











abstract

A method has been proposed for detecting the Inertia associated
with a local reorientation of the I vector In superfluid «He-A and which 1is

characteristic of an Intrinsic angular momentum density. A transition Is

predicted to occur In the behaviour of the orbital angular momentum i1, Tfor

%e-A contained between two parallel planes, from processional to

oscillatory motion as the frequency of magnetic field precession about an
axis normal to the planes |Is iIncreased. Attempts to observe this

transition and to detect the Inertia were unsuccessful, possibly since the

slab of 3He-A was not Infinite In lateral extent as assumed In the
calculations.
The Fr~edericksz transition has been observed in ~“He-A. This

consists of an instability of the uniform orbital texture 1In a

perpendicular magnetic Tfield, analogous to that observed 1In a nematic

liquid crystal. The measured transition fields lie below the theoretically

predicted threshold fields but do exhibit the same temperature dependence.

All measurements were performed with a ~He pressure of 29.316 bar

and the anisotropic propagation of 15.15 MHz ultrasound was used throughout

to determine the orientation of f with respect to the sound axis. A

disc-shaped slab of %e of height 2 mm and diameter 10.7 mm defined the

experimental region. Sound anisotropy coefficients were determined and

found to have the predicted order of magnitude. These describe the

dependence of the velocity and attenuation of the sound in terms o/ the
angle made between the 1 vector and the direction of sound propagation.

Their determination relied on theoretical predictions about the distorted i

texture above the Fr”ederlcksz transition field.
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CHAPTER 1 ; INTROIHICTTOW

1.1 Introduction

In 1972 30 was found to exhibit superfJuid phases stable below
2.72 mK. The phase diragram for iIs shown in Figure 3.1(1) and shows two

superfluid phases, the A phase and the B phase.

"He is a fermion and can display superfluid properties by Cooper
pairing of atoms, with nuclear spins of paired atoms aligning parallel to
each other, p-wave (L=1) pairing is selected on energetic grounds and the
spin triplet state (S=1) then follows from the Pauli exclusion principle
since the total wavefunctlon for the pair must be antisymmetric. The

Cooper pairs™ of atoms form bound states with energy less than the Fermi

energy by an energy gap A. Simple BCS theory predicts that the superfluid

B phase 1is the stable state, although the 1inclusion of strong coupling

effects in the theory explains the stability of the A phase.

The ~“He order parameter 1is often represented by a complex 3x3

matrix, d*J , where a specifies the orbital part and 1 is the spin part.

The self-consistent field singles out a particular form of which has
the lowest free energy. d«i is normalised
I d«i 1" = 3 < | A(fe) >Av .

where A(fe) represents the energy gap as a function of the direction Kk

around the Fermi surface (the average 1is over the directions k).
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This work Is concerned with the superfluid A phase, and for this bulk phase
dal = (~ * 1~ aj . 2,
where a Is a unit vector In spin space along which all the pairs are In the
Os = 0 state. N~  are a pair of real orthogonal vectors of equal
magnitude precisely defining the orbital wave function, with
XA, =An* T
(1.3)
where « Is the direction of orbital angular momentum of all the pairs and

A,, IS the maximum magnitude of the energy gap. The form ~ * 1~ has the

angular dependence of the spherical harmonic Yu with respect to the 1
axis. This means that the energy gap has a sine dependence, resulting In

nodes In the energy gap on the Fermi surface In the direction of this axis.

Therefore the A phase exhibits anisotropic properties, with } defining the
anisotropy axis for the gap.
This work Is particularly concerned with the effect of static and

processing magnetic fields on the orbital angular momentum 1.

1*2 Orbital Statica and Textures In "He-A

This section contains a brief discussion of Influences on the

orientation of }. Further details are contained In reference 2.

1-2.1 Dipole Energy

The magnetic Interaction between nuclear dipole moments o0 In a

pair separated by - r" may be represented by



Hd = d=r f - 3(r.-r.").NJ (r-r.").o.if)

LT 1* 1)

where 7 1s the gyromagnetlc ratio. The dipolar coupling energy can be

calculated troa equation 1.4 and written In the form

= -3/5go(T) (i.ay .J 5,

where go(T) has been Introduced by Leggett(3) and Is proportional to the

mean square gap.

It Is apparent that iIn the absence of other Influences the Ilowest

energy state will occur for 1 parallel to 3. This effect Is referred to as

dlpole-lockling. For a single pair the strength of this Interaction only

becomes comparable to hgT below about 1 UK. but all Cooper pairs must have

the same wavefunctlon In bulk 3,,e so that the total dipole energy Is

greater by a factor equal to the number of Cooper pairs.

Leggett has estimated that gpiT) 10" (@ - T/T) Jm*"” near Te In the bulk

liquid.
1-2.2 Field and Flow Ei»»rgl«a

The magnetic susceptibility iIs anisotropic with anisotropy axis a.
The field orientation energy for a field H _may be represented by
= 1/2 Ax ( a.H_ a aj

where Ax = Xj® - x, and Xj, XJ» are the magnetic susceptibilities, with X, <

Xj., for a parallel and perpendicular to H. respectively. This energy will

be minimised for the orientation of & perpendicular to H. Ax may be

evaluated from microscopic theory to give Ax » 10 (A - T/T") JIm"™*T"* near

Tc(2).



It should be noted that a field of 30 G provides a susceptibility
anisotropy energy of the saae order as the dipole energy, close to T.,, so

that dipole-locking of the Cooper pairs «ay be disrupted for external

fields with greater magnitude.

The flow orienting effect for an applied counterflow and a
A
uniform € may be represented by
= - 1/2 "3 Ci-(B5U -Vn) Yy a.n
where Apg = - pg, and pg,, are the superfluid densities, with Pg® >

Psn. for 1 perpendicular and parallel to the direction of counterflow
respectively. This energy will be minimised for the orientation of F
parallel to the direction of counterflow. Near it 1s found that

Aps . 20 (1 - T/Tc) Js™m"* so that a flow of 2 mms“» gives an energy

comparable to the susceptibility anisotropy energy in a field of 30 G.

1*2.3 Bending Energies and Boundary Condition«

Other Influences on 1 Include the presence of container walls
which Tforce 1 perpendicular at the boundarles(4). This 1s a strong

condition which has never been seen to be violated.

The combined Influence of boundaries, magnetic field and flow can
cause the 1 vectors to form patterns called "textures”. Then the existence
of a "bending energy', that is an energy resisting spatial variations of
the order parameter, IS obvious. This energy describes energies of
bend,twist and splay of 1 which may be represented by

AEb = 1/2 Kb (i X curli )* (1.8)

AEt 172 Kt ( i.curli (a.,9)
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AE, - 1/2 Kg (dlvi )- ,1 JO,
ehere K5. Kj and Kg are the elastic constants of bend, twist and splay.
These energies are analagous to the Franck energies for distortions of the

director n in a nematic liquid crystal.

Provided spatial variation Is slow the bending energy terms will
be saaller than the dipole locking energy. This leads to the definition of
a dlIpole-locklng length” 1j, a characteristic distance In which the systea
will return to equlllbrlu» under the Influence of the dipolar energy IT
locally disturbed by some other weans (e.g. a surface), ejJ 1is found to be

« 10 un so that for geowetrles with dlwenslons larger than this the

dipole-locked Unit will be obtained (In the absence of other Influences).

1.3 AIms of Earoerlment

In the A phase all the pairs are In an orbital state with the

orbital angular momentum aligned along 1. There should then be an orbital

angular momentum » bpL/2m 1 In the equilibrium state. This Ildea was
introduced by Anderson and Morel(5) and pl Is called the Intrinsic angular
momentum density. This angular momentum density that appears as the
inertia In the motion of 1 would govern the low frequency orbital dynamics
In the absence of dissipation. However, dissipation 1Is easily Included In

the hydrodynamic limit and i1t has been suggested by theoretical work by

Cross(6) and experimental work by Paulson et al(7) that this would



doBlnate the wmotlon. Dissipation arises since a rotation of 1, the
anisotropy axis of the energy gap. changes the energy of a theraal
excitation so that the notion of | Is strongly coupled to the nornal fluid
of thernal excitations. The tine lag between the notion of T and the
notion of the excitation distribution then results In dissipation.
Therefore dissipation can be Introduced Into the equation of notion of T as
a viscous torque on T opposing Its rotation through the nornal fluid. So

that for a stationary normal fluid

- TxCaf) -, TXx"
at dt (i.n)

P1 11
dt

where T Is the free energy giving the reactive torques and < iIs the orbital

viscosity coefficient.

The magnitude of the iIntrinsic angular momentum associated with
the 1 vector has becone a subject of considerable controversy(a) and Hall
and Hook(9) have suggested that three different types of experlnent which
might be used to neasure the Intrinsic angular nonentun would Ilead to

different answers.

The main aim of the experiment described iIn this thesis was the
measurement of the inertia associated with a local re-orientation of 1 Il.e.
a measurement of pl- According to Hall and Hook the 1i1nertia should be
characteristic of an iIntrinsic angular momentum density (2C - Cq) 1, where
the coefficients C and Cq may be represented by G and ¢~ - (]

respectively, with

- 1/2 pg|] h/2m

(1.12)
1t 1/3 Ft Pn,/p



1/2 pg| h/2m
1 - 1/3 pf pljp (1-13)
(see reference 2)
P, Ps* Pn represent the total density, superfluid density and normal fluid
density respectively (in the absence of Fermi liquid corrections), and FF

is one of the Fermi liquid parameters.

Under these circumstances, the equation of motion of 1 becomes

M~N-(C2C-Co)ix”n = i1x{t
(1.14)

at at

where the variational derivative of the free energy density T 1iIs at
constant phase

Although (2C - Co)/u 1is predicted to be very small iIn the absence
of Fermi liquid correctlons{2) the existence of these corrections should
lead to a value for this quantity of a few percent at the A-B transition.
This has been estimated as follows:-

From equations 1.12 and 1.13 2C-Co can be written

2C-Co = 1/2 h/72m <(m*/m - FF Psi/3p)"~ - (m*/m - FF Ps|/3p)~“> (1.15)

where the effective mass m* = m (@ + Ff/3) and

Psn + PnB = Psj. Pnj. = p (1.16)

Expanding blnomlally for small pgj™/p, pli/ and with p°| - psx/2 then

(2C-Co ) * 1/6 ( p~p/p )* FF ( mra* )* hp/2iwi  * 0.05 l.e. 5% (1.17)

For this rough estimation the following were assumed : plp = pgp (M*/m)
where the superscript o indicates that Fermi Hliquid corrections have been
neglected. At 29 bar and T/T = 0.85, Ps|/p = 0.025(10); Ff = 13.08(11);
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B e 5.009x10-»" kg(12): P = 115 kg«-*(12): ,, . 3.4x10- N.-"s(10).

It was assuaed that If 1 were caused to lie at an angle to the z
axis by applying a suitably directed aagnetlc field (saall enough for the
dipole-locked llwlt to be considered), then rotation of the field about the
z axis at a frequency w, would cause T to process about the z axis at the

sane rate. The effect of the Inertial tera would then be to cause the

angle e between } and z to depend on the direction of rotation. In fact It

was found that this precesslonal solution for 1 did not occur In the bulk

liquid but could be obtained for 3,e-A 1, , restricted geoaetry. under

certain circunstances.

Chapter 6 contains a discussion of the solution of the equation of

notion of } fTor this situation and experlaental atteapts to observe the

predicted behaviour and hence the Inertia associated with the angular

mofflentun density.
Measureaent of a Fréederlcksz Tranaltlon In ~Hg-A

The Fréederlcksz transltlon(13) In a neaatlc liquid crystal was
first observed over Tifty years ago. The orientation of a neaatlc liquid
crystal can be described by a unit vector n, known as the director.
Container boundaries may be specially treated to provide preferred
orientations of fi and In addition ¢ can be aligned by aagnetic Tields
because of the diamagnetic properties of the aromatic rings which form part

of the molecule. IT a magnetic field Is applied to a nematic single liquid

crystal of spatially uniform texture In a direction such that the alignment

favoured by the field Is perpendicular to that preferred by the

9



boundaries, the I texture will start to distort at a certain value of the

applied field. This value Is called the Frdederlcksz transition field and

represents the field at which this 2nd order phase transition occurs.

The J vector of superfluid ~He-A can be Influenced by aagnetlc

fields and container boundaries iIn an analogous wanner (see section 1.2).

This suggests that a slwllar transition should occur In the orbital texture

of dipole-locked "™He-A, contained between two parallel plane surfaces, when

a magnetic fTield Is applied perpendicular to the surfaces. One aim of this

work was to observe this transition In Sge-A and to measure a critical

threshold field. The Fre-ederlcksz transition had not previously been

observed In superfluid "He.

Chapter 5 contains a discussion of these observations, together

with the theory of the transition.

The transmission of ultrasound through ”~hc-a can be used as a

probe since the dependence of the received sound signal on the direction of

A

E is SO large that it serves as a means for detecting the orientation of

the 1 field. Thus the velocity and attenuation of sound are characterised

by the angle made between the 1 vector and the direction of sound

propagation. This relationship is described by characteristic

coefficients, known as sound anisotropy coefficients. Another aim of this

experiment was the determination of these coefficients and this depended on

theoretical predictions about the distorted T texture.

10



Chapter 4 describes the velocity and attenuation of sound In
noraal and superfluid 3He In the absence of a .agnetlc field, and chapter 5

discusses the deteralnatlon of the anisotropy coefficients.

1*4 Experlaental Arranyixont

In all seasureaents discussed In this thesis the anisotropic

propagation of ultrasound through 3h6-a ms used to deterslne the

orientation of T with respect to the sound axis.

A disc-shaped slab of of height 2 nm and diameter 10.7 mm

defined the experimental region, with the circular slab boundaries provided

by two quartz transducers. These were used to transmit 15 MHz sound from
one transducer to the other through the Jliquid helium. A system of
magnetic fTield colls were fTitted around the experimental cell. This had

the capability of providing magnetic fields along any direction with
respect to the sound axis, thus enabling the statics and dynamics of the 1
texture to be 1nvestigated. Throughout this work the magnetic Tields
applied were € 30 G so that the superfluid was In the dipole-locked regime.
All the measurements discussed here were performed with a helium pressure
of 29.316 bar.

Chapter 2 describes the experimental arrangement In detail, and

chapter 3 discusses the thermometry employed.

11



CHAPTER 2 ; EXPERIMEMTAYr.

2.1 Introduction

This chapter contains a discussion of the experimental arrangement

used to achieve the results presented In this work.

A sample of was cooled Into Its superfluid A phase using the

cryogenic system referred to In section 2.2. The design and construction

of the experimental cell are discussed In section 2.3. The system of colls

which was capable of providing magnetic fTields In any direction with

respect to the cell axis Is discussed In section 2.4, and the Mu metal

shield used for screening the experimental cell 1Is discussed In section

2.5. Finally, the system of data handling and storage Is described In

section 2 6.

2.2 The Cryogenic «ysteu

A schenatlc diagrae of the cryostat used for cooling “He Into Its

superfluid phases is given iIn Figure 2.1. The low milllkelvln temperatures

required were achieved by using a dilution refrldgerator for precooling and

adiabatic demagnetisation of copper for the final stage of cooling. The

entire apparatus was housed iIn a shielded enclosure, which was grounded at

one point, 1iIn order to prevent heating by electrical Interference from

outside equipment. The design of this cyostat has been well documented by

D. C. Carless(14) and therefore it is not proposed to discuss this

12



fig 2.1 - Schematic diriagram of cryostat insert
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apparatus i1n any further detail here.

Some changes made to the system are described by R. Mitchell(15).
To summarise these: the tin heat switch was remade in 1983 and a 4.2K trap

added 1i1nto the dilution refridgerator condensing line to reduce the

incidence of blocking.

The author has constructed a ~He melting curve thermometer(16)
which bolted onto the experimental platform and was used iIn the
establishment of a Manchester temperature scale. Further details of this

and the other thermometry employed are contained in chapter 3.

While cooling the experimental apparatus from ambient temperatures

to 4.2K a cylindrical "Mu metal'” shleld(17) was positioned around the

super Insulating dewar. This was done to prevent flux due to the earth’s

magnetic Tfield being trapped by the superconducting components of the
system and possibly producing a magnetic fTield in the ™He cell region. An
improvement in SQUID behaviour was observed from the previous experimental
cool-down. The Increase in signal to noise ratio may have been a result of
either the presence of the Mu metal shield or an addition iIn the lead

shielding of the SQUID probe Itself.

The dilution refridgerator typically precooled the experimental
region to 16.6 mK. The 1longest nuclear demagnetisation performed held the
liquid ™He iIn the superfluid A phase for a period of 10 days at the end of
which time there remained 11.6» main solenoid field applied to the copper

demagnetisation stage. This 1iIndicated that the residual heat leak to the

2

He was small, and the rate of warming of the %e this produced was

observed to be about 30 uK/day.

14



2.3 The Earoerlaental Cgli

A scheeatic diagram of the experimental cell Is shown In Figure
2.2. A sound signal at ultrasonic frequencies was transmitted through the
liquid helium from one piezoelectric quartz crystal to another along a path

defined by an annular fused quartz spacer.

2.3.1 Design and Conatructlon

The two parts of the cell body were machined from stycast 1266
epoxy resindS). No part of the experimental cell could be made out of

copper since the eddy currents Induced by a rotating magnetic field would

produce too much heating. Since the cell was required to contain pressure

of up to 30 bar a rough estimate of the stycast wall thickness needed was

made(see refs 18 & 19). Neglecting stresses associated with corners of the

body and any deflections due to shear a minimum value for the wall

thickness of approximately 1.6 mm was obtained. The cell walls were

actually made approximately 3 mm thick.

The brass cell-support tube was glued Into the lower part of the

cell body with stycast 1266 to form a pressure tight seal. This tube

served both as a helium TfTill line for the cell and as a means of mounting

the cell 1In the experimental region of the cryostat using an Indium “o"
ring seal. A circular brass flange which bolted around the tube was used
to support the magnetic coll system and Mu metal shield of section 2.5.

Figure 2.3 shows this arrangement schematically.

Two BeCu springs were used to hold the crystals In place. BeCu
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was chosen since i1t is hard and springy and eddy current heating nould be

negligible. Each spring was clipped out of 0.25 na thick foil and bent

into shape (see Figure 2.4). The earth connection to each crystal was nade

via the pressed BeCu spring contact. In each case a 0.06 an dlaaeter

copper wire was wrapped several tl_.es around one of the legs of the spring

and soldered i1n place to provide good electrical contact. The springs were
located inside either part of the cell body by fitting the hole punched at

the centre of each one over a small stycast pip.

The piezoelectric crystals used were 5 MHz 0" X-cut quartz

crystals, ground optically flat and coaxially gold plated(20). Their

resonant frequencies were aatched to better than 1/4 ». A 0.06 an diameter

copper wire was attached to the centre electrode of each crystal with a dab
of silver epoxy(21) and these Joints were cured at BOX for approximately

60 Minutes.

Each pair of copper leads providing electrical contact to each
crystal was threaded through a narrow channel 1iIn either the top or bottom

part of the cell body. These channels were then filled with stycast 1266

to form a pressure tight seal. All four fTine wires were soldered to

tagboards stuck to the outside of the cell body as a precaution against

lead breakage.

