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ABSTRACT

In _Bel "tyuko\™ a type of machine (the SRM) is defined and certain
classes of recursively defined functions are characterized as complexity
classes of this machine. One of the results in that paper is a
characterization of qu (the class of sets of numbers which are def-
ined by arithmetic formulae containing only bounded quantification). This
thesis begins by going over the proof of this again.

A family of closure properties of classes of sets of numbers is then
defined. Each closure property is associated with a set X with binary
operation (closure under counting modulo X). Relations between these
closure properties are considered and are shown to be linked with
connections between the associated sets with binary operation. Classes
at least as large as aJ*" are defined using the new properties (XA”) and
certain of these classes are shown to be complexity classes of Bel"tyukov®"s
machines (S8 A?" = Space.(n,0)).

The Bel"tyukov machines are modified, giving a new family of machine
types. Each type is associated with a finite set of numbers Q. Some
others of the XAc|1N classes are shown to be complexity classes of certain
types of Q-machines (Z”~Ao" - {1,n+1}-Space~(I™D)).

Classes already characterized are shown also to be complexity classes

of the Q-machines.
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Chapter 1 PREL IMINARIES

1.1 De:inition: The first order language of arithmetic (LA) is defined
to be the first order predicate calculus with the following non-logical
symbols:

2-place relation symbols = and C,

O-place function symbols 0 and 1,

2-place function symbols ¢ and -.
1.2 Remark: We shall at all times be concerned with a particular
LA-structure, namely IN: the set of natural numbers; the standard model of
arithmetic, in which our symbols have the usual interpretations.
1.3 Definition: If a set of numbers A (our idea of a set of numbers will
generally embrace the subsets of INm for all mil) can be expressed as

{(xl,— ,x«) 43

where $ 1is an LA-formula whose free variables are drawn from
(xl,...,xm), then A is said to be defined by the formula 4. (Strictly

speaking we require that all free variables be chosen from x ,x2 ,x3 D)
Functions are defined by LA-terms in the obvious, corresponding way.
Notice that this means that each formula (term) defines an infinite

number of sets (functions). However, for each arity, at most one set or

function will be defined and if the arity is less than the largest free
variable index in the formula or term then no set or function of that arity
will be defined at all.

1.4 Definition: For t an LA-formula and t an LA-term we have the

following abbreviations.

w (WET * ) is abbreviated by Vwit t
and Jw (wft a ¢) is abbreviated by wiT
Such formulae are said to be obtained from 4 by bounded universal and

bounded existential quantification respectively.



1.5 Definition: is defined to be the largest class of LA-formulae
whose members never contain or 3 except as part of some bounded
quantification.

1.6 Definition: A;:!N is defined to be the class of sets of numbers that

are defined by elements of Ap.

1.7 Definitions: We will mainly be concerned with sets of numbers and
also with functions from numbers to numbers. There are obvious ways of
connecting functions with sets and vice versa.

Firstly from AC K ™ (some m > 1) we derive 7% the characteristic

function of A. Yp - IN IN and is such that

0 if (X ,....x)6 A
T Lo
1 otherwise.

Secondly, for f : IN" =m IN, we have graph(f) , the graph of f.

graph(f) ¢ K ™1 and is such that

(Xl""’xm+l)€ graph(f) iff f(xl,...,xm) - Xm+1'
1.8 Definition: A function F “a U is said to be a Ap-function
if (1) graph(f) € AB\‘
and (if) there is a p()i---x ?n€. H fx 1 - mi such that for all
X === Xy e H , f(x 1,...,xm) T p(x\,— ,xm).

(Notice that the polynomials with natural number coefficients are, in fact,
exactly the functions defined by LA-terms.)
1.9 Definition: A set BC IN™ 1is said to be obtained from a set
AC K" by explicit transformation if
B = {(Xl""'xm) : (ul____ un)6 A}
where, for 1 f i fn, u1€ or uq « )j for some 1% j $ m
1.10 Definition: For given mil, the boolean operations on subsets of
"™ are union, intersection and complementation in IN™.
1.11 Definitions: We define the set operations bounded quantification (1)

and bounded quantification (11) as follows:



1
If AC Kﬁ', then BC INm is derived fror, A by bounded

quantification (1) when
Bz{()ﬁ____x% D Qy i x (y,x2,...,xm)€-A) where Q = V or -,
and bybounded quantification (Il) when

B= {0{,----x2 = Qyip(x} X ) :%---0x )€ A}

b
where Q = or H and p6 INix],.. X -
1.12 Theorem: A(IqN is smallest class 5 of sets of numbers such that

() =, i, graph(+), graph(s) f C
(ii) C is closed under explicit transformations
(i) t is closed under boolean operations
(iv) C is closed under bounded quantification (11).
Proof: Easy.
1.13 Definition: ["Bel"tyukov
A Stack Register Machine (SRM) is as follows:

(» For some m i O, it has iInput registers (whose contents are labelled)
(B) For some Kk 1 0, it has stack registers (whose contents are labelled)

(© It has a work-register (containing)
r.
L,L,---LL , where L is halt and for
172 PP+ p+i —
1ij Cp, Lj is one of three types of instruction:

® It has a ﬁrogram

Type (i): ™ =t + 1; (for some O fF i i1 Kk
Type (ii): r = z: for some ze (t.,.--,t, , % _...X
ype (ib) ( t, X )
Type (iii): If z *z =2 then L,, else L ; (where * is
------- 1 2 3 £ 1
¢ or =, lifnsptl and z ,z ,z £ {r,t ,...,t.,x ,...,x D.
P 1 2 3 ¢ 0 k 1 a D

A type (i) instruction affecting t. has the subsidiary effect that
t =0 for all j < i. Furthermore, for each O 1 i £ k, only one type

(i) instruction affecting t. 1is allowed in a given program.



