (1976,

1977, 1978) to .every other type of eclipse (annular, partial; occultations 

or transits), and recently this quantity has been tabulated (Edalati and 

Budding, 1978; Paper XVII) by employing the automated procedures of 

Budding (1974) for the numerical evaluation (by simple trapezoidal 

quadratures) of the integrals

L

(cf. Paper V, Eq. 6.3), for the fixed mass ratio (m^/m = 1), limb­

darkening (u = 0.6) and gravity-darkening ( *zr  =1). The consist

of two parts; i) a distortion of the eclipsing limb of the component in
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front, and it) effects associated with the distortion of the eclipsed

star. The former effects are purely geometrical and relatively simple;

their evaluation discloses that, tor total eclipses, and for m = 1 , 2 and

3:

Z.

I

11 }L (2.9)

\ I a
-5/Az 
i < r.

where

(2.10)

are constants which depend (through C^) on the coefficients Ux of

limb-darkening of the eclipsed star;

(2.11)
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and

(2.12)

are coefficients associated with the rotational and tidal distortion of 

the eclipsing component (where (cf. Equations 2.49 — 2.50 of Paper V) 

m-|/m2 denotes the meas-ratio of the respective stars); and the con­

stants C1 3 continue to be related with the geometrical elements r^ 

and i by Equations (3,26) - (3.28) of Paper I. The foregoing expressions 

(2.7) - (2.9) should be sufficient for an analysis of the primary minima, 

due to total eclipses, of systems with subgiant components in which the 

primary (early-type) star is essentially spherical - so that a distortion 

of the secondary’s shadow cylinder represents the only perturbation 

which needs to be taken into account.

The explicit form of the terms arising from ii) depends not only 

on the geometrical distortion of the component undergoing eclipse, but 

also on the distribution of brightness (gravity-darkening) over the surface 

of the eclipsed star, and need not be reproduced in this place. For the 

explicit results the reader is referred to the sources already quoted.

These contain, to be sure, only the corresponding to m 0.

However, for m = 0 ,

(2.13)
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where the functions and f are given by Equations (3.32), (3,33) 
1 ,2 •

and (3.34) of Paper V. If the eclipse is total, f^ = 0 identically

at the moment of maximum eclipse (G = 0); and only f*̂^  / 0 for the 

distorted primary star. If, however, the latter can be regarded as 

spherical, then also = 0 and, in consequence, = 0 . 1

The actual method of computation of the elements of distorted 

eclipsing systems can now be summarized by the following scheme:

1) First, determine the requisite number of the empirical moments 

Agm of the observed light curves, as defined by Eq. (2.1) above.

2) Next, evaluate the requisite number n of the constants c. by

appropriate modulation of the ’uneclipsed’ parts of the. light curve, by 

use of Eq. (2.5), and form their weighted sum (2.4) -,

3) Transpose the sum (2.4) on the r.h.s. of Eq. (2.3) to the left, 

ignore B , and evaluate the ’s.

4) With the aid of ’rectified  moments of the light curve,*

evaluate the elements of the system by the method of Section 1 ,

evaluate the corresponding ’photometric perturbations’ 

5) By use of the elements r . i and L „ so obtained
1,2 1 ,2

them together with (2.4) to the l.h.s. of Eq. (2.3) to obtain an improved

set of the A_ ’s : and from these improved elements r - i and L 
2m . 1,2 1,2

6) Should these improved elements differ significantly from their 

first version, repeat steps 3-5 until both sides of Eq. (2.3) can be

satisfied by the same set of the values of r , i and L : and these 1 j 2 1^2

constitute the final solution of our problem.
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First, it may be noted that - unlike in the case of light changes 

exhibited by mutual eclipses of spherical stars treated in the preceding 

section of this chapter, which could be solved directly when we use the 

necessary tables - a solution for the elements of distorted systems can 

be obtained only by iterations even if we use the tables. The need to 

iterate arises solely from a presence of the photometric perturbations 

B- onther.h.s. of Eq. (2.3) relating A_ with . Since, 

however, the numerical magnitudes of the B^^'s will generally be 

small, iterative solutions should converge with sufficient rapidity to 

make more than one repetition of steps 3 - 5 of the foregoing cycle un- . 

necessary. Should, however, this cycle fail to converge, our solution - 

in fact, any solution consistent with a physically sound model of the 

system - would then become indeterminate from the photometric evidence 

alone, and additional (e.g., spectroscopic) evidence may be required to 

alter this situation.

Second, it should be stressed that - unlike in the previous treat­

ment of the subject in the time domain by more conventional methods - 

each step of our present analysis can be expressed in algebraic form 

(as closed formulae, or convergent series of satisfactory asymptotic 

properties) which is amenable to automation, and the entire solution 

can be obtained at high speed with the aid of electronic computers. The 

investigator without ready access to such computers, and working by 

hand or aided only by a desk-type (or pocket-type) computer, can per­

form his task expeditiously with the assistance of auxiliary tables
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accompanying this chapter*  but their almost four-digit precision will 

also set the limits to the accuracy of his work. However, once the 

empirical values of the moments A^ or have been determined,
2m 2m

automatic computers can be programmed to perform the rest of the 

solution internally. To do so, the only remaining difficulty is the 

solution of the parameters a and c from the simultaneous nonlinear 

equations like (1 .6) and (1 .7); in terms of the observed quantities

In the following section a method, for the solution of these key parameters 

a and • c , will be given to complete the automation of the whole pro­

cedures outlined, for obtaining the elements of any eclipsing binary . 

system.

4.3 A Method for the Solution of the Parameters a and c ."- -- - - - ' '"'L-' ' - - " - ’ O '

In the preceding two sections the procedures have been outlined 

for obtaining the elements of the eclipsing binary systems. The only 

remaining problem is the solution of the two simultaneous nonlinear 

equations like (1 .6) and (1 .7) of Section 1 , for the two key parameters 

a and c of the eclipsing system concerned. In this section we shall 

develop an iterative method for the solution of the respective two 

simultaneous nonlinear equations of the form

<3;1)

and .

(3.3)
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(see Equations 1 .2 and 1.3 in Section 1 of the present chapter) for the 

two different sets of parameters k , x , j . and y . The l.h, sides 

in (3.1) and (3.2) can be established from the observations as ratios 

of the respective powers of the respective moments of the light curves. 

Thus, if we rewrite (3.1) and (3.2) as

F(a, c°) = 0 (3.3)

and '

G(a, g = 0 (3.4)

and if a point (a^ , c ) close to a solution has been determined by 

graphical methods (for and g pair this approximate solution may 

be taken directly from Tables 8 and 9) or otherwise, a closer solution 

(a, c ) can usually be obtained as follows;

Let a - a. = <5 a , c - c = 5 c . Expand F(a, c ) and
-1 o ol o - cr

G(a, c ) in Taylor's series to terms of the first degree, and assume 

that (a, cQ) is a solution, i.e., F(a, c ) = G(a, c ) - 0 . Then, 

approximately, •

- c-><) c° "° (3-5)

os c»i) “ ° f3«

These two linear simultaneous equations in two unknowns are solved 

for 6 0( and £ Co -
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The process is repeated with the new values of a and cq until the 

desired accuracy is secured. If it is found that the values of the partial 

derivatives of g^1^ and g^^ with respect to a and c are not much 

changed in successive calculations, we need not recompute them at 

every step, but merely copy tham for the previous step.

For the evaluation of the partial derivatives occurring in (3.7) and

(3.8), we may proceed as follows: Let us assume, for example, that 

given by (1 .6) in Section 1 is one of the g^(a, CQ)-functions con­

cerned. Then, we can write that

(3-10)

and by derivation.of (3.10) with respect to a and c we have



- 170 -

and

"0

Finally, the partial derivatives
à 

and -———- on the
b Co

r.h. sides of (3,11) and (3,12) may be easily derived from one of the 

algebraic expressions (3.19), (3.20) and (3.21 ) given in Chapter 3.

From (3,19), for example, we have

M+VM

and

o

/I)
VM.4- V’f'Z.



171 -

denominator vanishes at or near a supposed solution of F(a, c ) = 0, 

G(a, c ) - 0 we may anfr-ie-ipate difficulty with the method. The vanishing 

denominator may indicate i) the large difference between the approxi­

mate solution we start with and the true parameters a and c , ii) the 

existence of two or more solutions close together, or iii) no solution at 

all. In this case we may re-estimate the approximate solution (a , c^) 

as starting point for the iterations and may include the second partial 

derivatives in Equations (3.5) and (3.6).

4.4 Applications to YZ(21) Cassiopeiae and yS Persei (Algol).

We shall illustrate in this section the numerical examples to the 

solutions of eclipse elements from one observed minimum alone by the 

applications to the light curves of YZ Cas and p Per, under the spherical 

model assumptions.

Our aim here is not only to solve the elements of a system, but 

also to try to establish how the procedures of the new methods work 

and acquire some understanding of the problems related with the deter- 

minacy of the solution. Having this in mind, it was decided to study 

the light curves of well known eclipsing binary systems YZ Cas and

p Per.

(1 ) YZ(21 ) Cassiopeiae.

As is well known, YZ(21) Cassiopeiae has a simple model with 

detached spherical components and circular orbit. We have highly 

accurate (with the probable error i 0.002 magnitude) observations of this 

system in = 4500 A and Â = 6700 A by Kron (1939 and 1942).
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Almost no rectification is needed for the proximity effects. Thus, the 

solution may be expected to be free from any rectification error; and 

the accuracy of the solution may be directly related with the accuracy 

of the observational moments and the geometrical determinacy of the 

unknown parameters a and cq .

The fundamental quantities from which we depart for the solution 

of eclipse elements of YZ Gas have been given in Table 10 for occultation 

(secondary minimum) and transit (primary minimum) eclipses in two 

colours These data for the moments A. have been extracted from 
2m

the work by Kurutaç (1976). The g^'s and g^'s in Table 10 have been 

derived from the moments by making use of the l.h. sides of Equations 

(1 .6) and (1 .7). There are conspicuous differences between the derived 

values of the g^'s and g^'s for the light curves in two colours which 

are noticeably greater than the probable error of observations. They 

may be caused mainly by errors arising from the numerical evaluation 

of moments by a simple trapezoidal quadrature. If we use the ■

moments from Jurkevich (1976) obtained by a more sophisticated 

Kalman filter method for the transit eclipses of blue observations, it 

can be found that = 0.7059 and = 0 8265. As an inevitable result 

of these differences the eclipse elements will be different for the light 

curves observed in different wavelengths.

■ The uncertainties of moments in Table 10a,b have been obtained 

by using the formula (cf, Demircan, 1977a; Eq. 4.7)
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T able 1Oa

The Observed Quantities of Y Z Cas in A = 4500 A

T able 10b

- Occultation min. Transit min.

Ao 0.0622 ±0.0007 0.307 ±0.006

A2 0.001274 ±0.000036 0.005243 ±0.000028

A4 0.00003434 ±0.0000019 0.0001283 ±0.0000013

A6 0.000001099 ±0.000000096 0.000003809 ±0.000000062

92 0.7599 ±0.0077 0.6979 ±0.00098

34 0.8422 ±0.0042 0.8243 ±0.00111

The Observed Quantities of YZ Cas in A = 6700 A

Occultation min. Transit min.

Ao 0.1 022 ±0.001 0.267 ±0.0006

A2 0.002048 ±0.000046 0.004895 ±0.000028

A4 0.00005357 ±0,0000025 0.0001225 ±0.0000013

A6 0.000001701 ±0.00000013 0.000003652 ±0.000000063

G
J

O
) 0.7661 ±0.0088 0.7328 ±0.0010

94 0.8238 ±0.0046 0.8394 ±0015
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where A U is the error in the unit of light U , while Q’ stands for 

the phase angle of first contact point. In order to estimate the 

ta inties in g^ and we used the formulae

and

(see also Paper XV; Equations 5.2 and 5.3) which can be easily obtained 

by differentiation of Equations (1 .6) and (1 ,7), The standard errors in 

the unit of light were taken from Kurutac (1976) as i0.0006 in blue and 

red colours for, primary minimum and 0.007 in blue and i 0.0010 

in red colours for secondary minimum.

In principle, the intersection point P(a, c ) of g2 and (see 

Figures 10 and 11) gives us two fundamental parameters a and c , 

but in practice the intersection point will not be precise as long as the 

observational values of g and g4 are subject to any uncertainty. This 

situation has been illustrated schematically in Figure 16. Every point 
K

in the batched area (solution domain) satisfies the nonlinear Equations 

(1 .6) and (1 .7) simultaneously within the error of the observational 

and g^ . Larger values of ,/X. and A Co for the solution domain 

will mean larger uncertainties in the final elements.

uncer-

(4.2)

(4.3)



- 175 -

In order to estimate the solution points P , P^ and M (see 

Figure 16) minimization routine given in the previous section has not 

been employed for the solution of the simultaneous nonlinear Equations 

(1 .6) and (1 .7), since it will give only any one of the points in the solution 

domainand fails if there is no intersection for the adopted and

. The parameters a and cq in the expected solution domain 

have been adjusted in small steps (0.001 ), and the 0 - C values for g2 

and g^ have been computed for every step together with the final ele­

ments r i and L - Then by inspection of the 0-C valuess the 
' F 1 J 2

limit points P (a , c ) and P (a , c ) s and the most probable point I I O I fZ, M Oîw

M(a^3 com) the most accurate solution have been estimated graphically 

(see Table 11). For the computations3 Equations (3.18) and (3.19) from 

Chapter 3 have been employed separately and noted that (3.18) is more 

practicable to work with. It is also noteworthy that whole computations 

have been performed in approximately 30 seconds on the CDC 7600. For 

occultation eclipses it was found that the functions and g do not 

intersect each other (see Figure 17). Only under the assumption of 

large uncertainties could we estimate the points M(a^3 c ) together 

with the most probable elements. The expected large errors in these 

final elements are due to the shallowness of secondary minimum and 

the larger dispersion of observations within these eclipses which 

increases the uncertainties in the fundamental observed quantities Aj^ »
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M(a;c0)

Figure 16. The geometrical illustration for the solution of the eclipse 

parameters a and cq from the functions g^ and g^ . Every 

point in the hatched area (solution domain) satisfies the observ­

ational g^ and g^ simultaneously within the errors ancl

2X g4 (after Demircan, 1978b, Paper XV).
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T able 11 a

The Elements of YZ Cas in X = 4500 A

Occultation
- — min. __

T nans it min.

M(0.36, 0.11) P (0.635,0.000) P2(0.66,0.2S) M(0.651,0.136)

r 0.145
g

0.140 0.148 0.143

r 0.082s 0.080 0.076 0.077

i 88?6 90? 0 87?0 88?3

L. 0.0621
0.810 1 .039 0.938

U (adop- 0.4
1 ted)

0.5 0.5 0.5

Table 11b

The Elements of YZ Cas in A = 6700 A

Occultation 
min. .

T nans it min.

M(0.37, 0.09) P (0.645,0. 000) P^(0.665,0.207) M(0.655,0.140)

r 0.143
g

0.141 0.147 0.144

r 0.084
s

0.078 0.074 0.076

o o _o, o.
i 88.8 90.0 87.4 88.1

L. 0.102 0.813 0.984 0.893

U (adop- 0.4 .
ted)

0.3 0.3 0.3
I
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‘ 3

Figure 17. The functions and g for the occultation eclipses of
YZ Cas do not intersect each other. Only under the assumptions 
of large observational uncertainties A and Ag. 9 intersection 
point may be estimated (see text).
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(2) P» Persei (Algol).

A study of the three light curves (in X ■ = 4350 A narrow band,

X = 5500 A narrow band, and X = 5500 A broad band observations 

of Wilson et al, 1 972) of Algol has also been carried out by employing 

the same automated methods for obtaining the eclipse elements from one 

observed minimum alone, under the spherical model assumptions. Algol, 

as a semi-detached system, presents an extreme case of differing shapes 

for the components since the primary is nearly spherical, whereas the 

secondary almost certainly fills its Roche I6be and is thus very highly 

distorted. Although this is the main point against a spherical model 

analysis, we have found reaonable results in good agreement with one 

another and the other published results which have been derived using 

totally different approaches.

In the following Table 12 the observed quantities of Algol which 

have been extracted from Demircan (1977a) and in Table 13 the resulting 

elements from the present investigation of these data are presented,

The results of the certain applications to the light curves of YZ . 

Cas and Algol as given in Tables 11 a,b and 13 may show the success of 

the new methods. The same automated method - by the present author - 

for obtaining the elements of an eclipsing binary system from its one 

observed minimum alone (see Section 1 of the present chapter) has also 

been successfully employed by Kaskambas (1977), Al-Naimiy (1977), 

Gudür (1978) and Edalati (1978).
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The Observed Quantities of Algol for Occultation Minimum

Table 12

A = 4350A 
narrow

A = 5500A 
narrow

A= 5500A 
broad

probable 
uncertainty

Ao 0.7025 0.6867 0.6832 ±0.008

*2 0.04335 0.04083 0.04114 ±0.000387

A4 0.00429 0.00391 0.00401 ±0.000075

^6 0,00052 0.00046 0.00048 ±0.000014

g2 0.624 0.621 0.618 ±0.007

94 0.816 0.814 0.814 ±0.001

The Elements of Algol from Occultation Minimum

Table 13

A = 4350A 
narrow

A= 5500A 
narrow

A= 5500A 
broad

r
g

0.250 0.245 0.247

rs 0.216 0.212 0.214

i 81?8 82?0 81 ?9

L1 0.947 0.927 0.921

(adopted) 0.53 0.43 0.43
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CHAPTER 5

CONCLUSIONS AND THE ACCURACY OF THE

FOURIER TECHNIQUES

The practical procedures for the solutions of the elements of any 

eclipsing system in the frequency-domain have been outlined in the 

previous chapter (of. also Paper XIV). The fundamental quantities 

from which we depart in quest of our solution are two g-f unctions 

defined by the moments A^ (see Equations 1.3— 1.5 in Chapter 4, 

and also Equations 2.13 - 2.16 in Paper XIV, or Equations 3,2 - 3.6 in 

Paper XV). If we establish the observational values for these functions, 

they constitute two independent relations between the unknown parameters 

a and cq , and the observed quantities and can be solved numerically 

(see Section 3 of Chapter 4) with the aid of the general expressions for 

(0.1)

(0.2)

have been studied in detail'for the solution of eclipse elements. The

the respective moments.

The fundamental quantities

and
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necessary functions for the analysis have also been tabulated for grey 

plane-parallel stellar atmospheres up to four significant digits at inter­

vals. permitting linear interpolation (see Appendices 1-5). The methods 

for obtaining the elements of wide binaries from their only one observed 

minimum have been automated and applied successfully on the light 

curves of YZ(21) Cassiopeiae and p Persei (Algol). From these 

practical applications it was noted that the errors in the final elements 

are caused by not only the observational uncertainties in the moments, 

but also by the geometrical behaviour of two employed g-functions. 

Determinàcy of. the parameters a and c which are the fundamental 

quantities for obtaining the final elements r , i and L evidently 
1,2 1,2

depends on the intersection angle of the two g-functions employed. In 

particular, the and intersect each other, in most cases, at 

very low angles (see Figures 10 and 11 in Chapter 4). The larger inter­

section angles may be obtained by using different combinations of the 

moments A_ for different positive values of real m : or in other . 2m 

ways.

The above idea has been worked out by the present author in Paper 

XVI, to gain a fuller understanding of the geometrical determinàcy of 

the fundamental eclipse parameters a and cq . In this final Chapter 

we have given the results of this work from Paper XVI. In Section 1 , 

different combinations of the moments Art have been worked out as 
2m 

g-functions. For the index 2m , the values between zero and six were 

applied. It has been noted that the behaviour of these functions vary 
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but very little with applied different combinations of the moments, A 

choice of the most convenient moments to obtain a good determinacy for 

the eclipse elements were discussed, In this connection, in Section 2 

the m dependence of the moments and the errors in their observational 

values have been considered. In Section 3, different practical procedures 

for the solution of eclipse elements were introduced, and finally in 

Section 4, a different type of moments was tested.

In the computations of f^^-f unctions, Eq. (3,17) with (3,18) from 

Chapter 3 (hereafter (3.3.17) and (3.3,1 8)) have been employed; three 

terms for the first summation and eighty terms for the second summation 

have been used to construct 4D tables of the requisite g-functions. All 

the g-functions studied throughout this chapter have been .tabulated for 

grey plane-parallel stellar atmospheres, and in terms of the values of 

a =0.1(0.01)0,9 and cq = 0(0.02)0.98 for every type of eclipse,

5.1 On the g-Functions,

These functions have been defined by Eqs. (1,3)- (1 .5) of Chapter 

4. In this section, first the following particular forms of g-functions 

have been studied to investigate the form and power dependence of these

functions
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fil At /4o At Al fit fit At fit 
fit fit ’ Al Al ’ At AÏ ’ Al M 7 At~Al"

fit fil fit , fill-  - - ?      .. J •——— --—— ; <xrtw —-------—* 
fl.fl.fi} a. fit aï a} a. a: at ai a? (’-s)

for only integral powers and even moments. Note that every form - 

except first one - consist of the moments AQ, A , A and A0 . The 

0.5-th, 0.2-nd and 0.1-st powers and logarithmics of the foregoing 

g-functions have also been computed and their behaviour illustrated . 

diagrammatically. The results are:

1 . The intermediate curves between go and g (see Figures

10 and 11 in Chapter 4) have been obtained, This result enables us to 

say that the behaviour of g-functions depends but very little on different 

combinations and powers of the same moments.

2. Numerical values of g-functions increase and varying intervals 

shorten with decreasing positive real powers. So, for some particular 

powers the most useful short tables permitting linear interpolation 

can be constructed. These powers are approximately 0.2 and 0.5 for 

three-digit short tables of go and g , respectively. These powers 

become 0.05 and 0.10 for four-digit short tables for the same g-functions, 

respectively. It should be noted that further decrease of these powers 

requires fifth significant digit in the numerical values and this cannot 

be achieved for the above forms of g-functions if we employ the series 
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expansion (3.17) with (3.18) for the constituent moments A^ , from 

Chapter 3,

® logarithmic behaviour of g-functions is similar but the use 

of logarithms will increase considerably their numerical range; there­

fore in practice no advantage can be obtained by working with the 

logarithm of g-functions rather than with the functions themselves.

Next, it was decided to study the simplest form as given by

0

such that x = %y^ + y ), with fixed powers and gradually decreasing

val ues of real x and ^1,2 The following particular g-functions in

this form have been tabulated and their behaviours investigated:

2_
•_L

lo

j
ZSa

— ;

JL, 
/I,

An inspection of the numerical tables and diagrams of these g-functions. 

leads to the following conclusions:

1 . In general, the behaviour of g-functions depends very little 

on the specific moments employed.

2. Any change in the behaviour of the g-functions is caused by
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changes of the orders x and y (see the accompanying Figures 18­" " - 1 “ ' “ ” * i 4 ’ ~

22), These orders control the curvature of g-functions. The greater 

the values of x and y , the lesser the curvatures in the respective- .. ..  j ? 2 —

g-functions,

3, Larger numerical values of any g-function are obtained if the 

difference between two radii r and r^ is large and the inclination i 

or orbital plane is near to 90° for the eclipsing system in question.

(1.6)MAX*

The minimum values are always attained if the radii of the components 

are equal to each other and the inclination i of orbital plane is 90 

(a = % and c = 0); i.e.,

Zn j (*> c-) = <i-7>
co-^ o

Thus 3 g(a, c ) varies between these two values (g . g(a, c ) XL o mm ' o

g ). These limit values are listed in Table 14 for the g-functions max

given by (1 .5).

4. In general, the scale for numerical values of g-functions can

be altered by changing the differences between x and y„ . The 1 ,2
smaller the differences, the larger are the numerical values for the 

respective g-function. Thus, we can note three factors which are 

effective on the scale of numerical values of g-functions.



Figure 18, The functional behaviour of the g-f unction ——
A2A4
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Figure 21 . The functional behaviour of the g-funotion - ■■



1^0”

Figure 22. A schematic representation of the behaviour of g functions 

(in general) in three dimensional space.



i) Powers of g-functions,

it) different values of x and y , and

tit) different values of j x-y | , |x-y | and |y1 -y^j_.

For the results 3 and 4 see Table 14.