The crystals were pressed either side of an annular quartz
spacer(20). the ends of which were ground optically flat to minimise phase

cancellation of the sound wavefront. The ends of the spacer were also

crenelated 1n antiphase iIn order to minimise spurious transmission of sound

through the spacer. Figure 2.5 shows the spacer schematically. The BeCu
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dUenslons provided a diameter to height ratio of approximately 5:1 so that

6dg6 cffBcls should net bO too lisportant.

The fundamental resonance of each quartz crystal mas measured

after mounting these i1n the cell containing air at ambient temperatures and

using the circuit shorn in Figure 2.6. The 1inclusion of the resistors in

this circuit was found to be necessary since each crystal had an estimated

capacitance of 3.4 pF suggesting an off resonance Impedance of order 10 kn

at 3 MHz for example. The crystal resonances measured are shown In Figures

2.7 and 2.8. For the top crystal In the cell a quality factor Q of 470 was

estimated with a resonant peak at 5.010 MHz and a bandwidth of

approximately 11 kHz. For the bottom crystal a quality factor Q of 430 was

estimated with a resonant peak at about 5.005 MHz and a bandwidth of
approximately li kHz. The bottom crystal also displayed several secondary

resonant peaks.

With the ceil Mounted on the experimental platform of the cryostat

the fTour copper leads from the crystals were twisted In pairs and each

soldered to the Inner conductor of four CuNl matrix, multlifllamentary.

superconducting coaxes with stainless steel outers of diameter 0.6 mm(22).

These superconducting coaxes were led from the experimental platform up to

the vacuum can flange with heat sinks to the dilution refridgerator mixing

chamber. 4th heat exchanger and still, and to the IK cold plate. These

heat sinks were made by gently squeezing approximately 3 cm lengths of the

coax between clean OFHC copper plates. Four coaxial cables took the

crystal leads out of the cryostat and to the transmission and detection

electronics. The capacitance measured between each quartz crystal®s pair

of leads outside the cryostat Insert was about 14 pF.
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FI6 a.6 - CIRCUIT USED TO MEASURE QUARTZ CRYSTAL

RESONANCES



AMPLITUDE /Z«V

FIG 2.7 : Fundamental reaonance of top quartz crystal
(i.e. transmitter) measured Mhen mounted in cell

containing air at ambient temperatures. fo-S.OIMHzM

"HHKkHz and 0™M470.
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2.3.2 Sound Clrcnltrv

Figure 2.9 shows a block diagram of the sound transmission and
detection electronics. Throughout the experiment pulsed ultrasound of
approximately 15.35 MHz was transmitted from the top crystal to the bottom
crystal through the liquid helium. The 15 MHz resonance (1st harmonic) was
used because sound of this frequency was attenuated by the superfluid
to a greater extent than sound at the crystal®s fundamental resonant
frequency of 5 MHz. Although 25 MHz sound would have been absorbed to a

yet greater extent, practically this was not as easy to use.

During preliminary attempts at observing sound transmission
through the ~He i1t rapidly became apparent that this was masked by a signal
similar iIn behaviour to a '"crystal ringing". This signal was believed to
be a result of Ileading the earth connections to each crystal out of the
cryostat separately Instead of joining them together as close to the
crystals as possible. (Since earlier test measurements performed with
superfluid ™He at IK. with a total of 3 rather than 4 coaxial leads to the
crystals and with the crystal earths joined nearer the cell, were not
subject to this extra ‘'nuisance" signal to any noticeable extent).
However, because of a technical problem i1t was decided not to warm the
cryostat Insert back to room temperature. Instead, therefore, the cables
leading from the crystals®™ earth faces were extended to approximate x/2 at
15 MHz [lengths and connected together to simulate connecting the earths at
the cell. This Involved the addition of 9.05 m of coaxial cable outside
the cryostat Insert, with the approximate midpoint of this arrangement
earthed via a 1 MFt resistor. In practice, of course, this was not a
perfect solution so that some of the unwanted signal remained, henceforth
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referred to as the 'nuisance"™ signal. Pulsed ultrasound was wused 1iIn
preference to cw because the nuisance signal problem was found to be more
severe 1iIn the case of the latter. Pulses of 2.8 us width with a typical
repetition rate of 5 Hz were provided by a Matec 305 broadband gated
amplifler(23) driven by a 1 Vp_p cw signal at 15.154 MHz from a
Hewlett-Packard 3325A synthesizer(24). These pulses were typically
attenuated by 26 dB provided by a swltchable attenuator(25), so that pulses
of amplitude 2.5 Vp_p were fed to the driving crystal. The peak to peak
output level of the received signal was of order 100 uVv. This signal was
amplified by an Avantek xI000 ampllfler(26). passed through a double
balanced mixer operating as a phase sensitive detector and integrated,
typically over the period from 15-25 us after the pulse 1nput to the
transmitter crystal. This period was chosen for the integration for an
optimisation of the transmitted sound signal iIn comparison to the nuisance
signal. The time constant of the detection electronics was chosen to be

1-10 s depending on the measurement being performed.

The PSD and Integration circulitry are shown in Figures 2.10 and
2.11. The PSD/Integratlon circuitry was operating In its linear region for
the signals with magnitudes of order 100 mV 11t was detecting. Figure 2.12
Indicates this by showing the PSD/Integration circuitry response for a
range of different magnitude iInput signals. A nominal x/4 at 15 MHz
coaxial cable length was i1nserted between the Hewlett-Packard drive and the
PSD reference for some of the measurements. This produced a signal that
was found to be 91** 1* (1.59 radians) out of phase with the original
15.154 MHz signal, and thus enabled a complete sound record to be
collected. The 1i1nclusion or not of this extra cable length was found to
have no measurable effect on the drive signal sent to the experimental
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FIG 2.9 : Block diagram of sound tranamlaaion and

detection electronica
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FIG 2.10 : Circuit diagran for double balanced alxer

acting as a phase sensitive detector
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SIGNAL OUTPUT (ARBITRARY UNITS)

FIG 2.12 : Phase sensitive detector/integration
circuitry response for different Magnitude i1nput
signals, n at S.OSMHz”e at 15.154MHz. For signals

of order 100mV Input during course of experliMnt
PSO/i1ntegration circuitry Mas operating In its linear

region.
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cell. Henceforth the signal _.easured without this cable present will be

referred to as "In phase” and that weasured with this cable In the PSD

reference as '‘quadrature™.

The Integrated signal was displayed on a Leeds a Northrop

Speedowax 250 aultlchannel chart recorder(27). An Hitachi digital storage

oscllloscope(28) was used for diagnostics.

2-4 The WagiKitlc Coll Syataa

A schematic diagram of the magnetic coll system, and Its
positioning with respect to the experimental cell and the Nu metal shield

used for screening the cell from external fluxes, 1is shown In Figure 2.3.

A solenoid and two sets of saddle colls were constructed allowing the

application of a magnetic field to the Sge In any direction and providing

the facility for a rotating field to be applied about any axis.
2.4.1 Construction

The wire used for each of the colls was Insulated single fllanent

NbTl copper clad superconducting wire with an outer dlaneter of 0.1 nn(29).

The solenoid coll was wound on a cylindrical forner nade from

stycast 1266 with a wall thickness of 0.25 mn and a dlaneter of 2.3 cm.

The former had a lip at the top, and a wider base with which the coll could

be bolted down onto the brass cell flange. The coll windings were lightly
painted with stycast 1266 to hold them In place more securely. Lengths of
approximately 2 cm of the lead at either end of the coll were stripped of
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insulating varnish, «rapped a few tl.es around a 0.9 .. thick stripped

mNlo.ax",30, post and soldered In place. The Nlo.ax post was then stuck

onto the top of the for.er with stycast 1266. This was done for each of

the 5 colls wound as a back-up .easure In case of fine lead breakage.

Each of the inner pair of saddle colls was wound separately around

4 stycast 1266 posts stuck onto a stycast 1266 cylindrical for.er of

approximately 2.S c. dla.eter and 0.25 .. thick. Figure 2.13 Illustrates

the shape of the coll obtained In this way. The four leads were attached

to nlomax posts as described above. The coll for.er was slipped over the

solenold coll and held 1In WOSit58H Wi%ﬂ 2 few dabs of vacuum grease(3l) at

its base.

The pair of outer saddle colls were wound In a sl.llar .anner on a

cylindrical stycast 1266 for.er of approxLately 2.8 c. dla.eter and 0.25

.. thick. The coll for.er was slipped over the Inner saddle pair and

orientated by eye 1In an atte.pt to produce a s/2 difference iIn the

direction of the .agnetlc field produced by each pair. This former was

also held In position with a few dabs of vacuum grease at Its base.

The entire coll syste. had an Inner diameter of 2.2 cm, an outer

diameter of about 3.6 cm and a height of about 5 cm.

2-4_.2 The Solenoid Coll

For a solenoid which Is long compared to Its diameter the magnetic

field on-axls at Its centre 1is given by B = inl where n i1s the number of

turns/unlt length, 1 is the current flowing through the wire and is the
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peraeabillty of free space. 323 turns were wound onto the solenoid coll

former in one layer, corresponding to a calculated magnetic field constant

of 114 G/A.

The field profile and field constant of the solenoid were measured
using a planar search coil which had 30 turns of 0.06 mm diameter high
conductivity copper and a cross-sectional area of 2.03 X 10“® m* {£ [I\).
An a.c. method was used since a search coil voltage of a few uV produced by
a few mA flowing in the solenoid coll could be easily detected using a
lock-In amplifier, thus enabling the room temperature current through the
superconducting wire to be limited. The Tfield profile of the solenoid was
measured both along Its central axis and across a horizontal slice at a
vertical height corresponding to the approximate position of the cell "ge.
Figures 2.14 and 2.15 show these profiles. The field was observed to
change by < \% along the coll axis over the vertical region occupied by the
cell "He, and by 1-2% across the horizontal region It occupied. The field
constant of the coll at a position corresponding to the centre of the
experimental ”~He region was measured by recording the voltage induced In
the search coll for several different a.c. currents Tflowing through the
solenoid, and for several different frequency sine waves. Using Bgq «
"~rms/NAw where N i1s the number of turns on the search coll, A 1is Its
cross-sectional area and Is the search coll signal which would be
obtained with 1 A flowing through the solenoid, this measurement gave a
value of 111 G/A (* 3%). A value of 117 G/A (* 3%) was measured with the

solenoid placed In position Inside the Nu metal shield.
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FIG 2.15 - Solenoid coil fTield profile meeeured ecrote

e horizontel elice et e verticel height corresponding

to epprox. position of cell "He _Profile mss meeeured
elong 2 perpendiculer sxee. Field chenges by 1-2% over
horizontel region occupied by cell "He. The solid lines

act as guides to the eye.



2.4.3 The Saddle Coll«

Ideally the two sets of saddle coils should have been nade as
Helmholtz pairs iIn order to eaxieise the fTield homogeneity. In pratice
this was not possible because of the limited space available coupled with
construction difficulties. Therefore each coil of each pair was wound
around posts on a cylindrical former producing a "bent rectangular™ shape
for the windings as illustrated in Figure 2.13. A set of calculations was
executed to find expressions for the variation in the off-axis fTield, with
respect to the field at the centre, for a set of saddle colls with this
shape. These expressions were minimised by suitable choice of design
parameters, before construction of each saddle pair. Details of these

calculations are contained in Appendix A.

Comparison of the calculated magnetic fTield at the centre of a
Helmholtz pair system and at the centre of the system described above shows
similar expressions

Mn N i

R 8
H6Inholtz “ V12S r 2.1

where N i1s the number of turns on each coll and r is the coll radius which

iIs also 1/2 the coll separation.

»

o} 3 sind Un N 1
“bent rect * —_——— N 2.2

where 24 1i1s the angular extent of the curved sections, N 1is the number of
turns on each coll and R i1s the radius of the curved sections (which has
been equated with 1/2 the separation of the curved sections of the same

coil for this equation). All other symbols have their usual meanings.

37



For each of the inner saddle pair 106 turns were wound onto the

cylindrical forwer as described 1iIn section 2.4.1, with an estlwated R =

1.27 cn, d (/2 the coll height) = 1.9 ca and ¢ = 61*, chosen with
reference to the calculations discussed 1In Appendix A. This gave a
calculated field constant of 63 G/A for the pair. For each coll of the

outer saddle pair 118 turns were wound onto the cylindrical former with an
estimated R = 1.42 ca, d = 1.9 ca and ¢ = 59*, chosen with reference to the
calculations discussed iIn Appendix A. This gave a calculated field

constant of 62 G/A for the pair.

The Tield profile of each set of saddle coils separately was

measured, both along the central axis of the former and across a horlontal

slice at a vertical height corresponding to the experimental region,
using the search coll as described iIn section 2.4.2. Figures 2.16-2.19
show the profiles measured. The Tfield was found to vary by < 1% and 1-2%

for fields produced by the inner and outer saddle colls respectively along
the solenoid coll axis over the vertical region occupied by the cell
Across the horizontal region occupied by the the field was found to
change by about 3% and 3-5% along and perpendicular to the saddle coll axis
for each of the inner and outer pailrs respectively. For these and all the
remaining measurements described iIn this section the two colls of each pair
were soldered together iIn series. The field constant for each set of
saddle coils was measured at the same vertical height In a similar manner
to that described in section 2.4.2. Values of 80 G/A {£ 3%) and 66 G/A {*
3%) were obtained without the Nu metal shield iIn postion for the inner and
outer pailrs respectively. The most probable reason for the difference of
these measured fTield constants from the theoretical estimates is that the
coils wound 1In practice did not have the exact shape iIndicated In Figure
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FIG 2.16 : Inner saddle coils field profile measured
along central axis of solenoid coil. Field changes
by <i% over vertical region occupied by cell "e.

The solid line acts as a guide to the eye.

39



FIG 2.17 - Inner saddle coils field profile measured
across a horizontal slice at a vertical height corresp<
ending to approx, position of cell ™He. Profile #as
measured along 2 perpendicular axes. Field changes by

3X over horizontal region occupied by cell "He.

The solid lines act as guides to the eye.
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FIG 2.18 : Outer saddle coils fTield profile messured

along central axis of solenoid coil. Field changes by

1-2% over vertical region occupied by cell Ye.

The solid line acts as a guide to the eye.
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FIG 2.19 : Outer saddle coils fTield profile measured
across a horizontal slice at a vertical height corresp-
onding to approx, position of cell ™He. Profile was
measured along 2 perpendicular axes. Field changes by

35X over horizontal region occupied by cell "Y‘“e.
The solid lines act as guides to the eye.
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2.13, but, for exasple, had rounded corners.

The entire coll system was positioned within the Mu netald shield
and the saddle coll field constants were remeasured to be 98 G/A (* 3%) and
90 G/A £ 3\) Tfor the Inner and outer sets of colls respectively. The
angular position of the maximum field for each set of coils was measured,
and an angular difference In the maxima of 89.5* * 0.5* was found.

Table 1 gives a summary of the magnetic Tfield constants for all three sets

of colls.

2.4.4 Coll Lead« and Power SupDllem

All the magnetic fTield coils were wound from superconducting wire
which had a copper matrix. The conductive heat leak to the cell along this
matrix would be too great i1f the windings were In thermal contact with the
cell. Therefore the coil system was thermally attached to the mixing
chamber of the dilution refrldgerator (by the wire itself) and bolted onto
the cell flange using thermally 1insulating vespel SP22(32) washers and
bolts. Appendix B contains an estimation of the conductive heat leak to

the cell with this arrangement.

The 10 magnet leads were led away from the colls as 5 twisted
pairs, each varnished together with G.E. varnish(33) and threaded through a
0.8 mm diameter teflon tube for thermal insulation from the cell region.
All 5 pairs were heat sunk at the dilution refrldgerator mixing chamber by
wrapping a few cm length several times around an OFHC copper post which
screwed Into the mixing chamber and varnishing down with G.E. varnish. The
two members of each of the i1nner and outer saddle colls were Joined 1In

43



series using a ''crinped joint" at the aixing chaaber. (To aake a 'criaped
joint between two wires their insulating varnish was reaoved, the copper
matrix of the superconducting wire was dissolved away with a solution of
50\ nitric acid iIn 50\ water, and the NbTi conductor was cleaned with a
mixture of 25% HF acid, 25% nitric acid and 50% water. The inside of a
narrow niobium tube was cleaned with the saae mixture and the wires were
threaded into either end of the tube. This was then crushed flat, securing
the wires In place. This joint should be superconducting at Ilow
temperatures thus eliminating the Joule heating associated with currents
flowing through soldered joints.) The three remaining pairs of magnet
leads were joined to 0.06 mm diameter niomax wire(30) using crimped joints,
and led up and out of the vacuum can with a heat sink at the refridgerator
6th heat exchanger. Three twisted pairs of copper leads were used to
extend the coll leads from the cryostat vacuum can to the coll power

supplies.

Each set of colls could be attached to any of the three supplies
as required by the measurement being performed. One of the power supplies
consisted of a current ramp source capable of delivering 350 mA 1In a
maximum of 60 minutes. An Oxford Instruments voltage ramp(33) and a
Feedback 2-channel oscillator(34) were also used as coll power supplies by
converting their outputs iInto currents using a 759 power operational
amplifier In each case. Figure 2.20 shows the circuit used. Great care
was taken to ensure that this operational amplifier circuit remained stable
with the coll Inductive load attached, since the change In phase this
produced In the feedback loop was otherwise enough to set up voltage
oscillations In the feedback loop resulting In severe warming of the liquid
helium. The dilution refridgerator®"s performance was found to be
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Into each set of colls

unaffected by the Input of up to 50-60 MA current
which produced a magnetic Tield of approximately 10 G

simultaneously,

across the "He slab.
TABLE 1 ; FIELD CONSTAIrrS FOR EXPERTMENTAL COILS

FIELD CONSTANT (G/A) (a3%) FIELD CONSTANT (G/A) (a3%)

colL
measured without Mu metal measured In position
shield inside Nu metal shield
SOLENOID 111 117
INNER SADDLE 80 98
PAIR
66 90

OUTER SADDLE
PAIR
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FIG 2.20 : One of tmo identical poMer operational
amplifier circuits used to convert voltages into

currents floMing In an experimental coil.



2-5 The Wn Metal Shield

This was used to shield the cedl/coll system from fields external
to the experiment. "Mu metal™ Is a NI-Fe alloy with a large permeability
and very little hysteresis so that any external flux Is trapped out. It
has to be specially treated for Jlow temperature use since hysteresis
depends on movement of domain walls. A superconducting shield could not be
used for this purpose since fTlux created by thermal emfs would be trapped

as the metal cooled.

The "Cryoperm 10/4.2" used was supplied by "Vacuumschmelze™(17) In
a 1 mm thick annealed sheet form. The metal was rolled into a cylinder,
with an outer diameter of 4 cm and height of 5.5 cm, and butt welded using
an argon torch. The prepared cylinder was sent back to '"Vacuumschmelze"

for heat treatment to restore the metal"s shielding properties.

The shield was slipped over the magnetic field colls and attached
to the cell brass flange with 6 x IOBA brass screws through holes which had
been drilled in the metal shield. It was therefore iIn thermal contact with

the cell but not with the magnetic field coils.

The shield was designed with intention to maximise its magnetic

shielding capabilities within the Ilimited experimental space available.