1.14 Definition: A function F : IN“: IN is said to be computed by an

SRM M with m 1input registers when, for all xI o € IN, M 1is such
that iIf we start M"s program off (at instruction Ll) with values
xl....x)> in its input registers and zero in all its stack registers and
in its work-register then

(M M will halt eventually (i.e. reach instruction Lp+1)

and (ii) when M halts, the top stack register t~ will have the value

1.15 Definition: For wu,v : K “aK , non-decreasing and such that
u(D),v(l) 1 1, Space(u,v) is defined to be the class of functions as
follows.

A function f 1is in Space(u,v) just if there is an SRM M which
computes F and satisfies this condition: that there are j.fc i 1 such
with

that, for all xl,...,xb f N, if M starts off at L r=1t -

1 0
... = tk =0 and values XigamemsX in the input registers then at all
times during M"s computation

r<u” (max,....x ) +1

(max(x QD
and for all 0y i £ k
<I>

t.I <v (max(x1

where are the j and 1 iterates of u and v respectively

seeex )+ D
m



Chapter I1 Spaced,a and (;(I:N

The main result of this chapter (theorem 11.13) connects the class
Cﬁ\‘ (or rather the Ap-functions) with a certain complexity class -

Spaced,0) - of SRM-computable functions.

This result is one of the equivalences in theorem 6 of [“Bel"tyukov j .

It is, in the notation of that paper, that

Rd = Srm-(Space, p x>) for any 1i.
2

The proof, and that is to say the whole of this chapter, is taken from

the proof of theorem 1 of ~Bel "tyukov 3 , particularly the part

Srm(Space, f 1=>)C ff.

The SRM” introduced here is very similar to the Srm” defined there

(they are not however the same). Snap®"s do in fact turn up in lemma 11.8,

though they"re not identified as such. SRM""s are handy tools, once lemma

11.3 has been proved, for showing that given functions are in Space(u,V).
This approach leads to lemma 11.7: all AO-functions are it Spaced,0).

The rest of the chapter simply follows Bel"tyukov"s proof. This
provides lemma 11.12, the converse to lemma 11.7.

The main result merely combines lemmas 11.7 and 11.12.
1.1 Definition: Suppose is a class of functions. We define the
SRM~, a variant of the ordinary SRM (definition 1.14), as follows:

An SRM~ still has registers r,t ,.._,th,x ,...,x» and its program
still of the form L1L2 ...L L , Where L is halt, but L ,...,L

P P+1 P+1 ——— 1 P
now take one of the following forms:

Type  (i): t, toel

Type -: t .V X

Type (@i)*: r -~ f(r>t0 K 1Y

“Type (Iii) " if fl(rot ****»t;yxly° »---|":( i»**.

then L5 else Ln



where f, £ , F must be functions InU . For each O £ i i k at most

1" 2

one type (i)/(i)* instruction affecting t appears in the program and
such an instruction sets t :=0 for all j < i even if the value t
does not change.

The initial configuration of such a machine has r = t =

*K « ©

and the inputs to the machine in X . The first instruction

1
executed is Ll.
The output will generally be the value iIn a specified stack upon
halting - usually the top stack (tk) or the bottom stack (to).

Am SRM~ computes a given function if it always halts with the value
of the function (given the inputs as arguments) in the top stack.

Notice that we can change a machine with output in the bottom stack
into one that gives the same output in its top stack (and indeed vice versa).
Moreover this new machine will run in the same space bounds (defined below)
as the first.

So to prove a function is in a given space complexity class it is
enough to show that there is an SRM which halts with the value of the
function in the bottom stack.

We define space complexity classes exactly as for ordinary SRM"s
(definition 1.15).

11.2 Definition: If wu,v =: 1] K are non-decreasing with
u(D,v(l) 1 1, then g : INm K is in SpaceJ(U,v) if there is an SRMV
which computes g and throughout any run of this machine:
r < u<J‘(max(x1----an + 1D
t, < v<i>(max(x],...,xm) + 1D
for all 0 £ i £ k, for some j,1 >0.
11.3 Lemma: Suppose that u,v i K ¢ K are non-decreasing with

u() ,v(D) i 1 and such that

v(x) * X Vv * £ ¥



V i,j>0 >0 Ul QuI ®iur® VXEN

\/i,j >0 >0 Ul ") iuk ® \/xF n

Vi >0 3j >0 ux>() 6 viJ 9 \/xi K
Then

S$XE’SpaceCu,vy(u'v) m Space(u.v).
Proof:
d: Suppose we have an SRMSpaceCu.v) Mi which halts on all inputs and
runs in bounds (u<® ,v ) - i.e. the work-register is bounded by
u<J>(max(x1____x ) + 1) and the stack registers are all bounded by

m

\Y; (max(xl,...,ﬁ]) + 1). We show that we can pick any (i)*/Cii)*/(iii)"
line of Mis program and replace this line with a block of ordinary SRM
instructions to create a new program. In addition to M"s registers this
new program may refer to new stack registers which we add to M*"s
registers to create appropriate machinery. This new machine will simulate
M in that the net effect of the new block on the original registers will
be the same as the effect of the line it replaces. The new machine will be
bounded by (U J ,v ), for some j",1" >0 and so the (u,v) space
bounds are preserved. Finally, for each stack register of the new machine,
there will be, in the new program, one type (i) instruction referring to it
or one type (i)" instruction or none at all. So it will be an
SRMSpace(’u,v)"

We can carry on and replace each (i)"/(ii)"/(iii)" 1line of M s
program with a block of ordinary SRM instructions, adding at the same time
any new stack registers that are needed, and end up with an ordinary SRM
which computes the same function as M and runs in (u,v) bounds (the

1

top stack of the final machine will originally have been the top stack of

Suppose then that M1 is an SRMSpaceCU vy with registers r,t

""tk’xj""’xm and bounds (U ~ ,v i=). And let"s say that the type



(D)"/7(i)"/(iii)" instruction we wish to replace is L .
N - — :
Case (i)*: L is t.I : f(r,t|+lt T xm),.
f € Space(u,v), so we know that there is an R* M2 computing f
~ . /[ <j > <jr> _ _
and running in bounds (u ,V )- We can assume (though this is not
the usual labelling) that M has input registers ws+;,t.+7, .., t"N,X ...,
---,X ; stack registers WO-.-- w3 and work-register r. M2 halts with
9ooo9tk,xi,vov,xﬁg inw_.
In constructing the new machine M , we first add some stack registers.
These are Wpn,.-- ,W_,W_, . ,W ,t. _.,t.__. The ordering on the stacks
0 s’ st 7 st2 7 1+ T VT 9
(which is what determines when they are set to zero) is the one that puts
w"s lower than t’s and otherwise works by suffix.