In order to utilize the foregoing results for our purpose in choosing 

most useful two g-functions, we should look for a greater difference 

between their curvatures, which means better-defined intersections of 

these two functions, By resorting to second result mentioned above, if 

we recall and 2V as the mean values of the adopted orders x, y 

and y2 for two different g-functions, the most important conclusion is 

that

where ^2) stands for the angle of intersection between the two adopted 

g-functions. This means that when we use the first and last g-functions 

from Table 14,we get better intersections and, oncsequently, a better 

determinacy for the eclipse parameters a and c . ■

But, in practice, there are two restrictions to be considered:

i) Numerical values accurate to more than four digits are required for 

g-functions of very small orders. It is obvious that much higher accur­

acy can be achieved for empirical values of g-functions given by (1 .4) 

if, and only if, the differences j x-yJ , ^x-y j and jy^-ygl between 

the adopted moments are sufficiently small. In this case, the errors 

of the respective moments become comparable and largely cancel in
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Table 14

The Limit Values of Some g-Functions

g g .min g max g ®min g max

AX 0.794 0.989 At 0.963 1 .000

A» At
A: 0.921 0.997 At 0.980 1.000

Az A/p A» At
At 0.872 0.997 a; 0 986 1 .000A, A» A-t
At 0.528 0.989 A% 0.990 1 .000A, Azp
At 0.752 0.997

A= At
Ayh 0.996 1.000

Ao Az
At 0 897 1 .000

1 .000

A JL.
< x Soo 1 .000 1.000

Zb
 

Zb
0 

-sl
 cr

T * T
 

W
lfo
 

—

0.943

A= A&
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the formation of the ratio (1 .4) for the g-functions. But even though 

this may be so, it will be difficult to deal with large numerical values 

if one wants to use the tables and diagrams for these functions in practice, 

ii) The moments with the large orders which are used in constructing the 

first g-functions in Table 14 are subject to larger observational errors. 

Thus, these g-functions may be of little practical use.

The difficulty in dealing with large numerical values of the g-functions 

of very small orders may be removed by using the powers of respective 

g-functions (see result 4 i above). The better understanding of the second 

restriction will be the subject of the following section,

5.2 The m-Dependence of the Moments A 
Observational Values. 2m

and Errors in their

In the study of different g-functions (section 1 ), required f-functions 

were also tabulated in terms of the values of a = 0.1(0.01)0.9 and

c = 0(0.02)0.98 for every type of eclipse. For m fifteen different

values between zero and three were applied. With the aid of these

tables, theoretical values of the moments can be obtained for 
2m

any set of elements r , i and L , and for any value of m between1,2 1

zero and three, by means of Equations (2.2.17) - (3.3.18). To illustrate

the way in which the numerical values of these moments decrease with 

increasing values of m , their behaviour for r^ =0.1, 0,3 and i = 

90° has been plotted on the accompanying Figures 23 and 24 for fixed 

values of a . Note that, if r 1 is fixed in 0.1 , r2 becomes 0.9 when 

a =0.1 and diminishes to 0.025 when a = 0.8. If r is 0.3, the 
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minimum value of a will be 0.3 for r = 0.7, and r reduces to 

0.375 for a = 0.8. For a SC 0.5 (total eclipses) it is seen that A§ =

L , and when a 0.5 , then . It can be observed that the

rate of decrease of the moments A_ increases when a tends to X .—------------ —-------- -------------- ----------------- - 2 m ----------—------------- -——---------- -

These results permit a conclusion that, in practice, more care should 

be exercised in dealing with higher moments - especially i) when the 

eclipse is of transit type and the luminosity of the eclipsed component 

constitutes a small portion of total luminosity - conditions which produce 

a shallow minimum in the light curve of the respective system, it) When 

the radii of the components of the system are comparable to each other, 

which gives rise to two minima of shorter duration for the total phases.

Next, the proportional errors of the empirical moments as the 

functions of m and eclipse elements r , i and L1 will be con- 

side red. The accompanying diagrammatic representations of these 

errors, as the functions of m and eclipse elements will aid us better 

to understand this important point in practice.

As has been shown in Demircan (1977, Eq. (4.7)), the probable 

errors in the empirical values.of moments A^ can be defined by 2m

Eq. (4.1) of Chapter 4 (hereafter 4.4.1). If we use Equations (3,3.17) 

and (4.4.1) to define the proportional errors of the empirical moments 

A2m , we get

U i / -L ' <2-1)



Figure 23. The m dependence of the moments for r = 0.3 
i = 90° and fixed values of a .



Figure 24. The m dependence of the moments A for r^ - 0.1 ? 
i = gQO and fixed values of a .
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On the other hand, if we introduce the apparent separation of 

centres of the two stars, projected on the celestial sphere, as

S2- =. i-CwT L 4" C.C^Z I (2.2)

in terms of the phase angle 6 , and the inclination i of the orbital 

plane of the system to the celestial sphere, this permits us to rewrite 

Eq, (2.1) as 

with

where the error A U can be obtained from observations, so can 

if the eclipse it total, It is now obvious that the numerical values of 

the proportional errors £2^in the empirical A^^’s can be evaluated 

with the aid of availabl e tables of f for any set of eclipse elements 
2m

and for different values of real m between zero and three. So, the m 

dependence of the £ *s  and the effect of the inclination i can be 

worked out numerically. This has been done, and the results are

diagrammatically shown in the accompanying Figures 25 and 26, If, 

for smaller values of a (occultation eclipses) has smaller values 

and for larger values of a (transit eclipses) if it becomes larger, 

then the effect of L„ on the proportional error of A_ ’s becomes
1 2m

in the way to bring the curves of the Figures 25 and 26 nearer to one 

another. Another obvious fact can be observed from the Figures 25 and 

26: namely, that the proportional error of the moments A^ increases* ■■ — —-  ------ ------ — - ------ — ' — ' ' 2m —— —



" M B —

(see Eq. 2.3).- X 

Figure 25. The m dependence of the \^/ ~functions.

>



Figure 26. The functional behaviour of the  for m— 1 and 
fixed values of c (for the V/ -functions see Eq. 2.3).

(2)' * iti*.v ill

I

—o 
1—9

I
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with increasing values of real m and the parameter a . Figure 26 

represents the effect of inclination i • the s malle r the value of inclin­

ation i (the smaller the eclipse) is, the larger the proportional error 

in the observational moments A„ . For the comparable vaoues of 
- ------------------ -------------—----------- - --------- 2m—

r and r^ (a 0.5) which produce a minimum with shorter duration 

of complete phases, note the relatively increasing values of J^in 

Figure 26. One more thing noteworthy is that for L_^ tends to zero (in 

the case of, for example, optical light curves for X-ray binaries), 

goes to infinity for a = 0 (see Eq. (2.3) and Figure 26) which can be 

given as .

(X —t o

This situation coincides with the occultation minima of the optical 

light curves of X-ray binaries which are always absent in the observations. 

In the case of transit minimum of the optical light curve of any X-ray 

binary, becomes unity since of the X-ray component is zero 

in the optical domain, and the proportional error of the moments

for this indistinguishably shallow minimum becomes approximately 

one (see Eq. (2.3) and Figure 26).

If the foregoing results given in the present and previous sections 

are utilized to choose the most useful two g-functions from Table 14 

for a good determination of the eclipse parameters a and c in the 

geometrical sense, the following facts may be observed:
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1 , If we deal with a moderately deep occultation minimum with 

a moderately long duration of total phases, one can use higher moments 

in construction of the g-functions - i.e. , one of the g-functions with

higher orders x, y^ and y can be used from Table 14. For the 

second adopted glfunction, the orders x , y and y should be smaller 

than those for the first g-function. Remember that the geometrical 

determinacy of a and c depends on the absolute value of the difference 

between the mean values of orders x , y^ and y^ for two different 

g-functions in question. In the applications to YZ Cassiopeiae (see 

Chapter 4) which shows moderately deep minima with total phases, the

functions g^ and g (see Equations (0.1) and (0.2)) have been applied.

Another g-function with smaller orders x , y and y^ could be applied 

instead of for better determination of the eclipse elements.

2. If the minimum we deal with is i) a transit type, it) shallow, 

or iii) deep enough but of short duration of complete phases, we should

restrict ourselves to the use of higher moments. In such a case, for 

example, the following two g-functions can be attempted: 

and
z?

(2.5)

where the twenty seventh power of the second g-function was taken to 

extend the very small numerical range (see Table 14) for this g-function, 

as well as that of the first g-function. This removes the difficulty in 

dealing with large numerical values of g-functions of very small orders,
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Remember that the second g-f unction (without power) can be obtained 

from observations with high accuracy, since the proportional errors of 

the empirical Ts become comparable for the smaller differences 

]x-yf [ , [x-y^| , and fy^y(here these differences are 1/100, 

1 1
/I 00 and /50 , respectively) and they largely cancel each other in 

the ratio for the respective g-function. But, as was noted before, it 

may be difficult to deal with large numerical values - especially if the 

tables and diagrams of these functions are used in practice.

It has been noted in Chapter 4 that the geometrical determinacy of 

the unknown parameters a and cq depends on the numerical magnitude 

of the Jacobian ■

(2.6)

for applied two g-.functions and , The vanishing of this .

Jacobian would imply a functional relationship to exist between succes­

sive g-functions, which would render the solution for a and cq indeter­

minate. Therefore, the functional behaviour of this Jacobian for differ­

ent pairs of g-functions would tell us definite results in connection with 

the geometrical determinacy of the parameters a and cq , and the 

above results can be verified in this way. The explicit expressions 

for the above Jacobian have been developed by Ko pal (1977b) and the 

promising numerical work was undertaken by Ed al at i (1978).
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5.3 Different Procedures for the Solution of Eclipse Elements.

In the present section, two additional alternative ways will be 

outlined for obtaining the elements of eclipsing systems by the analysis 

of their observed photometric data in the frequency-domain. The same 

moments and the polynomial expansion (3.3.17) with (3.3.18) for

the evaluation of their theoretical values will be utilized. In the first 

alternative way, methods can be applicable if the phase angle 0 , in 

the first contact point when j =■ r + r^ is known from the observed 

light curves. In order to derive the requisite equations let us consider 

Equation (2.3) of the preceding section. If we write it out for two dif­

ferent moments A. for two different values of m and perform their 

ratio, we get -

By making use of the expressions (4.4.1) and (2.3) for the probable

errors A A. fs and for the functions W 's , respectively, 
2m / Z-am ' -

Equation (3.1) can be rewritten in the form
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as a definition of the ratio of proportional errors and

of two respective moments and f .It can be proved by

use of the general expansion (3.3.17) for the moments together with 

Eq. (2.2) that Eq. (3.2) is exact. To illustrate this, let us consider 

Eq. (2.2) for â =- 51 . It can be shown that

(3.3)

On insertion of (3.3) in (3.3.17) it follows that

(3.4)

Now, if we write (3.4) for two different values of m and perform their 

ratio we get Eq. (3.2). This proof also shows that the expressions

(4 .4.1) and (2.3) for the errors of the moments A_
2m

are correct.

If the values of the left-hand side of the preceding equation (3.2) 

can be established for two different values of real ju\ and ^a* from 

the observations, these two simultaneous equations constitute two

independent relations between the unknown constants a and c i and o 3

can be solved numerically for them. Therefore, these functions can 

be utilized just as the g-functions for obtaining the eclipse elements 

of an eclipsing system, but if the phase angle e of first contact point 

can be established from the observations in addition to the respective 

moments A . These functions given by (3.2) were also tabulated 
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in the same manner as in the g-f unctions, for the values of m between 

zero and three « It may be noted that they behave just like the g-f unctions.

-%The functional behaviour of A sin 6 /Av has been presented in Fig­
i 1 

ure 27, for the sake of an example,

As another way to deduce the eclipse elements, the use of a 

product of a g-function and an F(a, CQ)-function can be considered. 

But, the new function F(a, c ) should be set in such a way that the 

intersection points of the g-functions and the g x F-products become 

well determined in respect to the intersection points of two g-functions. 

If, in practice, theadopted suitable F-function cannot be established 

from observations as g’s , it may be approached iteratively just like 

the use of Y(a, c )-functions (see Eq. (1 .27) in Chapter 4). However, 

the construction of these F-functions suitably for our purpose remains 

yet to be studied. In this work, the behaviour of g x F-product was 

examined for only the F(a) being a parabola given by

0t 3*  ?*  5 0( -H 0 * *3  2. ^5 (3.5)

as a polynomial of second degree in a . The g^(a, c ) (see Eq. D*  / )

has been applied as g-function. It is found that the behaviour of g x F 

in this case becomes very different (see Figure 28) from those of g- 

functions so that the intersection pbints P(a, c ) of a g-function and 

9g(a, c ) x F(a)-product (where F(a) being given by (3.5)) are well 

determined.

In this way, the strategy for obtaining the eclipse elements of
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A1 -% , 
Figure 27, The functional behaviour of — sin 9 .

00
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Figure 28. The functional behaviour of x F (for and F see 
' Equations 1 ,5 and 3.5).
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any eclipsing system can be outlines as follows:

1 , First, determine the requisite number of empirical moments 

of the observed light curves.
2m

2. Free these moments from the proximity effects, ignore the 

’’photometric perturbations” (see Chapter 4), and evaluate the respective 

empirical g-function with the aid of so-called ’’rectified” moments.

3. Adopt a trial value for a - if we do not know what kind of 

eclipse we deal with, we may depart from an assumption of a = % , 

and set F = F(%, 0) from the adopted F-functions for a = M and c = 

0 .

4. From the product g(a, cq) x F(a, c ) establish the corresponding

value of c for known a and F . -o

5. From the g-function establish new value of a for known 

value of c , and determine the new value of F(a. c ) for known ao s o

and c .o

6. Repeat the operations 4 and 5 until the differences between 

the newly derived and the previously adopted values for a and c 

become tolerable.

7. By using the resulting values of a and c , determine the 

eclipse elements r , i and L of the system as described in
- 1 I

Section 1 of Chapter 4 , and by these elements perform the reductions 

for the ’’photometric perturbations” to obtain an improved set of the 

Ag^’s and from these improved set of elements.

8. Repeat the operations 3-8 until the differences between the
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improved elements and their previously adopted values become in­

significant, '

5.4 A Different Type Moments and the (J -Functions.

A different type moments were introduced by Ko pal (1977b) for 

obtaining the eclipse elements of close binary systems in the frequency­

domain, which can be described as follows: Let us first consider our 

conventional moments with their probable errors, as

(4.1)

If we write

(4.2)

as the definition of new moments, provided that 2ml f k = 2m , (m m'), 

probable uncertainties of the moments A_ and A_ , cancel. There­
. 2m 2m’

fore, the moments should be free from any observational error 
2m J

except that inherent in the observed value of 6T . Let us note that 

these moments are applicable only for the wide binaries if the phase 

angle @T can be determined from the observations.

In this section, the explicit expressions for these new type moments 

will be developed and they will be tested numerically to obtain the ele­

ments of eclipsing binaries.
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It can be shown, by using the expression (3.3.17) with (3.3.1 8) 

for the moments A that the moments B can be given by a 

similar expansion to that of A *s  as 
2m

(4,3)

where we have abbreviated

(4.4)
\ n!(v-

'Lhi
A- 0

with the polynomials

These polynomials satisfy a three term recursion relation of the form

QaJx) = (An x + 5n) QnM - Cn (4.6)

with the coefficients

(4.7)
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and

where X = 1 - and E V + 2 , In the foregoing expressions 

for the moments B_ , the notations are consistent with those used 2m

in the preceding papers of this series. This expansion (4.3) for the 

moments B is also valid for every type of eclipse for any positive 

real value of m 0 and for any arbitrary degree I of the adopted 

law of limb darkening. It is readily seen from Equations (4.2) and 

(4.3) that, with the aid of expansion (3.3.17) for A 's , the functions 

h. (a, c ) can be given in terms of the functions f (a, c ) , as2 m o 2m o

> b and k > 0 .

Thus Eq. (4.3) can be rewritten by use of (4.10), as

M *>0  and k o
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in terms of f-f unctions given by (3.3.18). The ratios

for M O (4.12)

will depend on only the parameters a and c through the h and

f-f unctions, as

which can be rwrittten, with the aid of Eq. (4.10), in terms of f-f unci ions

(4.14)

KA /»0 and ke k ° *

The -functions given by (4.13) and (4.14) can serve - just like the 

g-f unctions - to evaluate the elements of an eclipsing system. Their 

theoretical values have been computed for m = 1 and k = 2 and their 

similar behaviour as g-functions was presented diagrammatically in 

Figures 29-31 . When we use the -functions for obtaining the elements 

of an eclipsing system a difficulty arises in finding the phase angle 61 

which occurs in the left-hand side of Eq. (4.14) from the observed 

light curve of the system. It can be estimated within about 1° error
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Figure 31 , The functional behaviour of 
m = 1 (see Eq. 4.14).
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from the photoelectric observations of only well-behaved wide binaries.

In this connection, if the 9f is not treated as an additional unknown in 

the solution, the uncertainties encountered by its estimated empirical 

values should be considered. By differentiation from Eq, (4.2) we get

4 k . (4.15)

In what follows, we shall demonstrate the comparison of the 

probable errors in the empirical moments A_ and , on an 
2m 2m

actual example. To do so, let us consider a system consisting of two 

components of fractional radii r = r^ = 0.2 and the inclination i of 

the orbital plane is 90° . The corresponding values of a-, c^ and G’ 

then are a = 0.5, c = 0 and 6T = 23?58 , respectively. Let us, 

moreover, assume that AU = 10.001, AG'- il° , and the limb dark­

ening coefficient for the undergoing star is = 0.6. Under these 

conditions, the even moments and B_ of the light changes 

arising during eclipses can be evaluated together with the probable 

errors in their empirical values with the aid of Equations (1 .3), (2.1), 

(4.2) and (4.15) of the present chapter for m = 0(1 )3 and k = 2 * and 

the results for the linear law of limb darkening are presented in Table 15

for L^ = 0.20 and 0.80. It can be seen from Table 15 that the numerical 

values of the B-moments diminish more rapidly than those of conventional 

A-moments. The uncertainties in the observational B-moments are caused 

by the error in determining the phase angle 6*  from the observations,
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while the uncertainties in the observational A-moments are caused by 

the error in determining the unit of light U . On the basis of an in­

spection the numerical values in Table 15 and the equations from which 

these numerical values are established, we can conclude that the 

probable errors encountered by empirical determination of Q’ are 

larger than those caused by the empirical determination of U , in 

other words, the probable errors of the empirical B-moments appear 

to be larger than those of the empirical A-moments even if the phase 

angle 0r is well determined (this is possible for only wide binaries) 

from the observations. Therefore, the usefulness of the B-moments is 

likely to be limited, and the conventional A-moments preferred for 

practical work. "
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Table 15a

U1 = 0.20

Ao 0.20 ± 0.001

A2 0.008 ± 0.000167

A4 0.000608 ± 0.0000278

% 0.0000582 ± 0.00000464

B2 0.024 ± 0.00256

B4 0.000672 ± 0.000102

B6 0.0000391 ± 0.00000778

Table 15b

L1 = 0.80

Ao ‘ 0.80 ± 0.001

A2 0.032 ± 0.000167

A4 0.00243 ± 0.0000278

A6 0.000233 ± 0.00000464

ai 0.096 ± 0.0102

B4 0.00269 ± 0.000410

B6 0.000156 ± 0.0000311



- 219 -

REFERENCES

Ab-Naimiy, H. M. K.; 1977a, Astrophys. Space Set., 46, 261 .

Al-Naimiy, H. M. K. : 1977b, Ph.D. Thesis, University of Manchester

(unpublished).

Bailey, W, N. : 1935, Quart. J. Math. Oxford Ser., 6, 233.

Bailey, W. N. : 1936, Proc. London Math. Soc., (2)40, 37.

Bateman, H. • 1905, Proc. London Math. Soc., (2)3, 111,

Budding, E.• 1973, Astrophys. Space Set., 22, 87.

Budding, E. : 1974, Astrophys. Space Sci., £9, 17.

Budding, E. : 1977, Astrophys, Space Sci. , 46 , 407.

Caracatsanis, V. A.; 1977, Astrophys. Space Sci., 47; 375.

Cherepashcuk, A. M. : 1966, Soviet Astr., 10, 411,

Cherepashcuk, A. M., Goncharskii, A. V. and Yagela, A. G.s 1968, '

Soviet Astr. , _1_1_, 990.

Davis, W. D. : 1964, Tables of p-Functions, San Diego State University.

Davis, P. J. and Robinowitz, P. : 1976, Methods of Numerical Integration,

Academic Press, New York and London.

Demircan, O. : 1976, M. Sc. Thesis, Univ, of Manchester (unpublished).

Demircan, O, : 1977a, Astrophys. Space Sci., 47, 459,

Demircan, O.= 1977b, Astrophys. Space Sci., 52, 189 (Paper XIII).

Demircan, O. • 1978a, Astrophys. Space Sci. , £53, 257.

Demircan, O. : 1978b, Astrophys. Space Sci., in press (Paper XV).

Demircan, O,• 1978c, Astrophys. Space Sci., in press (Paper XVI)

Edalati, M, T. : 1978, Ph.D. Thesis, Univ, of Manchester, in preparation, 



- 220 -

Edalati, M. T, and Budding, E.: 1978, Astrophys. Space Sci. , in 

press (Paper XVII).

Erdelyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F, G. :

1953, Higher Transcendental Functions^ I, II, McGraw-Hill Publ. 

Co., London and New York.

Erdelyi, A., Magnus, W., Oberhettinger, F. and T ricomi, F . G. :

1954, Tables of Integral Transforms; I, II, McGraw-Hill Publ. Co., 

New York.

Fetlaar, J,: 1923, Rech. Astr. de I’Obs. d'Utrecht, J3, 1 .

Fligel, H. F. and Wilson, R. E.: 1968, Astr. J., 73, 42.

Fracastoro, M. G. : 1972, An Atlas of the Light Curves of Eclipsing

Binaries, Torino, Italy. -

Gudür, N. : 1978, Astrophys. Space Sci., in press.

Irvin, J, B.: 1962, Gothe Link Obs. Publ., 50, Ch.24.

Jurkevich, I.: 1970, Vistas in Astronomy, 12, 63.

Jurkevich, I.-, Willman, W. W. and Petty, A. F. : 1976, Astrophys.

Space Sci., 44, 63.

Kaskambas, A. • 1977, M.Sc. Thesis, Univ, of Manchester (unpublished).

Kitamura, M. : 1965, in Advances in Astronomy and Astrophysics, Vol. 3, 

ed. Z. Kopal, Academic Press, New York.

Kitamura, M. ; 1967, Tables of the Characteristic Functions of the Eclipse 

and the Related Delta Functions for Solution of Light Curves of 

Eclipsing Binary Systems, Univ, of Tokyo Press, Tokyo, Japan,

Koch, R. H., Plavec, M. and Wood, F. B.: 1970, Catalogue of Graded



- 221 -

Photometric Studies of Close Binaries, Vol. 11 , Astr, Publ.

Univ, of Pennsylvania, p. 1 .

Kopal, Z, : 1941 , Astrophys. J., 93, 92.

Kopal, Z. : 1942, Proc. Amer. Phil. Soc. , 85, 399.

Kopal, Z. : 1947, Harx^ard Giro., No. 450.

Kopal, Z. : 1 954, Monthly Notices Roy. Astron. Soc. , 114, 101 .

Kopal, Z. *. 1959, Close Binary Systems, Chapman-Hall and John Wiley,

London and New York.

Kopal, Z. : 1 960, in Atti del Convegno per le Celebrazioni di G. V.

Schiaparelli, Milano, p. 156.

Kopal, Z. : 1975a, Astrophys. Space Sci,, 34, 431 (Paper I).

Kopal, Z. : 1 975b, Astrophys. Space Sci., 35, 1 59 (Paper II).

Kopal, Z. t 1975c, Astrophys. Space Sci. , 35, 171 (Paper III).

Kopal, Z. : 1975d, Astrophys. Space Sci., 36, 227 (Paper IV), 

Kopal, Z.: 1975e, Astrophys. Space Sci. , 38, 191 (Paper V).

Kopal, Z. : 1976a, Astrophys. Space Sci. , 40, 461 (Paper VIII).

Kopal, Z. : 1976b, Astrophys. Space Sci,, 45, 269 (Paper IX).

Kopal, Z. : 1977a, Astrophys. Space Sci. , 46, 87 (Paper X)

Kopal, Z.î 1977b, Astrophys, Space Sci. , 50, 225 (Paper XI).

Kopal, Z. : 1977c, Astrophys. Space Sci., 51_, 439 (Paper XII).

Kopal, Z. : 1 977d, Lecture Notes (unpublished).

Kopal, Z. : 1978, Lectur Notes (unpublished).

Kopal, Z. and Demircan, O. : 1978, Astrophys. Space Sci., in press

(Paper XIV).



Ko pal, Z., Markellos, V. and Niarchos, P. • 1976, Astrophys. Space

Sci. , 40, 183 (Paper VI).

Krat, V. A. * 1934, Astr. Zhurn., 1_£, 407.

K rat, V. A. : 1940, Pulkovo Tsrik. , No. 29.