Appendix C contains the calculations that were performed for this purpose.
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2.6 The mcrocoMwtcr Interfayg

Throughout the course of the experinent an analogue record of both
the iIntegrated sound signal and the signal fro« the LCMN-SQUID ther«o«etry
electronics (see chapter 3) was obtained using a aultlchannel recorder.
However, in addition to this the sound signal could be digitised, averaged
as required, and stored on cassette. This proved particularly useful when
the magnetic fTield applied to the helium was being altered since a voltage

proportional to this fTield could be stored in addition to the sound signal.

This data handling system is shown schematically iIn Figure 2.21.
The sound and field voltages were fed to a Harlyn multichannel analogue to
digital interface module(35), then along an 1EEE-488 1interface bus to a
Nascom Il microcomputcr(36). The interfacing was performed using circuitry
based on a Texas TMS9914 |Interface chip with the timing of the data
management handled by a real time clock microchip. The computer was
positioned outside the shielded enclosure to avoid warming of the cryostat
by the rf radiation i1t generated. Hard wire contact between the two sides
of the shielded enclosure was avoided by using a custom built opto-Isolator

interface(37) on the IEEE-488 bus.

A listing of the data handling program used is given in Appendix D.
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CHAPTER 3; TH TTRY

3.1 Introduction

In any experiaent carried out In the nlllikelvln teaperature range
unreliable theraoaetry Is a potential problem. In an attempt to overcome
this a Manchester temperature scale has been established using a "He
melting curve thermometer and a platinum NMR thermometer to calibrate an
LCMN thermometer 1in the range 1 to 22 nK. Section 3.3 contains a
description of the melting curve thermometer and a brief discussion of this

process.

Different valued carbon Speer resistors(38) were used to monitor
the performance of the cryostat in cooling to approximately 16 K.
Resistance measurements were made with an ac bridge circuit and good
reproduclbllty was observed for all demagnetisation cycles. Below 16 nK,
the temperature of the ~He was measured using an LCMN thermometer. This
also provided a sensitive determination of the superfluid transition
temperature by Indicating the change In heat capacity associated with the
2nd. order phase transition. The LCMN thermometer Is discussed In section
3.2 with calibration details contained In section 3.4. The sound signal

received from the experimental cell also clearly Indicated the

superfluid transition.

There was some evidence for believing that the temperature of the
He 1n the experimental cell was greater than that In the main ~e
reservoir in which the LCMN thermometer was situated. Discussion of this
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and the calibration of the temperature of the “He iIn the experimental cell

are contained In section 3.5.

3.2 The LCmi Thermometer

This thermometer expolts the temperature dependence of the
magnetic susceptiblly of paramagnetic cerium ions contained In a sample of

LCMN. It was constructed by Peter Alexander.

Changes 1In susceptibllty were determined at 60 Hz by a bridge
using a Tlux locked 1loop rf SQUID system as null detector. Doping with
diamagnetic lanthanum magnesium nitrate was necessary to lower the Curie
temperature so that magnetic ordering did not occur for T>0.5 r&K. Hydrated
cerium magnesium nitrate contributed approximately 10% by volume to the
right cylindrical pill which had a mass of 0.17g and an 80% packing

fraction.

Figure 3.1 shows schematically the LCMN tower which bolted onto

the experimental platform using an indium "0 ring to produce a leak tight
seal. The LCMN pill was situated at the base of the tower and was

therefore in thermal contact with the liquid helium iIn the main reservoir.

The thermometer ac mutual 1i1nductance bridge circuit iIs shown 1in
Figure 3.2. Changes 1n magnetic susceptibility of the LCMN produced a
voltage Inbalance between the colls of the astatic pair thus generating an
alternating current iIn the primary of the flux transformer at the bridge
driving frequency. The current flowing iIn the SQUID input coll which
produced a change in flux linking the SQUID was balanced by the signal
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generated by the balancing autual. The out of balance signal was detected
using a 5205 EG4G Brookdeal lock In aaplifler(39) to Monitor the SQUID
output. Changes In the SQUID output associated with temperature changes of
around 1 wK could be detected above the noise iIn the 1low nillikelvin
region. The SQUID probe and SCU300 detection circuitry were supplied by
Cryogenic Consultants Ltd.(40). A General Radio audio oscillator provided
the bridge drive. Further details about the LCMN thermometer are contained

in reference 15.

3.3 The Melting Curve Thermometer

A ™Hc melting curve thermometer was constructed to help establish
a Manchester temperature scale. This thermometer was not used directly in
the measurements described here but was necessary to produce the superfluid
transition temperature scale shown in Figure 3.3, which was used 1iIn the

calibration of the LCNN thermometer.

The melting curve of %e at low temperatures iIs shown 1iIn Figure
3.4(41). The curve possesses a well defined minimum at T~iIn“ 31® and
“min~ 29.316 bar(42). An experimental consequence of this i1s that a tube
filled with ®He and passing from a temperature T<T,,in to T>Tj,in will become
blocked with solid as soon as the pressure 1iIs iIncreased above Pjiin* This
property can be used to seal a fixed number of moles of ®He iInto a chamber
and 1If the pressure to do this 1is suitably chosen a mixture of liquid and
solid ®He i1n equilibrium will be present. As the chamber temperature
changes the chamber pressure will vary such that the melting curve 1is
followed. Because of the blocked capillary an In situ measurement of the
pressure is necessary. This 1s achieved by making one wall of the chamber
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containing the "™He mixture flexible and monitoring changes iIn deflection of

this using a capacitativa method.

Figure 3.5 shows the melting curve thermometer schematically.
Constructed with a design similar to that described by Greywall and
Busch(42). 1t was bolted to the copper platform on which the experimental
cell and LCNN thermometer were mounted. 0.3g of copper powder of nominal
size 40 nm was sintered into the chamber of the thermometer to give a
surface area of 0.45 m” for thermal contact to the 0.11 cm”™ of ”“He 1iInside
it Further details about the construction of this thermometer are

contained in reference 16.

The operation of this thermometer 1is described briefly as follows.
At around IK different ”"~He gas pressures were used to make a pressure vs.
capacitance calibration of the thermometer. This 1i1s shown i1n Figure 3.6.
Figure 3.7 1i1s from Greywall (42) and shows the density of liquid and solid
"He along the melting curve which can be used to determine the amount of
solid in the cell as a function of temperature and starting pressure. The
starting pressure here 1i1s defined as the constant pressure at which the
"He 1s cooled through T/AJn* reference to this Figure, 36 bar was chosen
for the starting pressure to ensure a liquld/solid mixture throughout the
low mK range, and at around [IK the melting curve thermometer was
pressurised up to this value. The dilution refrldgerator was started up
more slowly than usual, taking care that the mixing chamber was always the
coolest part. This ensured that the solid plug of was fTormed in the
thermometer fill line near the mixing chamber rather than further away from
the thermometer, in an attempt to eliminate the incidence of plug slippage.
The thermometer TfTill 1line was well thermally anchored to the mixing
chamber, 4th. heat exchanger, still and IK cold plate.
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FIG 3.7 - The density of liquid and solid
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The capacitance could be aeasured to about 1 part In 10" using a
General Radio capacitance brldge(43)(a low teaperature reference
capacitor was not used) and as a result the aeltlng pressure could be
measured to better than 1 »bar. This corresponds to a sensitivity for
temperature measurement of about 0.02 mK In the temperature range 5-22 mK

in which this thermometer was used for calibration purposes.

The ”~He melting curve thermometer was used In an earlier set of
measurements to establish a temperature scale, together with the LCMN
thermometer described In section 3.2 and a platinum NMR thermometer
consisting of 0.76g of 2 um platinum powder with a packing fraction of 25\
used with an IT PLM-3 system(44). Briefly, the melting curve of
Greywall(45) was used In conjunction with this melting curve thermometer to
calibrate the other two thermometers. The Korrlnga law states that TjT »
K, where Tj 1is the spin lattice relaxation time and K a temperature and
pressure independent Korrlnga constant. The value for K = 29.8 * 0.2 s mK
found for platinum from this data was In good agreement with that measured
by Ahonen et al. (46) and thus provided confirmation of the Pt NMR
temperature scale for T>2.8 mK, the lowest temperature at which Tj was
measured. This gave Independent justification for the temperature scale
established In the above manner. Reference 47 contains further details

about this process.

Calibration of LCWN theraoaeter

At sufficiently high temperatures the susceptibility of the LCMN
iIs given by the Curie Weiss law and therefore the signal X required to

balance the i1nductance bridge can be described by

X -X® o, , (3.1
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where x,,, C and U are all calibration constants. represents the signal

required to balance the bridge at infinite temperature.

The Curie Meiss law has been found to provide a good fit to the
data for T>2.6 nK and with a value for the constant L of order zero(47).
X,, was given by a plot of x vs. 1/T over the approximate temperature range
16-60 mK. Figure 3.8 shows this plot. The temperature T for this process
was measured using a carbon Speer resistor which had been calibrated
against a nuclear orientation thermometer on a previous occasion and which
was situated on the copper experimental platform. The value found for x,,
was consistent with the value found by a similar method on a previous
experimental cool down(15). The constant C was fTound as the gradient of
Figure 3.8. When the x measured at the superfluid transition at 29.316 bar
was used together with these constants a value for the transition

temperature of 2.63 mK was found which was consistent with Figure 3.3.

In summary, the LCNN thermometer has been calibrated to fit the
Curie Weiss law for T>2.6 mK and with
Xy = 5094 + 15
C = -4579 = 15
N =0
Systematic departures fTor fits to the Curie Weiss law were
observed below this temperature and this may be because the Curie Weiss law
breaks down for the 10% LCMN used here(47). Departures from this law at
the superfluid transition for three different pressures and at the B-A
transition at 29.316 bar, where the reduced temperature was provided by
both Greywall(lIl) and Alvesalo et al (48)(agreeing to within .5%), suggest a
correction to the magnetic temperature T* of the form
T * T* + AT-
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First consider the normal state. By assuming the thermal
diffusivity term was the dominant one a time constant could be estimated
for a system consisting of a volume of Uliquid helitum representing the
experimental cell separated from the main bath by a thermal resistance
provided by the helium i1n the stem of the cell tower. This time constant
was estimated to be 36 minutes. An estimate of AT was made by looking at
the change 1n sound signal between the superfluid transitions Indicated by
the LCMN thermometer and the cell, with the latter in the normal state.
Using AT = ATq * 36 dT/dt a value for ATgq of 0.07 mK (a50%) was found
corresponding to a value of d of around 0.2 nW for the usual sound
settings. The d contribution to AT was thus determined to be 2% of T

(#1%) at all temperatures greater than T«.

Now consider the superfluid state. An estimate of AT was made for
T<Tc by looking at the change 1n X, i1ndicated by the LCNN thermometer 1in
the superfluid state, between the transitions indicated by this thermometer
and the cell. Again, a value of 36 minutes for the time constant and a
corresponding ATg of 0.07 mK (*50%) seemed reasonable estimates. The d
contribution to AT was thus determined to be 20 of T (*1%) at all

temperatures less than T/.

For all measurements discussed here, made in both the normal and
superfluid states, the cell and LCMN thermometer were believed to have
reached steady state conditions so that the thermal diffusivity term
contribution to AT vanishes. Therefore the sound cell temperature was

adjusted by W (*1%) throughout the temperature range of Interest,

-0~ T@ell “ 102% TIcMN (*1%)

63






FIG 3.9 - Portion of chart racordar record ahOMIng
15.154MHz aound algnal and LCMN-SQUIO output for a

typical cooling through the auperfluld tranaltlon



CHAPTBR 4 : »<WLIl IH ~HB

4.1 Introduction

This chapter contains a discussion of the transmission of sound
through normal state ”“He (section 4.3) and 15.154 MHz sound through ”“He 1n
the superfluid state (section 4.4). Sound measurenents were nade iIn the
temperature range 20.4 to 2.18 mK for a ~He pressure of 29.316 bar. By
fitting the normal state data to values for sound velocity and attenuation
provided by W<ilfle(52) and Ketterson(53) 1t was possible to extract the
signal due to sound transmission through the experimental cell from the
nuisance signal discussed 1In section 2.3.2. This enabled values for the
velocity and attenuation of 15.154 MHz sound iIn “~He-A to be deduced from

the superfluid data.

4.2 Method of Weamureaent »«d Composition of Signal

At each of 14 temperatures iIn the normal state and 11 temperatures
in the superfluid state a frequency sweep measurement was performed once
the cell and main ~He bath had attained steady state conditions. Each set
of data consisted of two frequency sweeps, one of the "in phase" signal and
the other of the 'quadrature™ signal (a definition of these has been given
in section 2.3.2). In the superfluid state this was supplemented by
additional sound data recorded at a frequency of 15.154 MHz. The range of
frequency 14.88 MHz to 15.44 MHz encompassed the resonant response of the
system, centred at around 15.15 MHz, and was swept at a rate of 0.92

kHz/s.
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The block dlagraa of the circuit used to perfora the sweeps 1s shown in
Figure 2.9 and a data collection prograa similar to that listed In Appendix
D was used to sample the digitised sound signal every 2s together with the
time at which the measurement was made. The detection electronics time
constant was set to Is. The standard pulse duty cycle of b5s was
inappropriate for the sweeps and so was changed to 0.5s. This would have
produced more heating of the cell ~He than tolerable so the swltchable
attenuator shown iIn Figure 2.9 was set to 31 dB rather than the more usual

26 dB.

Figures 4.1 and 4.2 show some typical sweep data, collected at
16.66 mK. The composition of the detected signal 1s described as follows.
It should be noted that not all of the signal measured was due to
transmission of sound through the “He but that some nuisance signal was
also present. A brief discussion of this has been given 1iIn section 2.3.2.
Also 1t i1s apparent from Figures 4.1 and 4.2 that the sound signal measured
off resonance 1is not centred on 0 mV as might be expected. An offset was
observed for all sound measurements and corresponds to the signal output by
the detection electronics for zero signal input. (The detection
electronics are shown 1iIn Figure 2.11). In an attempt to keep this as
constant as possible over the 11 weeks of the experimental run the
integrator chip zero was checked daily and the Integrator offset voltage
adjusted 1t necessary to reset this. Nevertheless, the offset was observed
to vary slowly with time as a reflection of electronics drift. This was
not a problem since the offset could be deduced from every frequency sweep
performed by measuring the off resonance sound signal at the extremes of
the frequency range swept. In most of the discussion that follows this
offset value has been subtracted from each sound reading. Figure 4.2
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would appear to iIndicate an offset that varies with frequency for the
quadrature signal. This behaviour was observed for all quadrature signal

frequency sweeps and for the purpose of analysis a value for the offset was

taken as the «ean value of the off resonance signal.

For a sound velocity of order 400 nis“* in liquid ”~He at 29 bar,
and a crystal separation of 2 nm, the leading edge of the pulse i1nput to
the driving crystal and then transmitted through the ~He would be expected
to reach the receiver crystal after about 5 ”s. Some of this pulse will be
reflected at the receiver crystal and again at the transmitter crystal,
traversing the liquid three times 1iIn total, before i1ts leading edge reaches
the receiver crystal again about 15 ms after 1input of the initial drive
pulse. Both of these signals, referred to henceforth as ™"1st echo™ and
"3rd echo” respectively, would take at least the time width of the pulse
(2.8 as) to build up to a maximum before decaying exponentially. The 1st
echo would of course be expected to have the greater amplitude since this
has not undergone any reflections and has been attenuated by travelling
through 2 mm of liquid "He as compared to 6 mm for the 3rd echo. The sound
signal was integrated over the period from 15-25 as after the pulse 1nput
to the driving crystal (the reason for selecting this time window for the
integration is discussed 1iIn section 2.3.2). From the above i1t might be
expected that the sound signal detected and Integrated would contain
contributions from both the 1st and 3rd echo signals. Initial attempts to
fit the sound signal to "1st echo” only and then to "3rd echo™ only did
suggest a contribution from both of these with the Tformer making the
greater contribution.

To summarise
sound signal = offset + nuisance + 1lst echo + 3rd echo

measured contribution contribution
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ZN PHASE SOUND SISNAL/NV

g8§8SSisgssld

FIG 4.1 : Typical i1n phase sound signal frequency

sweep”™ «There the data was collected at 16.66 nK.



QUADRATURE SOUND S16NAL/*V
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FIG 4.2 : TyplcAl quadrature aound algnal frequency

SMeep”™where the data waa collected at 16.66 mK.
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4_3 Noraal State Sound Data

Ordinary first sound at 15.15 MHz can be transmitted through
normal state ”~He at 29 bar pressure down to temperatures of around 8 mK.
Close to this temperature the relaxation time between collisions becomes
too long for sound transmitted 1In the classical sense and the low
temperature Fermi region 1Is entered. In 1956 Landau expounded his model of
a Fermi liquid for ~He which introduced the iInteraction between atoms as a
perturbation on the energy levels of a degenerate perfect gas governed by
Fermi statistics (49). He Introduced the concept of a quasipartlicle,
arising since the energy of a level is no longer a unique function for an
atom but depends on the occupation numbers of all other levels, and the
wave Tfunctions of the various levels will therefore no longer be true
eigenfunctions. These excitations have a one to one correspondence to real
particles. Starting from the Boltzmann equation for the distribution
function of the quasiparticles. Landau derived the response of the
distribution function to a periodic disturbance. In the Llimit un € 1,
where t 1s the characteristic quasipartlcle collision time, the disturbance
was ordinary hydrodynamical sound. However, 1in the limit wr > 1 other wave
solutions could be obtained, 1i1n particular a mode analogous to ordinary
sound and referred to henceforth as '"zero sound". Numerical calculations
(50) show that the transition from first to zero sound occurs around un «
1.0 and 1s characterised by a peak iIn the sound absorption and an iIncrease

in sound velocity.

Starting from the Boltzmann equation in the general form which has
been solved by Khalatnikov and Abrikosov (51), Wwolfle calculated
expressions for the velocity and attenuation of first and zero sound iIn
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“He iIn terms of ulr and the Fermi liquid parameters (562). Wd"Ifle then used
these expressions together with data taken at 29.316 bar by Ketterson et
al. (53) (who measured a fractional change in velocity of 20.24 MHz sound
of (Co~Ci)/Co * 6.3x10“" where c© and C|] are the zero and first sound
velocities iIn the limits wt = » and wt = 0 respectively) to show that

Ketterson et al"s data was fitted to a good approximation by

wT=0.63 X 10
<9 4.1)

C, {1+6.3 X 10-3 >
(1+ (1/wt)2) 4-2)

w { 6.3 X 10~"™ #T }
C a+ @w)™) (4-3)
where ¢ and « are the velocity and attenuation of sound of frequency m/2w

in "He at temperature T (in mK).

The velocity and attenuation of 15.154 MHz sound transmitted
through normal state “He below 20 mK have been calculated from these
expressions and are shown as functions of temperature 1iIn Figures 4.3 and
4.4. A value for CjJ = 400 ms~“ was assumed with reference to Nheatley(12).
The peak 1iIn attenuation of sound and the Increase iIn sound velocity are

apparent close to 8 nK.