The replacement block is written out on the next page. We omit

instruction labels when possible - which is not often.



fs+i

bg!g instruction

We assume the

u ti+h * WS+2 « wS+2 then
if t + VS+2 * WS+2 then
if t1 + Wi « wS+2 then
if tI * Vega * VS+2 then
if w o+ Wepn € WS+2 then
I Ws+1 + Wi+2 = wS+2 then
Ci+i £ 3
If WS+2 + Vi+2 = wS+2 then
cit+l
I Wit + w$+2 r then n
Wstl T Weyp + I
If VS+2 + WS+2 =W then
st2
Here Mz's program (less

Lv) is

a else
0
else

else

else

else

e else

e else

else ¢;

e else

the final

listed.

instruction labels

are different from any others in
the rest of the new program.
F coys+1” Sets
If tI + WS+2 « WS then LtDH else
t1 t. + 1;
It Ws+2 + Ws+2 - Ws+2 then c else

6;

Ensure that

T »eeexnt . ,w ,..
0 to

are set to zero

s+1

(WS+1 is always zero.

V3
e;
Set
Ys+l
e;
Sets r to zero.
Puts the value
f(Ws+i’t>2+l""'tk’
X, aaua X
1 @
into w .
r back
Sets t. :m f(r,
i+l ...tk , Xi.....

c;
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What is the effect of this block on the registers? Well Tfirst of all

s42 is always zero since there is no type (i)/(i)* instruction to change

it. It"s best to consider t.+1 and t. next.
i

Durin% an execution of the block at most one of t. _,, t. .,
i+ i+l

increased, and only once at that. This is because (without going outside

will be

the block) there is no way back to line y or line 6 from the later
parts of the block and no way from y to 6 or vice versa.

Second thing to notice is that during the first execution of the block
after an assignment to C£+1° , gti or t, or after starts, if

either of t N o is increased it will be t_ For in these
1+273+r i+l

circumstances =0 and so we bypass 6.

Yyer

When we reach e we will have

YoT Y T T s T T s

for the only circumstance in which neither ti+l’ nor ti+|’ is increased

(thus setting all these other stacks to zero) is that they are all already

=t - ... -t."0,
o

zero.
We can immediately see (since the block from c¢ onwards can do

nothing to alter this) that the overall effect of the block on t ,t.

(O o

is to set them to zero, while t'l+l""’t'k are unaffected. This is of

course what we want.

As to t.: it rises to f(r,t.I+

i ,...,t,,x_,...,xm) in increments of

1 "G |

one, starting from zero. Notice that whenever we reach e, we have

= -w_ . -0,

WA = .- -
0 s+i
for we will just have left the section ending in 6 or will just have
executed 1. Thus e,C won"t cause a loop and M2's program will run
i e - B, X ending up in w .
Eal I IR *'1 m) g up s

r is unchanged by the block as a whole for the last instruction to

properly with f(wS

affect it is alwags LV. (wS+i is unaffected b}ﬂ runs of Mz).



11.

This block, then, does what we want. Does M satisfv the right
3

bounds though?

to....t,k satisfy the same bound, v<|>(max(x 1,...,x ) + 1), as
m
before, WS+2 is always zero.

WS+1 has the same bound as the work-register had in runs of Ml.
This bound is u J (max(xl,...,xm) + 1). But then, by our conditions on
u,v, there is an ¢i> 0 such that v 1 (max(xl-.--x®) + 1) is also a
bound.

W W are bounded by

0 S
v<* >(«nax(ws+i,t.+i ootk Xi..... xj ¢ 1D
T v<A,>(v<Bax(1'1I)>(«a*(xl....x ) ¢ D)
m
=V "2 (max(xli...‘xm) + 1D for some (2 > 0.

Meanwhile for the work-register we know that outside the execution of
the listing of M2's program r is bounded by u 1>(nmax(xl,___,>xm) + 1.

During tr%e "run" of M2 r is bounded by

U<J -(«(v!'_t_i+|___.tk*>(1 ..... vV oo+ 13
TR >'(v<mx(""".I.)>’(max(x1 m) + 1y
5ulJl (max(xl..-- x®) + 1D for some jj > 0.

Overall, then, r will be bounded by

u<’\2>(max(xl..-- x)+ 1D for some 12 > 0.
m

This leaves ti.+i and tiJ'ri to consider. t is clearly bounded

1+
by 2 (since its maximum value is 1). It will certainly be bounded by
v(max(xl-.--x ) ¢ 1) except in one circumstance: that this bound itself
m
has value 1. But in this case w , W ,t,...,t,, whose bounds we
s+]70 1

have already established, will have to be zero throughout M "s run and so

t1+J won"t ever be increased and will thus still be bounded by

vmax(x, -...x ) + D,
As to ti+i* go back for a moment to M and assume that at two

different times iIn a run Lu is executed on the same values of r’t'I'M
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On both occasions M will be in the same configuration Tfollowing
execution of . This implies a loop and therefore it never happens, for
Ml halts on all inputs. As far as M3 is concerned this means that
between successive encounters with the new block at least one of r.t.I+I
..., must change.