Kron, G . E. : 1939, LickObs. Bull., _W, 59.

Kron, G. E.: 1942, Ap. J., 96, 173.

Kurutaç, M. : 1976, Ph.D. Thesis, Univ, of Manchester (unpublished).

Lanzano, P.: 1976, Astrophys. Space Sci., 42, 425.

Linnell, A. P. and Proctor, D. D.: 1970, Ap. J., %61, 1045; 162, 683.

Linnell, A. P. and Proctor, D. D, : 1971 , Ap. J., 1 64, 1 31 .

Livaniou, H. : 1976, Ph.D. Thesis, Univ, of Manchester (unpublished).

Livaniou, H . : 1977, Astrophys. Space Sci., 51_, 77. . "

Livaniou, H. : 1978, Astrophys. Space Sci., in press.

Luke, Y. L. : 1 969, The Special Functions and their Approximations,

Academic Press, New York and London.

Luke, Y. L. : 1975, Mathematical Functions and their Approximations, 

Academic Press, New York and London.

Magnus, W. and Oberhettinger, F. : 1948, Formulae and Theorems for

Special Functions of Mathematical Physics, Julius Springer, Berlin.

Mauder, H. : 1962, KI. Verof. Bamberg Ser. 3, No. 30 und 34.

Mauder, H. ; 1966, KI. Verof. Bamberg Ser. 3, No. 38 und 39.

Merrill, J. E. *. 1950-53, Contr. Princeton Univ. Obs., Nos. 23 and 24.

Najim, N. : 1 977, M. Sc. Thesis, Univ, of Manchester (unpublished), 

Niarchos, P. : 1977a, Astrophys. Space Sci. , 47, 80, .



— 223

Niarchos, P. : 1977b, Ph.D. Thesis ; Univ, of Manchester (unpublished),

Pickering, E, C.: 1880, Proc. Amen. Acad, Sci,, 16, 1 .

Piotrowski, S. L. ; 1937, Acta Astn, (a), 4, 1,

Russell, H . N. : 1939, Ap, J. , 90, 641 . . .

Russell, H. N. and Shapley, H . : 1912, Ap, J,, 36, 239 and 385,

Sharbe, S. B. : 1924, Izv. Olav. Astr. Obs, , 10, No, 1.

Schneller, H . : 1949, Verof. der Sternw. zu Zonneberg, 1_, 4.

Smith, S. A. H. : 1976, Astrophys. Space Sci., 40, 31 5 (Paper VII),

Smith, S, A. H, : 1977, Ph.D. Thesis, Univ, of Manchester (unpublished).

Soderhjelm, S.: 1974, Astron. Astrophys, , 34, 59,

Takeda, S. : 1934, Kyoto Mem., A, JJ7, 197.

Takeda, S. : 1937, Kyoto Mem., A, 20, 47. -

Thookas, A. C. : 1977, Astrophys. Space Sci., 52, 213.

Tsesevich, V. P. ; 1939, Bull. Astron. Inst. USSR Acad, Sci. , No.45,

Tsesevich, V. P. ; 1940, Bull. Astron. Inst. USSR Acad, Sci. , No.50.

Tsouroplis, A. G, : 1977, Astrophys. Space Sci., 47, 361 .

Watson, G. N. : 1945 and 1952, Treatise on the Theory of Bessel

Functions, Cambridge Univ. Press.

Wilson, R, E ., De Luccia, M, R., Johnson, K. and Mango, S. ; 1972,

Ap. J. , 177, 191 .

Wyse, A. B. : 1 939, Lick Obs. Bull., No, 496.

Zeipel, H. von: 1924, Mon. Not. Roy. Astr, Soc., 84, 702, '



- 224

APPENDICES



O^NWiik9tMa«)COQOOOOOOOOOaaOOOQOOOOOOOOQOOOO 0 0 0.0 o oo a ou 
U>'<M'UI(JDIVüaN'UI«UOOUOUOOOUUL>QOOUUOOOOOOOOOOOOOOUOOOOUOOO 
^'MUNaNaNaxOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
Q»MUinj<ifV^NAU>OOOOOOOOOOOQOOOUOOUOOUOOOOOOOOOOOOOOOOOO

Oy 
° ✓ /p

O •— •— C4 feUU'NCO'OOUÜOUOO 
uo'OOMOMcœoooaaooo 
NOUUAOU>OOA<OOOOOOO
O *-*•-*  Ut «3 «O O tKQDNOOOOOOO

OOOOOOOOOOOÜOOOO
oooooooooooooooo
oooooooooooooooo
oooooooooooooooo

ooooooooooooooooo 
ooooooooooooooooo 
ooooooooooooooooo 
ooooooooooooooooo

oo^-hjG#A.moxa><o<o$ooooooooooooooooooooooooooooooooooooco 
ft U«- "<<00000000000000000000000000000000000000 

ftmoiuvNWftui^ftnjoooaoaooooooooooooooooauoauouoooooooQo 
»-ACMOUiOC>A.A.rv<OA."40000000000000000000000000000000000000

oo*-*AJ!voxk<j»o"4<»'oioooooooooooooooooooooooooooooooooooooo  
rvoruo<oaB<x»œao"<L*ru"<oooooooooooooooooooooooooooooooOooooo 
*-*Q<»OU«rJU»U<MO>-ft.Xk<JIOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
KJA^A.OO»UOMJO"4Cn>-*‘A.OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

oooe-**»n>trt»A.cro<"<’MCD<oo<oooooooooooooooooooooooooooooooooo 
»*ftœucuNONvuQNftoùœoooocoooooooaooooooaooooooooooooo 
u»<xu<«*.o00a0*-‘a>cn*-0»"4»\>oœoooooooooooooooooooooooooooooooooo 
*40®»-00«— <O»^MU0hJOfUO*^fVOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

CT>

I

c 
y 
o

o 
y 
C)

APTET^IX 1. 
Tables of tho



P

ooo^*‘K)NWA&u)oo>Na)a)4<oio<oo<JuooouuQuuoaooooooooooooooooo
-IW -1^ -ista.u A<Q J> -
**ut«oiv^<>o>Q9v<Au^9œ&Auiui<oQoaaaoaooooooooooooaooooooaooo
ANU)UAIUNOO<— AUIU0«rJO>WUIOiUOQOOOQOOOUOOUOOOOOOOaOUOOUOQOOO

QOO^^^NWW&UUIONNaWO^OUJQOOOOUOQOaOOOOUOQOOUQOOUUOOUOO 
»-*U4CAOM'OUi»-*->4^0>4<XOC>M>4Mcna>OOOOOOOOOOOOOOOOOOOOOOOOOOOC>00
OMAMCO'0^tOOChM®»-U»-«0<»0'000000000000000000000000000000 
li 'i O a N ►* OOUXkUtO®^**»»- 0*0*000000000000000000000000000000

OQOO** r‘IV<VOIAAUI(Jia<NN®®i04«OOOOüüUUOOQOOOOOOOaOOQOüaOÜÜÜ 
OU<JI<ÜÇ4WU<OAÜ'MUV<IKV'4UUru®®<ÜUUOQOOOUOUOUOQOOUUUUUU(JOOUOQ 
<OOWA»CHUIUV’0’-A'«’OQ®N»*UI'- ,MOOOOÜUOOQOOOaOOOOOOOOOOaOOOOO 
C»»*«'*'4a>A'4»-M«<J»X'OU»*A<OWA>A«QUOOOOOOOOOOOOQOOOOOQOOOOOOO

• •••••••• e • e e
UUUUO»*»-*-NNUUU
o»<uvu)*-*Au>^u>(jAa>
UKEUlNUNUÜÜSaiüAIÛ 
(OUNUIblU'OUNUAIVA

□ OOO^'-'NI'JWWMrU'O'OiNNœaiOiOiOOCJOOUCOOOÜÜOL'DQOCOeUOOüOOÜOC 
Oh*Uia>V^<->OIV®AQOtrUNUOAaNOaOOOOOOQQOOOOOOOOOOüaUQOOOOOO  
0'MANWOœ»OA»-0000'00’»*M«<OWœOOOOOOQOOOOOOOOOOOOOOOOOOOOO  
waAutAfVfuoui®ui\)uiwu(®AUio®uiNaooooooaoooaoooooaooooouoooo

O O O O 
ONUI W>- U 
» u a*-* n a 
UŒAWNÜ

M M U W û A Ul 
OWOU1»*»N
N •* lu O ►* « U>

AOtAUl**

U1 O O 
LD «X SL)

cd •— ru

n a ® a 
uio ui o 
*— Cm ►* m 
U N A A

O <o
U4 VI 
o en 
U» V

woooaooooooüooooaooououaQoo 
«lüuaOOÜUUUUOüOÜUUQOUÜUOUOUÜU 
aooooooaoooüQOQUoooaoooooooo  
OCBUUUQUOOOOUOUUUUUUUUUUUUUUU

ÜU(JL>I-I*»*(\)IVU<UAAUIUIVI  MNU>U><U^)'<JOU 
o n a >40 AauODuœucft om^v*» — enoexcnaoo 
NUtMXIONBArVMUIIOAiOUlCUAWiO'-NN'OO 
'<Ü®AOOO^b<U>UWU\O'l»'NU)Uli-IkA A O

uuuuuuuouuuuuuuuouuuuuuou
ooooooooooooooooooooooooo 
ooooooooooooooooooooooooo 
ooooooooooooooooooooooooo

nj 
en

O O O O >-*K)MUUAAUIUIWN\lDU)U<JVO
U IV A N U W "MX— V — V'»J-V'«— >4 ru N W N IV en et A U> U 
N MU O**NO»A»*»-NA  NW AC'NOUOQ'OOO 
IUU0iU<?^UNOOiViU1iO«rvUUiUINÜiN^Ul^Q

il U U U U U uuuuuuuuuuuuuuuuuuc 
i)UUUUUUUUUUUUUUUUUUUUUUUU 
ooooooooooooooooooooooooo 
ooooooooooooooooooooooooo

OUUOO^»-IVrvnjMUAAUIU’Ui0INNWWUUiOUOe>UUOOOUOUUUUUUUUOOQOOOO 
X IVA V CKiffX AIOG, a U(K, CI A C A. a< U >. I-, A. S K. CGC c c c c ce ce c ce c ce G G c c C e c 
v> o e> ui a ui a a >« iv w m NW’uur-^ejN’-ueiuuuoucjueieiuetouijuetuuouuououQO 
>«co>4(><o»— <oxe4e4cx<oxcn>4<oc»'OCT'en<or\)>4inencnoooooooooooooooooooooooo

OOOOO»****-WMUUA  
o* —c» va>rucn*oe4>4»-*v» — 
(Moa)»*0OAivrvACVfu  
ex en •— a®ouiu^o>onui

A A U1 VI U> v N N UO U> U> K) 
UUILuSIVN^lMjAUl»*  
viuuwuiivaviWAw 
NœUOUUUIN^OiOlV

AU,U,<za'N'MNOC»ÜC 
œ^vauiouiouM'A 
xOiOCNUlfVNiOOAa 
►*NNOCU>AM(ZOl»Q

*0*00000000000 
Xi<0*COOOOOOOOO 
•— 0*0000000000
<0*000000000000

<0<0<0000000000 
A >4*0000000000  
œexx-ooooooooo 
AOWOOOOOOOOO

ooooooooooooc 
ooooooooooooo 
ooooooooooooc 
ooooooooooooo

ooooooooooooc;
ooooooooooooo
ooooooooooooo
ooooooooooooo

ru
O

ru
LD

I
K*
N
Ox
I



I 
rfr 
N 
N 
r

o vio<cm£<Mnor:NO>(Micr)iniAN
n rvcn.noru»n«no> xr —• —« oj <zi rv —• n

—• td xr n o n a» n rxi n n -• io n *v
Kifiioioinin'trxj tt m i<n m c\i <M rv

noon.-nr>ncnrocc-«-<»oxj^<n*i^>noxjK'(ûNtnxr'tfK’<>flx>ov(n*iooxiK)0'K)iû(A«x»oin 
0000000 o ocono*>an<r,riinicinfijir>«a^Nxinft»ie^(Mor^^(MvN(MCKNft«^ — o 
oooonoooococotrr» £’iwmica'9/)Mc/)w(ovo\inoa'*)ON’TH(0(nrioai05i*)(\i«o 
ooooooooo'2ooc.O'rr'>cho*3)<rcD*s.r^r>.so^D*c.nmKCVT7'so‘*>r»', Ajtxitx.—•«-•-**»ooooooo

ooooooonooooo'^ror'OKWwcnN-xxiNv.nxrwo—intnwNwm^Kxrtofxiv^vKiKN» 
oooooooooooooooruTO'Ziooaom'^-inoo^oinhx.oi — o*co<r0'0«0'*<o0i0<r>tr>ooocuo  
ooooooooooooooor>K.m»*'0'r>Tf  w m « o \ o o in en «OKnninmnN «Ain>K.innM-4n 
nnc>nnnnonoorir!rroo>of>fb(ntf>inNKNin«flintninTt«x»K>»cn<M(MfMwr«»<nooooGO

OOOOOOOOOOOOOO 0 co 
OOOOOOOOOOOCOOOOl 
oooooooooooococro 
ooooooooooor*  n n r- ni

<no>. ooKKMNifiôNAi-<cn (fi tvn o 
ru rs. co xnoiovoxfNoix<MN*)xrinc  
c> m o o v-mcoi jd cu on xr c^o cv 
oo.o.or>tntn er. rs <n»Gir>mmfnxrx*

ooima^KOifflinnwin’» co 
a»«noKvnxiK(Mft(ooin(vxj 
®in^®xt^œin(MOMnu(Mr<c 
mcnAiwAi-4»«-«wnonr>nn

nnr>onnoooooac>''roeinin<n-«GGxjwMoo>ONfJNi|nnGr|inGTrin-«vNwKONiA«ox» 
ocoooooooooooocooGiN. « ai *)  w a v K m a oaoi®mK®o(\jma®xK)v®K', wfuioMx» 
ooooooooooooooooooifs.mroOAs.moioo4<ninoioGjaDxrors,i*>o>«oojosmoocnmxrry^o  
ooconrcoor. ococrccaaaGO(Da:œh.N(o>fiicictnTtvxr»ni*>(vftjcjw^«w«cooooo

oooooooooooooooooooocnm—«xrcooo^-»o--»r>rsOcoco^-.oco<r>Gjr->xrio»ner>G/oir>— 
ocoooooGoooo 00 coooooo—»xro—•»fnxrrnomO'iToom*sCjFx ’jio^naioioDvnMr 

c 
00000

ocococoooc:oocr*oooanxr<omo^«covru<n-*ooinrs.<Mcuoxxoœ»-«OAsxroi£DtnGjor>io 
ocooooooooooooooooGjiûin<>o<nxTi^<Tooir».*axrGj-*ooo<xjxyo*infxiGjxyaDuoinaoxTx, 
oooooooooo or* oocoooio%Nmnjomooim«-«fsOOiw**^As.mmm^-Nrno»s v»-ao<oxTC\i«-»o 
oacoanoooaoco îccoao'txxTOMTNNNÆjjin^if^ -»omorvfv<xi-^^«-»oooooc

oooooooocooooocoooOrfGomwanoxrx»xr(nKv>inG<ninMnN<nK<no<n'»oiKNa 
onoooooooooocooococ<Mtnx»NKnmooGKxr—minGOanoruiOMn-maKG 
oooooooooooooooooooofsmGJomrvomomGJcnAnoin-^wirMotn-^eninGromxrm 
oooonococc’occorocooGGffGtra:cnKNNiDioinin’<rx»«i*>nw<M<v^^««-ooocoo

ococoooocoocoocooooooooacoFsxro>s<M<otnO'voojocoo*'»iniotDXTr)ocoin«r«oi 
OOOOOOOOOOOOOOOOOOOO-^mCMxyOCOx-e.-iOCOxrOiO.-eFsOOA^iOr'sOOOiCDOOC'^-eiOU» 
ooooocoooooc cocoooooohsiDGJO'inejaoxTOinx-*NDtxirsoo <vo®NOiin(MaKion>40 
ooooooooooooooooooooGGaaco<ncnNK*oioioininxrx»nmnNW-*-<woooooo



ZZ8 -

Co^ .40 .41 .42 J3 .44 .45 .46 .47 .48 .49

3,00 r onoo 1.3000 1.0000 1.0300 1.0000 1.0000 1.3300 1,3030 1.0000 1,3300
*.32 1'OnOO 1,0000 1,0300 I.qOOO 1.0000 1.0000 1.3000 1.3000 1.0003 . 9995
.34 1 0100 1.0000 1.0300 I.qOOO 1,0003 1.0000 1.3300 I.QOOO .9997 , 9393
,06 1'0100 1,0000 1.0300 l.oOOO 1,0300 1.0000 1,3300 1.0030 ,9939 , 9721
,08 i'on00 1.0000 1.0900 I.qOOO 1,0000 1.3000 . 9993 .9918 . 9751 . 9529
.10 1 0100 1.0000 1.0300 l.oOOO 1,0300 1.3000 . 9923 . 97 58 . 9554 .9319
.12 1 0100 1,0000 l.OOOQ l.oOOO , 9998 . 9927 , 9790 . 9D87 .9355 . 9097
.14 l'o9OO 1.0000 1.0300 I.qOOO , 9929 . 9737 . 9501 .9030 .9133 , 3855
.16 1'0100 1.0000 . 9993 .9931 . 9792 .9611 . 9397 .9158 . 8899 . 3525
.18 1'0100 1.0000 . 9932 .9795 ,9517 . 9407 ,9173 ,8^21 .8555 , 8378
.20 ;9?93 ,9932 . 9796 .9520 ,9413 .9182 . 3935 .3674 . 8404 .3125
.22 9?32 . 9797 .9521 .9414 ,9135 . 8941 , 3584 .3418 .8145 . 7359
.24 '9?95 . 9620 .9413 .9135 , 8942 . 3686 . 3 423 ,3154 , 7882 . 7638
.26 9517 .9410 .9191 .8938 , 8583 , 3421 ,8154 .7835 .7614 , 7344
.28 ;9d03 ,9174 . 8929 . 8674 ,3413 .3147 . 7379 .7010 .7343 , 7075
.30 '9J63 .3917 . 9551 . 8393 .8132 , 7865 . 7598 .7333 . 7070 ,6310
.32 •8,01 , 3642 . 8379 .9112 , 7345 . 7578 .7313 .7052 .6794 , 5540
.34 8.520 .8354 . 3386 .7817 . 7553 , 7286 . 7325 ,5/59 ,6517 , 627 1
.35 8,25 . 8054 . 7784 .7516 .7251 . 5990 , 5735 .6434 . 6243 . 5301
.58 8317 . 7744 . 7475 .7209 , 6943 . 5692 . 5 44 3 ,6199 .5952 , 5731
.40 V* , 7427 .7150 .6898 ,6642 . 5393 .5150 .5685 . 5452
.42 ?373 ,7104 . 6341 .6534 . 6335 . 5092 , 5357 ,5»29 .5409 .5195
.44 ;7o4i , 6776 .6519 .6269 , 5025 . 5792 , 5565 . 5J46 .5134 . 4933
.45 6704 . 6445 .6195 .5’52 ,5713 , 5492 . 5274 ,5^54 . 4852 . 4 566
,48 6364 .6113 .58'0 .5636 ,5411 .5194 , 4 985 ,4/35 . 4592 . 4435
.50 5q22 .5779 . 5546 .5821 ,5105 . 4893 . 4599 ,4038 . 4324 ,4143
.52 5ft80 , 5448 ,5222 .5003 . 4302 . 4635 ,4415 .4235 ,4061 . 3394
.54 5)33 .5115 . 4901 .4697 , 4532 .4315 .4135 .3955 .3801 . 354 4
.56 4,93 , 4786 . 4333 .4390 , 4205 . 4029 . 3361 .3?99 . 3545 . 3398
,53 4ft62 . 4461 . 4269 . 4087 ,3913 . 3748 . 3593 . 3439 .3295 .3157
.50 4329 .4140 . 3950 . 3789 , 3526 . 3472 , 3 324 ,3134 ,3050 . 2922
.52 4101 , 3824 . 3555 .3497 . 3345 . 3201 , 3354 .2*34 .2810 . 2591
.64 V3 .3514 . 3358 .3211 ,3370 . 2937 .2311 , 2091 .2576 . 2457
,65 '303 .3211 . 3059 .2932 ,2303 . 2680 , 2564 . 2454 ,2349 . 2249
,68 .2916 . 2735 .2660 . 2543 . 2431 , 2 325 .2*25 .2129 . 2338
.70 r2?57 ,2630 .2513 .2398 .22»! .2190 , 2394 .2UD3 ,1917 .1835
.72 2463 .2353 . 2243 .2144 , 2043 .1957 ,1371 .1'3’ .1712 .1539
.74 .2087 .1991 .1’00 ,1314 .1733 .1557 ,1035 .1515 .1451
• 7"6 1^21 .1831 .1745 .1666 .1591 .1520 ,1453 ,H39 .1328 .1271
• 7"B 107 .1588 .1514 .1444 ,1379 .131' ,1258 .1*33 .1151 .1101
.80 Jl425 .1357 .1294 .1234 ,1173 .1125 ,1375 ,lu27 .0982 . 0943
.82 1 । 9 Z .1140 .1337 .1035 , 0989 . 0944 . 0902 ,0»52 .0825 , 3789
.84 ' 0q85 .0938 .0394 .0852 ,0313 . 3775 ,0742 .D<39 ,0678 . 3549
, 86 *0789 .0751 .0715 .0683 .0651 . 3622 ,0594 , 3058 .0543 ,0519
,88 ;°0i , 0581 .0554 .0528 ,0504 . 3481 . 0459 ,0*39 ,0423 , 0402
.90 *Od5i . 0429 .0409 .0390 .0372 . 3355 . 0339 ,0324 ,0310 . 0297
.92 '0,11 ,0296 . 0232 .0269 ,0257 . 3245 , 0234 .0*24 ,0214 , 3205
.94 ’0f93 .0184 .0175 .0167 ,0159 .3152 ,0145 .0139 ,0133 .012 7
.96 ,0199 ,0094 .0090 .0036 .0092 . 0073 ,0075 ,0U71 ,0068 . 3066
.98 'OO32 .0031 .0029 .0028 ,0027 . 3025 , 0324 .0023 ,’0022 .0021



I
O**
N 
N
r

in“)*>oi\'>*iQ |n'r»o»1nonAi<nnf>n-inxin^no'Ox»nr>-«K1nr)'nr)Nosnoi«o«r>*)in'n ’iiO’»

:n lûinininir, .n’»«^^(Mnr»sinxrnjno>Kininan!nMn»ii\inniMO’»M-oa!nM(i,n’9*><\iHwona
• in ,n <n m m m m m m >n tn m v v v’j't»~>>n<*i*)'ninA'fMfv<VN(Mw-<w^wrt^nnr)nnoor>onono

mt>Dw>n(\in'0(\'<MxinoKoao(\)N-<'nnja\<nf>i(MKiONCjwno(V<noi(nNinoo(nNTrv(^ONinin 
'’00®in(M5n(Mif)inw!noi^flin\on<M*)inictnoinina<-<inoKU)>o!nx»r«coom'0 ’iv(nKO«iD5rw 
 ono9n®iK'ûif)*)rtO®>o^(M-*oiKn'CrtO<oio«nwoi(Dfiin*)(M«oicoKcinv»iNNe<ooo  

'O®c®ininx)nin®ininif. in xy xt xt -a xto-ooxdoocxicucmcucxi-x-x-x-x-x-x — ooooooooooooo

n v <r v t n n *>  m -*'>  x> o <r mo t> o v M -•■> x n *d --x <3*  x n xr -m 3 •> x n <r o -x i~> 31 x a n 9 hainho  □: 
(O®®o®®®®®inininminmv x» x# v x>fnrcM*M^<MMAiruwAi-<^.F<rt^^wnooor>ooooooo

KOinnvxTxxnx >0 n m >n <vx ru 
*>*>r«oinoK> ’-(0®owww»«oo 
f*r>n»mw<nx  irtxrN^mx ir> d —. rx

®n®Hnx®m®xoi®innxo
O'O'OOOCNXNTOOOfMxr'O^1^

xr x, xt xiy>«onrn<nn(W<MNfti<-iw

□o —- rx xr xr — in o xr --«men o ru izd o <n 
®wn^x®rtOfflonoi(yino\^H 
min®(MO(*®®in«  m ru ru -x cd ci r> 
w^w_«nnnonr)ononon