These expressions found by Wblfle have been used i1In the analysis
presented here of the normal state data. Equations 4.1-4.3 rely on
Ketterson®"s temperature calibration which was based on a 29.316 bar T~ of
approximately 2.55 mK and which is 2% down on the corresponding Manchester
Tg. This difference was deemed small enough to justify an attempt to fit
to the data measured here using these expressions for the velocity and
attenuation
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The sound signhals Measured are expected to have the fora

IP = IP (offset) + Nj(w) + B{u) cos(Md +
C
+ C(w) e~"" cosQufd + «,(»)) (4.4
C

Q » Q (offset) + Ng@w) + B(u) e cos(”N + ¢l («) - 1.59)

C
+ C(w) e"3«d cosOirid + ¢,(«) - 1.59) (4.5)
C
where Nj, Ng represent the nuisance signal contribution, and B and C

represent the strengths of the contribution fro* the 1st and 3rd echos
respectively at frequency w/2» (for convenience B and C will be referred to
as the anplitudes of the 1st and 3rd echo), d represents the spacing of
the quartz crystals which is also the width of the hellu* channel and has a
value of 2 mm. The attenuation a and velocity c are assumed to be the only
variables which depend on the transmission of sound through the helitum and

therefore the only temperature dependent variables.

By fitting to the normal state sound data using equations 4.4 and
4.5 and values for the sound velocity and attenuation given by equations
4.2 and 4.3 values for Nj, Ng, B, C, and could be found across a

frequency range which encompassed the resonance of the system.

The IP(offset) and Q(offset) terms 1In equations 4.4 and 4.5 were
found from the frequency sweeps iIn the manner described iIn section 4.2.
Values for the amplitudes IP and Q were extracted from the frequency sweeps
at 24 frequencies in the range 15.0 to 15.3 MHz and for the 13 temperatures
at which sweeps were performed. By analysing the data at constant
frequency Nj, Ng, B, C, and were held constant and so could be found
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by fitting the data at different tenperatures. This was achieved by
varying these coefficients and using the aethod of least squares to find
the best fit. The fits typically had standard deviations of between 4 nV
and 11 mV. Figures 4.5 and 4.6 show the fit obtained to the iIn phase and
quadrature data at 15.154 NHz, which had a standard deviation of 10 mV.
Values for the amplitudes B and C of the 1st and 3rd echos were found to
within 0.5 mV and values for the phases and 4, to within 0.01 radians
i.e. a change of 0.5 mV or 0.01 radians in any of these parameters produced
a noticeable increase iIn the standard deviation for the fit. This would
suggest that although there were a relatively large number of fitting
parameters involved the values obtained for them were fTairly reliable. The
estimated errors in these coefficients may  be summarised by:
Ni,Ng (0.7-2.5\); B(0.2-1.5%); C(0.6-1.5%); 1(0.2-1X); where the
errors are greater the further off resonance the frequency. Figures 4.7
and 4.8 show the measured iIn phase and quadrature data, adjusted for the
offset In each case, at 15.14, 15.154 and 15.17 NHz to give an indication
of the variation 1i1n signal over a relatively small frequency range around

the resonance of the system.

Figures 4.9 to 4.13 show the values found for these Tfitting
parameters. The in phase and quadrature nuisance signals have the form
that might be expected from section 2.3.2 and the approximate W/2 phase
shift between the two iIs apparent. The amplitude B and phase of the 1st
echo show the behaviour expected for a system with a resonant frequency of
approximately 15.15 NHz. A dip i1In amplitude <close to resonance 1is
apparent, although this is not too suprising since the individual quartz
crystals displayed resonances matched to within about 15 kHz at 15.15 NHz
and the signal amplitude measured reflects the combination of both of
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these resonances In the experlaental cell arrangement. The 1st echo would
appear to be the dominant sound signal detected, with a contribution 2 -3
times that of the 3rd echo. The variation in amplitude C and phase ¢j of
the 3rd echo exhibit no clear frequency dependence. This may also be a
reflection of the Imperfectly matched crystal resonances, together with the
effect of the secondary resonance peaks observed for the detector crystal
in the system (see Figure 2.8). Either of these effects would be expected
to have a greater Influence on the sound signal which has been reflected
twice and traversed the helium between the crystals three times (l.e. 3rd
echo) than on the 1st echo signal. Any dispersion effects due to
non-parallelism of the crystal faces would also be more apparent 1iIn the
measurement of a 3rd echo, but these are expected to be very small because

of the optically flat quartz annulus used as a spacer between the crystals.

In obtaining the above, Wblfle"s fit to data measured by Ketterson
et al. played an important part. The fact that the standard deviations for
the fits desclbed here are fairly small might Indicate that this procedure
was justified. In addition, by calculating @ and c from equations 4.1 -
4.3 at a temperature of 2.63 mK together with the temperature independent
variables NJ, Ngq, B, C, an In phase and quadrature frequency sweep
could be simulated for this temperature. This was compared to a frequency
sweep which had not been used In any of the fits, measured with the cell
He just In the normal state and the main %e bath still just In the
superfluid state (a situation that was able to arise as a result of the
temperature difference between the cell and main helium bath which 1s
discussed In section 3.5). Figures 4.14 and 4.15 compare the measured and
simulated data, the measured data having been adjusted for the offset In
each case. The agreement between the two [Is good, providing Tfurther
confidence In this method of fitting to the normal state sound data.
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VELOCITY OF IS.ISMHz SOUNO/ms**

FI6 A.2 : Vtloclty of 1S.15 MHz aound In noraal

tate wHa calculatad fro* aquatlona 4.1 and 4.2
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QUADRATURE SOUND SI6NAL/mV

FIG 4.6 - Best fit to quodrature normal atate aound
Gata at 15.154HHz . a maaaurad data”™O calculated data.
Standard deviation for fit to iIn phase and quadrature

data {"10mV.
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IN PHASE SOUND SIGNAL/mV

N6 4.7 - Measured normal state sound data (in phase)
ot 15.14MHz m 15.154MHz (@© 15.17MHz (© shOMIng
variation in signal over this small frequency range

eround the resonance of the system.



QUADRATURE SOUND SIGNAL/FIIV

©

"6 4.8 ; Measured noraal state sound data (quadrature)
ot 15.14MHz ©®)" 15.154MHz @©" 15.17MHz (d shOMIng
variation in signal over this ataall frequency range

around the resonance of the aystem.
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amplitude’of first ECHO/mV

FIG 4.10 : The "amplitude* B of the let. echo ee

function of frequency.



~ JEMPERATURE INDEPENDENT PHASE OF FIRST ECHO/RAD

16 4.11 : The velocity-independent pheee of the

Ist. echo es a function of frequency.

ed



CMAMPLITUDEN OF THIRD ECHO/mV

PIG 4.12 - Th« “anplitude* C of tho 3rd. echo as
function of frequancy”™ ahowing no claar fragquancy

dapandanca.



,TEMPERATURE INDEPENDENT PHASE OF THIRD ECHO/RAD

fig 4.13 - Th« valocity-i1ndGp«nd«nt phase " («odulo 2if)
of the 3rd. echo aa a function of fraquancy. showing

no clear frequency dapandanca.






0. SOUND SIGNAL ADJUSTED FOR OFFSET/mV

N6 4.15 - Coaparlton of Mooupod quadraturo data ()
end aimulatad quadrature data (© aa a function of

eound fraquoncy at T«2.63#K.



4.4 Superfluld State Sound Data

In phase and quadrature records for the transnlssion of 15.154 MHz
sound through the superfluld were gathered fro. two sources 1In order to
increase the nuwber of tewperatures at which the sound velocity and
attenuation could be found. Firstly, the signals at this frequency were
extracted fro« the frequency sweeps. In addition, the trans«lsslon of
15.154 MHz sound through the hellu« was also detected using the sound
settings described In section 2.3.2. Unfortunately, 1In spite of the Mu
metal screening, there was a residual «agnetlc fTield experienced by the "He
in the experl«ental cell. This «ay have been provided by the nain solenoid
magnet that was wused to perform the nuclear demagnetisations. This
residual field was found to have a co«ponent of about 1.04 G perpendicular
to the plane of the helium slab and a component of about 0.11 G In the
plane of the slab, measured at the cell with approximately [I1I\ main
solenoid field (* 8 kG) applied to the copper demagnetisation stage. The
measurement and effect of this residual field on the superfluld will be
discussed iIn greater detail In chapter 5. While making both kinds of
measurement mentioned above the residual Tield perpendicular to the slab
surfaces was compensated out by applying a steady opposing field with the
experimental solenoid coll. Although the residual field In the plane of
the slab was still present this would be expected to reinforce the uniform

orbital texture.

The sweep measurements were made with the swltchable attenuator of
Figure 2.9 set to "31 dB"™ while the additional measurements made with a
frequency of 15.154 MHz used a setting of '26 dB". In order to combine
these data a comparison was made of the amplitude of the detected signal
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for each of these attenuator settlnes. Figure 4.16 shows a plot of the
asplltude of the iIn phase signal at 15.154 MHz, neasured after passing fro»
the cell and through the detection electronics, for "31 dB" attenuation of

input signal against the corresponding signal »easured for '26 dB"

attenuation. A least squares line fTit was perfor.ed to this data and Is

also shown on this figure. This corresponds to an actual difference of 5.4

dB between the two attenuator settings. The fact that this straight line

does not pass through the origin Is a aanlfestatlon of the offset voltage

produced by the detection electronics. This has been assuned constant In

fitting a line to these points which night explain some of the scatter.

Figures 4.17 and 4.18 show the records of In phase and quadrature

data nade up fron these two sources. The data taken using '26 dB"

attenuation has been adjusted by 5.4 dB and lies fairly closely on the sane
curves as the data taken wusing "31 dB" attenuation, providing sone

confidence In this adjustaent.

The sound signal received after transmission through the
superfluid might be expected to have a similar composition to that received
from normal state 3ne. That Is. the signal would be composed of
contributions from the offset, the nuisance signal, the 1st sound echo and

the 3rd sound echo In the form Indicated by equations 4.4 and 4.5. For a

frequency of 15.154 MHz values for Nj. Ng . B. C. and have been found

from fits to the normal state data. Using these values and by solving the
equations for the In phase and corresponding quadrature sound signals In
pairs values for the velocity and attenuation at each temperature could be
deduced. These simultaneous equations have no analytic solution and
therefore a Newton - Raphson iterative method was used to solve them.
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FIG 4.16 - Plot of iIn phase sound signal at 15.154MHz
for .. dB* attenuation on the iInput va.
corresponding signal with *26 dB* on the iInput. Least

equarea line fit to the data i1s shown as a dashed Iline



IP. SOUND SIGNAL ADJUSTED FOR OFFSET (*'31dB'") /mV

N6 4.17 - 15.154MHz In phase sound record”™with zaro
true vertical field G residual horizontal field @©.116)"
across the A phase, k data taken using *31 dB*
attenuation on signal i1nput.o data taken using *26 dB*

attenuation on signal 1nput and adjusted by -5.4 dB.



Q. SOUND SIGNAL ADJUSTED FOR OFFSET (*"31dS*)/mV

A I & O 8

©

MG 4.18 - 15.154MHz quadrature aound record”™with zero
true vertical field & residual horizontal field @O.LhON
Across the A phase, a data taken using *31 dB*
Attenuation on signal 1nput.odata taken using *26 dB*

Attenuation on signal 1nput and adjusted by *5.4 dB.

S3
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Appendix E contains Tfurther details about this procedure. In each case an
initial guess was aade for a and c by assuaing zero contribution to the

signal froa the 3rd echo and solving the resulting equations analytically.

Values for the velocity and attenuation of 15.154 MHz sound
transmitted through 3ne at 29.316 bar were found iIn this way at 23
temperatures iIn the A phase. Figure 4.19 shows a plot of the velocity for

2.18 mK to 10 mK where the normal state velocities are those calculated

from equations 4.1 and 4.2. Figure 4.20 shows a plot for the attenuation

below 3 mK. The unbroken line represents the attenuation found from
equation 4.3 for 15.154 MHz sound in the normal state, while the broken
line i1s an extrapolation of this aade by assuming that the superfluld

transition had not occurred.

A sudden change 1in slope of attenuation and a simultaneous sharp
drop in velocity are observed at the transition, indicating the appearance
of new excitation mechanisms iIn the superfluld phase. Paulson et al. (64)
and Wheatley (12) have also seen this behaviour but In addition they have
also observed a narrow peak iIn the sound absorption at a temperature just
below Tp. Wolfle (65) and other authors (66) have described this iIn the
framework of BCS theory as being caused by excitation of the pair
condensate l.e. Dbreaking of Cooper pairs fTollowed by excitation of
quasiparticle pairs and/or excitation of collective modes of the order
parameter. These collective modes consist of vibrations of the Internal

structure of the order parameter, with frequencies of the order of the gap

frequency. Different modes of oscillation are referred to, for example, as

clapping and "flapping”™ modes. For the situation described here of sound

transmission parallel to T none of the collective modes could couple to
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the sound. Also Wo"Ifle calculates (assualng no quasiparticle collisions)
that this peak In absorption will occur for ( Ao(T)/h« )» between about 2
and O, where Aq(T) Is the aaxiaua value of the energy gap and is given In
tens of the aean value A(T) by ( 3 /7 2 A(T).

In the GInzburg-Landau region A(T) can be represented by

A(T) = 3.06 K-*(kB Tp) (@ - T/TA)*/* (4.6)

where K = 6/5 for weak coupling BCS theory. Including the trivial strong

coupling effect correction which enhances A(T) by a factor of 1.3, then

4o (M) 3/2 X 3.06*x (kg Tc)*(I - T/Tp) X 1.3*
6/5 X ( kd I @.7

Therefore 0 < ( Ao(T)/tuj )* < 2 corresponds to 1 > T/Tq > 0.992 for 15.154
MHz sound transmitted through "~He-A at 29.316 bar. and it follows that any
peak In the absorption would not have been detected by the measurements
described here. In addition, i1f the effect of quaslpartlcle collisions 1is
considered then it becomes apparent that at the frequencies and
temperatures at which these measurements were taken the external field can
neither induce pair breaking (apart from a small fraction of pairs with
momenta In the direction of the gap axis) nor can it excite collective

modes. This is described as the macroscopic regime(52).

How good are these values for the velocity and attenuation ? At a
reduced temperature of 0.926 values were found for a and c of 1.15 cm“l and
400.815 ms"l respectively, using the method described above. These,
together with the values for Nj, Ng, B, C, and ¢j, were used to simulate
n frequency sweep. This was compared with the actual sweep measured,
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adjusted for the offset. The agreesent between Measured and slMulated data
iIs shown In Figures 4.21 and 4.22 for both the In phase and quadrature
signals. In each case the slwulatlon was perforwed by assuaing values of «
and c constant and equal to those for 15.154 MHz sound across the frequency
range 15.0 to 15.3 MHz. It can be seen that the agreement between Measured
and simulated data Is good for the In phase signal but not as close for the
quadrature signal. The reason for this is not known. The uncertainties In
a and c were difficult to assess because « and c were frequency dependent
and also because the errors in the coefficients Nj. Ngq, B. C. and

Increased with frequency away from the resonant frequency. For this reason
the following procedure was adopted to provide a guide to the errors. The
standard deviation was calculated for the fits shown 1iIn Figures 4.21 and
4.22 for the 10 frequency points nearest the resonant frequency l.e. at 10
points iIn the range 15.13 to 15.17 MHz. This was found to be about 4.5 mv.
The attenuation and velocity were varied by a few percent In turn until a
difference of + 1 standard deviation was obtained for the fits. This was
found to correspond to changes of ~ 10\ In « or * Iit In ¢ (l.e. about +
2.9 In e-«d or cos(wd/c+”)). However, It should be noted that not only
did the errors vary with frequency but also with temperature (since at some
temperatures the signals found after subtraction of the offset voltage were

small so that any error In this offset would have a greater effect).
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VELOCITY OF 15.154MHz SOUNO/ms*"

FIG 4.19 : Velocity of 15.154MHz sound in*He for Z.ISnK
to I0sK. The nomal state velocities have been
calculated fro« equations 4.1 and 4.8. A sharp drop iIn

velocity la apparent at the transition.
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PIG 4.20 : Attenuation of 15.154MHz sound 1n"He

*=I(0111 3aK. The normal state attenuation (unbroken line)
been calculated from aquations 4.1 and 4.3. The

dotted line i1s an extrapolation of the normal state

ettenuation assuming no transition had occurred.



4.21 - Comparison of maaaured iIn phase data @
end simulated iIn phase aignal (© as a function of

eound frequency at T/Tc-0.926.






CHAPTER 5 : STATIC mOHBTIC FIELD I1UDDCED TEXTORAL CHAWnnig tm 3ito-a

5.1 Introduction

This chapter contains a discussion of static nagnetic fTield
Induced textural changes In %e-A at 29.316 bar, determined using 15.154

MHz ultrasound as a probe.

Section 5.2 quantifies the residual magnetic field that was found
to be present 1In the experimental region. Section 5.3 describes the
measurements made of the Fréederlcksz transition in “He-A and Includes a
comparison with the theoretical predictions. Section 5.4 discusses the
determination of anisotropy coefficients, from the measurements described
in 5.3, which characterise the attenuation and velocity of 15.154 MHz sound
in terms of the angle made by the orbital vector T with the direction of

sound propagation. The determination of these coefficients also provided

support for the underlying theory.

letlc Fields

There was a residual magnetic field on the experimental sample of
heltum for zero applied magnetic Tield. This residual fTield appeared to

possess a vertical and horizontal component, where the "vertical™ direction

iIs along the z axis perpendicular to the plane of the slab of ”"He-A, and

therefore along the direction of sound propagation.
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5.2.1 Residual Vertical Field

The residual vertical field had a aagnltude greater than the

critical field required to bring about a Frdederlcksz transition (see

section 1.3.2). When reaping on a vertical fTield In one direction two

consecutive FreTederlcksz transitions were observed on the sound signal (see

Figure 5.1). By comparison, no transition was apparent when a vertical
field was reaped on Instead with opposing polarity (see Figure 5.2). The
residual vertical fTield was given by the value of the applied field at a
point midway between the two observed Fr”ederlcksz transitions occurring at

Mapplled and H2appjied “ H+f. Figure 5.1 shows how this field was

estimated by (Hlappjjagjj + **2gpp2jed)/2. Figure 5.3 shows the residual
vertical fTield plotted against reduced temperature showing no apparent

dependence, and Figure 5.4 shows the residual vertical field plotted

against the percentage of main (70 kG) solenoid field applied to the copper
nuclear demagnetisation stage. There is not sufficient evidence to suggest

the latter as the source of the residual field, although this is probable.
A mean value for the residual vertical Tfield was found to be 1.04 G * 3%
Residual Horizontal Field

Under the Influence of the residual vertical Tfield and with no

applied magnetic fields the texture iIn the centre of the helium channel had

already undergone a Frd"ederlcksz transition. The effect of applying a
horizontal field therefore was to produce a more uniform texture, with a
corresponding response of the detected sound signal. By ramping on a
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horizontal field In one direction using one of the sets of saddle colls and

then repeating but with reversed Tield polarity one wight expect any
residual field directed along the axis to show up on a cosparlson of the
detected sound signals. This co.parlson of sound signals was wade for
fields applied with both sets of saddle colls and Is shown for the outer

saddle pair In Figure 5.5 and the Inner saddle pair In Figure 5.6.