If one of the t"+jl ., changes then the second encounter will
not change t+1 from the value zero which it thereby acquires, for, as we
saw earlier, if one of t1+4 t1+*, rises in these circumstances it will be
t

+r

On the other hand, as we have already seen, r is bounded by
v 1 (max(xl,...,xm) + 1) outside executions of the block. Or putting it

another way r cannot take more than v ll>(max(x_ ,...,x ) + 1) differ-
m

1

ent values without a change in t. , ..t . So (since M always halts

1
implies M always halts) the block cannot be executed more than
vC">(max(x1,...,xm) + 1) times in succession without a change in 1i'+l 5-
""tk' Now for at least one of these executions ti+4' will not be
increased (for there must first be an execution which sets t.i+2 D).

Thus ti cannot rise more than v 1 (max(xi,...,xm) + 1) - 1 times

+R
without being set back to zero. That is to say t™+j 1is bounded by
v 4I>(max(x1,...,xm) + 1.
We have now shown that M3 has bounds (u ~2>,v<t,2>).
Cases (ii1)"/(iii)": The replacement blocks for the other two instruction

types are similar.

Q: The second part of the proof is trivial since to calculate

f 6 Space(u,v) we smel}i use the SRMSpace(’u,v)' which has stack to’
inputs x”°,. XN and program
1. fX, ----X);
1 m
2. halt.

Since f ( Space(u,v) it must itself be bounded by v:'"  for some
JOHN RYL AND
UNIVERSITY
LIBRARY Of
MANCHESIEP
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£ > 0, and so this machine runs in the right bounds.

End of proof of lemma 11.3.

11.4 Proposition: For u,v satisfying the conditions of lemma 11.3
Space(u,v) is closed under composition.

Proof: Suppose f(xl-.--x ), g X ,.-. ,xm), .- g (X

..... xm) are all
in Space(u,v). Then f(gl(i( ____xm) ...... X:y---,%X_)) 1ds 1in

Sgace’Space(’u,v)' (u,v) and is the bottom stack output of the Tfollowing

machine:
The machine has registers t ,t ,...,tn,Xx ....x» and program
1. Tt = ooy X -
n 8n(v )ﬁl
2. X, ---
In-1 : 8n-1 € 1
- t, *
n 1 Rn (XI* eeexm)
n+l. t f(t,,.
0 1
n+2. halt.
Because T, e-,gn C Space(u, V) they must be bounded by iterates
\ -
of wv. That 1is there are jO..... in such that
f(x ... < v<ro>(max(X L, ...,x ) ¢ 1) V. X ... x € IN
1 > b 1 m 1 ®
g.- (x , ) < v (max(X «---- X )+ 1)
ID 1 ®
for all 1 < i f n.
And now if o - raax(ji,....,jn) our machine will be bounded by

(,Vv<Jo+Jdmax>) thus proving that ¥f(g",..=,0n>€ Spacespace(u v)*u,v”

And so, by lemma 11.3, ¥(g ,.-.,gn) 6 Space(u,Vv).
11.5 Definition: For wu,v : K 2 IN, non-decreasing with u(D,v(l) i 1
Space”(u.v) is defined to be the class of sets whose characteristic
functions are in Space(u,V).
11.6 Proposition: C Space”0.D) where 0O x ¢ 1)2 and
Hx) » x for all x c . That is to say the characteristic function of

any AQ0 set is computable by a workregisterless SRM with polynomially



1A .

bounded stack registers.
Proof: All the machines in this proof will have output in the bottom stack,
(i) Functions defined by LA-terms are in Space (L,a) -

LA-terms are built up from variables and the constants 0 and 1
using addition and multiplication.

Projection: For any m i 1 5 1, the function defined by x. 1is in

Space(1,0).- It is computed by the machine with stacks t ,t , inputs
— 0 1
xl,...,xTM and program
1. If t +t - X then A. else 2.1
0 1 i
2. t, * ot I;
0 0* "
3. If «, +t =t then 1. else _:
1 1 1
A. halt.

The bounds are obviously satisfied.
Constants: For any m z 0, the function defined by O is computed by the
machine with stack to, inputs xl,...,xm and program

1. halt.

For any m > 0, the function defined by 1 1is computed by the machine

with stack to, inputs xl,...fx and program
m
1. t =t + 1;
0 0
2. halt.

Again the bounds are satisfied in both these cases.

To conclude part (i) of this proof it suffices now, because of
proposition I1.A (whose conditions [I1t0 satisfy), to show that addition
and multiplication are in Space(”™_,D).

Addition/multiplication: The machine has stack to, inputs Xl’f and
program
1. If x, *x . then A. else 2_;
1 2 0

2. to T« t001;

3. If to . to - to then 1. else 1.;
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4. halt.

(where * is + or < as appropriate). The bounds are satisfied,

Although it is not necessary for the current proof, we remark here
that :
(if) Spacen0.D) is closed under explicit transformations. This is
because all elements of IN are represented by LA-terms (either O or
1+1+ ... +1) and Spaced ,D) contains the projection functions and is
closed under composition.
(iii) Sets defined by basic LA-formulae are in SpaceAQ.0) .

Given (i) all we require to show here is that the characteristic

functions of equality and inequality are in Spaced,Q).

For equality we have the SRM with stacks to,tl, inputs Xl'f and
program
1. If x + t X then 3. else -
1 1 2
2. t + 1;
0 0
3. halt.

For inequality (i.e. X £ x ) we have the SRM with stacks t0 ,tl,

inputs x, ,X and program

11.2 if tlo t0 =X, then 6. else 2.;
2. if tlo t0= X then 5. else 3.;
3. t1 -t + is

4. if ty* to = to then 1. else 1.;
5. NN

6. halt.

Clearly the bounds are satisfied in both cases.
Again, though it is not needed at present, we remark
of (iiil) that:
(iv) Space”~d.0) contains i. graph@ and graph(e).

(v) Space. (1,D) is closed under boolean operations.



16.

For this it suffices to know that f,g £ Spaced,0) where

i1 if x
fX) *ll (This corresponds to negation.)
1o otherwise.
and
0 if x x =20
ag(X_ X ) 2 (Conj unction.)
12 1 otherwise.

This is easily shown.
(vi) Finally we show that Space”™(1.,D) is closed under bounded quantific-
ation (1) .