<n
\n

CO xr x» N MKOJOXÆOO®*'®  —. iH 
MNQXN®inxa(M>o»ioin*)A!0  
V V XT IO *1  (XJ -lONfi’C—OXXXO-'O 
xxxKxxx<Otf>®<n(nininin«inx>

o tn —• o o r< « m ® x ®, x mxrorsocn <0 wno®Ohn — cd o cx -a x 
» x <0 xr orDruojouruoxroaD o xr x w® ru co m rv w o o n ic » in n 
®«NCa®^ftOO®V(MOO'XmfiJx»®XÛ®rr»)NHOOO 
x» x» xt Tri*>ximr)ioAi<vAirvAiww»<w^««nnr>nnnnnnonn

ir>

ru ci - o^nitrin^nmox ~d en tv ® n xr n ® m ® ® x» o m o rx o xr fxj ir> en o rbiei x m ® r a xr 0 ® n n x 
Tr®«xr)xnw^nm®xrwoixxi(M(jixxi(Momx®®®xr®®xffiHnmw®wœ®K)(Mx<wxr®onH 
ex «r o®®®®*>-a®vNox®r-imûxrftioxwc^  c» n m >0 -•o®®xr>nwo®x®®«mwwwoo 
xxNxxKXNK®®®o®inirininx xr xt xt Xi oorDrnrurucucvru—-<—■■—•—• — --«.-«rDCDCDCDCDCDCDOCDCDCD

m 
in

k x x HX®xxo®o(r«Nx »<®exroxx®(\i®®»«®o xrxrooimexraOftÆOnfixœonx®® 
®®(\ixrinif'tr(\ioxTr^fflTr-xrcox^cxinniooix®®®®xo-xrxN«(voi®’<rMr>®xo®^ 
'TTrTrin(MOff®rriMftx®(MOœ®®wœ®xr^ox®ftio®®’iNn®x®inNOoix®®’rn(\iT<rtOO
s ® ® ® « ®x x xx ®®®®®L'i®®®xrrr'}rrn*)i <ir!*>(\it\i(\iW(MH-<-wrtrf3on.noo30000

ru 
m

o> v> Orfx1 in®NOO®aO'Xxroi5,auft®xr'»®HmoiM-r»ifflwxox —• ru ex xr®<omrooi<on->o n®« 
o co xr o^na®no«fvm 'rroi®o®wM^o®(vm®«wmx x ® ® x o rTin x —. en ru o
aftffptfxrwaxinNnxinrvn^innnflMftMwmiflxrMoixwinwoixwTrN-omwrrvMNw^no
®®®œ®œffxxxxx®B®®ic®ic®xiTjxrvnnicr(\if\>f\iM(Mr<^w^r.«ooccooooooo

10

OiflOwflXNOlOClXOO 
(\ioi 10 « m r^w© xr o in —• o 
©xrn^ox^Noo^no 
oooiOi®©n©©xxxx

00 10 ru 00 xj 
o 10 o xj o® © n c x ® ® © © ©

•x®x®w®M©oociono 
vmn©xroi©rf©v(MO®x 
®(vox®(\ooior^oi©xr 
intniflxrxyxrxrnmmmfMAifii

x» xroroovonoi—-oxToaoev 
©<OKa>OrO©OiO(M(7i»MOK 
NOa©©rt-O®x© xr o ru 
ru ru -x ■—• *-• w-x •—• «x o cd o o o o

0X00 
CO — O 04 
•x wx O O 
CD O O O

Ox©^^AjuoonijO'<rin©vcjo©xxmrjmx<7iU'(tx©amnxrNxrftXxro©xx©u©riir)0
o®©x©5rxMiooi’»oii*>xx©oi*)©oxr®i*)xftixnoi®(Max©©©©«®x«o®Na®®ON«N
CD cr 10 xr rv o cr ici c o cm m o CD en ici <\ cix'iocuoix xr> rx> rr-r^ xr cu OK'tf) mixoïxi© o« ex o O‘X o xr r> eu» «-t — c cd 

cd ex o aaa®©®nxxxx©©o©©©®xr 9 xrxroooooruououoj^x-x—<-x-x*—OOOOCDCDOOOO



OÜOOOOOOOOUOQO'-«-*»-*»-**»- ‘»-rjNWN 
OOO*'<-NUUMJl»N»ûONUlk»^C0O> -Uft 
•-ftNNNfc»-'O'MO>O>O'NC0lOWXkN»**La»UNW>l  
UONUOUUObUlH^OM^M NM^fflOU'ÜOaO

NNNUUUUUUAAAAft&AA&AAAAAAlk 
Q"«iOOWMJINœO‘-l\)ftbUIQ»»t>N'4\NNM'4 
UQbVUIOai^O^UOOOUIOtO^bOiNOVO 
•—<>•— suabiau^^N^uiOKMOoftAiMaoaoD

 üaüüOUUOüUOOü’-^^^^>'^’-iV'\JMiv/\)AJivwuuwwwuuttttûuattftutkuauu •
OO(J‘->*WWUAUIU>'<U>CU^Mtt0lU'U)'OONWUI«U)MJUWUUllAS(UU^^ruiVUUUUaAftAA  u>
►*U'«H-v4UüNuiawum*uiN<ü>- ‘aNüuu>Nm^ui(jui>OttuowOior\)G<MU)u'M>-ao>a><jiyuMW ru
WU»ft.<J/VUÜU1WMA^ A^WUUAMU'MAUU!U>(4O<ZUOUI <00 '+ÜUU>Af\J»-O<J^ N <O M O O VI <JD

COÜUCOOObCCÜUU^r*»*̂  I-*  M.H.H H.IU NMNIUMfQUiUlxUUUUUUUU^bftAbbbAb
000^**fiJMCMÊUIO>NN<00*-MUI^ONU>'0**MUÜia>œ'OOMUAUIO*xa>aJK)'£liOUOOOOOOQ
►,UN»*(MVU)UIU* >OOCQONWUI'IONUI'DN(MOUM»*A»MAMœONU(»NUlU>«*UV>Ma)CC'ü
ru NNU>U)U»CNIO«<- CI\)«OülXkU«My)iO»-u|k. U)U>ft!\J<JUlNN>*  N U N U Q •- œ (J <Z 04 x« CD

en 
GU

O O O  O  
O O O»- ** M 
*• u œ ►*  m»- 
rv ca uu o m

U O O O O O ü 
NUbbUKAN 
N ft <O U> N CA 
N in U U) UIV CA

 □►'^^►*»* “H‘>iNrOI\JIVIVMI\)ruuUWUUUjlUWUUUOUUUUU« 
t»00»-rVft^CACAN'CU»*MACACAUJ'OQ>-rjWACACACA<ACACANNNNNNNN  
<ACA'M(AOwuCA^aNUI<»>-ftNülVftCAN'M(AüUl«MUtU>ONftCACANN» 
AC/miVCMfV^-MUl»- U N CA CA CA ft IV N O Ul U1 IX «x N IV •- 'U NACACANCACAU^U

en

UUUUUUUUUU 
O OO»***  M N Gi ft ft 
►-UCAQU’OCACicON 
►*A®(MV(AW**A)C»

uucjcjun'—ix> iv nj 
U’CANOCIOO'-JUUAlACACBCO^Nft 
CAAUNNIUUUA(AN’D*-UCANOM  
00 xx ftNCAIA*-lCJiOWœcAA(AlANIOO

IVIVUIVIUUUUUUUUU UOIUUUCMUUOI 
CA CT NUIlCOt-'lvnjNUG-GC*  ft b b ft> b b b b 
bUINa>CDNU!ObO)x>bNIQ»Ub(A(>N\N 
UNx>»<(k(j)MU<AftCDNft NNCxCBCIWbCDO

en 
en

uuuuuuuuuuuuu 
CJ O ei »— •— •— ixi eu u b ci en >4 
•-*  u ca o b o en »— a: en c*  •— o 
►*C«U»-CACBCANU1<BCANU

ocjcj*̂» - **rv
MCA» O U ►*  IV U CA U> N U> U CJ 
<0 CD CD CO 03 a> C O ►- U b CTI XI 
NUH\)MbONCANUC»N>-

zvrvrvrvrufvruivrvfurveucu 
•— IVftCACANUUÜUDUDCJO 
□dcoo*—•—•—OMrvenvDeucn 
4x X N b X| b AJ (V U ►*  N CJ CB

OOOOüU<JCJÜOOOCJOOü'*******x,*,»'**>*»- ‘tVI\)WIVNNiVNIVNNIVNIVMI\)NNIVIVMNNrV 
XX c Ci >^1 A. I» C*  b- U CTI CT> X>« C. Cl ►*'  ft.' C> b U O M a C. Cia- ft U. A U' O CCT CA M XX. ex 1 CL' cil a çx «C' <C <C C’ C'Y 
►-UCAIl)bUJbOCAU'-iü'MCAbCAUl«Cz<UWAftUICAtANNXIVCAb»*(AlüC*CAU>'-CAU  'MUIU>-MtVIWUU 
ON»-'l»-ObftlOOU»-‘tV®M®b‘-n*U(A >-'^ftO'*l\)(A(AUU(AI\)'MOin*l\JCb3iO'UI>-n*OMNCA(A

COOOOOOOOOCOCOCOO»-»-*->-*-x-*-x**-»-ft)ft)ft)AJft)IVfylVMft)lVft)N(\)ft)rVft)W!UMft)Mft)  
<3OOC»-n-ft)ft)C*bbU'OiX4œttiCan-ft)UhCr(ANa)icc;>-«|V0iUhbhU ’y'0’CTICA(ACA0'CTCTCTCA(A0'0‘ 
»-UlAVJUCDUlOU'JVV<rbl\)H>«Qgu3X|'MCTCA<AO<<>(ACACAbUUNn-lAU3i-*l«CAUDOIVC»bUIC>XlCDa;aia>  
OOWb(ANbNbO>-UlUCAUS'ICJb>-iO'IN\CAcr**CACA>-0'-(>'OUNOIVftUOCr®ülUCAIVO'0'0

en 
CD

cjcjcjcjcjcjcjcjcjcjcjcjcjocjcjcj»—rurururvnjrvrurururvrvrvrvrvfvfvnjrvrurcj/vrv ■ 
UClUCJ'-»-njrVCJftbUI(ACAXIU)ICL)—WCXCAbCACAXICBOCJU>-»-AJMWC?iUUUCA(>ftbbbbbhbb LD
►*NU ’OIVNI\)VUO'Mb»-ONCAftCAft)n*UiOœue  SCACTC*n-UlftCAMCJIC»C)AJbCAIK)--AJCAh  b CTI CA U> CA O
0’0(AülObCA'OIÜIV(J»-VIUbNIVü(JOfVCAai>-WftNNNONNMU»-VIO<iœftiONUl*|i-U>UNCÜ

I
h U) 
g 

I



I

N
I

O o oi <o \ m *)
n ® >n <o ® m xi 
anen<r>co<nancn<r> 
00000000

KwinNO-iNnoi 
*imru—«-^oocorx 
mmmminenKKK 
000000000

—> r> in in n o*  « 
invioNOininN 
KNKKKlOinin 
00000000

m^NOiionHOO 
®von-<Kinoin 
in m in « xt ।n m <m m 
000000000

njioowinmNoiio 
—• k xr —• on >0 r3 —x o 
CM x-Xx-xx-xOOOOO 
OOOOOOOOO

Oi 
on 
cn 
o

oi <n k <n v -HOintM®’n®r\i 
®mm®m®KN\inintnin 
OxOOOOiOCTOxOxOOOO 
0000000000000

vnom^iior^^K.m'no 
XVnt\l^Of>®KlD® 
ooxocnooiaooococoon 
ooooooooooo

inoNrvMxjfUN^inm-iin 
mruon®r«NN®in®xioi 
®®®NKK®®innx>^n 
0000000000000

O <0 •» IO ® O K N —• CO O f*x  
unOxocMoom—•mmmcuo 
to ri iMiMwwHOOOOa 
OOOOOOOOOOOO

KKcnxi-jO’<oni®,nttCiiin®ocuinfnf\i^Oiin-<inmffinx:inNOioo®KKKOi(M®tninNin«-ivo-'K 
nr)nnnnnioioi®®KKin®inKfin(\irtn®K®«ivom®-<®rtKr<®rt®H®(MKnoi®N(>i®x»nia  

I—• r"3 "3 0 3 3 3 3 3 3 3 3 3 3 3 3 3*  Ok » •!> 3» n 30 30 ■x K O 0 13 n xy XT «3 ,•» ifv 31 -e i—. I-. <-> 3 3 3 3
—X—X-x—-X-X—.—x—«—,—<—x.-«.-«-x--«.-x,-xOr3Or3r3OrDOOCDOOrDr3C3CDO<0Or3OOt3OOOOOO

m in n ® -< o> m ai sr m n —» xj Noi00oi®iocvmminioin-»<owni-<N<VK fMN0omt>niNv®omK tv <\i n 
nntnon(\iM(M'<'xOO(>®KN>nxrinN-oi®®xjcvo®(MNt\i®-<®0'»oi’j®iooixo®<MO>®vNO 
niruniMiMruniiMMAiaini-» — ^-.w^^^^nonnnnoommK k io in in v xr m m runjrv—•—«r~>or3rD<3 
*• -*  -—• —• *—• •—• —-• *—■ x w-e —- x—• x-4 x-x • —-x x—« --x ——• —* x-x —• —-x —X —x O O (3 O O 0 O O O O O O CO CD O C3 O C3 C3 O <3 C3 0

xtxj*ix<oi®in®m®w'9\®®ffiK««Nr.xjin®fy®ffloœ(\iitininin®Koinoinino>^ininoox»o®  
sKKN®io<oininxrxrfn(\ie<QcifflK®xMnwoiMnN®v®inNwin(MnKrt®oinoinr<MnoMrNO  
m*>K>innininin'>ininin»>nin(\iMM(\iM\i(\irtwx<»<oooio®®K®iûiniO')  m rorocucM—«oooo 
—• x—• »—x — x ——• x—• x—« x—# x—x x—« ——< x—< x—x x—x x—x x—x x—x x—x x—x x-x x—x x—x x—x x—x XX—x x—x x—X x—x <3 C3 €3 C3 I I 0 O < ) O CD <3 <3 13 <3 I I <3 <3 CD CD O <3 CD

«m(Mxxm®x<®nin®m(»oi®®K)minin®®®Hn(\)x<5Tk>nj®inftvom®kOiVxxx4xrrf^®in®'»m 
N<MN(\lxH^x<OOOfflK®®5:®WOOK®inxxOi®<\IK^®Ol<\l®ainKOv®tUNfVKft|®5JOK<niO 
•nmmininminininvxtT»W5tw'i»in>nfnfnnNAi(Mx<-<ooioimkK®®OTj5minni(\ix4xxx40000 
—-• X—• X-X X—X x-x x-X x-x x-X x—« x-X X-x x-x x-X x-X x-x X—• x-x x-X x-x x-X —-X X—X X—■ x-x ——X X— x~x x-X x-X O CD O O O 0 O O O O O O O O O O O O O O O

inmin-x®xjo^mofu(M(\iOKin®NxTTr(MOftiftifflin(VKOnif\iniin«®av-xO(M®^inoiK0iio®ino 
®m®®KKNininm'iTK>(M-x0l®<nnri-xo<OT:xxin-.in®<Min®-x'«NGfnr—inoimmmmxjo^xTtvo 
iOiû(nioiOinioiniûinio®iO(nin®in®intnxrxixjK>mn<\i-<-xOo>0'®KKio®inx3inxn(\iw-x-xwOono 
* —™*  x-X‘ -x—«■ --• x—X x-X x—X x-X —-X*  x-X x—X x—X x-X X —-X —X —-X ' x—X —X xi’ x—X —-< x-X -~X -—• —X -X —XI —X O O O 3 x3 O O O O 0 O O O O O O O O O O

®miz>^-no^’TKmo®in(M®^xrinvomKTriOKniM-xKfn®o®'9fj<Minio(v-x(MKinKxTvoiOinffl 
m®®®®T»«oftiwooi®K®«wo®®inc?Kni®Oin®m-xK)®ai-x(rh>oinK-^o,<ïoi®xxK®wo 
®®®®®m®®®®®KKKKKKK®in«oinininwin(M-xrxO0i®mK<nininvTmniNww-xor)oo 
•x"*  ' X-I x- x-> »x ——' x-X X—X X-x X—■ x-x ——« X— —« —-x —- x— —— x-x x-x —- x-x —- x-x —- X— x-x X-x X-x 0'0 O O O O O O C3 O O O O O O O O O O

to XT
XT 

O O 
<M CM

f*>O<Ox-«tO^O'O9OI0x^xoooO»>x  
XT XT K>r)(\|-xOOi®Kmv(\|wOi® 
OOOOOOOOOOOOOiOkCOCD 
MWf\IWW(M(\l-XrXx-<-.w-x-X X-x —X

<Mr>r>oo<o<o<M(0'oior)xjx,xj so 
XT —-• CO U3 O' FO O O' x-tfOinKO-itnO 
COeOtxrx«OM3i0xTxTr3<Mx-OOOxCO 
x-X ——X X-x x—X x-X ——x X—f ——x ——X x-X —x —x x-X —-X O CD

oimNN'to®x<o®ook>nNhoi 
KOfosooKjo—<ino<OxxQin(vo 
^►x<ow3xTxrr3r3eurj—•—iOOOO 
OOOOOOOOOOOOOOOO

®’j(\ioi®ara®nNo®ni-<rxo®n-x®-x®Asr®NK-x®®N®NOi®oi<M®Ka®xto®Kxt®st®a
v^'»®®m(vwoah®xt®Hft®UrtKv®rx5j®®awni®ne®a-xMefflxix»®Nexi®«œ®(\io

CMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMCMx— x-xx-.-xx-xx-xx-xx-xx-.x.xx^x-f—xOOOOOOOOOOOOOOOOOO
> <3i 0i nifi'Ai cxi <3> cm ot—i —I — t —«x-»-- r o c non. «r>io xr> « n <\r —- o o- <r> <r> tx ciininvmMMx-i^ r c c c

0/ 
/o 
Zo



oyO/
/P

ouoouuuuueuuvjouwucuuuuuwcuuLJUuuuueucj  
ooooo*—— ■xjixj'xjgjui^ tx ex & 'jiui'ji'j\yiaiu»o>oo>a>o>iyo'0'0^o»
C»*UUlNONWiO’VUI*OWOiOMlO<OI\)UU!^NJ)i300>J'\)MUtKM^U!C' 
JiNUU'JI»-jaOb(XikOff-ffiüa;NNGI\)*l>!V*-C7ii*C0"-3'-0'3

O U U U U (J O 
> Ch QI 3 O » O 
co d 0)1 œ oo co 
m <a m j a o> \

UWU_JUCJUUUC_>UU_J_»U~JUUUC_)L>LUU JUUULJUU_)UOUUUUUUUU_/3ULJLJUUU_J 
UUUUUU-'-^iV.VIVLJ l»U b A XX x> tx A a Ul Ul Ul Ut Ul U’ Ul Ul Ul U< U Ut Ul Ut Ul U. U*.  Ut Ut Ut J. Ul U! U J. U' Ut U 
UH‘|>ul'<4iOlUUI'«''a\J1X^U.UUIUI'4U)U(J>-|U,VUa(S>UIU17IUI\N'<JOJCU;uUUUUUUUUJ'J 
en n ru u •- ut w o *>  •— u u1 oo »- ru tu o •— u; n n n u» n cj o m m lu ui u u w ru u< v ru ut uu vu ui <j> a u <j ►*  tv <u tu

ÜUJUOU'-'''-,,-MtU(ULJU<,xU.lxa»i Ix rx _x xx *x rx £x --X ^x XX tx tx tx tx LT Ul Ul Ul Ul U> Ul Cil LF Ut U. Ul Ul Ul Ul Ul 
O x- U A O' U >- n Chu IXJ Ul 'JO — XX. un l_D su •— AJ 'XJ U~ A Ul U' 'J1 O XI N US UO O U U uu U IU MU iU U r\J ,XJ .X)
jshUja'j)<jtr>'j»NN'iui^a)NUjU(jO'J'Ar*xu.UAUiu;'uuiJMUij)'-ix'jixj)u-MmAAAUi

CJCjCJCJt—)O>— X— IU M >U IV (X U< s_JUxU»U4U*U.UmU>jLmXxXxxxXX.xxxxXxxxxx

O* — fxjAenœomuijo-— muis<j»-*mxxuiuicn  Nwuoiooo'j^^iu'uiuuiuisxsja a XX n a a u u> ui u ui ui u: ui 
Ul Ul U) Ul a U) IO v- J) Ul M UJ U1 U M sxj N A N lu j; W N M U' U A \ U «J U1 D U W A J. X U U lU A A A A A

•JD

00

CD
Ul

UUUUUOUUUUUUUUUUUOOUUUUUUUÜU'JUUUUUÛUUUUUUOUlJUUULKJU  
UUUUUUU’- •— •— IV lu IU IU >U M lu IU lu <U IM M IV IU IU Ul ut Ul U A m U m Ml U< U U lx U A A uxmUxmmUIU«m 
0»-M<kU>\iO<-UUl®U^UÏxUiUlDiO'NNaœiO'OiOOCC3,J‘'*"***fU!UIVIUfV'UfUIUUU.Ul>llxUl<l  
AUUIUNUIUHMilUÜ»'iüANUUllU®UNIU®ÜUNUWU'a“*m®N«>*WAUIX ’JliOiOU’'>*tUIU!VtV

uu
Ch

oooooooooooooooocoooooooooooooooooooooo
OOOOOOOO»->-»-**»->-f*̂ »-x*»*̂ i-.NNMM!UfUfUNNNIUIVIUMfVMMM
0^*fUUA®®Dx't»ixutuiNN®®®OiO«OUÜUO>' >-,*'^''^*rUMtUfVIU<\)MIM
Awiuuiiüuiiuo®rv xi a m o ui u n n »- n 'vcju.uimuiUAU'Ui'Oi-ruAUiO'N od <j

O
(XJ

oooooooooo 
ruMMf\>rx)(x;(\J'x>rx)fX) 
u-mu-mu-mmu-mu. 
O«— «XJ(XJI\JC-U4UJL-LU

00
00

UUUUOOUUOOUUUÜUUUUUUUCJUOÜUUOQUUUOUUUOUUUU U U O U U O U U U e 
O CJ O U O O o O X-x ►*  •—* • X—x X-x U M U XX x—* X-x *-x  x-x X-x X*  ►- M X—• x~ X— X-x X-x X-x X*  x-x x-*  X-x x—• X-x X— X-x X—x x— X-x X-x x— X-x X— X—x X-x QU
□ •x|vUiAO'MDU»'NUiUiAAA®UIUIUi®(h(JUi'U\'M\NN®®(ICa>UO'JI®®®UlU:OOOOIOOOiU€ SO 
hxxxJUOiOWlOJk^au-WMlhONUKBKUxaSOHUU. Qi(JC<J»-NClAUiO'NN®iütOOCJ’**-»'NIUNN