There Is evidence of a saall residual TfTield In the direction of

field applied by the outer saddle colls. The wagnltude of this was

estimated by performing least squares line Tfits to the most responsive

portions of the detected sound signals as Indicated In Figure 5.5. The
residual horizontal field suggested In this way was 0.11 G * 10». There
was no measurable residual field In the direction of fields applied by the
Inner saddle coll pair l.e no fTield with magnitude > 0.01 G could be

detected.
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IN PHASE SOUND S26NAL/nV

6 5.1 - In phase sound response as a function of
vertical applied magnetic field for T/T™ «0.88. a field
rasp up® = field ramp down. Least squares line fits
used In the determination of are also shown.

Residual vertical field -1.16 Hj -0.A96 for this data.
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IN PHASE SOUND SIGNAL /mV

FIG 5.2 - In phase sound response as a function

of applied magnetic field for fTield applied In

opposing sense to that shown iIn Figure 5.1.
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FIG 5.3 :© Rttidual vertical field as a function of
reduced teileperature™ ahowing no apparent dependence

Dotted line represents sean value of «1.046
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FIG 5.5 : In phase response as »agnatic field was
raaped on In outer saddle coils™first In one sense and
then the other. Also shown are the least squares line
fits used to deduce a value for the residual horiz-

ontal field of O.11GtIOX In this direction.
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IN PHASE SOUND S16NAL/nV

N6 5.6 ; In phase response as Magnetic fTield mss
r'saped on In i1nner saddle coils, first In one sense and
then the other. Also shown is the least squares line
fit used to deduce that there was no residual horiz-

ontal field 1n this direction.
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5.3 The Préedericksz Traniltlon in

As described In chapter 1 the Frdederlcksz transition 1in
dipole-locked superfluid Sge-A. contained between two parallel plane
surfaces. Is expected to consist of a sharp transition fro. a spatially

unlfor. orbital texture to a .ore distorted texture, occurring at a well

defined value of .agnetlc field Hy applied perpendicular to the surfaces.

5.3.1 Theory of Transition

The Frdedericksz transition was observed by studying the changes
in received sound signal for pulses of 15.154 MHz sound transmitted through
a 2 mm thick slab of "He-A. At the boundaries provided by the transmitter
and receiver crystals 1 was orientated parallel to the direction of sound
propagation q and thus the angle e between 1 and q was zero. For a
vertical magnetic fTield >HFf, e at some distance away from the boundaries
was TFinite, attaining a maximum value Gg at the centre of the helium
channel . The detected sound signal reflected an integration of the
response across the 2 mm slab.

Consider a slab of ®He-A of width d, as shown iIn Figure 5.7, with
parallel plane boundaries at z = 0 and z = d and experiencing a field
~~ NI O» ) where HA.H2 > 0. The direction of sound propagation is
along the z axis. Assuming 1 distorts iIn the xz plane (an assumption that
will be Justified later in this section) then

1 * ( slne(z),0,cos0(z2))
where 0(z) is the angle 1 makes to the 2z axis and can be used to
characterise the texture. The texture 1is assumed to vary only iIn the z
direction and to be symmetric about z =d/2. For fields H of a few gauss
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the superfluid hellua will be iIn the dipole-locked regine described 1iIn

section 1.2, and the free energy density is given by (2)

f=1Ks (dlv f)» +J Kb (0T X curii)* + 1 (h.curin)* + 1 Ax (1.H)*
2 2 2 o] G.1)

where Ax 1s the susceptlbllty anisotropy and Kg. Kb, Kt are the
dipole-locked splay, bend and twist bending energy coefficients (see
section 1.2).

For the situation described above this becomes

f =1 Kg sIn*e(2) e"(2)* + i Kb cos*e(z) e"(2)*
> 2 (5-2)

+ J Ax ( cos*0(z) + Hx sin*0(z) - 2 sIn0(z) cos0(z) )

The Euler-Lagrange equation for O describes the equilibrium texture, and B

given by

Ly - & 36y -0 (5-3)

(Kg sIn*0 + Kb cos*0 ) 0" *

-Sin2e { ( Kg - Kb ) 8™» *~ ( Hg - ) > - UX HxHg c0S20
G-4)

with the boundary conditions O = 0 at z = 0 and z = d.

In the following discussion Ginzburg-Landau values (Kg = Kb) of the bending

energy coefficients have been assumed. Explicit calculation of Kg and Kb

by Fetter(57) shows this to be a good approximation over the reduced

temperature range 0.83 - 1.0.
In order to find an expression for the Frdedericksz transition
field HF consider the following. In the limit - 0 and when 0(z) 1is
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saall equation 5.4 becoaes

K5 0"(2) - Ax H* 02 (5.5)
with a finite solution O « Og sin kz where = axH™/K”™ only for
1/2
(5.6)

For H < HF the only solution Is the spatially unlforw texture O = 0. but
for H > HF the texture is distorted.

Conparison of this to the value for the threshold field calculated
for a Frdedericksz transition in a nenatlc liquid crystal system(58) shows

a similar result

1/2
G.7
where K 1s the elastic constant appropriate to the system and X|, X the
aagnetlc susceptibilities for H, parallel to and perpendicular to the

director n, respectively.

The distorted solution O = 0(z) can be found by solving equation 5.4.
Including the effect of the residual horizontal field Hy (assumed

constant), this equation can be integrated to give

KS0"2 =" (HZ - Hx) (cos20 - cos200) - Ax Hx Hz (sIn20 - sIn200> (5.8)
2

<fiz - i¢) (cos20 - cos20g) - w* Hx Hz 40
Hf  HF HFf HF

G-9)

N
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Mul,

This iIntegral ms solved nuaerlcally for H™H, for different values of e,,.

The aethod used to perfora this Integration alll be discussed In section

5.4.

Figure 5.8 shows how varies with For the situation
where Hx = O It can be seen that as Increases through HF, e,, Increases
initially with Infinite slope 0N = 2 - i/~ and for > Hf Go

tends asyaptotically to v/2. For this situation the energy of the

distorted texture Is unaffected by rotation about the z axis and in the

absence of a perturbation to break this degeneracy the plane Into which the

texture distorts Is not well defined. The swall residual horizontal Tfield

present In this experiment acts as a symmetry breaking perturbation forcing
distortion of T in the xz plane, with the additional effect of smearing out

the sharp transition. This smearing out can be seen In Figure 5.8 when the

effect of a small horizontal field component ( Hx/HFf - 0.216 ) has been

included. Superflow might also be expected to blurr out the transition

—

because of the orientating effect this may have on I (see section 1.2).

Figure 5.9 shows how eo* the angle between T and_H_at the centre
of the slab, varies with Hx/Hf for both Hx * O and for the inclusion of a

small horizontal field component ( Hx/Hf = 0.216 ). For the latter. It can

be seen that = W/2 In the limit Hx/HFf = 0, and ¢q tends asymptotically

to W/2 for Hx > HFf in both cases as expected for dipole-locked %e-A.
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« o fdegrees

A
N6 5.6 - Calculation of the angle made between”

and z at the centre of the alab™ with increasing
Magnitude of field, k vertical field component onl/*?
a inclusion of small horizontal field component with

Hx/Hj -0.216
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N [degrees

» m

A
FIG 5.9 ; Calculation of the angle made betMsen Ji

end H at the centre of the slab,with iIncreasing
Magnitude of field, e vertical field component only®
e inclusion of small horizontal field component with

Hx/Hj -0.216
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5.3.2 Measureaent of a Fr~derlckaz Tran«ltion

Neasureaents of the Fr~ederlcksz transition were aade at 10
temperatures iIn the A phase. In each case the measurement was made by
detecting pulses of 15.154 MHz sound transmitted through the superfluid
heliua while a magnetic field was ramped on perpendicular to the slab 1iIn
such a sense as to produce one Frd&derlcksz transition before the residual
vertical fTield was compensated out and then another as the true vertical
field was Increased up to about 2.2HF. The response of both the In phase
and quadrature detected sound signals to the static TfTields applied was
measured at each temperature. The sound settings used were those described
In section 2.3.2, with a detection electronics time constant of Is. The
data collection program Hlisted in Appendix D was used to perform sound

signal averaging and to record the sound and voltage ramp values.

The field ramp was provided by supplying a steady current ramp to
the experimental solenoid coll. This was done using the Oxford Instruments
voltage ramp together with the operational amplifier circuit described 1in
section 2.4.4. A 1.9 kft potentiometer was 1included in this circuit to
reduce the rate of Increase/decrease of applied field to 0.065 G/min. This
slow ramp rate was found to be necessary because of the orbital viscosity
effect on the textural relaxation time (see section 1.3.1). Figure 5.1
shows the iIn phase response of the sound signal detected at a reduced
temperature of 0.885 as the applied field was Tfirst Increased and then
decreased along the vertical direction at a rate of 0.065 G/mIn. It can be
seen that the two sound signals are coincident within the noise, Indicating

that this was a reasonable value to choose for the ramp rate.
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Figure 5.10 shows the response of the detected quadrature sound
signal to a Tield applied In the vertical direction at the saae reduced
temperature. It Is apparent that the variation In magnitude of the In
phase signal Is greater than that for the corresponding quadrature signal.
This was true for all these Frdederlcksz transition measurements, and for
this reason the In phase signhal records have been used to estimate values

for the critical field Hf at each temperature.

All the Frdederlcksz transitions observed were found to be rounded
rather than sharp. The relatively large slab thickness was partly
responsible for this as It resulted In weaker wall clamping of the uniform
texture. The texture was therefore more easily disturbed by small
influences other than the applied field perpendlcualr to the slab. These
influences Included the presence of the residual magnetic TfTield component
of 0.11 G parallel to the slab surfaces (with Hx/HFf of order 0.2) and the
supercurrent generated by the 0.2 nW heat input associated with the sound
pulses. This 0.2 nW heat input was estimated to produce a superfluid flow
with velocity Vg * 2x10 ® ms * which was found to give an energy comparable
to the susceptibility anisotropy energy In a magnetic field of around
0.03G. (Appendix F contains details of this calculation). However, for
this situation Involving counterflow Vg will Increase rapidly as Tq s
approached so that the Influence of the flow on the 1 texture might also be
expected to 1increase. In fact the rounding out of the Frdedericksz
transitions was not observed to become more severe near Tg suggesting that
the effect of flow on the texture was relatively small. Another reason for
this rounding might be that the geometry of the slab of ™He, with an aspect
ratio of approximately 5:1, was rather different to the slab of infinite
lateral extent assumed by the theoretical calculation of 5.3.1.
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QUADRATURE SOUND SI6NAL/mV

FIG 5.10 : Quadrature aound response as a function of

vertical applied Magnetic field for T/7T7*0.88
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The Tfollowing wethod was ewployed to estlaate values for HT
because of the rounding out of the transition. For each In phase sound
measurement a least squares line fit was performed to the two steepest
portions of the signal record, and another to the flatter portion of the
signal record corresponding to small true vertical fields. The two points
of intersection, occurring at applied fields of Hlappu”™j and HZpppiied
Indicated values for the critical Frdederlcksz field which might have been
observed If a sharp transition had taken place. By assuming that H f - H»,
then a value for the residual fTield could be estimated as { HlpppUed *
N~applied and a value for the critical transition Tfield He of
IWrapplled - Hlappijed)""2- Figure 5.1 shows HlappUpj = 0.63 G, Haappjjp”
= 1.61 G and the residual vertical field =« 1.12 G, providing a value for HF

= 0.49 G at this reduced tenperature.

Py pcrforiBIng these least sQuares 1line fTits over different
portions of the 1Inphase sound record that still 1looked resonable the
contribution made to the randomerror onHf by this fitting procedurewas
estimated to be 2.5%. Othercontributions to the random error on HF
include the extraction of the value of applied field for each sound reading
from the computer record of data. This error iIs expected to be less than
1%. There may also be a systematic error on HF due to an estimated error
of 3 % iIn the measurement of the solenoid Tfield constant. Another
contribution to the systematic error on Hf might be the conversion of
voltages measured across a nominal 47 ft resistor iInto currents flowing 1In
the solenoid coil. The resistance of the 47 ft wlrewound resistor has been
measured to better than 1%.

To summarise: the values of Hf measured have a random error of
approximately 3% and a possible systematic error of around 3%.
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5-3.3 Threshold Field for the Fr”ederlcksz Tranaitlnn

Values obtained for the threshold field for the Frfiederlcksz
transition In 3ne-A are shown In Figure 5.11 and Table 2. Since Hf « 1/d
values for Hfd have actually been plotted. The error iIn the aeasuresent of
the slab thickness d is of order a few hundredths of a percent since this

has been defined by the optically flat quartz spacer described iIn section

2.3.1. A variation of Hfd with reduced temperature 1Is apparent, the
threshold field decreasing as IS approached.
Figure 5.11 also shows two theoretical curves. These were

calculated using equation 5.6 and taking expressions for Ax and K5 given by
Leggett(3) and Cross(59) respectively.
Near T, Kb * 5/2 P31 (n/2m)* (5.10)
so that Kb . 3/2 p <n/2m)" U-Y)/(1 + F?/3) G .11)
using an expression for Pgi given by Leggett, and where Y 1is the Yoslda
function and Ff one of the Fermi liquid parameters
Leggett also gives

AXx » XN (1-Y) /7 @ FD (5.12)
where the normal state susceptibility Xjj may be written

Xf, » /4 y* h* (dn/de) / (A + Fg) (5.13)
where y i1s the gyromagnetlc ratio of ™He and dn/de is the density of states
for a Fermi gas at the Fermi surface. For a gas of N particles (with
momentum pp at the Fermi surface) then dn/de * 3Nm/pp"
Near T~ equation 5.6 therefore becomes

3yp y
T o v2dm Pp X ¢-14)
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HING /GKirmn

FIG 5.11 - The threshold field for the Freederlcksz
transition, k : this data, dotted line : swoothed
average of data taken by another worker (&) unbroken
end dashed lines : theoretical curves”~dash-dotted
line : 25X scaling down of dashed theoretical curve.
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Using the following data.

2.0378x10* G *s * (12), pp ™ 9.27xI0~"* kgms"* (12),

<
I

m = 5.009*10-" kgU2), p . 115 kg»-7(12). *n = 10.3x10-*( 12,60)
a calculated Hfd of around 0.90 Gn was obtained near TC

*c ~20p @O + 20c/3 +6) /8a a* (5.15)
a more complicated relationship, with expressions for p, @®and 6 given by
Fetter(57). All other symbols have their usual meanings. The threshold
field depends on the Fermi liquid parameters Ff, F|] and F? and Is also
sensitive to strong coupling corrections to the energy gap. In calculating
the theoretical curves shown In Figure 5.11 the following data has been
used: - Ff = 13.08(11), F] = -0.758(11,12), Ff = -0.8(61).
The continuous theoretical curve was calculated for the energy gap
predicted by the BCS theory and the dashed curve was obtained by applying
an enhancement factor of 1.3 to the BCS gap as suggested by the specific

heat dlcontlnulty measured by Greywall(11).

The experimental values of Hfd lie below the theoretical curves,
but the temperature dependence predicted by theory does seem to be
reflected. In addition to the approximate 3% random error on Hfd It should
be noted that there is also a systematic uncertainty of around 3% in these
values (see section 5.3.3). Measurements of the threshold field have also
been made by S. G. Gould(62) using a torsional oscillator method for a
He-A slab thickness of 100 am. These preliminary results also lie below
the predicted curves, and a smoothed average of these data are shown as a

dotted line on Figure 5.11.

There would appear to be a discrepancy between the calculated and
measured values. This may reflect an uncertainty In the value taken for
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5.4 M"sotropy of Sound In Snoerfluld

As discussed in chapter 1. ultrasonic propagation In ™He is of
interest owing to a Qlarge anisotropy 1in the propagation. Thus the
attenuation and the velocity of sound iIn 3He-A can be characterised iIn
terms of the angle made by the direction of sound propagation with the
orbital vector 1. The remainder of this chapter 1iIs concerned with the
determination of coefficients to describe this relationship. These have
been found from sound records of the Frdederlcksz transition measurements
described In 5.3. The fact that these coefficients could be determined by
fitting experimental data to theoretical expressions derived for the

distorted T texture provides confidence iIn the theoretical predictions.

gvldence for Anisotropy of Attenuation and Velocity of Soond in "ge-A

Many other workers(e.g. see 63,64) have noted changes iIn sound
attenuation associated with the re-orlentatlon of the 1 field by a magnetic
field. The sound signal response to the Frdederlcksz transition iIn “hc-a
illustrates this anisotropy. Values for the velocity and attenuation of
15.154 MHz sound were found by solving equations for the In phase and
quadrature sound signals, measured at the same value of applied magnetic
field, simultaneously using a Newton-Raphson iterative method. This
process has already been described iIn section 4.4. It should be noted,
however, that the angle made by 1 with the direction of sound propagation
varied from 0* at the slab boundaries to a maximum at the centre of the
slab, and therefore mean values for the attenuation and velocity
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integrated over the 2 mm slab thickness were In fact deduced. Figures 5.12
and 5.13 show for the data of Figures 5.1 and 5.10 how « and c varied with
increasing distortion of texture as the true vertical Magnetic field was

gradually Increased frow zero to approximately 2.2 Hf.

Similar measurements made In the superfluid B phase showed no
dependence of signal amplitude on Tfield direction, reflecting the sonic

isotropy of “He-B.

5.4.2 Theoretical Representation of Sound Anlmotroov

The velocity and attenuation of longitudinal zero sound In the

normal state can be desclbed by

c=Ci+(Co-C1) ReC
«=-qg (Co-C1 Imi /7 Cl
(G2) where

'S+ 1) (-18)

to a good approximation, and q represents the wave vector for the
disturbance. All other symbols have the meanings explained In chapter 4.

Equations 5.16 and 5.17 can also be used to describe propagation of sound
in the superfluid state with
1-C (5.19)
1+ f! C"/5
Sauls et al(6l1) have made a theoretical estimate for the Fermi liquid

parameter Ff < 0.5 at melting pressure so that
€*1- (1+ F|/5 )¢ (5.20)
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ATTENUATION /c«**"

6 5.12 - Attenuation of 15.154MHz sound as a function
A
the angle isade between X and z at the centre of the
*He-A slab as the true vertical magnetic field was

increased from O to<"N2.2 |'y. (T/Te-0.B0)
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Writing 1 m 1 -

then for the superfluid A phase may be represented by
= cos*e €] + 2 sin*0 cos*e + sin®e (5-21)
where the exact form of the expressions for and are given 1iIn

reference 52. and O describes the angle made by I with g.

The anisotropy of the sound propagation properties 1iIs completely

characterised by three independent functions. CjJ contains no contribution

from the collective modes, contains some contribution from the flapping

mode and contains some contribution from the clapping mode. However at

the temperatures at which measurements were taken (in the macroscopic

regime) the iIncidence of pair breaking was low and no collective modes were

excited (see section 4.4).