Since we have negation it suffices to show closure under bounded
existential quantification.

Suppose then that f(x"....xj € Spaced,0) and Range(f) C. {0,1}

and let t(xl-.--xm) be an LA-term. We wish to show that the character-

istic function of

IV ae e XWX L xm} 7 °)
is Iin Space(l1,0).
We have already seen in (i) that t(xX"....x") e Spaced,0) and we

have the following SRMSpaceQ:I b to calculate the desired

stacks are to, tl and the inputs xl,...,x - The program
m
1. T e, xiciv xiries X =0
2. IfT t, = t(X,,.-.,x) then 5. else
1 1 m
3. t t, e 1;
1 1
4. If 0=0 then 1. else l.,
5. t. st + 1;
0 0
6. halt.

The stacks are bounded by tnax(2,T(xl,...,>[<n ) e D

io J (max(xl____x)o D for some j > 0.
m
The work-register is not used. Therefore the function is in Spaced,Q) by

lemma 11.3.
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End of proof of proposition 11.6.
1.7 Lemma : All ¢(j-functions are in Space(,U).
Proof: Suppose then that the function f(xl,...,xm) has A—IN graph A

and is polynomially bounded in its arguments. From proposition 11.6 we

know that the characteristic function of A, Xp » is in Spaced,0) (as is

0). So we can compute f using the following SRMSpaced’,a) : the stack is
inputs are X1’"*‘*Xm and the program is
1. If Ay % ,to) =0 then 4. else 2.;
2. tO - tO * i
3. If © © then 1. else 1.
4. halt.

The machine always halts because it just increases t0 until tC
f(xl,...,xm). f is bounded by 0 1 for some j and thus tO is
bounded by D J (max(xl,...,xm) + 1). Therefore T fe Spaced,D) by lemma
11.3.
End of proof of lemma 11.7.

We now move towards proving the converse of lemma I11.7.
11.8 Proposition:

If M is an SRM with work-register r, stack registers t ,...,t, and

- o] k
input registers xl,...,x and M halts on all inputs
m
then M*s program can be replaced by an equivalent one of the form
L: if r,t,x) £ A then fr == f (r,t,x); t -t ¢ 1; 1);
( ( y) o 0( y) o o D)

If (r,t,;x) g A then (@ :« fACr.t.x); ™ ™ e 1; 1);

If (r,t,x)g AN then (r :- Fhir.t.x); tk = t. ¢ 1 L);
r * fk+1(r,t,J))

where A ,LAkg AQ and F are An -functions while t and

k+1
X abbreviate to,...,t,k and xl, - X respectively. This new program

has exactly the same effects upon the registers as the old one.
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Proof : We observe of M that, at any time , its future actions are
entirely determined by the values r,t,x and the (number of the) instruct-
ion about to be executed (the configuration). So e.g. at the beginning
M*s whole run is determined by the values 0,0,x and the fact that L1
is about to be executed (the initial configuration).

Such decisions as M makes depend upon the basic LA-formulae embodied
within its type (ili) instructions.

Now in the absence of type (i) executions only the value of r and
the number of the instruction about to be executed can change. r only
changes by application of a type (ii) instruction assigning to it one of
the values i:x. Therefore, sghce r can only assume th;é ffhfie number
of values, the actions of M wup to the next type (i) execution (or up to
the execution of are always determined by the number of the instr-
uction about to be executed and the truth or falsity of a finite number of

basic formulae in the variables r,t,x (where r is the current value in

the work-register). It is similarly determined which of the values r,t,x

will be in the work-register just before this next type (i) execution (or
halt). That value is therefore a AO-function °f r,t,x.

Observe finally that if a type (i) instruction has just been executed
then we know which configuration we are in from the lowest non-zero stack
register. For this must have been the last to have been increased and
there is a unique type (i) instruction which does this.

End of proof of proposition 11.8.

Proposition 11.8 has introduced a new type of machine with registers
like an SRM but a different kind of program. Lemmas 11.10 and 11.11 will
reveal more about these machines. First however we have a fact to be used
in the proof of lemma I1t.10.

1.9 Fact: If AC Un is in A™ and f,0),....,f () are An”

functions then
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{™ : (fl(x)..-. fn(>0) £ A) £ A* .
Proof: For 1 fq i n (by the definition of a Ac-function) there is
09€ An  and an LA-term tq such that Gq defines eraph(fq) and tq
defines the polynomial bound for fq' But now let T ; T+ ... + t soT

1 n
is an LA-term and define S £ Ag by
ViHW, ,..., w f T(OlA—__AG Ai) where 4 defines A.
n n
Clearly T will define the new set as required.
11.10 Lemma: (The "looping lemma'™)
M is a machine with registers t »... X, s
9 o *tk 1
program
L: if (t.xX) £ A then =t + 1; )
Gf (€0 £ Ag « = ¥, 1;
If (t,x) £ A then (@, =t , + 1; 1)
) 1 (1 1 1);

It (@t £ then Ck+ 11 1)

where AN___._ANE A5
And during any run of M the registers t are bounded by
p() € k [Kk3
Then there is a machine M", with registers t ""’t’,\ ,X and program

1
L*: @f (tl,...,t,k,x)E A'j then (tl :it + 1; L%);

If (t ...t )£ A" then (@& =1t + 1; L"J;

If (tj...-.tk.x) 6 AC then (R tR + 1; L)
(A(')----A.I(E Aq ), which simulates M in that if, at some point in a
run of M, tl,...,t. (and x) have the same values as at some point in
a run of M then the next register out of tl,...,tk that M

increases is also the next register increased by M* (or if M halts
without changing t '"’"tk then M" just halts). Thus, if we
ignore the increases in tC that M can execute but M" cannot, M

and M® are equivalent machines. In particular the final value of



20.