1
N 
vu 
h»

I



233-

À??3NDIX 2.
o

Tables of taa 4* o

.10 .11 .12 .13 .14 .15 .16 .17 ,18 .19

0.00 31.00 65,46 53,79 44.79 37,73 32.H 27,55 23*34 20,75 13,17
-.02 30.95 65,43 53.75 44.76 37.71 32.09 27,55 23.32 20,74 18,16
.04 90.84 65,33 55.57 44.69 37.55 32,04 27,53 23.78 20,70 13,13
,06 80/4 65.17 53,53 4 4.57 37.55 31,95 27,4? 23.71 20,64 18,07
.08 90.36 64.93 53.33 44.41 37.41 31.83 27,31 23.52 20.56 18,00
.10 80.00 64,64 33,38 44.20 37,22 31,67 27,17 23.49 20,44 17.90
.12 7 9 5 5 64,27 52.78 43.93 37,00 31,47 27,00 23.34 20,31 17,78
.14 >9.04 63.84 62,42 43.53 36.73 31,24 26,83 23*16 20.15 17.63
.16 >8.44 63.35 52.00 43.27 36.43 33.97 26,55 22.95 19,96 17,47
.18 >7.75 62.79 51.53 42.57 36,03 33,67 25,30 22.72 19.75 17,28
.20 >7.00 62.16 51.00 42.42 35.69 33.33 26,03 22*45 19.52 17.07
.22 75.15 61.46 50.42 41.92 35.27 29.96 25,67 22*16 19.26 16.83
.24 >5,24 60.70 49,73 41.38 34,80 29.55 25,31 21.34 18.98 15,53
.26 >4 24 59.88 49.05 40.79 34,29 29.11 24,92 21.50 18.67 16,30
.28 >3/5 58.98 48.33 4j. 1 5 33.73 28.63 24,50 21.12 18,33 16,00
.30 >2 00 53.02 47,53 39.46 33.14 28.11 24,05 20.72 17,98 15.68
* 32 >0?5 57.00 46,67 38.73 32.51 27.56 23,55 20*29 17,59 15.34
.34 5».'4 55.91 45,75 37.95 31.34 25.97 23,05 19.84 17.19 14.97
• 36 S8.04 54.75 4 4,78 37.12 31,12 25.35 22,50 19.35 16.75 14.58
✓38 56/5 53.53 43,73 36.24 30,37 25.69 21,92 13.84 16,30 14,17
.40 65.00 52.24 42.57 35.32 29.57 25.00 21,31 18.30 15.81 13,>4
.42 53.35 50.88 41.53 34.35 28,73 24,27 23,67 17.73 15,31 13,29
.44 61/4 49.46 40.33 33.33 27.85 23.51 20,00 17.14 14.78 12.81
.46 47.98 39.09 32.27 26.94 22.71 19,33 16.52 14.22 12.31
.48 57.95 46.42 37,73 31.15 25.93 21.87 13,56 15.87 13,54 11.79
.50 00 44.80 36,42 29.99 24,93 21.00 17,80 15.19 13.04 11,25
.52 §3/6 43.12 35.DQ 28.79 23.94 23.09 17,00 14.48 12.41 10,58
.54 51,94 41.36 33.53 27.53 22,85 19,15 15.17 13.75 11,75 10.10
.56 49.94 39.55 32.00 2b.23 21.73 18.17 15,31 12.99 11,07 9,49
.58 4\35 37.66 30,42 24.38 20.57 17,16 14,42 12.20 10,37 3,85
.60 4».03 35.71 28.73 23.49 19.37 16.11 13.50 11.38 9,64 8,20
• 62 42.55 33.6» 27.09 22.04 18,12 15.03 12,55 10.54 8,89 7,53
.64 40.04 31.61 25.33 20.55 16,34 13.91 11.56 9.56 8.11 6,94
,66 37/4 29.46 23.53 19.01 15.51 12.75 13.55 8.77 7.44 6,44
. 6D 34/5 27.25 21.57 17.43 14,14 11.56 9,50 7.99 6,87 6.00
.70 32,00 24.97 19.75 15.79 12,73 13.34 8.60 7.34 6.35 5,53
.72 î».16 22.62 17,73 14.11 11.29 9,29 7,85 5.76 5,89 5.19
.74 5»,24 20.21 15.75 12.39 13.05 8.42 7.18 5.22 5,45 4,32
• 7~S 23/4 17.73 13.57 10.93 9,04 7,64 6,56 5.71 5,02 4,45
.78 2 0.15 15.19 11.93 9.73 8.14 6.93 5,98 5.22 4.61 4,09
.80 (7.01 13.07 10.51 8.58 7.31 5,26 5,42 4.75 4.20 3,74
.82 t4.41 11.37 9,26 7.71 6,53 5,61 4,83 4.29 3,79 3.38
.84 12.34 9.88 9.11 6.80 5,79 4,99 4,35 3.33 3,39 3,03
.86 10.54 8.51 7.04 5.92 5,05 4.37 3,82 3.37 2,99 2.67
,88 8.89 7.23 6.01 5.07 4,35 3.75 3.29 2.91 2,53 2.31
.90 7/4 6.00 5.00 4.24 3.64 3.16 2,77 2.44 2,18 1,95
.92 5.85 4.80 .4,31 3.4 1 2,93 2.55 2.23 1.98 1,76 1.58
.94 4 39 3.61 3.03 2.58 2,22 1.93 1,69 1.50 1,34 1.20
.95
.91
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1.30
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1.15
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.46
.81
.42
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Co^ .50 .21 .22 .23 .24 .25 .26 ,28 .29

0,00 1 $.Q°0 14,152 12.570 11.203 10.023 9,000 8,101 7.310 5,612 5,994
.02 11.990 14,143 12.562 11.200 13.021 8,994 8,395 7.335 5.607 5.989
.04 1Î.96O 14,116 19.537 11.178 10.000 8.974 8.377 7,298 5,592 5.975
,06 15.910 14,070 12.496 11.140 9.965 3.942 8,347 7.251 5,566 5,951
,08 1 i.r4o 14,007 12.433 11.087 9,917 3,898 8,305 7,222 5,531 5.918
.10 15.750 13,925 12.354 11.019 9.854 3,840 7.953 7,173 5,485 5.375
.12 15.640 13.825 12.273 10.935 9.773 3,770 7.383 7.112 5.429 5.823
.14 15.510 13,707 12.155 10.937 9.587 3,685 7.311 7.041 5,352 5,751
.16 15.560 13,571 12.041 10.724 9.583 3,590 7.722 5.059 6,285 5.693
.18 16.Î90 13.417 11.931 10.595 9.465 3,482 7.521 3.355 5.199 5,509
.20 15.0°0 13,245 11.744 10.452 9,333 3,360 7.509 6.751 6,102 5.518
.22 1 4.793 13,054 11.570 10.293 9,187 3,225 7.385 6,846 5.995 5.419
.24 1<.56O 12,846 11.383 10.119 9.023 8,073 7.249 6.=>20 5.873 5,339
.26 14.310 12.619 11.174 9,930 3.854 7,918 7.101 5/33 5.753 5.193
.28 1 i.g40 12,374 13.950 9 726 3.667 7,746 6.941 6.255 5,612 5,352
.30 15.750 12.111 13.711 9.507 3.465 7,560 6.769 6.075 5,464 4,924
.32 13.440 11,830 13.455 9.272 3.250 7,362 6.586 5.035 5.306 4,776
.34 Ij.pO 11.531 13.132 9.023 3.021 7,150 6.391 5.724 5.139 4,520
.35 13.760 11.213 9.893 8 758 7.773 6,926 6.183 5.032 4.959 4,453
.38 13.393 10,878 9.587 8.478 7.521 5,690 5.964 5,329 4,770 4,277
.40 15.5OO 10,524 9.264 8.183 7.253 5,440 5.734 5,115 4,571 4,092
.42 lï.593 10,152 3.926 7 873 5,965 5,178 5.491 4.890 4.362 3,397
.44 If.[60 9,762 8.570 7,548 5.667 5,902 5.237 4.954 4.144 3,725
.46 1  • 7 1 9,354 3.198 7.208 5.354 5,614 4,970 4,437 3.953 3.579
.48 lg.?40 8.927 7.310 6.853 5.029 5,314 4,593 4,191 3.785 3,445
.50 9.753 8,483 7.405 6.432 5.638 5,000 4,443 4.U35 3.635 3,321
.52 9.243 8,020 5.533 6.096 5.334 4.725 4.239 3.835 3.494 3,202
.54 5.710 7,540 5.545 5.696 5.023 4,489 4,349 3,077 3,361 3,096
,56 ?.i = 0 7,041 $.0’2 5 345 4.757 4,275 3,371 3,027 3.231 2,974
• 5"3 7.590 6,524 5.694 5.045 4.515 4,075 3,702 3,332 3.104 2,352
,60 hg02 6.073 5.355 4 774 4.291 3,885 3,539 3.240 2.979 2,750
.62 6.467 5.669 $.043 4.520 4.073 3.702 3.379 3.Û99 2.854 2,539
.54 6. n5l 5,343 4.753 4.280 5.872 3,523 3.222 2,*50 2.729 2.525
,56 j'5’9 5,020 4.453 4.049 3.672 3,347 3.366 2,«20 2.603 2.412
, 5 8 5. >94 4,715 4.233 3.824 3.474 3.173 2.913 2,t>79 2.476 2,295
.70 4.9d9 4,422 3.979 3,602 3.273 2.993 2.753 2.037 2.347 2,178
• 7 2 4.§17 4,137 3.730 3.333 3.083 2,822 2.594 2,093 2.215 2,357
• 7 4 4 • >95 3,856 3.483 3.163 2.387 2,645 2.434 2,247 2.082 1.934
.75 3.978 3,578 3.237 2.943 2.689 2,466 2.271 2/98 1.945 1,308
• 7"8 3.565 3,301 2.590 2.722 2,489 2,285 2.105 1 , * 4 7 1,805 1 , 5/9
,30 3.362 3,024 742 2.498 2.235 2.100 1.937 1/91 1,662 1 , 547
• ^2 ’•o’’ 2,744 2.491 2.272 2.080 1,912 1.764 1,033 1.515 1,411
• 84 9.724 2,462 2.237 2.041 1.871 1,721 1.588 1/70 1.356 1.272
,86 ?• d05 2.176 1.979 1.837 1.657 1,525 1.403 1/04 1,212 1,129
,88 ;.g84 1,886 1.716 1.568 1.433 1,324 1.223 1,134 1,053 ,932
. 90 1.756 1,591 1.448 1.324 1.215 1,119 1,334 /59 ,891 ,331
.92 1.423 1,290 1.175 1.074 .987 .909 . 340 / 79 ,724 ,575.94 1.083 ,982 .895 .819 .752 ,693 .541 ,094 ,553 ,515• 96 .734 ,666 .507 .556 .511 .471 , 435 /04 .376 , 350• ^8 . 376 .341 .311 .285 .261 ,241 .223 /D7 .192 .179
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Co^ . lO .31 .32 .33 .34 .35 .36 ,33 .39

0.00 5.444
:jî?

4,954 4.515 4 122 3.758 3,449 3,160 2.^99 2.652 2,445
.02 4,950 4.512 4 .113 3.765 3,446 3.157 2.895 2.659 2,444
.04 4,938 4.500 4 107 3.754 3,436 3.149 2.839 2,651 2.435
,06 5.404 4.917 4.483 4 ,089 3.737 3,420 3.133 2.873 2.637 2,423
,08 s.373 4,888 4.453 4 053 3.713 5,397 3.111 2.8-, ? 2.613 2,434
,10 5.333

C?84
4,850 4,418 4 030 3.53? 3,36 7 3.383 2,826 2.593 2.331

.12 4,804 4.375 3 [990 3,644 3,331 3.349 2/94 2.562 2,3d2

.14 5.227 4,750 4.324 3 942 3.599 3.289 3.309 2/56 2.526 2,318

.16 5-1 60 4,688 4.255 3 ' 897 3.547 3,240 2.963 2/12 2,485 2,273

.13 5. O8 4 4,617 4.1’5 3 .925 3.483 3,184 2.910 2/53 2,438 2,233

.20 5. nOo 4.538 4.125 3 .755 3.422 5,122 2.352 2/37 2.385 2,183

.22 4 • 9 0 7
4. q04

4,451 4.343 3 673 3.349 3,054 2.787 2/46 2.327 2.1 29
,24 4,355 3.953 3 593 3.273 2,979 2.715 2/78 2.253 2.032
,25 4.69 3 4,251 3.355 3 .501 3.193 2,897 2.539 2/36 2.239 2.045
.23 4.573 4.138 3.753 3 4Q2 3.093 2,809 2.555 2/43 2.166 2.012
.30 4.444 4,018 3.537 3 296 2.993 2,715 2,484 2/92 2.125 1/32
.32 4.307 3,889 3.515 3 .182 2.992 2,632 2.424 2/45 2.093 1/52
.34 4.163 3,751 3.387 3 ' 061 2.789 2.554 2. 573 2/32 2.054 1 , 923
.35 d.n°4 .3,606 3.253 2 955 2.711 2.502 2.320 2/51 2.020 1/94
.38 3.543 3,452 3.131 2 866 2.539 2.443 2.272 2/20 1/95 1 . 354
.40 3.567 3.317 3.329 9 784 2.573 2,388 2.225 2/90 1.950 1.833
.42 3.515 3,202 Î.937 ? 7q8 2.509 2,333 2.173 2/39 1.914 1 ,331
.44 3.385 3,097 2.350 2 .6J5 2.445 2,280 2.H1 1/97 1.877 1,758
.46 3.267 2,999 2.757 2 .554 2.395 2.225 2.393 1/55 1.839 1.734
.48 3.155 2,906 2.537 2 494 2.324 2,171 2.33 4 1/11 1/99 1,593
.50 3.06O 2.815 2.508 2 .425 2.252 2.116 1.985 1 /56 1.753 1/50
.52 2.948 2,725 2.529 2 . 355 2.199 2,059 1.933 1/19 1.715 1/20
.54 9 , R 4 7 2,637 2.453 2 284 2.135 2,001 1.383 1/70 1.670 1/79
.55 2.743 2,548 2.371 2 .212 2.373 1.942 1 . 325 1/20' 1.623 1/35
.58 2.549 2,459 2.2’0 2 . 1 39 2.003 1.880 1 . 769 1.657 1.575 1.49 3
,50 ;.r43 2,369 2.208 2 .054 1.934 1.817 1 . 71 0 1/13 1,524 1.442
.52 2.447 2.277 2.125 1 988 1.354 1,751 1.549 1/56 1.471 1 .393
.64 2.345 2,184 2.33’ 1 .909 1.791 1 ,684 1.585 1/97 1,415 1/41
.56 2.24! 2,088 1.951 1 323 1.715 1.614 1.521 1/36 1,359 1.237
.58 je 1 35 1,991 1.851

1.759
1 744 1.538 1.541 1.453 1/73 1.299 1.231

,70 2.325 1,891 1 553 1.553 1,467 1.383 1/37 1.237 1.173
.72 7.915 1,788 1.573 1 ,570 1.475 1.389 1.311 1/39 1.173 1,112
.74 7.802 1,683 1.576 1 478 1.393 1.310 1.235 1,159 1.106 1,049
.76 1.585 1,575 1.475 1 394 1.302 1,227 1.153 1/95 1.037 .984
.78 1.565 1,463 1.371

1.254
1 .287 1.211 1,142 1.378 1/20 ,955 .915

,80 1.443 1,349 1 .139 1,113 1,054 .995 / 4 1 .892 /45
.82 [.317 1,232 1.155 1 ,.085 1.021 .963 .910 /51 .815 .774
.34 1.187 1,111 1.0*2 .979 .921 ,869 .321 .737 .599
.85 1.364 ,986 .925 873 .319 .773 .733 /91 .655 ,522
. 88 . 9I 7 ,858 .305 757 .713 ,673 . 535 /32 .571 ,542
.90 .77 5 .72 7 .532 641 .504 ,570 .539 /1 0 ,484 ,459
.92 .531 .591 .555 .522 .491 .464 .439 /1 5 .394 .374
,94 .482 ,451 .424 398 .375 .354 .335 /1 7 .301 ,235
.96 .328 .307 .238 271 .255 .241 .223 /1 b .205 , 194
.98 .768 .157 .149 .139 .131 .124 ,117 .111 .105 .100
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ÀP?32ïDn 3. Tables of the / (a, Co} - functions.

.10 .11 .12 .13 .14 .13 .16 .17 .18 ,19

0,00 1,2570 1.2562 1.2552 1.2541 1.2536 1.2530 1.2517 1.2’03 1.2495 1,2481
.02 1:2555 1.2551 1.2546 1.2540 1,2531 1.2521 1.2512 1.2^ 02 1.2489 1,2476
.04 1.2555 1.2550 1.2542 1.2534 1.2525 1.2518 1.2507 1.24)5 1.2484 1.2470
,06 1.2542 1.2536 1.2531 1.2524 1,2515 1,2505 1.2495 1.2434 1.2470 1.2457
,08 1,2533 1.2526 1.2518 1.2509 1,2501 1,2492 1.2480 i.2“5a 1.2455 1.2441
.10 1 2512 1.2505 1.2499 1.2491 1.2481 1.2470 1,2460 1.25’8 1.2433 1.2418
.12 1.2494 1.2487 1.2478 1.2468 1,2459 1,2448 1.2436 1.2822 1.2408 1.2393
.14 1.2466 1.2459 1.2451 1.2442 1.2431 1.241» 1,2406 1.2’” 1.2377 1,2360
.16 1.2443 1.2431 1.2421 1.2410 1,2399 1.2’87 1.2373 1.2’58 1.2342 1,2324
.13 1.2405 1,2396 1.2335 1.2’75 1.2363 1.2349 1.2334 1•2?19 1,2301 1.2282
.20 1,2170 1,2360 1.2348 1.2335 1.2322 1.2308 1.2292 1.2274 1,2255 1.2235
.22 1:2,28 1.2316 1.2304 1.2291 1,2275 1.2260 1.2243 1.2225 1.2204 1.2183
.24 1.2283 1.2271 1.2257 1.2242 1.2225 1,2209 1,2191 1.2170 1,2149 1,2125
.26 1.2234 1.2220 1.2205 1.2189 1.2172 1.2153 1.2132 1.2111 1.2087 1,2061
.28 1.2(80 1,2165 1.2143 1.2131 1.2112 1.2091 1,2369 1.2U45 1.2020 1.1992
,30 1.2122 1.2105 1.2057 1.2068 1,2047 1.2025 1,2300 1.1*75 1.1947 1,1917
.32 1.2  5 3 1.2040 1.2021 1.2000 1.1977 1.1’52 1.1926 1.15’8 1,1863 1.1935
.34 i.ig’2 1.1972 1.1950 1.1926 1,1902 1,1875 1,1846 1.1’15 1.1783 1.1747
.36 1,1913 1,1896 1.1873 1.1848 1.1823 1,1791 1.1760 1.1'27 1,1691 1,1552
.38 1,1842 1.1818 1.1791 1.1763 1,1734 1.1702 1.1568 1 • 1 ? 31 1,1593 1,1551
,40 1:1758 1.1731 1.1701 1.1673 1,1641 1,1606 1.1569 1.1329 1,1487 1,1441
.42 1,1671 1,1642 1.1610 1.1577 1,1542 1.1504 1,1464 1,1’20 1.1373 1,1324
,44 1 1577 1,1545 1.1511 1.1'475 1.1435 1.1395 1.1350 1.1’03 1,1252 1.11’7
.45 1.1476 1.1442 1.1405 1.1366 1.1323 1.1278 1.1230 1,1'78 1,1122 1,1062
.48 1.1372 1,1333 1.1292 1.1’49 1,1203 1.1154 1,1101 1.19” 1.0983 1,0917
,50 1,12" 1,1216 1.1172 1.1126 1,1075 1.1020 1,0963 1.0*01 1.0833 1,0760
.52 1,1132 1.1094 1.1045 1.0993 1,0938 1.3879 1,0816 1.0/47 1,0673 1,0593
.54 1.1012 1,0968 1.0909 1.0853 1.0793 1.3728 1,0557 1.3532 1,0500 1,0410
, 5"5 1,0377 1,0823 1.076$ 1.0704 1,0637 1,0565 1.0488 1.0’05 1,0313 1,0213
.58 1:0735 1,0675 1.0612 1.0543 1,0470 1.0392 1.0306 1.3*12 1.0111 ,9998
,60 1,05*2 1.0516 1.0447 1.0’72 1,0292 1.3204 1,0109 1.0u05 . 9889 , 9757
• 6~2 1.0419 1,0348 1.0272 1.0'8’ 1,0099 1.3001 . 9895 . 9/77 . 9642 , 9433
.64 1,0247 1,0168 I.OO83 .9”! . 9891 , 9783 , 9561 .9022 ,9359 ,9198
, 6"5 l.0D61 ,9973 . 9879 .9777 .9666 . 954 1 . 9399 .9*34 , 9065 . 3945
,68 ■9861 ,9764 .9660 .9545 .9417 . 9271 , 9398 .3*27 . 8807 . 8727
,7o .’547 ,9539 . 9421 .9288 .9139 . 8963 , 8784 .8053 . 8584 . 8537
.72 .’414 ,9292 .9159 .9002 ,8817 , 8635 ,8513 ,8*37 . 8393 . 8373
• 7 4 .91'53 .’018 . 0359 . 8671 . 8479 , 8357 . 8283 ,8*44 , 8223 , 5231
.76 ,S975 ,8711 .8512 .8317 ,8194 .8124 , 9390 ,8^80 ,8083 .8109
.78 .8559 ,8353 .8147 .8024 ,7959 ,7931 , 7927 .7*42 .7969 . 8005
,80 ,?1" ,7968 . 7847 . 7787 .7766 , 7771 ,7793 .7b27 . 787 1 , 7920
« 8 2 .7779 ,7661 . 7609 .7597 ,7611 ,7642 , 7584 ,7/35 .779% , 7852
• 84 .7465 ,7423 . 7423 . 7448 , 7489 . 7541 . 7600 .7865 . 7732 , 7801
• 83 .7231 ,7244 . 723$ .7337 ,7400 ,7469 ,’542 ,7817 ,7693 , 7770
,88 ,7q64 .7119 .7187 .7263 ,7343 , 7426 .7509 .7093 .7676 , 7759
.90 .6959 , 7045 .7136 .7229 ,7323 .7416 .7507 .7598 ,7687 , 7774
.92 ,6*19 ,7028 .7135 . 7242 , 7345 . 7446 , 7544 .7639 ,7731 , 7821.94 ,6?5S ,7083 . 7203 .7318 ,7423 . 7533 ,7534 .7/31 .7824 .7915
.95 ? • 1J * ,7250 . 7376 . 7 494 .7605 .7710 ,7810 .7906 ,7997 ,8084
• 98 ,7515 ,7849 .7769 .7080 ,7984 , 9080 .8171 .8*57 ,8338 ,8415