It 1s now possible to write the attenuation found from the

detected sound signals (which has been Integrated across the slab) iIn terms

of these parameters

dz (5.22)
/\meaS H d JO (A1}

where «,,as “s 1" dimensions of length"". This equation Is true for the

situation here of 2»/q (= v 3x10-*m) < scale of spatial variation of the

texture so that a Is the local attenuation and a WKB approximation has been

used.
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These iIntegrals have a similar for« to the integral iIn equation 5.9.
Equation 5.9 was solved to find values for H2/Hf for particular
values of e®- These values were substituted iInto equations 5.36-5.38 which
were then evaluated to give Al, Bl and CI for each H2/Hf. o"Reas «eas
were found fro« the 1iIn phase and quadrature sound data using a process of
linear interpolation to obtain values at the saxe calculated H2/HfS. Fits
were then perfor«ed, using equations 5.34 and 5.35, to deteralne the

coefficients Al ,B1 ,C1 ,A2 ,B2 ,C2.

Brief description of numerical methods employed

All four integrands diverge for O = 00 so it was necessary to nake
the substitution
y = sin“/*(00 - 0)

thus rewriting equation 5.9, for exa«ple, as

2 »* (hJ - HM) sIn(0+00)+2i1r* Hj cos(0+00)] dy = 1/2
i,ini/?e co8(00-0 )[ HF  HF Hf HF (5.40)

Simpson®s rule was used to perfor« the Integration, naking an initial guess
for H/HF and then using a Newton-Raphson iterative «ethod to converge to a
value for H2/Hf that satisfied the Integral for a particular 00. In
practice it was found necessary to use an Increasing nuaber of Sl«pson
steps for the iIntegration as 00 Increased towards #/2. Alternatively,

equations 5.2-5.4 could be rewritten iIn ter«s of the variable ¢ to give for

equation 5.9

yH z a0 (5.41)
HF d J sInf© @ - sIn*/sIn*"0) “"*
~all
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where the integral in ¢ can be expressed as elliptic Integrals of the I1st
kind. 1.e. as

FC arcsin(sin™(z)/sIn#0) \ ¢0) *“ arcsin(sin™, ,ajj/sIn™0) \ ¢0) (5.42)
where *o* value of ¢ at z » d/2, is evaluated by putting z * d/2 and
|2 = «O equation 5.42. Therefore 1In this case the integral In ¢
becomes F(ir/2 \ ¢0) arcsin(sin®, ,all/®1**™~0) \ ¢0) with F(w/2 \ m K,
the complete elliptic integral. The Method of solution of these elliptic
integrals has been docuaented by Abraaowitz and Stegun(65). The integrals
Al. Bl and CI were executed using Siapson®s rule. Appendix G contailns a

listing of the coaputer prograa used in performing the iIntegrations.

Figure 5.14 shows how Al, Bl and Cl depend on The
functional dependence was not found to vary significantly with teaperature
across the A phase, the teaperature dependence being contained in Hf as 1t
appears iIn the term Hx/HT. HF was taken as the value determined
experimentally at each reduced temperature iIn the way described iIn section
53. For small Hj,/HF Bl and ClI * O and Al = 1 to a good approximation.
This property was used to find Al and A2 from J]ieas Naeas over
values found for | Hj/Hf | < 0.12.

In order to obtain the best values for BI.ClI and B2,C2 at each

reduced temperature the sums of squares

71 “ E { «1 - «( H2/HF, Hx/Hf» BI, Cl ) )

72 - E { Pj - P( Hz/HF, Hx/HF, B2 ,C2 ) >*

were evaluated. Here the subscript 1 denotes the experimentally determined
values for a particular Hz/HF>» and «(Hz/HT Hx/HT ,B1,CI) and
PCHN/HF _Hx/HTf.B2.C2) are the values calculated for particular values of
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INTEGRALS Al. Bl, Cl

M ~

FIG 5.14 : Calculated integrals Al @ BI(t) CI ©
<8 a function of vertical magnetic field. For Hi/Hy<.i2
then AI-17"B1-CI-0 to a good approximation. (Figure

draun for Hx/HF’0.195 for "meaeured at T/Tc*0.83).
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STANDARD DEVIATION OF FIT.

PIS 5.15 : S2 as a function of B2 for the values of
C2 Indicated, for the fits to the Friederlckez dets
taken at a reduced teapereture of 0.B85. The best

Pit 1.e. the BInIMM value for the standard deviation

«8 obtailned with B2-B.04 and C2-4_.29



Bi.Cl1.B2.C2_Hz/Hf and H~N/HTf by solving the integrals Al, Bl and CI in the
manner described above. The best values of BI.Cl and B2.C2 at any reduced
temperature were taken to be those that ainiKised the standard deviations
SI = @li/a-DH**™* and S2 = (Z2/a-1)°“/* where a was the nuaber of data

points. Figure 5.15 shows the variation of S2 with B2 and C2 for data

taken at a reduced teaperature of 0.885.

Figures 5.16-5.21 show the best fits obtained for the attenuation
and phase records at reduced teaperatures of 0.967, 0.885. and 0.830.
There iIs soae asyaaetry about Hz/HFf > 0 apparent iIn the experiaental values
for «,,eas™ aeas- Leggett (66) has suggested that ”"He-A might be
ferromagnetic with a spontaneous aagnetisation of order 10-20 bG 1iIn the
bulk lTiquid. He predicts that this effect should be observable by
examination of the orientation of the 1 vector whichwould be sensitive to
the polarity of a saald external fTield. Paulson et al(67) have detected a
ferromagnetic aagnetisation of around 3 aG using the transmission of 25 MHz
ultrasound as a probe. It i1s not clear whether the asymmetry noted here
could be due to this effect since the magnetic Tfields of order 1IG
experienced by the orbital texture may be too large to allow such small

effects to be seen.

The coefficients Al,BI.ClI and A2,B2,C2 found froa these best fits
are shown In Figures 5.22 and 5.23. The precision of the fit enabled each
of the attenuation coefficients Bl and Cl to be determined to within 0.005
HI™™ (1.e. around 0.3%), and each of the phase coefficients B2 and C2 to
within 0.01 radians (i.e around 0.2%). Al and A2 were found from the low
field values of a and P in the manner described above and the estimated
error In these coefficients was 2% for Al and 0.3% for A2. Contributions
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t the rando« error on B1,Cl1 and B2.C2 1included the values used for the
Frredericksz threshold field HFf and the residual vertical field These
experimentally deterelned values had been previously found to have a random
error of around 3\ each, from the same source (see sections 5.2, 5.3). The
maln effect of errors in HF and Hpy was in the evaluation of
1"applied~"*rnvv/**f which was necessary to align values for a and p found at
different with calculated values for H2/HF. The error 1in this
tera Is expected to be less than 4.5% and was found to have a negligible
effect on Al and A2. In order to assess the effect of this error on the
coefficients B1,C1,B2,C2 additional fTits were performed to all data but
with HF = Hf(meas) = 5\. This variation in Hf produced variations in the
coefficients found for the best fits of 3%, 2.5%, 1% and 1/2% in B1, CI, B2
and C2 respectively. Another source of error iIn the determination of these
anisotropy coefficients was errors In a and p. These have been estimated
as 10% ina and 1% iIn p (see section 4.4) and were found to be the dominant
contribution to errors iIn the sound anisotropy coefficients, providing
errors with a maximum of about 10% (in Al), 20% (in Bl), 10% (in CI), 1%
(n A2), 2% (in B2) and 1% (in C2). (Although these values for the errors
should be taken as a rough guide only). The standard deviation for each
fit was found to be rather sensitive to small changes 1In the TFfitting
coefficients. To I1llustrate this, Figures 5.24 and 5.25 show simulated
curves for a and P at a reduced temperature of 0.83 indicating the effect

that a 5% iIncrease iIn each coefficient in turn had on the simulations.

Values for the real and imaginary parts of were evaluated using
equations 5.25-5.27 and 5.31-5.33 and c©. c» from section 4.3. These
values are given in Table 3 and shown in Figures 5.26 and 5.27. The dotted

line In Figure 5.27 represents ImC° for the normal state, evaluated using
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equation 5.18. The behaviour of IbC], Imi°, Reif. ReCg and Re€” at
teiperatures just below has been predicted by Wttifle. He defines a
function x(Ao/hw) » 2/5 €®kO0T/hw, and the behaviour of Imx and Rex (in the
collisionless Jiwit) are shown in Figures 5.28 and 5.29. He predicts a
broad peak in and a sharper, narrower peak In Im€N. These have been
seen by Paulson et al(63) and correspond to the sharp peak iIn sound
absorption they observed (see section 4.4). Corresponding features are
predicted In ReCg and Rei”. However, for the frequency of sound and
pressure of "He-A used iIn this experiment these features would be contained
in the reduced temperature range 0.992-1.0, as discussed 1iIn section 4.4.
The coefficients determined here do appear to reflect the tailing off
effect with decreasing temperature observed by Paulson et al. at 15 MHz and
with a ”"~He-A pressure of 33.5 bar. They did not determine the phase
coefficients. Also the Re€® and Im€° coefficients measured have the order
of magnitude that might be expected from Wblfle®"s predictions (Wwith X «

1.4C® for 15.154 BIHz sound).

Finally, the fact that the experimental data could be fitted to

theoretically derived expressions in this way supports the theoretical

predictions about the distorted texture discussed in this work.
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PIG 5.19 : Velocity dependent pheee ee e function of
true vertical field for T/Tc-0.8B5, « eieeeured™

calculated for the beet fit to the data CS2-0.014)
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ATTENUATION/cm-1

>0 N %

PIG 5.20 : Atténuation of 15.154MHz sound as a

function of true vertical field for T/Tc.*0.83

* aeaaured # OC calculated for the beat fit to the

data (S1-0.035)
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FIG 5.21 : Velocity dependent phase as a function of
true vertical field for T/77*0.83, a iteaaured

e P calculated for the beat fit to the data (52-0.00B)

144






COEFFICIENTS A. .B. .C. (dimensionless)

N6 5.23 - Anisotropic sound velocity coefficients

K represents A2 e represents 82" O represents C2
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ATTENUATION CALCULATED BY oC-AIKAI-i1-BIiiBI"1"CIKCl /an™®

FIG 5.24 : Calculated attenuation, e repreeenta for
values of coefficients for beat fit to data at T/Tc*.03
Other curves ahom effect that a 5% iIncrease iIn each
coefficient iIn turn has on simulations. @G% Increase
in A1C+) BiU) CI(0o). (Solid line acts as a guide to

the eye) . 147



PHASE CALCULATED BY # -A2NAI-1<ZIIBI-1"CXCI

FI. 5.25 - Calculated phaaa . « repraaanta /3 for
valuea of coafflcianta for beat fit to data at T/TI-.83
Other curvea ahow affect that a 5% iIncrease iIn each
coefficient In turn has on airisulations. (% 1Increase

in A2(+) B2(») C2(a)}- (Solid line acts as a guide to—

the eye). 148
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PIG 5.27 : Imaginary parta of N°  * representa
(0] I»
e representa I» ,0representa IijA-The dotted line

represente Im* extrapolated from the normal state®

assuming no euperfluld transition had occurred
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FIGS 5.20 G 5.29 : Sound anisotropy components

iIBXand ReX transition (in the coUraionlsa®

limit), as calculated by WSITI® &)

1SI1



TABLE 3 ; Smi AWISOTROPY COEPPICTRim

/T, il Reti Ree® Rei®
/C»~* /om-* /o>
UI\) (C*10%) 20%) (*10\) 1%) 2\) (*1%)
.061 .059 .76 .76 .87
.065 .054 77 77 .89
.073 .091 74 .75 .85
.066 .093 72 73 .82
.073 .092 72 .73 .82
.077 .098 .70 .70 .81
.091 .092 .68 69 .78
.096 101 .67 .68 .76
.095 .092 .64 .64 72
2113 101 .61 62 .70
.098 112 51 50 .58
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CMPTEIl 6 = PRBCBSSIWO IWOIWTIC FIELD limncm TBmiB*1. nitA«». .. a-

6.1 Introduction

This chapter contains a discussion of the textural changes that

have been predicted for a slab of Sge-A of thickness d experiencing a

precessing aagnetlc fTield. Atteapts to observe these experlaentally are

also described.

Section 6.2 describes the solutions obtained to the equation of

motlon of « for this experlnental arrangenent and indicates how the 1iInertia

associated with an intrinsic angular aonentun wight be observed. Section

6.3 discusses the experimental procedure employed In attempts to see the

predicted textures, and suggests why these atteapts were unsuccessful.

Theoretical Prediction«

—

Elution of Equation of Motion of I

Consider the situation shown in Figure 6.1. A magnetic field H

=cs allowed to precess with frequency <o angle w/4 about the z axis,

<fere the z axis 1s perpendicular to the surfaces of a slab of "He-A with

thickness d and iInfinite lateral extent. O, ¢ are the polar angles of 1

measured In a frame rotating with the field, the field being In the xz
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plane in this Tfrare. It Has assuaed that H « 30 G so that the
dipole-locked regiae could be considered. For an Intrinsic angular

aosentuB denslty*(2C - Co) t the equation of notion of # Is given by

I" - (2 -C,) »x« -dx <} « (I XxXH) @.H = } X C» X 8f]

at SJ (6. 1)

at

(s= section 1.3)
where [ 6f/6# ] represents the variational derivative of the free energy
density. Writing the free energy density explicitly for the situation

shomm In Figure 6.1 In the absence of flow

i X[1 X 6f/61] = (KFfKs) L- C2(Kt-Ks) " Co]”™+ (Kb-Kg) D (6.2)
where Kg, Kb and are the bending energy coefficients, and
I x 7C i.curll ) (6.4)
Ciaurii ) i X @.7) i (6.5)

{Aicl @7 11 - i HGINGEne 7 @) Lo+ i [@) 1i12) 6.6)

(see reference 68)
To solve the equation of aotlon (equation 6.1) It was found necessary to
=xite the equation in the for» di/dt * su» of tl»e Independent ter»s. This
could be done by evaluating

1/« = (equation 6.1) + 8/« = 1 x (equation 6.1)
**tere a and 8 were defined as the dimensionless coefficients
« * AX H*/ uuq and 8 « (2C - Co)/a

The equation of »otlon of 1 then became
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<> * 1-*» CixMj -5 ix 6f] 6 »

M« o o# awo 6#

where h = H / H.

Equation 6.7 Mas solved nu.erlcally using an ’n® space point

approxlaatlon for the slab («here typically n = 5). The sole assu.ptlon

about the nature of aotlon of } «as of spatial variation only In the z

direction. The evolution of } with tl.e at n points across the slab was

siaulated. together with values for e and = at each space and tlae point.

The Main points of the calculation are as follows:

Each ter« in the expression for [ 6f/o1 ] was evaluated explicitly

in spatial derivatives with respect to z. Near T~ the GInzburg-Landau

values K), = Kg « KF - 5C,,h/4M for dipole-locked "He-A were assuaed. This

siaplifled the term Inland the terns In B.and D. vanished fro« IXCixOf/ai]

altogether, leaving for the last two teras In equation 6.7 a sun of

expressions of the for*

CKs(l/«+P/« sKgl« ClLi(1-ff) - 1iljfj - (6.8)

CCo(I/«+P/« ixiCi . Co/« ditj - ijil) Cik(JI*k - k') - PKNil (6.9)

A three point finite difference approxination was used to evaluate the

spatial derivatives. The fora of this approxiaation arises fro« a Taylgr

series expansion

afo » (ft - f_t) + 0(k®) (6.10)
3z iic
» (Fi - 2fo + F-i) + 0(k*) (6.11)

aP" P

ihere . » ~o(Zp) and Zp « zO0 + rk for r = 0,1,2
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The actual algorith« used for the integration was
1{ +at) - #1() ¢ at (a#1/av)t (6.12)
and since | Bust reaain a unit vector the nor»alisation

h hh /(1" ~  + #M)»/* ,,as perfor.ed after each ti»e step throughout

the calculation. At the boundaries. 2 » 0 and z - d. ¥ was held fixed with

Iz =1 and # = 1y - 0 (see section 1.2). Therefore the two extrele

spatial steps were fixed during the calculation with 0 = O.

A suitable ti«e step for the integration was calculated within the

simulation progran using

6(«t) =1/s iksdy O (6.13)

where k Is the space step and ft the diaensionless coefficient Wo<d*/Kb. S

was adjusted until stable accurate Integrations were obtained.

Staulatlon Results

Before solving the equation of motion of 1 It was expected that a

precessing magnetic TfTield would cause 1 to process about the same axis at

the same rate. However 1t was found that equation 6.1 did not have this

precessing solution for 1 in bulk "He-A. Instead 1In the presence of such a

rotating field the polar angle of 1 measured iIn the stationary xy plane did

ot change and 0O varied periodically with frequency as the fTield

rotated.

However, i1f the liquid were contained between two parallel planes

shown iIn Figure 6.1 then the boundary conditions on 1 together with the

A

~ pbending energy were found to suppress the oscillatory solution for small

~1eld rotation rates. In this case a solution with 1 precessing at the
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field rotation frequency about the fTield rotation axis (z) was found,

aitb e and ¢ constant with tine. As was gradually Increased with the

field sagnitude kept constant there ca.e a point when i1 was no longer able

to process at and had to occasionally slip a revolution. This slip was

characterised by a rapid Ju.p up and then down In the angle e as the

processing field JL passed by 1. and this aotlon occurred with frequency w

«v, . It was iIncreased still further the solution tended to that found

in the bulk liquid with no precession of f and e varying periodically at

frequency -

This behaviour was predicted to occur even In the absence of

inertia. The Inclusion of the Inertial ter« iIn the simulations was found

to cause the transition between the precesslonal and oscillatory solutions

to occur at different values of «0 for positive and negative rotations.

Figure 6.2 Illustrates the two types of motion that were predicted

to occur. This figure has been drawn for O, ¢ at the centre of the slab,

and the subscripts + and - refer to the two directions of field rotation,

for this fTield rotation frequency wc* corresponding to O » 10.7 and with

inertia given by p « 0.02 (l.e. inertial term 2% of dissipative term) and
magnetlc field by H/HF » 3.6 (where HF 1s the Frdedericksz transition

field), then positive rotation produced the precessing solution with time

Independent values of 0O and ¢, whereas negative rotation produced the

oscillatory solution with periodic motion of O associated with the 2w phase

slips of e. This figure illustrates that the inclusion of 2% inertia has

caused the transition between types of solution to occur at different

values of for opposing fTield rotation directions. However, at a larger

field rotation rate corresponding to ft = 11.6, but for the sane inertia
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and lagnetic field, then both directions of rotation produced the
oscillatory solution. This 1is shown in Figure 6.3, where e, = are aeasured
at the centre of the slab. It i1s apparent that the inclusion of the
inertial ter« has caused a significant difference iIn the frequencies and
«. of the periodic «otion of e obtained for opposing senses of Tfield

rotation.

The splitting in the transition, 1llustrated In Figure 6.2,
suggested this as a sensitive «ethod for detecting any inertia associated
with an intrinsic angular noaentua density. Also for saall when the
precessional solution was obtained for field rotation in either sense, any
inertia associated with the action of 1 would be apparent as a difference
in the angle e between 0+ for positive rotation and G_ for negative
rotation. Figure 6.4 1illustrates the effect that the inclusion of an
inertial tera (6 * 0.02) in the sitaulatlons had on both types of solution.
HMHF = 3.6 for this figure. For saall Ug, when the precessional solution
was obtained, the values of O iIn the centre of the slab have been drawn
showing distinct values O+ and O_ for field precession In opposing senses.
For larger Wq, when the oscillatory solution was obtained, the frequencies
of the periodic action of O have been drawn indicating distinct values
and u_ for both directions of field rotation. This figure also shows the
increase in W towards its Halting value of Ugq as the field rotation
frequency was Increased. The siaulations perforaed suggested that it

should be possible to detect values of P as saall as 10“* (l.e. 0.1%).