(i.e. the function computed) will be the same in both cases and
furthermore M" is bounded by pX).
Proof: (i.e. derivation of the sets A",...,A")
Let f be defined by f(tl__--tR,x) =
the least number y s p&) such that (y,t ., ,tK X) € A0
[O if no such number exists.
f 1is clearly a Ag-function. And f has this meaning. Suppose M has
just increased one of tl,...,t, (or has just started). This will be
followed by a (possibly empty) sequence of increases in to. The first of

these increases is from t0 «0 to t0 m 1 for t0 must have just been

set to zero. The last increase will be to the least y such that

(y,tl____ _k,x) A0 and when (t,x) ° A0 either M is about to halt or

(t,x) is iIn at least one of Al,...,Ak. This least y must be less than

p(x) for otherwise M would increase t0 past its bound. There may

however be values of ?)? not occurring in any actual run of M, for Wh#ch

the bound does not hold. It is for this reason that f was defined as it
was. The next oft __._.. t to be increased is thus determined by which

of Al""’A'k the tuple (E(t ..tX,x),tl ..... tk,x) lies in. But now,

by fact 11.9, we can define, for 11 j i Kk,
A=A Ry Pekd X e € Ay

(The projection functions are of course Ag-functions.)
End of proof of lemma 11.10.

Lemma 11.10 provides the inductive step in the proof of proposition
11.11.
11.11 Proposition; All machines satisfying the conditions in lemma 11.10
calculate Ag-functions.
Proof; By induction on the number (k+1) of stack registers.
If k =0: The program must be of the form

L: Gf (to,x)€ A0 then (t0 > tO ¢ 1; Lil.
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The function calculated is
vy ip®d v, " AO)
and this is clearly a Ao~function.
lejzlga;qyljc Suppose that M has registers tO""’tH+L’Xi""’Xh'
Then by lemma 11.10 there is a machine M?”, satisfying the required condit-
ions and with k + 1 stack registers tO,...,tk+1 which calculates the
same function as M. By the inductive hypothesis M" calculates a Aq-
function and therefore so does M.
End of proof of proposition 11.11.
11.12 Lemma: All the functions in Space0.0) are AO-functions.
Proof: By lemma 11.8 (we omit all mention of r for it is always zero) we
may replace any SRM running in bounds (1,0) (o-bounds r polynomial bounds)
by an equivalent machine which satisfies the conditions of lemma 11.10.
And then by proposition 11.11 the function calculated must be a Ag-function.
End of proof of lemma 11.8.
11.13 Theorem: ["Bel *tyukov J
Space(l_,Q) is precisely the class of Ao~functions.

Proof: Lemma 11.7 and lemma 11.12.
End of proof of theorem 11.13.

The ensuing chapters are mostly devoted to extending this result but

the basic methods used will not really change from the ones used in this

chapter.



Chapter 111 COUNTING

In the previous chapter we were mostly concerned with the class AAN
(and the closely related class of the Ag-functions). This class of sets
of numbers underlies most of the classes under consideration here; nearly
all the others we are interested in contain it and possess its closure
properties.

This chapter introduces a new type of closure property, instances of
which can be used in defining set-classes, usually by combining one or more
of them with the Aé closure properties.

Whether or not these new definitions actually give rise to new classes
seems hard to show. But settling this question positively, in other words
showing that certain of these classes are larger than Ao (or indeed
showing that any two of them are different from each other), would show
separation of some existing classes from Aq .
Summation

Start with a set AC IN” (some mil). We have a characteristic
function x* such that

peeek
0 otherwise.
(Note: this 1is really the characteristic function of K VvsA.)

We can use this function to define others:

Alternatively

(Recall jg * (0,1,... ,x--1) )

If A is recursive so will be. Moving down below the classes of

recursive sets and functions we can ask, for a given class of sets G : If
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A€ is there a limit to how complicated o* can be?

In fact, since we start with a set (i.e. A), it seems more convenient
to consider graphic”) rather than itself. This leads to:

111.1 Definition: A class of sets £ is closed under counting if, for
all ie K, for all 1 £ 1 £m, for all AC IN", At C implies
graphic*) € C.

Now it seems that C has to be pretty weak before we can hope to find

an A (and an i) such that A€ C and graphic®) ~ C. For instance
A C linear space implies graph(o”™) € linear space
and A £ implies graph(oA>€: £ £.

However it is not known whether the same can be said for AAN . Thus
closure under counting or the lack of it presents itself as a possible
means of separating Ao from these two larger classes. (linear space is
the class of sets accepted by Turing machines running in linear space
bounds and £ ® is the Grzegorczyk class of that name. Both these classes
contain aJ*; they can, for instance, be expressed as complexity classes of
Bel "tyukov SRM®"s, which are clearly larger than Space”.0) [ Bel"tyukov ™ .)
Counting modulo k

From the function o; we can derive other, weaker notions of counting
which may also prove to be means of showing this same separation (if it
exists).

In the first place we can consider, instead of o, c* mod k for
given k (recall x mod k 1is the number j such that 0 f j i k-1 and
X = j mod k).

111.2 Definition: We say a class C is closed under counting modulo k
if for all m€ IN, for all 1 g i i m, for all AC INm,
A€ C implies graphic”™ mod k)£ C.
Graphic* mod k) is of course Ag-derivable from graphic*). (That

is to say: the latter can be derived from the former using «, f, graph(*),
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graph(>), explicit transformations, boolean operations and bounded quanti-
fication (I1).) So, in any class containing AAN and closed under the Agq
set operations, closure under counting implies closure under counting
modulo k, for all k 6 IN. Therefore linear space and are closed
under counting modulo k for all values of k.

Here we can note that in ~Paris-Wilkie it is shown that there are
two classes very similar to Ag“ and such that
() The fFirst class is not enlarged by closing under counting modulo k for
any k€ IN (this is closure under the whole family of these new closure
properties) .
(i1) The second class is enlarged by closing under counting modulo 2 (Just
one of this TfTamily of closure properties, and the simplest).