-2.^.2.-

Co's .50 .21 .22 .23 .24 .25 .26 .23 .29

0.00 1:2,64 1.2451 1.2432 1.2*12 1,2394 1.2368 1.2345 1.2919 1.2233 1.2259
.02 1'2,62 1.2445 1.2423 1.2*09 1.2383 1.2366 1.2341 1.2914 1.2285 1.2253
.04 1 2,5, 1.2439 1.2421 1.2*01 1,2381 1.2357 1.2333 1.2936 1.2275 1.2244
.35 1:2,42 1.2425 1 24 37 1.2388 1.2365 1.2343 1.2317 1.2<89 1.2253 1.2225
.08 1'2,25 1.2408 1.2339 1,2359 1,2347 1.2322 1.2297 1.2258 1.2237 1.2234
.10 1'2,33 1.2384 1.7355 1.234* 1.2321 1.2295 1,2269 1.2240 1,2203 1,2173
.12 1'2,75 1.2357 1.2335 1 . ?314 1.2291 1.2264 1.2235 1.2^35 1.2172 1.2135
.14 1 2543 1.2322 1.2331 1.2278 1,2253 1.2225 1.2195 1.2154 1,2129 1.2391
.15 1 2,05 1.2284 1.2262 1.2237 1.2211 1.2181 1,2153 1.2H7 1.2079 1.2340
.18 1/2,62 1.2239 1,2215 1.2190 1.2161 1.2131 1.2397 1.2^51 1.2023 1.1983
.23 1 2^13 1.2190 1.2154 1.2136 1,2135 1.2073 1,2338 1.2^30 1.1958 1,1914
■ 22 1'2 ? 5 9 1.2134 1.2105 1.2077 1.2344 1.2009 1.1972 1.1*31 1,1887 1.1838
.24 l'2{03 1.2072 1.204J 1.2=10 1.1975 1.1939 1.1398 1.1054 1,1807 1.1755
.26 1 2.334 1.2005 1.1972 1.1’38 1,1901 1,1860 1,1317 1.1770 1.1719 1.1563
.28 1 1963 1.1930 1.1395 1.1859 1,1918 1.1775 1,1723 1.1b 77 1.1621 1.1551
.33 1,1395 1.1850 1.1313 1.1772 1.1729 1.1681 1,1531 1.1975 1.1515 1.1453
.32 I 1830 1.1762 1.1722 1.1678 1.1531 1.1580 1,1524 1.1*54 1.1399 1.1326
.34 1'1709 1,1669 1.1524 1.1577 1.1525 1.1469 1,1439 1.1943 1.1271 1.1193
.35 1 i§u 1.1566 1.1513 1.1'67 1,1413 1.1350 1,1283 1.1211 1.1132 1.1344
.33 11,05 1.1457 1.1434 1.1847 1.1285 1.1219 1.1147 1.1J57 1.0978 1,3382
.40 1:1,92 1,1338 1.1291 1.1219 1.1151 1.1073 1,3998 1.3*38 1.0811 1,3593
.42 i; 1,69 1.1211 1.1149 1.1080 1.1005 1.0’25 1,3335 1,3/35 1,0623 1.3493
.44 i : i Î 3 3 1.1075 1.1035 1.0’30 1.3848 1.3757 1.3557 1.3=42 1.0413 1.3274
.45 1*3,97 1.0927 1.0951 1.3757 1.0673 1.3574 1.3453 1.3922 1.0137 1.3077
.48 1/98'5 1.3768 1.0533 1.0590 1,3487 1.3369 1.3234 1.0094 . 9984 . 9893
.50 1 0*82 1.0595 1.3531 1.0097 1,0277 1.3137 . 9993 . 9d37 . 9831 . 9735
.52 1 3,05 1.0409 1.3302 1.0131 1.0340 . 9897 , 9785 .9'30 . 9535 , 9593
.54 1 3,13 1.0205 1.0330 . 9935 . 9791 . 9679 , 9594 .9931 . 9487 . 94 57
,55 1.3[03 . 9976 . 9331 . 9631 , 9563 . 9483 ,9422 . 9930 . 9352 , 9335
.58 ’ ® 3 6 9 ,9718 . 9557 .9*53 . 9359 . 9309 , 9263 . 9243 . 9229 , 9225
.50 9505 . 9,49 . 9333 . 9250 .9191 .9153 ,9133 .9119 .9113 .9125
.62 9,25 , 9209 .9125 . 9069 . 9333 .9012 , 9305 .9Û37 .9017 . 9335
.54 9,83 . 3998 . 8943 .9’09 , 8892 . 3887 . 3392 .3*36 . 8925 .3952
.56 ’’65 .8812 . 9731 . 8767 . 8755 . 9774 , 3791 ,3814 , 8843 . 3877
,68 5,77 . 8649 .8533 . 8640 . 8553 . 8673 . 3700 .3/32 . 8759 . 3339
.73 *8,1 J . 8506 .8512 .8528 . 8553 . 3583 .3519 .3*59 .8732 . 3749
.72 V V J . 8381 . 8431 .8*30 . 84 54 . 3504 .3547 .8 = 94 .8643 . 9595
.74 I3?45 . 8271 . 8334 . 834 3 , 8337 . 3434 . 3 484 .3=37 . 8592 . 3543
.76 .3177 . 822 1 . 8269 .9323 . 3374 . 3 433 .3*38 , 8543 , 8533
.78 ,®74’ . 8098 .8153 . 8205 . 8264 , 3324 , 3385 .84,8 .8511 , 3575
.83 .8032 . 8392 .8155 .8219 . 3283 . 3 34 9 .3415 . 3432 . 354 9
,82 2,15 . 798 1 , 8343 .8115 .3184 . 3253 . 3 323 . 3992 . 8452 , 35 3 1
.84 ,7'71 . 7944 .8317 . 3089 .8162 .3234 . 3 307 . 3079 . 8451 . 3522
• 5~5 ,7,47 . 7924 . 8331 .8°77 .8153 . 3228 , 8 303 . 397 7 , 8453 . 3 52 3
.88 7 , 1 .7922 . 8032 . 808 1 .9163 . 3237 .9313 . 3938 . 8452 . 3535
.90 / ft D W . 7943 .8326 .8106 .8185 . 5263 , 3 340 .9'16 . 8493 . 3553
• 92 :7,sp . 7994 ,8377 .8158 , 82 57 .9315 ,3)91 . 8456 , 8539 .3511
.94 8q02 . 3086 .8159 .8?48 ,8325 . 9402 , 3 47 5 .3 = 48 .8619 . 9588
.96 . 8249 . 8 327 .6*32 . 8 4 75 . 9545 .3515 .9 = 33 . 8749 .3913
• 98 .84a9 . 8559 . 8627 . 8691 . 8754 .5814 .9373 .8*30 . 8985 .9333



cX no .31 .32 .33 .34 .35 . 36 ,97 .38 . 39

0.00 1*2)22 1.2187 1.2145 1.2102 1.2354 1.2000 1.1945 1 . 1 9 3 0 1.1815 1.1/37
.02 1'2)20 1.2181 1.2141 1.2097 1.2049 1,1996 1.1933 1.1’77 1.1807 1.1734
.04 1 2)09 1.2172 1.213] 1.2085 1.2037 1.1933 1,1925 1 . 1°52 1.1793 1.1717
.05 1 2792 1.2152 1.2111 1.2 ° 5 5 1.2015 1.1962 1.1902 1.1*38 1.1757 1.1593
.09 1 2?67 1.2128 1.2034 1.2°38 1.1987 1.1931 1.1373 1,1*33 1.1732 1.1531
.10 1'2,35 1,2094 1.2050 1.2001 1.1949 1.1*91 1.1323 1.1'59 1.1683 1.1531
.12 1 2a95 1.2054 1.2003 1.1’57 1.1902 1.1*42 1.1777 1.1'04 1.1625 1,1538
.14 1 2)51 1.2005 1.1957 1.1’04 1.1345 1.1734 1,1714 1,1*39 1.1555 1.1453
.15 1 1?95 1.1950 1.1393 1.184? 1.178? 1.1715 1,1542 1.1*51 1.1473 1.1373
.13 1'1)35 1.1885 1.1331 1.1771 1.1705 1.1636 1.1557 1.1<72 1.1375 1.1259
.20 1 1365 1.1812 1 1 754 1.1693 1.1522 1.1545 1.1462 1.1*58 1.1264 1.1145
.22 1 1735 1.1729 1.1557 1.1500 1.1525 1.1445 1.1351 1.12*o 1.1133 1,3998
.24 1'1599 1,1638 1.1571 1.1-197 1.1417 1.1325 1,1227 1.012 1,0973 1.3843
.25 1'150? 1.1536 1.145) 1.1384 1.1294 1.1195 1,1083 1.3*53 1.0815 1.3595
.23 i;i4*5 1.1423 1.1344 1.1255 1.1153 1.1047 1.3915 1.3'82 1,0655 1,3554
.30 1 1/7 1.1299 1.1211 1.1114 1.1303 1.0*75 1,3740 1.0*26 1,0528 1.3445
.32 1'1)43 1.1160 1.1054 1•u’53 1.032J 1.0692 1.0579 1.3433 1.0403 1.3335
.34 Hl [04 1.1008 1 0397 1.j759 1.0537 1.3525 1.0431 1.3454 1.0289 1.0235
.35 1'0,47 1,0836 1.0705 1.J575 1.3464 1.0372 1.0297 1,O2 35 1,0184 1.0143
.33 1'0/0 1.0639 1.0503 1.3-398 1.0337 1.0234 1.0174 1.0125 1.0038 1.3358
.40 l'O;69 1,0435 1.0325 l.j235 1.0164 1.3107 1.0362 1.3J26 . 9999 . 9979
.42 1 0,57 1,0248 1.0159 1.1)3” 1.3334 . 9991 ,9958 . 9*34 ,9917 . 9937
.44 1 0?65 1.0077 1.0009 .9955 .9914 . 9*84 . 9363 . 9919 . 984 1 . 9839
.45 9,90 . 9923 . 937 1 .9833 . 9335 . 9785 . 9775 .9'70 . 977 1 . 9 7 77
.43 9q32 . 9782 . 97 4 5 .9720 . 9704 . 9695 , 9 594 , 9 ° 9 8 .9705 .9719
.50 9^88 . 9654 . 953 1 . 9 5 1 7 .9512 .9612 .9519 . 90.33 . 964 5 .95)5
.52 9/3 . 9537 . 9526 .9523 . 9525 . 95 55 . 954 9 .90.58 . 9589 .9514
.54 9 4 39 . 9430 9429 . 94 35 , 94 4 3 . 9454 .9185 ,9310 ,9537 . 9558
.55 9330 . 9332 . 934 1 . 9355 . 9375 . 9399 ,9125 ,945b ,943) . 9324
.53 '9)31 . 9242 .9253 . 3282 , 9303 . 9338 . 9 37 1 , 94 36 . 94 44 .9484
,60 974 3 .9160 .9135 . 921 4 . 924 7 , 9282 , 9323 ,9*50 . 9 433 . 9 4 4 7
.52 9,53 . 9085 .9117 .9152 .919] . 923 1 . 9273 .9*1* , 9355 .94’2
.64 ,9017 . 9055 .9095 .9133 .9134 . 9 23 1 . 9^79 .9329 ,9331
.66 8)14 . 3955 . 8993 . 9 0 4 4 . 9091 .9141 .9192 .9^44 .9297 . 9352
,63 8,53 , 3899 . 8947 .a”7 , 9349 .9102 .9155 , 9 2 1 2 . 9259 . 93 2 5
.70 , 3849 . 8901 .8955 .901 1 . 9067 ,9125 .9133 . 9243 . 9333
.72 ,8749 , 8804 . 8353 .8918 . 8977 . 9035 . 9 097 .9158 . 9220 .9232
.74 '3705 , 8765 . 8825 .8*86 , 9943 ,9010 , 9 07 3 .91 35 .9203 . 9254
.75 3S70 . 8732 .8795 . 8859 , 6923 . 3987 . 9352 .9118 .9133 .9249
• 7 B . 8705 . 877 1 .8*37 . 990 5 . 3969 . 9 336 .9133 .9173 . 9238
.30 3,17 . 3684 . 8752 . 8823 . 8333 . 3955 . 9 324 . 9*92 .9151 . 9229
.82 , 3670 . 8743 . 8909 . 8979 . 3943 .9017 . 9U36 .9155 . 9225
• 84 , 3664 . 8735 .8815 . 8375 . 3945 .9315 . 9*35 .9155 , 9225
,35 ;b595 . 8667 , 8739 .8*10 .8380 . 3953 . 932 1 . 9*90 .9163 . 9229
,68 ^sftO9 . 3681 . 8752 . 8923 . 8394 . 3964 . 933 3 .9102 .9171 , 924 0
.90 '8,36 . 3708 . 8773 .8*49 ,8913 . 3987 . 9055 .9124 .9191 . 9259
. 92 . 8752 . 3322 .8*90 , 8953 . 9025 . 9391 .91)7 . 9223 . 9238,94 ,8765 . 8823 .. 8 39 3 .8955 ,9019 , 9083 .9145 . 9^38 , 927] . 9 332• 96 ,8575 . 3938 . 8998 . 9058 ,9117 .9175 . 9232 . 9«?39 . 9345 . 9 4 30.98 '’o’l .9142 .9192 . 924 1 , 9289 . 9337 , 9 384 . 94 30 , 9475 , 9523
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4. Tibler of the 6Y, Co)

C^ .10 .11 .12 >3 .14 .15 .16 >7 .18 .1*

0,00 ,»8’1 , 9865 . 9935 .9804 ,9768 . 9729 , 9565 ,9038 , 9588 , 9530
.02 .9891 , 9855 . 9935 .9804 , 9763 , 9728 , 9585 .9037 . 9585 . 9530
.'04 .’9’3 , 9864 . 9935 .9803 , 9767 .9727 , 9584 .9636 .9584 , 9528
.05 ,’8’0 , 9864 .9835 . 9802 , 9765 . 9726 , 9582 .9934 . 9582 . 9525
,08 9*89 .9863 . 9933 .9801 , 9764 , 9724 . 9580 . 9031 , 9579 , 952 1
.10 . 9 g 8 8 , 9852 . 9332 .9'” . 9752 , 9721 , 9576 • 9’28 ,9574 .9515
.12 9887 . 9860 . 9830 .9796 , 9759 .9718 , 9572 .9023 .9569 ,9513
.14 ?S85 .9858 . 9828 .9794 . 9756 .9714 . 9568 .9017 .9552 , 9532
.16 .’883 . 9856 . 9925 .9790 . 9752 , 9709 ,9562 .9910 ,9554 . 9493
.13 ,’b«1 . 9853 . 9322 . 9786 , 9747 . 9703 , 9555 . 9033 , 9545 , 9483
.20 ,9379 , 9851 .9313 .9782 , 9742 . 9697 . 954 8 ,9094 .9535 . 9471
.22 ,’375 , 9847 .9314 .9777 ,9735 , 9690 . 9539 , 9083 , 9523 . 9457
.24 >373 , 9843 . 9309 .9771 . 9729 . 9681 . 9529 . 9072 .9509 . 944 1
.26 .9g70 . 9839 . 9304 .9755 . 9721 . 9672 .9518 .’’58 , 9494 , 9423
.23 .’366 ,9834 .9793 .9757 .9712 . 9661 , 9505 .9043 , 9475 , 9402
.30 .’862 .9829 . 9791 .9749 . 9701 . 9649 . 9591 . 9026 ,9456 , 9379
.32 .9357 .9823 .9734 .9740 . 9690 . 9635 , 9574 .9007 . 9433 . 9353
.34 .’952 .9816 . 9775 . 9729 . 9677 . 9620 , 9556 .9435 . 9408 , 9323
.35 ,9S45 .9808 .9765 .9717 ,9663 . 9602 , 9535 .9451 ,9379 , 9239
.39 9339 . 9799 .9755 . 9704 .9546 . 9583 ,9511 ,9<»33 . 9345 , 9251
.40 :9g31 .9790 . 9742 .9688 , 9529 . 9560 . 9485 .9431 ,9308 , 9236
.42 ;9B22 , 9779 .9723 . 9671 ,9607 . 9534 , 9454 ,9354 ,9265 ,9155
.44 .’9:3 . 9766 .9712 .9652 , 9583 . 9505 .9419 • ’’22 .9215 , 9393
.46 .9801 .9752 .’5’4 .962’ .9555 , 9472 .9378 .9274 ,9158 , 9333
.48 .9y89 .9735 .9674 .9603 ,9523 . 9433 . 9331 ,9*18 .9092 , 3952
.50 9774 ,9718 .9650 .9573 , 9486 .’388 . 9277 ,’153 ,9014 , 5860
.52 ,9t57 ,9694 .9622 . 9538 , 9443 . 9335 .9213 .’’76 .8923 , 5752
.54 9737 ,9669 .9589 .9497 . 9392 , 9273 .9137 ,8’85 ,8814 , 8523
.55 .9714 .9639 .9551 .9449 . 9332 .9199 .9047 ,3?76 .8684 , 8469
.53 >58 7 ,9603 .9505 .9391 ,9263 .9110 . 8939 .8/45 .8525 , 8281
.60 '»s5< .9560 . 9450 .9322 .9173 ,9002 .8307 , 8035 .8334 , 9352
.62 ,’515 ,9509 .9384 .9237 ,906? . 5870 , 8544 .8’87 .8095 ,7765
.54 9567 . 9446 .9302 .9133 , 8935 , 9705 . 844 1 ,8139 .7797 , 7533
.66 ,’5°S .9367 .9200 .9001 , 8768 . 8497 .8184 ,7?27 ,7557 . 7379
• 68 .’434 ,9268 .9069 .8833 ,8555 , 8229 , 7852 . 7072 .7390 , 7259
.70 ,9j33 .9140 .8901 .8614 . 8275 , 7880 . 7565 .7398 ,7266 ,7155
.72 >214 ,8972 .8575 • 8523 .7903 .7596 , 7404 . 7270 .7169 , 7390
.74 ,’0<7 . 8744 >374 • 7’2’ ,7605 . 7407 ,7271 ,7170 .7092 , 7330
.76 .«815 . 8428 .7950 .7610 , 7407 , 7269 .7168 .70’1 .7031 . 6982
• TH '8485 .7973 .7612 . 7403 .7263 ,7163 . 7388 .7H2’ .6982 ,5944
,80 7,96 .7609 .7395 • 7254 ,7155 ,7081 ,7324 .6*79 >943 ,6913
.82 ,7603 . 7382 .7241 .7143 .7072 .7017 .5974 .6*40 >911 .5888
• 64 b7364 ,7224 .7128 .7059 ,7008 . 6967 . 6934 ,5*08 ,6887 , 5868
,86 /;01 .710» . 7043 • 6”5 .8957 . 8928 ,6904 ,6«84 ,6858 ,6854
,86 ,7q«5 ,7o24 . 6979 .6’45 ,6919 . 6897 ,6880 .6066 ,6854 , 5343
.90 /0°i ,6961 • >931 .6’08 . 6889 . 6875 . 5363 .5’53 . 6844 , 6837
.92 >940 .6915 . 6895 • 6«B1 , 6869 .8860 . 5352 .5046 ,6840 , 6335
.94 .«8’7 .6888 >971 . 6863 ,6857 ,5851 ,6847 .6’44 ,6841 , 6533
• 96 >872 .6866 >861 .6’58 ,6855 . 8853 ,6352 .5051 .6850 , 5550
.98 >869 .6868 .6868 .6889 .6870 ,5870 , 6371 .6572 ,6873 , 5874
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- 2.51 -

Co^ .10 .31 .32 .34 .35 .36 ,J7 .38 .39

0.00 ' 3587 , 3459 . 8 34 5 .8?15 . 8380 . 7 933 , 7792 . 7 ° 4 0 . 7432 . 7320
.02 ?585 . 3467 8 34 2 .8212 , 8077 . 7935 , 7783 . 70 3b . 7479 .7315
.04 ?s79 . 8460 8 335 .8205 , 3063 . 7925 . 7773 .7^25 . 7467 . 7 3 3 1
.06 8^69 , 3449 . 8 323 .3191 . 8054 .7910 . 7 76 1 .78)7 , 74 47 . 7252
.03 8565 . 5433 . 8 305 .8173 ,8033 . 7888 . 7 737 .7331 .7419 . 725 1
.13 '8537 .3413 8284 • 8 1 4 B ,8095 . 7859 , 7 705 .70 47 . 7332 .7212
.12

, ir 
co . 3388 . 8256 .3117 . 797 3 . 7823 . 7 566 ,7t>34 .7336 .7152

.14 f9d85 . 3357 . 8222 .3080 . 7933 . 777) ,7513 . 74 52 . 7283 . 71 32

.15 ,' 8452 . 3320 8181 .8035 .7385 . 7726 , 7 562 ,7->91 .7214 . 73 3 1

.19 * 8 4 1 3 . 3277 .8134 . 7935 . 7823 , 7565 , 7 495 .7319 .7136 . 5948

.23 . 8227 8383 . 7925 . 776 5 . 7594 .7413 .7^36 . 7045 ,58?1

.22 8315 .3170 .8015 . 7355 . 7587 .7512 . 7 329 .7139 .6943 . 574 1

.24 '8^56 .3104 . 794 4 . 7775 .7601 ,7413 . 7 227 .7^29 , 6824 , 5558

.25 ' 9^37 . 3028 735 1 . 7685 . 7502 ,7313 .7110 .5*33 . 6735 . 5535

.29 '81’09 , 7942 77 56 . 7582 . 7383 ,7185 , 5975 ,6d37 , 6679 . 5574

.33 .3320 , 7844 . 7553 . 7453 . 7259 . 7047 , 5374 .5/45 . 6639 , 5552

.32 ' 7 g 1 3 . 7731 . 75 54 .7323 .7111 , 5937 , 5305 ,5730 .6612 . 55 38

.34 %02 . 7603 . 7393 .7174 , 6995 . 5864 , 5755 . 5057 .6593 . 5529

.35 '7S63 . 7455 . 723 1 . 7051 .6917 . 5809 .5719 . 6 3 4 4 .6583 ,5526

.33 7515 ,7286 ,7133 . 5967 . 5358 . 5763 . 5592 ,5h28 . 6573 , 5525

.40 '7343 .7152 .7014 .6934 .6813 . 5737 , 5572 , 6 3 1 7 ,6569 . 5528

.42 ; 7 r 9 3 . 7058 . 6945 .6954 . 6773 .5713 . 5553 ,5310 . 5563 . 5532

.44 %” . 6986 6993 .o’P . 6751 . 5695 . 5543 .5b3o . 6573 , 5538

.45 ?022 , 5929 , 6352 .5737 . 6731 . 5683 . 554 2 , 6 3.3 5 . 6573 . 5 5 4 5

.43 ,6q62 , 6885 .6319 .6764 ,6715 . 5674 , 5533 , 63 06 .6579 , 5553

.50 ’ 6 q 1 5 , 5849 6794 .5746 , 5705 . 5663 . 5537 . 5339 ,6584 , d552

.52 '6r77 , 5821 .6774 . 6733 . 6597 . 5665 . 5537 . 6° 1 3 .6591 , 5572

.54 * 6 q 4 7 . 5799 . 6753 .6723 . 6591 . 5664 . 5540 . 6 3 1 8 . 6599 ,5532

.55 '6,23 , 6782 674 7 .6716 . 6589 . 5664 . 554 3 . 5 3 2 4 ,6637 . 5592

.53 6rO3 . 5768 . 57 33 .6711 . 6587 . 5665 . 554 3 , 6 3 31 ,6615 , 5533
,50 '6788 , 6758 .6732 . 5739 , 6588 . 5670 , 5553 , 6 3 3 9 . 6525 ,5514
.52 r 5 7 7 7 . 5751 . 6723 . 6708 . 6590 . 5674 . 5559 . 5 3 4 6 . 6535 . 5525
.64 '6763 , 6746 . 6725 .6708 . 6593 . 5679 , 5566 . 5355 . 6645 , 5535
,55 '6762 , 6743 . 6725 .6710 . 6597 . 5685 . 5574 • 6 3 5 4 . 6655 . 5547
.58 z 6 7 5 3 , 574 1 . 6727 .6713 . 670? . 5691 . 5581 .6673 .6655 . 5653
.70 ' 6755 , 574 1 . 6723 .6717 . 6707 . 5698 . 5590 . 5332 .6675 . 5659
.72 ' 5754 . 5742 . 5732 . 0 7 2? .6713 . 5705 . 5593 . 6°92 . 6685 .5581
.74 ' 6755 . 5745 . 6735 . 6723 . 6720 .5713 . 5707 . 6732 .6697 . 559 3
.75 Z 5 7 5 7 , 6748 . 574 1 .b734 . 6723 . 5722 .5717 .5712 . 6733 , 57 34
.73 ' 6753 . 5753 . 67 45 .5740 . 6735 . 5731 , 5725 .5/23 .6719 .6715
.80 '6764 , 5758 . 6753 .5748 . 6744 . 5740 , 5737 . 57 33 .6731 , 6728
.82 6769 . 5764 . 5750 .6755 . 5753 . 5750 . 5747 . 57 45 . 6742 . 57 4 3
.34 '6775 . 6772 5T53 . 6765 . 6753 . 5760 . 5758 .5/56 .6755 , 5753
.85 '6783 . 5780 . 5773 . 6775 . 677 } , 5772 . 5770 , 5759 .6767 . 5753
.89 6792 , 5790 . 6788 .6785 . 6785 . 5784 , 5783 . 5/32 . 673 1 ,5733
,90j 6r02 . 5801 , 6300 .6799 . 6798 . 5797 . 5797 ,6/96 , 6795 ,5795
.92 ,6r1 5 ,5814 .681 4 .6813 .6313 . 5813 .5313 • 5 3 1 3 .6813 .5313
.94 ,6,33 , 6830 . 6830 . 6830 . 633] . 5831 . 5331 • 5 3 3 1 , 6831 . 5 332
,95 . 5852 . 6853 . 6853 . 5854 . 5954 . 5355 ,5°55 .6855 . 5357
.99 e 6 q B 4 .5885 .6985 . 5897 . 6387 . 5889 . 5389 , 539n . 6891 , 53 92