Figure 6.5 shows the phase boundary between precessional and
oscillatory behaviour as a function of the aagnitude of a aagnetlc field

H/prrecesslng at W/4 about the z axis. The inertial tera has been
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neglected ,l.e. » . o, for this Tfigure. ,t 1s apparent that as the

sagnetic field «as reduced iIn .agnltude the frequency of field rotation at

which the transition occurred becaae very large. Figure 6.6 shows the

phase boundary for a aagnetic field .1th .agnltude H/Hf - 5.2 as a function

of the angle at which the field was caused to process about the z axis.
Again the inertial ter. has been neglected for this figure. It can be seen

that as the angle was increased towards ./2 the frequency w, at which the

transition occurred becaae very large.

in drawing Figures 6.2-6.6 the sl.ulations were perfor.ed using 5

space steps.

160



HG 6.2 : Two types of motion of / Ji*10.7, ~ -0.02,
H/HF -3.6 modulo 2¢T is plotted) . Positive
rotation of field produces the preceesing solution

negative rotation produces the oscillatory solution
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FIG 6.3 - Oscillatory solution for motion of.j_for
both dlirsctlons of flsld rotation. JIl*., "> L.

H/HN -5 6 modulo . tF Is plotted).
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FIG 6.4 : The effect of Inclusion of 2% Inertia on
A
both types of solution for motion of L .M «o oM

H/HN -3.6
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FIG 6.5 : Phase boundary between precessional and
oscillatory behaviour of Q as a function of the
magnitude of a magnetic fTield precessing at t.
about the z axis. Calculated points (X). Dotted

line acts as a guide to the eye.
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6.3 Expcrlaental

6.3.1 E»perl«ental Procednro

It Is apparent fro« the preceding section that a transition should
occur in the behaviour of T as the frequency «o of a processing aagnetlc
field 1s iIncreased froa zero. By detecting this transition for field
precession iIn opposing senses the 1nertia associated with an iIntrinsic
angular noaentua density should aanifest i1tself as a difference in Wq for

the transition iIn each case.

A aagnetic Tield processing about the vertical was set up as
follows. The experlaental solenoid coll was fed with a steady current
using the current raap source of section 2.4.4 to produce a steady vertical
field (the residual vertical fTield having first been coapensated out).
Each set of saddle colls was fed with a sinusoidal current of slallar
magnitude, and Tfrequency Wq, but n/2 out of phase with respect to each
other. This was achieved using the 2 channel oscillator and operational
amplifier circuit of section 2.4.4. By suitable choice of relative
magnitudes of the solenoid and saddle coil currents a field could be set up

rotating at any angle about the vertical.

15.154 MHz sound was transwitted through the liquid helituw using
the settings described iIn section 2.3.2, and with a detection electronics
time constant of Is. The data collection prograa of Appendix D was used to

store soae of the data records. Both the 1i1n phase and quadrature sound

signals were aonltored.
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In order to look for the predicted transition In behaviour of 1 It

ws necessary to estlaate the aagnltude of field and frequency of field

rotation at which the transition should occur for a slab of thickness d »

2... Figure 6.5 was used to give ( - «c"«VKb. the value at the

transition) for different values of H/HFf when the field was rotated at ,/4

about the =z axis. For H/Hf = 5.2. for exawple. the transition In the

behaviour of T was predicted to occur for " 10.6.

For @ - T/T) . 0.1 and p = 29.3 bar then u = 1.8x10-*Na-*s(10). Also In

the GInzburg-Landau Halt Kt - (h/2a)* 5/2 p,, where p,, 3.5 kga"* at

@ - T/T(.) - 0.1(10). This suggested a fTield rotation frequency of about

20 SHZ for the transition. Slallarly. for H/HFf = 2.0the transition was

predicted to occur at a Tield rotation frequency of about 25 nHz. These

values for at the transition were approxlaate only and were taken as a

guide to the order of aagnltude of required.

The 2 channel oscillator was capable of delivering sine waves with

frequencies as swall as 2 mHz. However, the amplitude control only allowed

the voltages from either channel to be set to within about 2% of the

desired values. Therefore a sine wave synthesizer was built that was
capable of producing sine waves at lower frequencies If necessary, and with

aaplitudes that could be set more accurately. This synthesizer created

each sine wave digitally and used presettable counters to enable a phase

difference of any magnitude to be set up between the two signals. Figure
6-7 shows a block diagram of the circuit that was designed and built for

this purpose. Unfortunately, noise problems prevented Its use iIn this

experiment.
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6.7:SADDLE COILS POWER SUPPLY
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6.3.2 Experi»ental Rcanlt«

No evidence of a transition in the behaviour of 2 was observed and
therefore i1t was not possible to look for Inertia associated with an

intrinsic angular aoaentUB.

In attenpts to set up the textures described above aagnetlc fields
with magnitudes ranging from H/Hf - 1 to H/HF « 6 were rotated about the z
axis at angles In the range w/4 to w/2. In each case the sound signal
response of the In phase and quadrature signals were similar. Two features
were apparent: Tfirstly, wobbles on the sound signal periodic with the field
precession frequency, and secondly, a steady "lying down™ of the 2 texture

as the fTield rotation frequency was iIncreased.

The latter effect can be seen clearly In Figure 6.8 which shows a
portion of chart recorder record displaying the iIn phase sound signal
detected with a field of H/HF «5.1 processing at 78* about the 2z axis.
For the range of fTield rotation frequencies 2 mHz to 40 mHz then It Is
apparent from Figure 6.6 that the predicted behaviour of 2 was
precessional. As the field rotation frequency was increased from 2 mHz to
40 mHz the sound signal became progressively more negative. Reference to
Figure 5.1, for example, shows that this corresponds to a more distorted
texture i.e. an Increase in the angle Oq between 2 and g at the centre of
the slab. The size of the sound signal corresponding to the uniform

texture at this temperature is also shown In Figure 6.8.

Figure 6.9 Illustrates the periodic wobbles observed on the
detected sound signal for a field H/HF «4 .8 precesslng at w/4 about the z
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axis. The range of field rotation frequencies 2 aHz to 50 kHz employed
should have encompassed the transition 1in behaviour of 1. The periodic
wobbles can be seen most clearly for a field rotation frequency of 2 mHz.
and may be due to an asymmetry iIn the rotating field caused by an unequal
magnitude of field directed along each saddle coll axis. This could arise
from several sources. Firstly, the sine waves that were fed to each saddle
coil pair had amplitudes that were generally matched to within 2\, but the
field constant determined for each pair had a possible error of 3%,
resulting in an uncertainty of around 3.5% in the matching of amplitudes.
Secondly, the residual horizontal field, estimated to be 0.11 G 1iIn the
direction of fields applied by the outer saddle pair, was not compensated
out for these measurements. This would cause a mismatch iIn the maximum
field directed along each saddle coll axis of around 4% for the Tfield
magnitude of Figure 6.9. Smaller effects Include the fact that the field
axis of the 1i1nner pair was aligned to be at 90* to the axis of the outer
pair with an uncertainty of about 0.5*. and that the 90* phase difference
between the two sine waves was set up with an estimated error of around

0.5* using the 2 channel oscillator.

A wobble of a few percent iIn the angle which H makes locally with
the z axis might be expected to produce a corresponding wobble i1n the angle
made between 1 and the z axis (and therefore q). Figure 5.8 would
indicate that a 4% wobble in could be associated with a change iIn H/HF
of about 0.13, and by reference to Figure 5.1 for example, this might be
expected to correspond to a change in sound signal of order * 10 mV. It
should be noted that this i1s a very rough estimate. In fact the amplitude
of the wobbles observed on the iIn phase signal of Figure 6.9 for a field
rotation frequency of 2 mHz was about * 15 mv.
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There are several reasons why attempts to set up the «otlon of f
predicted here were unsuccessful. Firstly, the «agnetlc field was not
rotated smoothly about the 2z axis but wobbled by several percent, as
Mentioned above. Perhaps more Importantly, the calcualtlons discussed here
have assumed a ”~He-A slab of Infinite lateral extent whereas the slab used
in this experiment had an aspect ratio of only about 5:1 (spatial
constraints prevented this being Ilarger). Therefore the effect of the
curved boundaries may not be negligible, possibly resulting In very
different behaviour of t. Also the presence of flow has not been taken
into account In these calculations although there was evidence of superflow
with Vg a 2x10~® ms*“ for this experimental arrangement resulting from a
0.2 nW heat leak to the Iliquid helium (see Appendix F). Finally, the
fields set up by the saddle colls were not completely homogeneous across
the lateral extent of the cell but varied by 3-5% from their values at the

centre of the cell as can be seen iIn Figures 2.17 and 2.19.
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CHAPTER 7 ; SDIDIARY

The experlaental and theoretical work described iIn the previous
chapters has yielded various significant results. These are suaaarised as
follows, where an 1indication of soae possible inproveaents has also been

given.

The transition that has been predicted iIn the behaviour of the
angular aoaentua f for ~He-A contained between two parallel planes provides
a sensitive aethod for detecting the inertia characteristic of an intrinsic
angular aoaentua density. This transition froa processional to oscillatory
lotion of 1 as the frequency of a aagnetic Tield processing about the z
axis is 1increased was not observed iIn attempts to set up the textures
described here and therefore i1t was not possible to look for this 1inertia.
Possible reasons for this include the fact that the slab of “He-A was not
infinite iIn lateral extent as assuaed by the calculations so that the
influence of the side walls on the 1 texture may need to be considered.
Also the aagnetic fTield was not processed smoothly about the z axis due to
a misaatch i1n aagnltude of field produced by each saddle coll along 1its
axis. Nevertheless, this proposed method for detecting the 1inertia 1is
still good and a measurement of this 1inertia would be Invaluable iIn the

controversial arguments concerning the relative contributions of the

inertial and dissipative terms to the equation of motion of L.

The Frdederlcksz transition has been observed for the first time
in %e-A, and the temperature dependence of the threshold field has been
mensured at 29.316 bar. This reflects the temperature dependence

174



predicted by theory, where the trivial correction for strong coupling
effects In “He-A has been aade (i1.e. an enhanceaent factor of 1.3 has been
applied to the energy gap predicted by BCS theory). The experiaental data
which agree broadly with that aeasured by another worker (at a similar
tite) lie below the calculated -curve. Further strong coupling effect
corrections to the BCS energy gap may be required for a better theoretical

representation.

Sound anisotropy coefficients have been determined, describing the
velocity and attenuation of 15.154 MHz sound In “He-A at 29.316 bar in
tems of the angle made between the 1 vector and the direction of sound
propagation. These coefficients were found by Tfitting values for the
velocity and attenuation, calculated using the theoretical predictions
about the distorted T texture presented iIn this work, to experimentally
determined values. The fact that this procedure could be employed provided
confidence iIn this theory. The anisotropy coefficients were found to have

the order of magnitude predicted by another worker.

No dependence of sound signal amplitude on applied magnetic field

was observed for sound transmission through ~He-B, reflecting the sonic

isotropy of this superfluid phase.

Two major Improvements could be made to reduce the errors in the
velocities and attenuations measured, and hence 1In the sound anisotropy
coefficients determined. Firstly, |If the “nuisance® signal could be
eliminated by connection of crystal earths at the cell this would enable an
Integration window for the detection electronics to be chosen such that the
"Ist echo®™ only were detected, cw sound measurements might then also be
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possible. Secondly, if the temperature drift of the electronic components
of the detection electronics (shown in Figure 2.11) were eliminated by the
use of heat sinks this would eliminate the “offset” voltage (or if still
present, 1t would be constant with time). Together, these 1mprovements
could reduce the contributions to the detected sound signal so that
equation 4.4 for example might become
IP = B"(w) e‘®* cos(wd/c + ¢1(w)) (.0

thus considerably reducing the number of parameters Involved in the

determination of a and c (see chapter 4).

In order to Improve the aspect ratio of the ~He-A slab for the
sare 2 mm plane spacing the cell and coll system would need to be rotated
through 1Ir/”2 so that the plane slab surfaces would become parallel to the
cryostat insert axis of symmetry. This 1s necessary because spatial
constraints prevent the Increase of the slab dirameter 1In Its present
configuration, and would involve a re-design of the experimental
components. It 1s also recommended that the magnetic shielding of the cell

be mimproved so that any residual fTields are reduced to a more acceptable

level (l.e. )-

By choosing an earlier period after the Input of the transmitter
pulse over which to Integrate the detected sound signal the amplitude of
sound pullses Input to the cell could be reduced for a similar magnitude of
signal detected. This would reduce the heat leak to the cell helium and
thus reduce the Incidence of flow In the cell. In addition, the

temperature difference AT between the cell and main bath helium would be

reduced.
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All the BeasureBents discussed In this thesis have been perforned
on an 1 texture foraed by cooling Into the A phase with the residual
vertical field coapensated out and with a large (= 10 HFf) horizontal field
applied to encourage foraation of the unlfora texture. On cooling Into the
A phase with no applied fields, l.e. under the influence of the residual
field, the texture foraed responded iIn a slailar Banner to that described
In chapter 5, although there was soae evidence that the Frdederlcksz
transition threshold field was slightly depressed. However, on warning
into the A phase froa the B phase, with no applied fields, a very different
I texture appeared to have been foraed. Its iIin phase and quadrature sound
response to an applied vertical field are shown 1iIn Figures 7.1 and 7.2 for
a reduced teaperature of 0.85. It can be seen that aost of the signal
response occurs iIn the quadrature signal. A conparlson with Figures 5.1
and 5.10 1i1llustrates how different the response of this texture 1is froa

that i1nvestigated In the preceding chapters.
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IN PHASE SOUND SIGNAL /mV
S 8 D 8 i

FIG 7.1 : In phase response of Jt texture (formed when
warming from B to A phase) to 15.154MHz sound as a
function of applied vertical field at T/T"«0.05.

(Note that there 1is a residual vertical TfTield«:>16).
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OUAOBATURE SOUND SIGNAL /mV

A
7.2 - Quadrature response of Jt texture (formed

when warming from B to A phase) to 15.154MHz sound as
a function of applied vertical fTield at T/Te-0.05.

(Note that there 1i1s a residual vertical fieldsl6).
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Appendix A ; llaEn»tlc Field CtlcttUtlan« for Saddle Coll D— Im

A calculation was executed to find the x component of the field
off“®xis 1In both the x and y directions for a "bent rectangular” set of
saddle colls (see Figure 2.13 and section 2.4.3). These expressions were
used In the design of the saddle coils discussed iIn section 2.4 iIn an
attempt to minimise the variation in off-axis field, with respect to the

field produced at the centre by the colls.

A_.l X Conponent of field off-axis In x the direction l.e. B,(X)

a) Curved mectlonm

Figure A.l shows a sketch of the situation considered, where

at the point P iIs to be determined.

For the arc with x > 0 and z = O:

Q = (R cose, R sine, 0)
P = 0, d
ai = R00 (-sine, cose, 0)

r « Qp * (x - R cose, - R sine, d)

Using the Blot-Savart law which states that
OB = v OfF X r (A.D

for the X component only:

B=BM d X), Unl_Rd cose de )
o(l. d, X) (X* - 2 XR cose + R* + d*)°/*

where 20 Is the angle subtended by the are of the windlngs at the centre.
For the are wlth x < 0 and z * 0, B » - Bo(-I, d, -X)

186



For the arc with x > 0 and z « 2d, B « Bo(-I, -d, X)
For the arc with x <0 and z = 2d, B - - Bo(i, -d, -X)

Using the blnoalal expansion up to powers in x* and Integrating, gives the

field fro» all 4 circular arcs at the point P as

p i Rd sin# f2 - 3x™ (R™ + d* _ B5R* 4+ BR*sIn*"/3*

c ir (R*+d*)3/2 | (Rede) (A.3)

b) Vertical Section»

Figure A.2 shows a sketch of the situation considered.
At z » d 1.e. 1In the vertical centre:

P= (&, 0, d

= (@, 0, 62)
Q = (R cos«, Rsii®, 2)
r « QP « (X - Rcos«, - R sin«, d - 2)

Using the Blot-Savart law for the x coaponent due to section 1) only gives

_ - p2d dz
B » Bod, X. d) =7~ R sin«
4w Jo (x* +R* - 2x R cos« + (d-z)*)"/*
For section i1l) B » Bo(-l. X, d) and « = -«

For section ill) B » Bo(l, -x, d)
For section Iv) B = Bo(-l. -X, d) and « = -«
Using the binoairal expansion up to powers iIn xX* and iIntegrating, gives the

field fro» all 4 vertical sections at the point P as

0O _ 2MniRdsin« ri- x*(I- 4cos*« + (R*+d* - 7R*cos*« - 4d*cos*«))1

V | ~R 2(R'" +d")" J

Thus 1f BjjxX) » Bjj(©) + OBJ((X) the fTield at the centre of the coll syste»
can be i1dentified as
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<V 2 1in i d 8in™® (2 R* + d¥*)
®K°* - &R F 45 A (-6

and 6Bx(xX)/Bj((0) gives a aeasure of the deviation of the field from this

value at a point x off-axis.
A_.2 X CoMDonent of field off-axIm 1n the v direction l.e. B”Cy)

Bv(y) Bx(0) -mOBx(y) was calculated in a similar manner.

For the design of coils with this "bent rectangular'™ shape an
attempt was made to minimise both bBx(x)/Bx(0) and bBx(y)/Bx(0), as far as
spatial limitations would allow, so that the coil system would produce
magnetic fields that were as homogeneous as possible. A computer program
was used to minimise these expressions iIn the design of the inner and outer
saddle coil pairs. Best values of R = 1.27 cm, d 1.9 cm and * = 61* were
found for the inner saddle coils, and R = 1.42 cm, d « 1.9 cm and « » 59*

for the outer saddle colls.
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Appendix B : Estlaatlon of Heat Input to Cell by Conduction Alone Matrix of

non wires

The system nay be schenaticaily represented as shown iIn Figure B.1l
(see section 2.4). It has been assumed that Trolls * l.e. that the
magnetic coils were at approximately the same temperature as the dilution
refridgerator mixing chamber, since the copper matrix of the wires provided

an effective thermal short.

The coll system was separated from the cell flange by 3 vespel
SP22 bolts and washers. The dimensions of the thermal path through the
vespel have been taken as that of the thin annular washer to give an upper
limit on the estimate of the conductive heat leak, Q, to the platform.
The thermal conductivity of vespel SP22 m « T*, where a * 17x10™* Wm"“K"»
in the low millikelvin temperature range (Locatelll,M., Arnaud,D.,
Rotin,N., Cryogenics June 1976 p.374).
Q was estimated by

JZ Qdx =3 aA M ™ dT GB.D
plat

This provided a value of approximately 0.2 nW for the conductive heat leak
to the cell flange on which the magnetic field colls were bolted. In fact,
evidence of a rather small heat leak to the ~He bath (see section 2.2)

woulld suggest this figure to be high.
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FI&B .1 : Schematic representation of thermal link
between magnetic field coils and

experimental platform
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Appendix C ; Calcolatlop of Mafpietlc Shielding Provided b¥ Wn Metal Shield

Reference 17 contains the following details about "Mu netal

shielding capabilities:

A nagnetostatic shielding factor, S, nay be defined as S * Hg/Hi,
where Hq Is the field outside the screen and Hi is the field Inside the
screen. Assuning the Tfields involved are snail (l.e a few Gauss) and there
IS no 1iron core present, then for a 1long hollow cylinder with wall
thickness d and dianeter D

Sj =Md /D (GH )
where SjJ represents the shielding effect of the cylinder Jacket and a 1is
the relative perneabillty which Is about 70 000 for the "Cryopern 10/4.2"

used for the shield.