Because of the close similarity of these two classes to aJ" (they
are obtained from it by relativization) these results suggest it will be

hard to prove a result analogous to either one when we go on to consider

To date it is not known that AOQ is closed under counting modulo
k for any k€ IN. Nor is it known that Aq" 1is not closed under counting
modulo k for any k € l«.

So this idea has not yet produced separation of Afrom linear
space and (9, although it may eventually do so.

Nonetheless there are some interesting machine characterizations of
classes, close to A* and defined with the aid of closure under various
kinds of counting. Not all these kinds of counting have been introduced
yet and so we continue with some more definitions.

Counting modulo X

Let"s return to the notion of characteristic function and extend it.

Suppose that X 1is a finite set on which is defined a binary operation.

Then we consider functions from numbers to X.
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Any <chi> : INm » X will be a kind of characteristic function for it
will define a partition of INIl into |[X| subsets.

Again we can '"sum" this function <chi> to get new functions

Sigmaéchi> for each 1 s i fm
Sigmal.cm.> is defined to be
<chi>(x!..__xi-i»xi"l Xi+l.___. Xm)+
H <chi>(Xi oo XT-1"XI_2"i+i..... xm)+
O
+(<chi>(Xi.... xi-1  *Xi-H*”e”exIn)+

f<chi>(x~....xi_1,0,xi+1>.__,xm))...))
where + is the binary operation on X. If this operation is associative
we need not worry about bracketing. This defines Sigma.1™ unless
x» = 0. For given X we shall simply define Sigmalch™>( ....Xx._,»0,
Xi+l""’xm) to be some arbitrary element of X. If X possesses a
right identity, i.e. an element e such that x + e = x for all x e X,
then it is convenient to select e as this arbitrary element and we will
do this where possible.

Now we want to use this "summation™ of elements of a set - which 1is
not necessarily a set of numbers - to define a closure property applic-
able to classes of sets of numbers.

As you will see if you refer to the eventual definition of this clos-
ure property (definition 111.7), it seems sensible to require a certain
strength of a class t before we can think of whether or not it is closed
under counting modulo X.

The conditions on C are that it include - and that it be closed
under explicit transformations and boolean operations.

The useful properties that this condition ensures are proved in the
next two propositions.

111.3 Propositioni If C includes m and is closed under explicit
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transformations and boolean operations then
C. includes all finite sets of (tuples of) numbers.

Proof: Let AC INr (we do require that all tuples in a set be of the

same arity). If A is finite we can list A as
{(n%"‘“*rﬁ) >(n%,_. _,n%) I )
appropriate N, 1Ffqgf x|, 1 f m.

i«

For 1 fqf Ix], 1T j fm define

Y?] « _’[(xl,_. LX) DX * n3}.

m J
Yj£C since it is defined from - wusing an explicit transformation.
Now define Y~ m Y? for 1 f q fIX{. These sets are in
lijiro J

because they are derived from the Y? using repeated boolean operations.
To Ffinish we have
A - U Y«
ligi|X]
and so A€E£ by closure under boolean operations.
I11_F Proposition: Let t include = and be closed under explicit

transformations and boolean operations.

Let f be a function whose domain is a finite set (of g-tuples) of

numbers.

Let g ,-..,0 - INm = IN be functions taking values in the domain of
f and let graph(g )----graph(gq)€. C .

Then

graph(f(g"---..gd)) e £~
Proof: For 1 s i fq define Y1€ tT to be
HoXp e XX X e === Xmiqe P S O id m+i+; € 9raph(@-)).
Then define Z £ £ to be

UX, -...X

1 m+q+l) o T

142 Xm+q+| X m+|) £ graph(f)). (grapli(f) must be

finite and so Iin £ Dby proposition 111.3.)
Next is UeC which is given by

U-2Zn Q VY1.
Ififq
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And for all n_,...,n € Di, V(n,,...,n )E £ where
1 4 1 q
V(ni....nq) XX X)) P, N ome % ____"s>q)€ u).
Finally
graph(f(g---- g )) U V(n ,..n)

(n.,...,n ) dom(¥F)
and so is in IT, since dom(f) is"finite?

This proves 111.4. We could have abbreviated the process above by

> ---- Xm’xm+1)£ graph(f(9 ..... -q)) if and only if
\Y ((x ,---,x ,n )€graph(g )a ..- A (X -...x ,n )Egraph(g )
(nj--..n ) dom(F) 1 * * 1 n

A (n ,...,nq ,xn*l)€graph(f)}.
Propositions 111.3 and 111.4 provide a background for the following
idea of defining, as a set of tuples of numbers, the graph of a function,
which, like <chi>, has numbers as arguments but takes values in some
finite set which may not always be a subset of IN.
The idea is to code this finite set by a set of numbers.
111.5 Definition: If <chi> : X, then for $ : X K (i.e. $
is one-one)
graph”™(<chi>) =dgf graph(#»<chi>).
The point is now that
111.6 Proposition: For all finite sets X, for all m e JJ, for all
<chi> : m = Xk , for all Ol,<l=2 X it IN,
for all classes t containing « and closed under explicit transformat-
ions and boolean operations:
graph, (<chi>) iff graph  (<chi>)
b 9
1 2
Proof:
There will be a function F : Range(9 ) * K such that
>t * o
1
And so graph, (<chi>) - graph($ < <chi>)£C implies, by proposition 111.4
* 1
since f has a finite domain, that

graph(f#9 e <chi>)é" G,
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and this is just
graph($ o<chi>) = graph (<chi>).
2 *2
By symmetry we also have
graph? (<chi>)6 C implies graph (<chi>)6 C..
Proposition 111.6 tells us that we can forget about specific codings,
for if graph (<chi>)£ C for any one suitable function 1if, then the same
will be true for any other such suitable function. In the main therefore
it is possible to drop the $ part and speak of graph(<chi>) tout court.
And now we can define our closure property.
111.7 Definition: For X a finite set with binary operation, a class of
sets C- which includes - and is closed under explicit transformations
and boolean operations 1is said to be closed under counting modulo X if, for

all <chi> : * *“ %=X,

graph(<chi>)£ C implies graphfSigmail~ ~) € t.
111.8 Example: X is the group iZ”™ ={0,1....(k-1)} under addition
&k { D, If C includes = and is closed under explicit transformations

and boolean operations then,
£ is closed under counting modulo 71"
if and only if
C is closed under counting modulo (the number) k.
Proof: (i) Closure under counting modulo jZ”~ 1implies closure under

counting modulo k.