- 2.52- -

.40 .41 .42 J3 .44 .45 .46 .47 .43 ,49

0.00 /{53 , 598 1 , 6804 . 6624 , 6439 . 5252 . 5361 .5 = 67 , 5672 . 5474
.02 7?43 , 5976 . 6799 .6613 , 6434 . 5245 , 5354 , 5°50 . 3664 . 5459
.04 7P4 . 5961 . 6733 . 6602 ,6415 . 5227 , 5334 .5840 , 564 4 . 5533
.05 7?!2 , 6937 . 6757 .6574 , 6385 .5195 . 5301 .5835 . 5653 , 5562
.03 7[)79 .6902 .57.20 . 6534 , 6344 .5151 , 5955 .5833 , 5698 . 5522
.10 , 5856 .6672 . 6492 , 6289 . 5093 , 5939 .5 = 28 . 57 44 , 5532
.12 ' 6 q 8 4 .6800 .6611 .6419 . 6222 . 5063 . 5951 .5851 , 5792 , 5739
.14 '5,13 , 6731 . 6533 . 6340 ,6133 , 5066 , 5972 .5899 , 5343 , 5795
.16 6343 , 6649 . 6452 .6292 .6173 . 5077 , 5303 ,5*37 . 5837 , 5343
.18 '6764 . 6554 . 6393 . 6 272 ,6174 . 5095 , 5333 ,3*76 , 5933 .5998
.20 ?55l , 5488 .6365 . 6266 ,6184 .5117 . 5361 ,6U15 . 5977 , 5947
.22 ^75 . 5452 . 6351 . 6258 .6199 .5141 , 5393 .5O52 .6019 . 5992
,24 >$33 . 5431 . 5347 . 6275 ,5217 .5167 ,5124 ,5039 , 6059 , 5335
.25 6505 , 6420 . 6343 .6233 ,6235 ,5192 ,5155 .6124 . 6093 , 5077
.28 6488 .6416 . 6354 .6302 , 6257 .5219 ,5185 .5158 .6135 ,5115
.30 5479 .6417 . 6363 . 6 1 3 , 6279 . 5244 ,5215 .5191 .6173 ,5133
.32 6d75 . 6421 . 5375 . 6335 . 6303 . 5270 . 5 24 4 .6223 ,6204 .5139
.34 :6d75 . 5428 . 6333 .6352 , 6322 . 5295 . 5 272 .5253 . 6235 . 5222
• 36 ;s473 . 6437 . 54 3? .6’71 , 634 3 . 5320 . 5299 .5232 .6267 , 5254
.38 6,84 , 6448 .6415 .6333 , 5355 . 5344 . 5 325 .5 = 10 . 6295 , 5235
.40 5,91 . 5460 . 6 432 .6437 , 5385 . 5357 , 5351 .5335 , 6324 .5314
.42 5^00 . 6472 . 6447 . 6425 , 6405 . 5390 . 5375 .6352 , 6351 . 5342
.44 . 6485 . 6463 . 6443 , 6425 .5411 , 5393 , 5337 .6377 , 5359
.45 . 6498 . 647) . 6461 , 6445 . 5433 , 542 1 .6411 . 6432 , 5394
.48 .6512 . 6494 . 6479 , 5465 , 5453 , 5 44 3 ,5433 . 6425 .5419
,50 6543 , 6525 .6510 . 6495 , 6494 . 5473 . 5 464 . 6455 . 64 4 3 . 54 4 2
.52 6;54 . 6539 .6525 .6513 ,6502 . 5492 , 5 4 84 . 5477 . 64 73 . 54 55
.54 5,66 . 5553 . 6540 .6530 ,6523 .5511 , 5504 . 5497 ,6491 ,5496
.55 ,5566 . 6555 .6545 ,6537 . 5530 , 5523 .6:17 ,6512 , 5537
.58 6,91 , 6580 . 6573 . 6562 , 6554 . 5547 , 554 1 .5336 ,6531 . 5527
.50 ;6603 . 5593 . 6585 . 6577 , 5570 , 5554 , 5559 . 5:54 ,6553 .5547
.52 6615 .6607 , 6599 . 6593 , 6595 . 5581 , 5575 .5372 , 6569 . 5556
.54 6527 ,6620 .6615 .5507 .6602 . 6597 . 5593 . 5:99 ,6536 . 5534
.56 '6.443 . 5633 . 6527 .6622 .6617 .5613 ,5510 ,6836 ,6604 , 5631
,58 5652 . 6646 . 664 1 .6637 , 6533 , 5629 . 5526 . 6023 .6621 ,5619
,70 6^64 . 5659 . 6555 . 6651 . 6647 , 5644 . 554 1 .6639 . 6637 , 5635
.72 6575 . 6672 . 5563 . 6665 . 6662 , 5659 . 5557 .5955 .6653 , 5552
.74 , 5685 . 6692 .6679 , 6676 . 5674 . 5572 .6870 .6669 , 5669
• 71$ /701 .5698 .6595 .6693 . 6691 , 5689 .6587 , 5836 , 6635 . 5634
.78 '6,13 ,6711 .6739 .6737 . 6705 . 6703 . 6702 . 57 31 , 6730 . 5699
,30 '6725 ,6724 . 6722 . 6720 .6719 ,5718 .5717 • 5 7 1 6 ,6715 ,5715
.82 e 5 7 J 9 . 6737 . 6735 ,6734 . 6733 . 5733 , 5732 .5/31 .6731 . 5730
. 84 ' 6762 . 6751 . 6753 .5^49 . 5748 . 5747 , 5747 , 57 47 , 6745 , 5745
,36 ,6765 . 6765 . 6764 .6763 .6763 . 5763 , 5763 .5762 .6762 . 5752
,88 678O , 5779 . 6779 .6779 . 6779 .5779 . 5779 . 5779 ,6779 , 5779
.90 ' 6795 . 6795 . 6795 .6733 .6795 . 6795 . 5796 . 5795 ,6796 .5795
.92 '6,13 .5813 .6913 .6814 ,6314 .5814 ,5314 .5815 .6815 ,5315.94 ,?8’2 . 6833 . 6833 . 6833 . 6334 . 6834 , 5335 .6835 , 6836 , 5335
, 95 6,57 . 5858 . 6959 . 6859 ,6360 . 5860 . 5361 . 5852 . 6862 , 5353
.98 '6,92 .6893 .6394 .6894 .6895 , 5895 . 5397 .6 = 97 ,6898 , 5393



Cç^ .5° .51 .52 .53 .54 .55 . 56 .=>7 .53 .59

0.00 * 3 ? 7 5 . 5326 .5413 . 5522 . 5535 . 5758 , 3382 .602 .6143 . 5272
.02 . 5337 .5418 . 5520 . 5535 . 5755 , 5381 .608 ,6139 . 5253
.04 ; 5425 . 5393 . 5 4 22 .5517 . 5523 . 5743 , 5372 .500 .6129 . 5253
,06 5499 . 5469 . 54 53 .5517 . 5620 . 5736 . 5359 .506 ,6115 . 624 5
.08 5^70 . 554 1 . 5534 . 5553 .5512 . 5721 , 534 1 .5957 . 6095 . 5226
.10 5537 .5611 . 5601 .5*10 . 5543 .5707 , 3323 .5942 , 637 1 . 5233
.12 >7Û1 . 5677 . 5556 .5653 , 5688 . 5726 , 5799 .505 , 6043 ,6173
.14 é 5 7 6 2 . 5739 . 5723 . 5728 . 5739 . 5766 .5313 .308 ,6337 ,5133
.16 ;5r13 . 5798 . 5787 . 5785 .5792 .5811 . 334 3 .501 . 5972 . 5394
.19 502 . 5854 . 58 4 5 .5»40 , 584 4 . 5838 . 538 1 , 5973 , 5353
.20 5923 .5907 . 5895 .58’2 .5895 . 5904 . 3922 .5950 . 5989 , 5344
.22 501 , 5056 . 594 5 .5942 .5943 . 5950 , 5964 .6316 ,6353
.24 ,5003 .5994 .5’8’ . 5989 . 5995 . 6 305 .503 , 6347 . 6379
.26 S363 . 5047 .5039 • b 0 3 4 . 6034 . 5037 . 5345 . 603 . 6379 .5135
.29 6101 . 6089 . 638 1 .6077 . 6075 , 5079 . 5385 . 606 ,6112 .5134
.30 6139 .6129 .6122 .bH7 .6115 .5113 .5123 ,5132 .6145 ,5163
.32 6^75 .5167 .5150 .5155 .5154 ,5155 .5163 .6167 ,6178 .5193
.34 >?11 . 6202 .5195 .5192 .6193 .5191 ,5195 .6231 ,6213 . 5222
.36 f 6 ? 4 4 . 6236 . 5230 .5?27 , 6225 . 5225 , 5223 .6233 . 624 1 . 5252
.33 6?75 .5269 . 6253 . 6250 . 6253 . 5253 . 5263 . 5255 .627 1 . 5233
.43 [6^05 ,6299 . 5294 .6251 , 6239 . 5289 , 5291 . 6295 . 6333 . 5333
.42 ,6^34 .6329 . 6324 . 6321 .5319 .5319 . 5 32 1 .604 ,6323 . 5335
.44 6362 , 5356 . 6352 . 6349 . 5343 . 5348 , 5 34 9 .50! . 5356 . 536 1
.46 6,83 . 5383 . 6379 . 6377 ,6375 . 5375 , 5 37 5 .609 . 6332 . 6337
.43 6413 . 6409 . 6405 . 6 4 0 3 . 5401 . 5401 , 5 402 . 54 34 , 6437 ,5411
.50 {6437 . 6433 . 6433 .542« , 6426 . 5425 , 6427 .5428 . 643 1 . 5 4 35
.52 5463 , 5456 .6454 .5152 , 6453 . 5450 , 5 45 1 . 54 52 . 64 54 . 5 4 53
.54 .6482 .6479 . 5476 .6475 , 6474 . 5473 , 5474 . 5475 . 6477 . 64 33
.55 ‘6504 . 5501 . 6493 . 6495 . 6495 , 5 496 . 5497 . 6499 , 5531
.53 ; 6524 . 6521 .6519 .6518 .6517 .5517 .5517 .5618 . 6523 , 6522
.60 . 654 1 . 6543 . 6533 , 6535 , 5537 , 6533 .5939 , 6543 , 554 2
.62 6663 , 6561 . 5559 . 6553 , 6553 . 5558 . 5553 ,5559 , 6553 , 5552
.54 s581 . 6580 . 6578 . 5577 , 6577 . 5577 , 5577 ,6578 , 6579 ,5531
.56 6599 . 6598 . 6597 . 6596 , 6595 . 5595 , 5595 .5596 , 5598 , 5599
,68 6517 .5616 .6515 • 6 * 1 4 ,6614 . 5614 .5514 .5015 .6616 ,5617
.70 6534 . 5633 . 6632 .6*31 , 6631 . 5631 , 5532 , 5032 , 6533 , 5535
.72 *651 . 6650 . 664 9 .6*49 , 6643 , 5649 , 5549 . 5050 . 6651 , 5652
.74 .607 . 5666 .5666 . 6665 ,6665 ,5666 . 5566 . 5057 . 5668 . 6659
• 7"5 ■6583 . 6682 . 6682 . 6682 ,6682 . 5682 , 5583 . 5033 ,5684 , 5535
• 7"B ,?5” . 6698 . 6698 .b690 , 6699 . 5699 , 5599 .5/30 ,5731 . 5732
. 80 ,6714 .6714 .6714 .6^14 .6714 .5715 .5715 .5/16 ,6717 .5719
.82 '«733 . 6730 . 6733 . 6730 . 6731 , 5731 . 6732 .5/32 . 6733 , 5734
• 84 6745 . 6746 . 67 4 7 . 6747 , 6747 . 5748 , 6748 ,5/49 .6753 . 675 1
.86 ,6763 ,5763 . 5763 . 6763 , 6764 . 5764 . 6765 . 506 ,6766 . 5767
, 88 ,677? . 6779 . 6780 .b780 , 678 1 . 5781 , 6782 . 5/33 , 6734 . 5734
.90 '6797 . 6797 . 6793 . 6798 . 6799 . 5799 . 6300 .5»31 , 6831 , 5332
.92 ,6915 .6817 ,6817 .6019 ,6313 ,019 , 5320 .6021 . 6821 , 5322
.94 6,37 .6839 .6839 .6a3’ , 6843 , 5840 . 534 1 .6042 , 6843 , 5343
• 9 5 6963 . 5864 , 6865 • 6 * 6 6 , 6865 . 5867 , 5367 .508 , 6869 , 6973
. 9"B '609 .6899 .6900 .601 ,6902 .5902 , 5903 ,5?D3 , 6904 , 5934



Z54 -

.60 .61 .52 .63 .54 .65 .56 .b7 ,68 .59

0,00 ;64oo , 6532 . 5557 .6'85 , 6907 . 7029 ,7145 .7*50 . 7371 , 7 4 76
.02 6599 , 5528 . 5556 .6'82 . 6905 , 7026 ,7144 .74 53 , 7369 , 7 4 7 5
,04 6,00 . 6520 . 55 43 .b"5 , 6999 . 7020 ,7133 ,7*52 , 7354 , 7473
,06 6V7 , 5506 . 6535 .b'62 , 6887 . 7009 .7127 .7*43 . 7354 . 7 4 53
,08 6^55 . 6487 .6515 ,b7 44 . 6870 . 5993 ,7112 .7*29 , 7342 ,745 3
,10 5,32 , 5462 . 5593 , 6949 . 5972 , 7 393 .7*11 . 7325 , 7 4 35
,12 '6,03 . 5432 . 656 3 . 6693 , 6321 . 5947 . 7 369 .7139 . 7304 .7415
,14 '6)64 , 5396 . 6523 . 6659 . 6789 .5916 , 7 34 1 ,7152 . 7279 , 7 393
.15 *6^22 .5355 . 6497 . 6620 . 6751 . 5883 , 7307 .7150 , 7250 . 7356
.15 6(77 . 5307 . 54 4 1 . 6374 . 6703 . 5839 , 5 963 .7^93 .7215 . 7334
,20 6pl ,5256 .6388 • 6 3 2 3 , 6557 . 579 1 , 5922 .7051 ,7175 . 7297
,22 '6?15 . 5204 . 6 332 .6*66 .5602 . 5737 . 5 37 2 . 7033 .7131 . 7255
.24 * 61 2 4 .6184 . 6274 .6*04 . 6543 . 5673 ,5314 .5949 . 7380 ,7238
.25 5{43 ,5187 . 6243 .6341 . 647 3 . 5611 , 5753 .5’37 ,7023 .7155
.23 5[62 ,5199 . 62 4 7 .6310 , 6404 ,5539 , 5579 .5820 . 6953 , 7094
• 50 6{86 .6216 . 5254 .6304 , 5363 .5465 , 5502 .5/44 , 6837 , 7025
• 32 '6)12 , 5237 . 5269 .6307 , 6353 .5*24 . 5522 .5952 , 6837 , 5951
,34 '6^39 . 5259 . 5285 .6317 , 6353 . 5409 . 5 477 ,5977 .6723 ,5357
.35 '5565 , 6283 . 5304 .6331 , 5364 . 5406 . 5453 .5:27 . 6629 , 5775
.33 V»

 

K
J

IX
J ,5307 . 6325 .6347 , 6375 . 5409 , 545 1 .6935 , 6575 .55/9

.40 6,13 . 6331 . 5346 .6365 . 6389 . 5*17 , 5452 .6*95 , 6550 , 552 1

.42 6,44 . 6354 . 5359 .6384 , 6404 . 5423 , 5457 ,5*92 , 6536 , 5592

.44 '5,6? . 5378 . 6390 .6*04 , 6421 . 544 1 , 5465 .5*95 . 6531 ,5)75
,46 6,93 , 6401 .5411 .6*23 , 6433 .5*55 , 5 47 6 . 5931 .6531 , 5555
,43 ' 5 a 1 7 . 5424 . 64 33 .6**3 , 6455 .5*71 , 5 489 .5913 .6535 , 5)55
,50 ' 6 d 4 0 . 6446 . 5 4 54 .6*63 , 647 4 .5*87 . 5502 .6920 , 6542 , 5555
,52 6d62 , 5468 . 5474 .6*32 . 6492 ,5903 .5517 . 5932 , 5551 ,5)72
.54 '6d34 . 6489 . 5494 .6532 ,6510 . 5520 ,5531 . 5945 ,6561 , 5533
.55 6,05 , 6509 .5514 .6521 .6523 . 5537 , 5547 . 5958 . 6572 , 555b
.59 5^25 , 6529 . 5534 . 6539 , 6545 . 5953 . 5562 , 5972 , 6584 , 5593
,50 6,45 , 5548 . 5552 . 5557 ,6563 . 5570 , 5577 , 5937 ,6597 . 5539
.62 5564 . 6567 .65'1 . 6575 , 6580 , 5586 , 5593 . 5931 ,6613 , 5523
.54 6,33 ,6586 . 6589 .6393 ,6597 . 5602 , 5509 .6915 ,6623 . 5532
,56 '6,01 , 6604 . 5505 .6610 ,6514 ,5619 , 5524 ,69)0 . 6637 . 554 5
,53 '6,19 . 5621 . 6524 .6627 . 6633 . 5634 , 5539 , 5945 , 6651 , 5558
.70 '6,36 . 6638 . 654 1 . 6643 , 6647 . 5650 , 5554 . 5959 , 6655 . 557 1
.72 ' 6 s 5 3 , 6655 . 6557 . 6560 . 5662 , 5666 , 5569 , 5974 . 6678 ,553d
.74 6^0 ,6672 . 5574 . 6675 , 6673 . 5681 , 6585 , 6938 . 6693 ,5597
.75 6)37 . 5688 . 6590 .6692 , 6694 . 5697 . 5700 . 57 03 ,6737 ,5711
.73 6703 , 5704 . 5705 .6708 ,6710 .5712 ,5715 .5'18 , 6721 , 5724
.30 6719 . 6720 . 5722 . 6723 . 6725 . 5727 . 5730 , 6735 , 57 35
.62 6735 . 6736 . 6739 . 6739 . 674 1 . 5743 , 6745 . 67 47 ,6753 , 5752
,84 ?752 , 6753 . 6754 . 6753 . 6757 . 5759 , 5760 .6/62 , 6755 , 5757
.55 ,6768 . 6769 . 5770 .6772 , 6773 . 5775 . 5776 .5/78 .6733 . 5732
,88 6785 , 6786 .6787 .6'89 ,6793 . 5791 , 5793 .5/94 ,6795 , 5793
,90 6,03 , 6804 . 6305 . 6806 , 6307 , 5808 ,6310 .5°U ,6313 .5314
.92 ?B23 , 6824 . 6325 . 6325 , 6827 . 5828 , 5329 .5830 . 6831 . 5333
.94 5^44 . 6845 , 6345 .6947 , 6947 . 5849 , 5949 .5851 . 6851 ,53)3
.95 6)70 . 6871 . 5972 .6872 , 6873 . 5874 , 5875 . 6876 ,6877 . 5377
.93 , '6g05 . 6906 .6905 .6907 ,6907 . 5908 , 5903 .6*10 ,6913 .5911



-

Co'x .70 .71 .72 .7 3 .74 .75 .76 .<7 .78

0,00 . 76 77 . 7773 .7862 . 7943 , 3031 .3105 .3131 . 8243 ,3311
.32 t - - _ „ , 7678 . 7772 . 7862 , 7948 . 3029 ,8107 .8180 . 8243 .3313
.04 * 7 / d . 7673 . 7753 . 7858 . 7945 . 3027 .3104 .3178 . 8245 ,3313
,05 ’7,66 . 7667 . 7762 . 7853 . 7943 . 3022 .3101 .3174 . 8243 . 3339
,08 * 7 - KC. . 7656 . 7753 . 7845 . 7932 .9016 . 8394 .3159 . 8239 . 3304
.10 * 7 5 4 1 . 7644 1 774 1 .7834 . 7923 , 9007 . 3387 .8152 , 8233 , 3330
.12 7^24 . 7627 .7727 .7821 .7911 . 7997 . 3 37 7 .9154 . 8225 . 3293
,14 7,03 . 7608 . 7709 . 7905 . 7897 , 7984 , 3 366 .8144 .8217 . 3236
,15 '7^79 . 7585 7538 . 7786 . 7383 . 7959 . 3352 .3132 . 8205 . 3276
.13 *7i43 . 7559 7554 .7764 . 7863 . 7951 . 9 337 .8118 .8194 . 3256
,20 *7d15 . 7527 . 7536 .7739 , 7837 . 7933 .3313 .9132 .8130 . 3253
.22 7 ‘ 7 c . 7492 ". 7503 .7710 .7811 . 7907 , 7 998 .9083 ,8164 . 3239
,24 '7’32 . 7452 . 7557 . 7676 .7751 . 7880 , 7974 .8U52 .8145 , 3223
,25 ?283 . 7406 . 7525 .7639 , 7747 . 7853 . 7 94 7 . 8038 .8124 , 3205
.23 7,27 . 7355 . 74 7 3 . 7596 . 7708 .7815 ,7916 . 901 1 .8100 .3134
,33 7?64 . 7296 . 7424 . 7547 . 7554 . 7776 . 7 88 1 , 7990 . 807 3 ,8150
,32 J7n93 . 7231 '. 7 364 . 7492 .7515 . 7731 . 734 1 .7^45 . 8042 ,3134
,34 .7157 , 7295 . 7430 . 7553 . 7683 . 7 796 . 7935 . 8007 ,8133
,36 ?925 . 7075 .7219 . 7360 , 7495 . 7623 . 7 74 5 .7859 , 7967 . 3053
.38 ,6<t33 . 6982 7134 .7281 . 7422 . 7558 , 7 586 .7 808 . 7922 , 8028
.43 '5728 . 6881 . 7037 .7192 . 734 1 . 7494 , 7 520 .7/49 . 7873 , 7933
,42 '6,64 . 6774 . 6932 . 7091 , 724 ? . 7400 , 7 54 4 .7632 .7810 , 7 9 3 1
.44 6532 . 6706 .6313 .6980 .7144 . 7304 , 7 458 .7834 . 7742 . 737 1
,45 '6,13 , 6670 . 6745 . 6850 , 7329 .7195 . 7 359 ,7»16 . 7664 . 7303
,48 6503 ,6649 16737 .67B4 , 5931 . 7074 , 7245 .7414 . 7573 , 7 723
,50 6599 , 6636 . 6593 . 674 1 . 6323 . 594 1 .7119 .7296 . 7459 , 7530
,52 6S93 .6630 . 6567 . 67 1 5 . 6774 . 5854 . 5 979 .7154 , 7345 . 7522
.54 65OI . 5628 . 655? .6697 . 6745 . 5906 . 5387 .7015 ,7209 , 7 396
,55 '5^07 .6629 . 6555 . 6687 . 6725 . 5774 , 5936 .6919 . 7051 , 7251
.58 '6,14 . 5633 , 6655 .6692 ,6714 . 5752 , 5901 . 5854 . 694 9 .7395
,60 '6^23 .6639 . 5658 .6580 . 6707 . 6739 . 5778 • 6 8 27 . 6891 . 5978
.62 '6,33 , 5646 . 6663 .6682 .6704 . 5730 . 5762 .5832 . 6852 .5916
,54 '6543 . 5655 . 656? . 6535 . 6704 . 5725 . 5753 .5/35 . 6324 . 5375
,66 '6,54 .6664 . 6677 .6690 .6705 . 5725 . 5747 . 6774 .6806 . 5346
,59 '6,66. . 5675 16595 . 6597 .6713 . 5727 .5745 . 6757 ,6793 , 5325
.70 '6,79 . 6685 . 5594 .6705 ,6715 . 5730 . 5745 . 5764 , 6786 ,6912
.72 6$90 . 6697 . 6734 .6713 . 5723 . 5735 , 5748 , 5753 . 6781 .5803
.7 4 '6703 . 6708 .6715 .6723 . 5731 . 5741 . 5752 ,5<55 . 6790 . 5793
,76 '5715 . 6721 . 5725 .6733 . 6743 . 5749 . 5758 . 5769 ,6782 . 5796
,78 '6^23 . 6733 . 6738 . 6744 , 6753 . 6757 , 5765 , 6774 . 6795 , 5797
,83 ?742 , 5746 . 6750 .6755 . 6763 . 5766 . 5773 . 679 1 .6790 , 5830
• 8 2 '5755 .6759 . 6753 .6767 , 677 1 . 5776 , 6782 . 5789 .6796 , 5335
.84 ,6773 , 6773 . 5775 .6779 . 6783 . 6738 . 5792 . 6798 .6804 .5311
,95 6784 . 6757 , 6793 . 6793 , 6795 . 5799 , 5904 . 6808 .6813 ,591?
,83 6,03 . 5802 .6904 .6807 ,6809 .5812 .5316 .5819 .6824 , 5328
.90 '6R15 .6818 • . 6823 .6822 .6324 . 5827 . 5329 .6832 . 6835 , 5339
.92 ,8934 , 5836 . 5837 . 6839 . 634 1 . 5843 . 5345 .6847 . 6850 , 5353
,94 6,54 0 6855 . 6356 . 6857 , 6359 . 5861 . 5962 ,5854 .6865 , 5359
,96 6?79 , 6879 .6993 . 6882 . 6882 . 5884 . 6385 . 5836 .6888 , 5869
,98 .5)11 ,6912 .5913 .6@13 ,6914 .5915 ,5915 .5»17 .6917 .5918