The shielding factor S nay also be written
1/S = 1/Sop + 1/Sj (B.2)
where Sop represents the effect of the opening on the shielding. Reference
17 gives values for Sop vs. x/1 at a distance x fron the open end of a
hollow cylinder with length L. For a shield of length 5.7 cn and with x =
2.5 cn (i.e. the cylindrical shield used iIn this experinent, where x
corresponds to the position occupied by the cell ~He) then Sop « 350. For
the sane shield, with dianeter D = 3.87 cn and thickness d » 1 nn, then Sj
« 1800 fron equation B.l. Thus the shielding factor S for this shield was

estinated to be about 300, using equation B.2.
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APPEHDIX D ; DATA COLLECTION PROGRAM

1 REM PROGRAM TO COLLECT DATA PROM 3 CHANNELS
2 REM OF THE “HARLYN DVM”
3 REM SOUND SIGNAL RECORDED ON CHANNEL O
4 REM FACILITY TO AVERAGE THIS OVER N READINGS
5 REM N INPUT VIA KEYBOARD DURING DATA COLLECTION
7 REM INITIALISATION AND START CLOCK
10 DIM C$(4).S(5.152),R(5)
20 D=7 :L=5:CN-0:CT-0:AV»0:AL»1:Al=1:CL=1:CI*=I
30 IA»1:TR=-1:GOSUB 10000
60 GOSUB 12000
70 GOSUB 12700
90 REM READ SOUND FROM CHANNEL O
100 CH$«""COR3T"GOSUB 12300
110 R(0)«=VAL(BS$) :R(4)=0:R(5)»0:CN=CN+1
130 IF CNoCL*AL+1 THEN 200
135 REM READ FIELD VOLTAGES FROM CHANNELS 1&2
140 CH$»""C1R3T":GOSUB 12300
150 R(4)«VAL(B%$)
160 CH$-""C2T":GOSUB 12300
170 R(5)»VAL(B%$)
180 CN«1:CT«1
190 REM CLOCK TIME BCD TO DECIMAL CONVERSION
200 BCD«SC2:GOSUB 12200
210 R(1)»DEC
220 BCD>MN:GOSUB 12200
230 R(2)*DEC
235 IF TR— 1 THEN 250
240 IF R(2)00 THEN 500
250 BCD*>H: GOSUB 12200
260 R(3)=DEC:TR»0
400 REM AVERAGE CHANNEL O AS REQUESTED
410 REM AND STORE ARRAY ON CASSETTE
500 GOSUB 12400
510 REM SCREEN PRINTOUT OF CURRENT VALUES
525 CLS
530 SCREENI .1
532 PRINT”R(0) R(1) R(2) R@B) RMA) R®O)";
533 PRINT” AV IA"
535 PRINTR(O); 73R 7RG TR
536 PRINT"™ 7 ;R(4);:;" 7;R(®B);" '";AV;" ;IA
540 GOSUB 12800
550 GOSUB 12100
560 GOTO 100
999 END
1000 REM SUBROUTINES
10000 REM INITIALISATION
10010 OUT 11,128:0UT 11,147:0UT 12,INP(12)
10020 OUT 8,0:0UT 9,0:0UT 11,131:0UT 11,0
10030 OUT 11,143:0UT 11,15:0UT 11,144
10040 RFD>0
10050 RETURN
10100 REM TAKE CONTROL;ATN»TRUE
10110 X«INP(10):IF X AND 2 THEN 10130
10120 GOTO 10150
10130 X»INP(8):IF X AND 16 THEN 10150
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10140
10150
10160
10200
10210
10220
10230
10300
10310
10320
10330
10400
10401
10402
10410
10420
10430
10450
10460
10470
10500
10510
10520
10530
10540
10600
10610
10620
10630
10640
10650
10660
10670
10700
10701
10702
10710
10720
10730
10740
10750
10760
10800
10810
10830
10840
10860
10900
10910
10930
10940
10950
10960
11000
11010
11020
11030
11040

GOTO 10130

ouT 11,12

RETURN

REN UNTALK

D1>95:GOSUB 10500

ouT 11,10

RETURN

REM UNLISTEN

D1-63:GOSUB 10500

ouT 11,9

RETURN

REM NASCOM TO TALK TO ADDRESSED
REM CONFIGURE NASCOM TALKER;D LISTENER
REM THEN GOTO STANDBY; ATN»FALSE
GOSUB 10100

GOSUB 10200

OUT 11,138:GOSUB 10300

DI-D-~32: GOSUB 10500

ouT 11,11

RETURN

REM NASCOM TALK OUT ONE BYTE=D1
X>INP(8):1IF X AND 16 THEN 10530
GOTO 10510

ouT 15,D1

RETURN

REM NASCOM TALK OUT STRING»D$
LN«LEN(D$)

FOR I-1 TO LN-1
D1-ASC(NID$(DS$, 1,1)) :GOSUB 10500
NEXT 1

D1-ASC(RIGHT$(D$,D)

OUT 11,8:GOSUB 10500

RETURN

REM NASCOM TO LISTEN TO ADDRESSED
REN CONFIGURE NASCOM LISTENER;D TALKER
REM THEN GOTO STANDBY; ATN=FALSE
GOSUB 10100

GOSUB 10200

DI>D-*-64: GOSUB 10500

GOSUB 10300

ouT 11,137:0UT 11,11

RETURN

REM NASCOM LISTEN IN ONE BYTE«B
OUT 11,RFD:X>=INP(8):1F X AND 32 THEN 10840
GOTO 10820

EOI=X AND 8 :RFD=2:B*INP(15)
RETURN

REM NASCOM LISTEN IN L CHARACTER STRING»B$
B$«"""-GOSUB 10800

B$»B$->-CHR$(B)

IF EOl OR LEN(B$)-L GOTO 10960
GOTO 10920

RETURN

REM 1S SRQ=TRUE? (SERVICE REQUEST)

X«INP(11):IF X AND 4 THEN 11030
GOTO 11010
SRQ«X AND 4
RETURN
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12000 REM CLOCK ROUTINES
12001 REM START CLOCK
12010 INPUT"BCD TIME.FORMAT-—-HRS— /— /85" ;CK$
12020 C$(1)-MID$(CKS$,1,2):C$(2)-MID$S(CKS,3.2)
12040 C$(3)=«MID$(CK$.8.2) :C$(4)-MID$(CK$,11,2)
12060 DY=VAL(C$(3)) :MN=VAL(C$(2)) :H-VAL(C$(D))
12070 OUT 39,VAL(C$(4)):0UT38,DY:0UT36,H:0UT35.MN:0UT53,0
12100 REM READ CLOCK IN BCD
12110 SC1-INP(33):IF SC1>1 THEN 12110
12120 SC2-INP(34)
12130 MN-INP(35):IF MNoO THEN RETURN
12140 H=INP(36):1F HOO THEN RETURN
12150 DY-INP(39)
12160 RETURN
12200 REM CONVERT BCD TO DECIMAL
12210 DEC>=BCD AND 15
12220 FOR 1-16 TO 32 STEP 16
12230 IF BCD AND I THEN DEC-DEC+1/16*10
12240 NEXT |
12250 IF BCD AND 64 THEN DEC-DEC+40
12260 RETURN
12300 REM READ CHANNEL-CHS
12320 GOSUB 10400:D$-CH$:GOSUB 10600
12330 FOR I-1 TO 55:NEXT |
12340 GOSUB 10700
12350 GOSUB 10900
12360 RETURN
12400 REM DATA AVERAGED THEN ARRAYED
12402 REM THEN STORED ON CASSETTE
12410 AV«AV+1:1F CT-0 THEN 12445
12425 FOR 1-1 TO 5
12430 S(1,1A)-R(1)
12435 NEXT |
12440 1A=1A+1:CT=0
12445 FOR 1-0 TO 3
12450 S(I1.1A)-SCI, 1A)-"R(1)
12455 NEXT |
12460 IF AV<AL THEN RETURN
12465 FOR 1-0 TO 3
12470 S(1,1A)»S(1, 1A)/AL
12480 IF ALOA1 OR CLOCI THEN CN-A1*C1
12490 AV=0:AL-A1:1A=1A+1:CL=C1:IF IA<=150 THEN RETURN
12520 1A«1
12530 CSAVE*S
12540 FOR 1=0 TO 5
12550 FOR J=1 TO 150
12560 S(1,J)=0
12570 NEXT J
12580 NEXT I
12590 RETURN
12700 REM USRiO) ROUTINE;SCAN KEYBOARD
12710 DOKE3200,25311:DOKE3202,312:DOKE3204.18351
12720 DOKE3206,10927:DOKE3208.-8179:POKE3210,233
12740 DOKE4100,3200
12800 K$* " :U=USR(0) :K$»CHR$(U) : IF ASC(K$)=00 GOTO 12850
12840 INPUT"NO. PTS AVERAGED OVER(SOUND)';Al
12845 INPUT''NO. AVS BEFORE CHI,2 READ";CI
12850 RETURN
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Appendix E ; Newton-Raohson Iterative Method used to Find a and c In "He-A

To find the velocity and attenuation of 15.154 MHz sound 1In

superfluid "He-A 1t was necessary to solve equations of the fora :

f(x,y)= -IP + Ni + B y cos(x + ) + Cy” cos(3x + =0 (E-D
g(x,y)= -Q + Ng + By cos(x + 1.59) + C y” cos(3x + 1.59) =0 (E.-2)
where y = e*“***, x * wd/c - 2nv and all other symbols have the meanings
discussed 1In section 4.3 By solving the above pair of equations

simultaneously at different temperatures values for a« and c across the A
phase could be deduced. These equations have no analytic solution and
therefore a Newton-Raphson iterative method was used.

Generalising for two functions of variables x and y l.e. f(x.y) =0
and g(x,y) = 0 then

df = ( af/3x ) dx + ( af/ay ) dy (E-3)

dg » < ag/Zax ) dx + ( agZay ) dy (e .9
By making an initial guess for x and y values for f and g could be found
from equations E.lI and E.2 and hence Increments dx and dy by solving f+df =

0 and g»dy «0O simultaneously.

to give dx - (f (ag/ay) - g (af/ay)) (E_S)
<(af/ax)(ag/ay) - (ag/ax)(af/ay))

- (f (ag/Z/ax) - g (af/ax))

and W = ((agrax)(afray) - (af/ax)(ag/ay))

E-6)

Using these new values for x = x+dx and y » y+dy and repeating the process
gives a rapidly converging solution.

For these sound equations an iInitial guess was made for x and y by
assuming zero contribution to the signal from the 3rd echo (i.e C*0) and
solving the resulting equations analytically.
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Pulses of ultrasound 1input to the cell using the settings
described iIn section 2.3.2 were estimated to produce a heat input of 0.2 nW
(*50%) (see section 3.5). It night be expected that this heat i1nput would
set up counterflow In the horizontal plane. An order of nagnltude estiaate

for the velocity of the superfluid flow produced was nade as follows.

IT Q Is i1nput by the sound pulses over a total area A then the
heat flow through the heliun iIn aradial direction away fron the centre
of the slab and at a distance r fron the centre nay be represented by

q2vrd=Qvr>*/A (-D
or q=Qr /2dA (F.2)
The heat flow is given by

q=8VvnT (-3
where s 1s the entropy per unit volune and v,, the nornal fluid velocity.
For the experinental arrangenent described here A * (10“*)* v/4 * 10"* n*.
d=2mmand 0 < r < 10.7 an. Near Tg the entropy per nole 1is given by
"(Tp) to a good approxination, and Clj(Tq )/RTq m 4.4 K" “nole"™™* at 29 bar
“@n. For a nolar volune of around 26 cn™ at29 bar then fron equations

F.2 and F.3 v~ * 2x10"* ms"™“ (for r = 4 mm).

For counterflow

PsVg + PnVn =0 E-D

with Pg/Pn * (1 - T/Tq) so that for 1 - T/T?) =0.1 then Vg m 2x10"* ms"“.
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Fro« section 1.2 i1t can be seen that a flow velocity of 2x10“®

*s*““ will give an energy coaparable to the susceptibility anisotropy energy

in a field of around 0.03 G.

It should also be noted that there is a critical superfluid flow

velocity at which a second order transition in the T texture (slwllar to a

Frredericksz transition) «ay occur. This can be represented 1In the
dipole-locked li«it near by
'« V5 Vn/Z4«d (F.5)

(see reference 9).

For a plane spacing d of 2 «« Vg™ « 2x10“® «s*““, a factor of 10 greater
than the superfluid flow velocity estiaated above at (@ - T/T) = 0.1.
However, as Tj, is approached Vg will Increase rapidly so that this critical

superfluid flow velocity «ay be exceeded (but see section 5.3.2).

199






APPEHDIX G ; PROGRAM SUBROOTIHBS DSHD TO PBRFORW IIITBGRATIOIIS ACROSS SLAB

FOR DISTORTED i TEXTURE 1 see section 5.4.3)

FINDS HZ/HP FOR DIFFERENT THETA-O
AND FINDS INTEGRALS Al .BI1.CI

SUBROUTINE THETAFHX.CH.ICA
COMMON SOP(2,120),800(2,120) ,HZ(60) , TO(60) , A1 (60) -B1 (60) ,C1(60)

K»0
P1=3.14159265
IC-1
A«P1*PI*HX*HX/8.
B=PI1*A/2.
DO 1 1=4,88,2
PO-PI1*FLOAT(1)/180.
C=AK(PO)
D=2.02/SIN(PO)
Z=C*C+HX*P1*D
IF(Z.LT.0.0R.J.EQ.1)GOTO1
J=1
IM=1
1 CONTINUE
IN=INT((88.-FLOAT(IM))/8.)
DO 3 11=1,IN
PO=PI1*(92.-FLOAT(11)*8.)/180.
AG=(PO-B)/(1.-A)
CALL SEEKAL(AG,PO,K,AN,S,HX)
IF(K.EQ.1)GOTO02
CALL ATTEN(AN,S,IC,PO.HX)
IC=1C+1
K*0
3 CONTINUE
DO 5 1«IM,88,2
PO=P1*FLOAT(1)/180.
C=AK(PO)
A=CH/SIN(PO)
AG» (C-SQRT(C*C+PI*HX*A))/A
CALL SEEKAL(AG,PO,K,AN,S,HX)
IF(K.EQ.1)GOTO4
CALL ATTEN(AN,S,IC,PO,HX)
IC»IC+1
4 K=0
5 CONTINUE
IC=I1C-1
RETURN
END

N

FINDS INTEGRALS AI.BI.ClI ACROSS CHANNEL FOR DIFFERENT HZ/HF

SUBROUTINE ATTEN(CA,S.1C.PO,HX)

DIMENSION F(21),G(21)
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COMMON SOP(2.120),S0Q(2,120),HZ(60),T0(60),Al(60),BI(60),CI(60)
DATA N.P1/21.3.14159625/
TAN(X) -SIN(X)/COS(X)
TO(1C)=P0O-A

HZ(1C)— HX/TAN(A)
RH*SQRT(HZ (1C)*HZ (1 C)+HX*HX)
SA«SIN(A)
CA*SQRT(1.-SA*SA)
H=SQRT(S-SA)/FLOAT(N-1)

DO 1 1=1,N

Y=FLOAT(1-1)*H

SP=S-Y*Y

CP=SQRT(1.-SP*SP)
CT=CP*CA+SP*SA
ST=SP*CA-CP*SA
B=CT*CT/(CP*SQRT(S+SP))
F(1)-B*CT*CT

G(1)=B*ST*ST

CONTINUE

CALL INTEG(N,H,F,SUM)

A1 (1C)=4_.*SUM/ (P1*RH)

CALL INTEG(N,H,G,SUM)

BI (1C)=4.*SUM/ (P1*RH)
CI(1C)=1.-2.*BI(IC)-AI(IC)
RETURN

END

PERFORMS [INTEGRATIONS USING SIMPSONS RULE

SUBROUTINE INTEGIN .H .F .SUM)
DIMENSION F(21)

K=N/2

SUM=F(1)+4.*F(2)+F(N)

DO 1 1=2,K
SUM=SUM+2 . *F(2*1-1)+4.*F(2*1)
CONTINUE

SUM=SUM*H/3.

RETURN

END

USES NEWTON-RAPHSON TO FIND ALPHA GIVEN PHIO

SUBROUTINE SEEKAL(AG.PO.K.AN.S_HX)

ASIN(X)«ATAN(X/SQRT(1-X*X))

P1=3.14159625

AO=AG

NC=1

S«SIN(PO)

SA=SIN(AO)

A-PI*HX/(2.*SA)

IF(ABS(SA/S) .LE.1_AND.NC.LE.5)G0TO02

K=1

RETURN

PH«ASIN(SA/S)

G=AK(PO)-EF(PH,P0)+A

H=1./SQRT(S*S-SA*SA)+A*SQRT(1.-SA*SA)/SA

AN=AO+G/H

IF(ABS((AN-AO)/AQ) LT .2E-5)RETURN
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NC»NC+1
AO=AN
GOTO 1
END

CALCULATES COMPLETE ELLIPTIC INTEGRAL

FUNCTION AKFALI
CN-COS(AL)

PRO=1

SN=2_/(1+CN)-1.
PRO=PRO* (I . +SN)
CN-SQRT(1.-SN*SN)
IF(SN.GT.1E-2)G0T01
AK»3.14159625*PR0/2..
RETURN

END

CALCULATES ELLIPTIC INTEGRAL F(PHI.ALPHA)

FUNCTION EFIPH.AL)
TAN(X)=SIN(X)/COS(X)
ASIN(X)»ATAN(X/SQRT(1.-X*X))
P1=3.14159625

PRO=1.

IF(AL.GT.P1/4.)G0OT06
CN=COS(AL)

PN-PH

SN=2./(1.+CN)-1.

PRO=PRO*(I .-t-SN)/2.

PNR=PN

IF(PNR.LT.P1)GOTO3

PNR=PN-P1

GOTO 2

DP=ATAN(CN*TAN(PNR))
CN-SQRT(1.-SN*SN)
IF(ABS(PN-DP) .LT.P1/2.)G0OTO05
DP*DP+PI

GOTO 4

PN-PN+DP

IF(SN.GT.1E-2)G0T01
EF=PN*PRO

RETURN

S»SIN(AL)

SN=S

PN>»PH

CN=2_/(1.+SN)-1.

PN«PN/2 . +ASIN(SN*SIN(PN))/2.
SN=SQRT(1.-CN*CN)

PRO=PRO*SN
IF(CN.GT.1E-2)G0OTO7
EF»SQRT(PRO/S)*ALOG(TAN(P1/4 _+PN/2.))
RETURN

END
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