.Ri .81 .82 .33 .84 .85 . 3b • 3 7 .88 .89

3.00 ’.3,74 .9420 . 8 4 7 9 .8573 .3611 .8551 .3086 .8714 . 37 33
.32 .84?5 . 8432 .,529 . 857 1 .3615 . 3 552 .3035 .8717 . 87 45
.34 '.3)7! . 8427 .817) ..,628 .857) .3013 . 855 1 .3035 .8715 . 37 42
.36 .3,5; ,942b . 8 4 7 ) . 5 ? 7 . 3572 .3614 . 355 1 . 8084 .8715 , 37 4 4
.39 13,55 . 3422 .817 5 . ,525 . 857 3 .3611 . 854 9 . 3084 .8715 , 3742
.10 .3,51 .8410 .8173 .,522 .3553 .3611 .3548 . 3033 .8715 . 37 43
.12 .3)55 .8414 .,458 .0.519 .855, .8607 . 8545 .3’32 .8713 , 374 1
. 1 4 .3 405 .8454 .,515 . 8562 . 3505 .3)4) .3030 .8713 , 9742
.15 .3V1 . 34 22 .8153 . i 5 1 1 .355, . 3032 . 3 54 2 . 3079 .6711 . 3743
.13 •.3^2 .5)05 .9 152 ...505 . 3)5 4 . 5599 . 3 54 9 . 307b .8710 . 37 4 3
.23 .3)22 . 3385 .84 14 .,j4-99 . 854 9 . 359 1 .3535 .8074 . 8708 . 3733
.22 .3,13 . 5375 . 8 4 3 5 .,491 . 854 3 . 3591 . 8 532 . 3D7l . 8795 . 3737
.24 ’ 8)55 . 3163 .8 4’5 .853, . 3534 . 3 528 .3050 , 8794 , 8735
.25 ' 3)3 1 . 3350 .8414 .,474 , 8523 . 3578 . 352 3 . 3054 .8731 . 3734
.23 ' 3)52 .8)34 .8191 .,453 .8519 . 357 1 .3513 . 3°6O . 8598 . 3732
.33 ’ 9)42 .3317 . 8 38) .*<51 . 8509 . 355 3 .351 1 . 5055 . 8595 . 3729
.32 ' 3)1 3 . 3207 .3379 .8493 . 3554 . 3 53 4 . 30)0 .8691 . 3727
. 34 1 3 i 5 2 . 8274 . 8359 .,421 ,3485 . 3 54 3 . 3595 . 8043 ,8bH5 . 3723
.35 13,52 . 8240 . 8329 .3493 .3479 . 3531 . 3 587 . 30)6 . 863 1 , 372 1
.33 18{23 . 3219 B3H .8^2 . 8 45 ) .3517 . 357 5 . 8028 . 867 4 .3715
.40 .8186 . 827 5 .3358 . 8 4 3 4 . 35j? . 8553 .3018 . 8553 .3711
.42 .3)44 .3147 . 8 2 4 3 .1331 .3411 . 348 3 . 354 9 .30)7 , 6559 , 3705
.44 .8103 .8205 .5311 .8335 . 8452 . 353? . 3094 .865.9 ,3593
.45 ’ 7)32 . 3052 .3153 .3251 . 3355 .3433 .8513 . 3?79 . 8538 , 359 1
.43 f7Rb) .7902 .8112 .,22) , 332 1 .3 139 . 3 490 .8052 .85?) . 8530
.53 ?732 .7923 . 8953 .3171 ,827) . 3377 .3464 . 8O41 .8619 . 857 3
.52 .7,4 1 7983 .3113 . 823 1 .3337 . 3 432 .301 7 .8591 . 3555
.54 ?S77 , 7746 . 7 991 . 3 0 4 4 .3174 . 3291 . 3 395 .3488 , 8559 . 3540
.55 . 763? . 739) .8105 . 3235 . 3 351 .84)3 . 854? .8521
.53 ?p94 . 7496 . 758 7 .7964 . 302 4 .3168 ,3’97 .3411 .8510 . 3596
.53 1 7 1 2 . 7338 .7)43 .7714 . 3087 , 323 1 ,3059 , 8471 . 3558
.52 .7)05 .7153 . 733 1 . 7590 . 739 3 . 7987 .3151 . 5^96 . 8422 . 35 32
.54 1^5^ .70 32 .7185 . 7425 . 7553 . 785? , 3 95 1 . 8351 , 34 85
.65 .6,55 . 5963 . 7957 .7215 . 7 47 3 . 7709 .7925 .8117 , 8235 . 3429
.53 15,55 .5917 .5984 .7031 . 724 7 .7515 . 7 765 .79)0 .8185 , 8355
.73 '.6,43 . 5884 . 593) .7104 .7194 . 7278 . 7 564 .7026 . 3 053 . 3258
.72 .5,25 . 586 1 . 599 1 .,052 .7322 .7125 . 7 303 .7013 . 789) .5130
.74 15,23 . 6845 . 6377 .,9 17 . 5953 . 7OJ9 .7145 .7038 , 756b . 7 959
.75 15,14 .5835 .6353 .,891 . 603 1 . 5982 .7J55 .7154 . 7353 . 7722
.78 .6,1 1 . 58?h .5843 .3873 . 6931 . 5943 . 5 995 .7 058 .7131 , 7393
.33 .6,12 . 582*8 .534? .,651 .688, .5915 . 5954 .7096 . 7380 .719)
.32 ;5,i4 . 5825 . 53 39 .5654 .5873 . 5«95 . 5 925 .5*53 .7315 .7990
• S 4 . 5828 . 5 3 39 .6951 .5855 . 5884 . 6 905 ,5*34 .0*71 . 7 922
. 36 ;^25 , 5832 .53d 1 .5851 . 6362 . 5875 .6393 .6*14 . 694 1 . 5977
.38 5,33 . 5839 . 5 3 4 5 .,q54 . 536 3 .5873 .5385 . 5*02 . 6921 . 59 47
.53 •5,43 . 5848 . 6 353 .)859 ,5555 . 3874 . 5383 .5095 , 6909 . 5927
.52 .6,55 . 5869 . 6353 .5858 . 637 3 . 5 879 ,538b .5094 ,6905 .5917
.54 .5,71 . 5873 . 5 3 7 5 .6*73 .633) .5837 . 5 392 . 5*98 . 6904 ,5912
.55 .5,51 .5803 .6394 .b857 . 6399 . 5902 , 5 905 .5*93 .6913 .5917
.58 '.5)17 . 5920 . 592 1 .,923 .6923 . 5925 . 6 927 .5*28 . 6930 . 5932



j^?T-TDIX 5. Tabla a of the "un at

• 10 .11 .12 .13 .14 .15 ,16 .17 ,19 ,19

0,00 . 9893 , 9869 . 934 1 .9811 ,9778 , 9743 , 9704 .9652 ,9618 , 957 1
• 02 ,9g93 ,9868 . 9341 .98H , 9773 . 9742 , 9703 . 9652 .9617 , 9570
,04 . 9893 ,9868 . 9341 .98H , 9777 , 974 1 , 9703 • 9051 .9615 , 9569
,06 . 9992 ,9867 . 9340 .98IO . 9775 , 9740 . 9701 .9659 .9614 , 9557
,08 .9a9! , 9866 . 9339 .98O8 , 9775 , 9738 , 9599 1 99 37 ,9612 , 9554
• 10 .9393 , 9865 . 9937 . 9807 , 9773 . 9736 , 9595 .9653 ,9638 , 9559
.12 . 9889 , 9864 . 9335 .9904 , 9773 , 9733 , 9593 ,9049 ,9503 , 9554
.14 . 9883 . 9862 . 9933 . 9802 , 9757 . 9729 , 9589 ,9043 ,9598 . 9548
.16 99B5 ,9860 .993 1 . 9799 . 9764 . 9725 , 9584 .9039 ,9592 , 954 1
.19 ,9884 ,9859 .9323 . 9795 , 9759 . 9720 . 9578 .9033 , 9584 , 9533
.20 . 9882 ,9855 . 9925 .9,91 . 9755 .9715 . 9571 ,9?25 , 9576 , 9523
.22 . 9 8 7 9 ,9852 . 9921 . 9787 . 9749 . 9708 , 9564 ,9617 . 9566 ,9512
.24 . 9 8 7 7 . 9848 .9317 .9/8! , 9743 . 9701 , 9556 ,9Ç07 ,9555 , 9500
.26 .8973 , 9844 .9912 ,gZ76 .9735 . 9693 , 9546 .9596 ,9543 , 9485
.28 .9870 , 9840 . 9905 . 9769 , 9728 . 9684 , 9535 .9084 , 9529 , 9 4 7 1
.30 '9366 , 9835 . 9300 .9'62 ,9719 . 9673 , 9524 .9570 ,9513 , 9453
,32 . 9861 . 9829 . 9793 .9'53 .9709 , 9662 ,9510 .9055 , 9496 , 9434
.34 ,9b56 .9823 . 9785 .9744 ,9693 . 9649 , 9595 , 9038 , 9477 ,9412
.36 >851 ,9916 . 9777 .9'33 , 9586 . 9634 , 9578 .9019 ,9455 , 9388
.38 9g44 ,9808 .9787 .9722 , 9572 .9618 . 9560 . 9497 , 943 1 , 9361
.40 >837 ,9799 . 9756 .9'09 ,9556 , 9600 , 9539 .9^73 ,9404 . 9331
.42 .9329 , 9789 . 9744 .9694 ,9539 . 9579 .9515 .9146 .9374 , 9297
.44 , 9 8 2 0 , 9778 .9730 .9677 ,9619 , 9556 , 9488 ,9«16 . 9343 , 9260
.46 .9310 , 9765 .9714 .9658 , 9597 . 9530 , 9458 ,9432 , 9302 ,9213
.49 . 9798 , 9750 . 9597 .9637 ,9571 , 9501 , 9 425 .9044 ,9260 ,9172
.50 .9,85 ,9734 . 95 75 .9612 , 9543 . 9467 , 9385 .9031 .9212 ,9121
.52 9y70 .9715 . 9553 .9585 ,9510 . 9429 . 9 343 ,9253 .9160 , 9355
.54 >753 . 9693 . 9526 .9553 , 9472 , 9386 . 9294 ,9199 .9101 . 9033
.55 9732 .9668 . 9595 .9516 ,9429 , 9337 . 9239 ,9138 ,9037 , 8937
.58 >709 .9639 .9550 .9473 , 9380 , 9280 .9177 , 9U71 . 8957 . 3867
,50 .’483 ,9604 .9513 ,g424 , 9323 .9216 .9107 . 3997 ,8893 . 3797
.62 .»6‘9 . 9564 . 947g . 9367 ,9257 .9143 , 9329 .8919 .8818 . 8733
,54 ,9611 .9516 .9412 .9300 .9182 , 9062 . 8945 . 8038 . 874 9 , 3532
,65 >565 . 9459 . 9344 .9222 , 9095 , 3973 , 9359 ,3<54 , 8694 , 3540
,68 9509 , 9391 .9255 .9133 , 9002 , 8880 , 8779 .3(95 , 8549 , 8535
,70 >441 .9310 .9171 . 9032 , 8901 . 9793 ,8716 .3 = 53 .8612 . 3575
.72 .9,58 .9213 . 9354 .8923 , 8807 . 3725 . 9565 • 3D18 , 8581 , 3550
.74 . 9257 ,9098 . 8946 .8820 , 8734 . 3671 . 8523 . 8035 , 8555 , 8529
,76 .9135 , 9970 . 8333 . 874 1 , 8575 , 3627 , 8568 . 8058 .8533 .3512
.78 , 8 g 9 7 ,8846 . 8 7 4 7 .8679 . 8529 . 9590 , 9559 . 3035 .6514 , 3497
,80 . 9858 . 8752 . 853 1 . 8629 , 8590 . 9560 . 9535 .8016 , 8499 , 3485
.82 , 8755 . 8680 . 8623 . 8589 , 8559 . 3535 .9516 , 8000 , 8487 . 3476
.34 >678 . 8624 .8585 . 8556 . 8533 .9515 , 8500 .8437 , 8477 , 3463
,85 ,8513 . 8580 . 8551 . 8529 ,8512 . 8493 , 8487 , 8477 , 847] , 3463
,88 >572 . 8545 . 8524 .8508 . 8495 . 3486 , 9 477 , 5470 , 8464 . 3459
,90 .8535 .8518 .8503 . 8492 , 8483 . 3476 . 3 47] , 8456 ,8461 , 3458
.92 ,»5O9 . 8497 . 8433 .8481 , 8475 , 9470 , 9467 ,3«54 , 846 1 . 3 4 59
.94 >490 . 8483 . 8473 .8*74 , 8471 . 9469 , 3467 , 8465 , 8454 , 34 53
.95 .8488 . 8477 . 8475 . 8474 , 8473 . 9472 . 9 47 2 . 34 72 , 847 1 , 347 1
.98 . 8482 . 3482 . 8483 . 8484 , 8485 . 3485 , 3485 ,8«B7 , 8488 , 3483



— 258-

Co\ • 2 0 .21 .22 .23 .24 .25 .26 .^7 .28 ,29

0. DO '9^21 , 9469 .9414 , 9357 , 9298 . 9236 .9174 .91’13 .9044 ,3973
.02 9^23 , 9468 .9413 .9355 , 9297 . 9236 .9173 .9109 , 9043 ,3977
.04 9515 , 9466 .9411 . 9354 , 9295 . 9233 .91 7] .9136 . 904 1 , 3 9 74
, 35 9515 , 9464 . 94 33 .,351 .0291 . 922) .9166 .9102 . 9335 . 3 9 5 )
.38 5S13 . 9460 . 9434 .9346 , 9285 . 9224 .9160 . 9^95 . 9029 . 3953
.10 9509 . 9455 . 9393 .9340 . 927 9 . 9217 .9153 . 9^37 ,9021 .3)54
.12 ?S03 . 94 48 . 939 1 .,332 . 927 1 . 9208 ,9143 . )U77 .9013 . 9 9 4 3
.14 9495 . 944 1 . 9 33 3 . 9325 . 925 1 .9197 .9132 , 9^55 . 8998 , 3 930
.15 ^488 , 9432 . 9 3 73 .9313 , 9253 .9185 ,9119 . 9^51 , 8933 .8914
.19 ;?473 . 9422 . 9352 . 9330 , 9235 .9171 .9104 . 9 J35 , 8956 . 3397
.23 ?453 .9410 . 9 34 ) .,235 . 9221 .9154 , 9085 .9^17 , 8947 , 337 7
.22 9d55 . 9396 9334 . 9273 . 9204 .9136 , 9 367 ,3*96 , 8925 , 3355
.24 '9d<2 , 9381 .9313 . 9252 .9184 .9115 , 9 345 .8*74 ,8)32 , 3 3 3 1
.25 :?a27 , 9364 . 9299 .,232 ,9163 . 9092 . 9323 .8*48 , 8875 .3304
.23 •5d09 , 9345 . 9273 . 9239 .9139 , 9056 , 3 993 .3*20 , 884 7 . 3775
,30 9193 . 9324 . 9255 .9184 .9112 . 9033 . 3964 .8*90 .8815 . 37 44
.32 9163 . 9300 . 9229 .9157 , 9032 . 9007 . 3 932 .3*56 . 8782 ,3710
.34 9144 . 9274 . 9231 .9126 , 935] .3)73 , 3395 .3*21 , 87 47 , 3575
.35 9,13 , 9244 .9159 .,392 , 9014 . 3935 , 3 359 .8/83 ,87]9 , 354 0
.33 9)83 .9212 .9134 .,355 , 8975 . 3896 .3313 . 3/43 . 867 1 .3504
.43 '9?55 .9176 . 9395 . 9 01 5 .8933 . 3853 . 3776 .8/31 . 8632 . 3570
,42 ’ 9,13 .9137 . 9354 .8@71 , 3383 . 3803 ,3731 .3050 , 8595 , 354 0
.44 ??7 . 9093 . 9333 .8’23 . 384 ] . 3761 , 3587 .3*20 , 8553 .3515
.46 9?32 . 9045 .8)53 . 8373 . 879] .3713 , 3544 . 3*34 . 8535 , 34 95
.48 9^83 . 3993 .8)35 .1)823 , 8739 . 3667 . 3 505 .3*55 .8513 ,3475
,53 912) . 3937 . 834) .3755 , 3693 . 3626 , 3574 .5*31 , 34 95 . 84 54
.52 ?)7] . 3878 . 879 1 .8712 , 8545 . 3592 , 354 8 .3*11 , 847) . 3 4 52
.54 '8937 ,3816 . 8734 .3654 , 8539 . 3564 . 3 525 . 3*93 . 5455 . 3 4 4 2
,55 8g41 . 8755 . 8582 .8525 . 8579 . 3540 , 3 507 . 347) . 8455 ,34 53
,53 '9775 , 3700 . 954] . 8593 , 8553 . 3520 , 3 49 1 .3457 , 8445 . 3 4 27
,50 8717 . 3655 . 9536 . 8555 . 853 1 . 3503 , 3 478 . 8456 , 84 33 . 3 4 2 1
,52 9S65 .3618 . 8577 . 8542 .8513 , 3483 , 3 467 . 34 4 3 , 84 32 .3417
,54 = 529 . 3587 . 9552 . 8522 . 8497 , 3476 , 3 457 . 84 4 1 . 8427 .3414
,56 8195 , 356 1 . 8531 . 8536 . 8484 . 3466 , 3 450 . 34 35 , 8423 .3412
.53 S55) . 3539 .8513 . 3492 , 8 47 ) . 3457 , 3 4 4 3 . 34 3 1 , 842] .3410
.73 e545 . 3520 .94)3 .9480 , 8454 . 3450 . 3 4 33 . 3428 ,8413 .3410
.72 8125 . 3504 . 84 35 . 9470 ,8457 . 34 4 5 , 3 435 .3426 .8417 .3410
.74 85O3 . 3491 , 8 4 7 J .8462 . 845 1 . 344 1 . 3 432 .84^4 .8417 .3411
.75 8,94 . 3480 . 9 4 57 .8455 , 84 4 5 . 3438 , 3430 . 34 24 .8413 ,3413
.79 '8a8J , 847 1 . 945] . 8451 , 8 4 4 3 . 3436 , 3 43] , 3 4 24 ,841) .3415
.30 ' 5 d 7 4 . 3464 . 9455 . 844 7 . 844 1 , 34 35 . 3 43] .84*5 , 84 2 1 .8413
,32 B,56 , 5458 . 645 1 . 84 4 5 , 84 4 3 . 3435 . 3 43 1 . 84 27 . 8424 . 3 4 2 1
,34 9,61 . 8454 . 94 4 ) . 8444 . 8 4 4 ] . 3436 . 3 433 , 34 30 . 8427 . 3 4 25
, 5“5 8,57 . 8452 . 84 4 3 .3444 . 844 1 . 34 38 . 3 436 . 84 33 . 8432 . 34 30
,33 ' 8455 . 3452 . 944 3 .8d45 . 84 4 3 . 34 4 1 , 3 44 3 . 34 38 , 84 37 . 3 4 3 5
.50 8^55 , 3453 . 845 1 ,344) , 84 4 7 . 34 4 5 , 3 4 4 5 . 34 4 4 .8443 .5442
• 52 8457 . 3456 . 8 4 55 . 84 54 . 8 4 5 3 , 3452 , 8 4 52 . 8451 , 845 1 .843 1
.54 '8»62 . 8462 . 8451 . 8461 , 8461 . 346 1 , 3 46 1 . 345 1 , 84 5 1 ,3451
, 9 5 ,®472 . 3472 . 8 4 7 2 . 8472 . 8 4 7 3 . 34 73 , 3 47 3 .84/4 , 84 74 .5475
.53 '848? . 3490 . 9491 .84)2 .8492 . 3493 ,34)4 .34)4 ,84)5 .34)5
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— 2-£) D -

cX .40 .41 .42 .43 .44 .45 . 46 .47 .48

0.00 ;3;85 . 9233 .9195 .8141 .8103 . 3063 . 3 33 1 . 803 . 7979 . 7953
.02 8,84 . 8233 .8135 .8143 ,8103 . 3063 , 9 33 1 .303 . 7993 . 7 95 1
.04 %82 . 3231 .3193 .8139 .8103 . 3064 . 9 332 .305 . 7993 . 7956
.05 9^73 . 3228 .3191 .6139 , 8399 . 3065 , 9 335 ,809 , 7989 , 7972
.08 a,73 . 8224 .8179 .8137 . 8099 . 3067 , 3 339 . 9 J1 5 , 7995 . 7 95 1
.13 ®267 .8219 .9175 .8135 .8133 . 3070 . 3 34 4 .303 ,8005 . 7991
.12 8,60 .8214 .9172 .8135 .8132 . 3075 , 3 352 . 9^32 ,8015 . 3332
.14 3^53 . 8209 .3159 .8135 ,8135 . 3081 , 3 363 .9^42 , 8025 ,3314
.15 3,45 . 3204 ,3153 .8139 .8111 . 3089 . 336 9 .302 ,80.53 . 932/
.19 8?39 , 8201 .8159 .0142 .8119 . 9097 . 3 37 9 ,504 .8051 , 3343
.20 *3,34 . 8201 .8172 .8147 .8125 .9106 , 3 389 ,3 05 . 8063 . 3353
.22 ;3532 . 3202 .9175 .6153 .8133 .3115 ,8103 .307 , 8375 ,3357
.24 8;31 . 9204 .3130 .815» .8141 ,3125 .9111 .309 ,8039 , 3330
.25 3?31 . 3207 .9135 .3167 .8150 .3135 .3125 .9111 .8132 . 9394
.23 '8,33 .8211 .9191 .8174 .8159 .3146 .3134 .9124 .8115 ,313d
.33 *8>35 .8216 .9193 .8192 .3153 .3155 ,3145 .8136 ,8123 .3121
.32 3,33 . 8221 . 8205 .0190 .9173 ,3167 .3157 .9148 .8141 ,3135
.34 '8,43 . 3227 .8212 .81” .9187 .3177 ,3153 .3150 .8153 .3143
,35 ;8?3 . 8233 .3219 . 8209 .8197 .3188 ,3179 .3172 .8166 .3151
.33 8?53 . 8239 . 3227 .0216 . 8207 .3193 .3193 . 3 Ï 3 4 .8173 ,3173
.43 8;59 . 8246 . 8235 . 8225 ,8215 , 3203 . 9201 .3195 .8193 .3136
.42 8,64 . 8253 . 8243 . 0234 . 8225 .9219 .3212 . 9^37 . 8232 ,3193
.44 3,73 , 8260 .8251 . 0243 . 8235 . 3229 , 9225 .3*18 .8214 .3213
.45 '8,77 . 8267 . 8259 . 8251 , 8245 . 3239 , 9 234 .3^29 . 8225 . 3222
.43 ;s?83 . 8274 . 8267 . 0250 . 8254 . 3249 , 3 24 4 .900 ,8235 . 3253
.53 '8,83 , 3282 . 3275 .0259 . 3253 . 3258 , 9254 . 300 . 8247 . 3244
.52 ;8^95 . 3289 . 8283 . 8277 . 8272 . 3253 . 3264 .301 . 8253 . 3255
.54 9,03 . 8297 . 8291 . 8285 . 8232 . 3273 . 3274 . 301 . 8253 , 3256
.56 8,13 . 3304 . 8299 . 8295 . 829 1 . 3287 . 3284 . 301 . 927 9 . 3 277
.53 8,17 .3312 . 3337 . 0333 . 9299 . 3296 , 3293 . 301 .8209 , 5297
,50 8 323 .8319 .8315 .0311 , 8303 . 3305 , 9 303 .301 . 8299 . 3297
.52 8333 . 8326 . 3323 . 0320 .8317 .3314 .3312 .a?10 , 8303 . 9337
.54 ?3)7 , 8334 . 8 33 1 . 6328 , 8325 . 3323 , 9321 .309 ,8313 . 3317
.66 8344 . 334 1 . 8339 .8035 . 8334 . 3332 . 3 530 .309 , 8327 . 3326
.55 8352 . 8349 . 8345 . 0344 . 8342 . 334 1 , 3 339 .308 , 8337 , 3335
.70 5,55 . 8356 . 8354 .8352 . 3351 . 3349 . 9 34 3 .3 07 , 834 5 . 3345
.72 e,66 . 3364 . 8 3 52 . 8350 . 8359 . 3353 . 9 357 . 9356 , 8355 . 3354
.74 8373 . 3372 . 8370 . 8359 , 8357 . 9366 . 9 365 .905 . 8354 , 3354
.75 8381 , 3379 . 8373 .8377 . 8376 . 3375 . 9 37 4 , 3374 , 8373 . 3 373
.79 8,83 . 3387 . 3336 . 0335 , 8384 . 3384 , 9 583 .303 . 8382 . 3332
,33 8335 . 9393 . 8 394 . 8394 . 8393 . 3392 , 9 392 ,902 . 8392 , 3391
.92 8404 . 8403 . 8433 • 3 4 02 , 3402 , 9401 . 3 401 .801 . 8431 . 3431
.54 ,8d12 .8412 .8411 .8411 .8411 .3411 .9413 .300 .8413 .9411
.36 . 842 1 . 8 4 20 . 0420 . 842] . 9420 , 3 420 .300 . 8423 .3423
,38 ?4” . 9430 . 8433 . 8433 . 8430 , 3430 . 9 430 .900 , 843 1 , 943 1
.93 ,840 . 8440 . 8 4 4 0 . 8440 . 844 1 , 94 4 1 , 3 44 1 .901 . 84 4 2 , 34 42
.92 848! , 8451 . 8 4 52 . 0452 , 8452 . 3452 , 8 45 3 ,903 . 8454 , 3 4 54
.94 8464 . 3464 . 8 4 65 . 0465 . 8455 . 9466 . 3466 .907 . 8457 ,94)7
• 96 . 3480 .3481 . 3481 , 3482 . 9482 . 9 4 83 .303 . 8433 ,9494
.98 \ 8,02 , 8502 . 8503 .8503 , 8504 , 3504 , 9505 . 3305 . 8506 . 3536
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