Recall definition 111.2 and suppose Ae C. Define <chi> : Km *7_
by 5 if x ,...,x)C A
<chi>(X ,...,x ) * " _
* 1 otherwise.

Clearly Af£ C implies graph(<chi>)€ C.
And then closure under counting modulo 27~ implies that, for all
11 11 m, graph(Sigma“chi>)e

But it is easilx seen that Sig;jmalcﬁi.> (xi,...,xm) is the equivalence class
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containing o;‘(xi____xir? and hence
graphic™ nod k)€ C-
(Bear in mind our convention that S'gma%chi' (X;""’X'i-l »O’XI+I )ﬁ1 )=0.)
(ii) Counting modulo k 1implies counting modulo
Suppose that <chi> : INA- and that graph(<chi>)e t". We want
to show that graphisigma;\’\. >)C C for all 1 i i fm. By the properties

of £ we have

Al_.._A-1)€ ~

where (xl.---xm)E A.J iff <chi>(xi,...,xm) for some Jj s I ( k-1.
If are the summation functions derived from A
00K~ 1)
for given 1 then graphicl mod k)....graphicl™, " mod k) C XL

and furthermore Sigmal

Leai> (X\""’Xm) is the equivalence class containing

((0)](_(X|""Xm) mod k) + ... + (o:l(k_l)(xi ..... xm) mod k)) .
Therefore since there are only finitely many possible values of
OX(Xl""’Xm) mod k, ..., aJlK"I’j'(Xi""’Xie) mod K,
graph(Sigma!c’\.>)£ C by proposition 111.4.
Because we have example 111.8 we shall, from now on, usually talk
about closure under counting modulo Z rather than modulo k.
111.9 Theorem: If C 1is a class including « and closed under explicit
transformations and boolean operations. And if X and Y are finite sets
with binary operations. Then:
(@) X =Y implies that
£* is closed under counting modulo X
if and only if
C 1is closed under counting modulo Y.
(i) YC X (so the operation on Y is just the operation on X restrict-
ed to elements of Y) implies that

JOHN RYLANUs

if t is closed under counting modulo X UNIVERSITY
LIBRARY OF

then t is closed under counting modulo Y. MANCHESTER
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(iii) C is closed under counting modulo X and £ is closed under
counting modulo Y
if and only if
C 1is closed under counting modulo X * Y.
Proof :
(@ If 6 : X =Y and <chi> : INm =Y, then $ = 6”7 “»<chi> : INm =X

and Sigmal

<Chl_>(xi,...,xm) = 6«S|gma1(xj,...,xm) for all 1 i1 1 <m, for

all (xl,...,xm) € INm. And so by proposition I111.4, since 6 (for anv
coding functions for X and Y) has a finite domain, closure under count-
ing modulo X implies closure under counting modulo Y. The result follows
by symmetry.
(if) This part is equally trivial since a function <chi>: Km »Y may
also be thought of as a function <chi*> :Vm* X and
Sigma<chi> * Sigmaichi’> for all 1 f 11 m-
(iii) This part has slightly more substance.
If nl D X*Y ® X, ié : X»Y #Y are the projection functions then
they have Tfinite domains.
And now if <chi> : m % X<Y is such that graph(<chi>) € , then by
proposition 111.4
graph(r 1»<chi>), graph(ir2*<chi>) € C.

Also (suppressing the variables x ,...,X_-,,

TP @

Sign,a“chi>(xi) m (Sigma®l.<chi>(xi)*Sigmai2.<chi>(xi))
for all 1 f i fm, for all (xl,...,x®) 6 m.

Thus by proposition 111.4, closure under counting modulo X and modulo
Y implies closure under counting modulo X * Y.

For the implication in the other direction, suppose C is closed
under counting modulo X * Y and pick some element y € Y.

If we define f : X ®X*Y by T « (X,y) then by proposition 111.3,

<chi> : H X and graph(<chi>)£ t together imply that
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graph(fe<chi>)£ C
and therefore

graph(Sigma~<ch~>)€ *C for all 1 s i sm.
Thus, again using proposition 111.3,

graph(Sigma~chi> )€ £

because Slgna% ti«Slgma_}(KC. is-

chi>

This shows counting modulo X. Counting modulo Y is obtained likewise.

Theorem 111.9 enables us to see other closure properties of a class
which we know to be closed under counting modulo some set X (with binary
operation) by looking at X as a set.

IT we restrict ourselves to the case that X 1is a group, as we do for
most of the rest of this chapter, we can obtain stronger results of this
sort.

111.10 Theorem: Let C be a class of sets of numbers including = and
closed under explicit transformations and boolean operations.

Let H and J be finite groups with J < H.

Then :

X 1s closed both under counting modulo J and under counting modulo H/J
if and only if
X is closed under counting modulo H.
Proof :
(1) Assume closure under counting modulos J and H/J.
We want to show that for all <chi> : Hm *H, graph(<chi>)c X

implies that graphCSigmalr~)~ £ for all 1 Ff i1 m

, we can write

Now, suppressing the variables X\ smem X g p Xy 000Xy

Sigma;Ch > (Xl) as <chi>(xi-1) *<%hi> (X.-2) =.. _*<chi> (1) =<chi>(0) , where
is the group operation on H. So we"re involved in multiplying a sequence
of elements of H. If we"re dealing with the multiplication of say three

elements al,za , a3 of H then there is no problem for graph(al*g *a3)
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is a finite set and we can apply proposition 111.3.

Sigmal~r.,, does not of course reduce to multiplication of any fixed
finite number of elements of H. It requires multiplication of x» such
elements. But we do know that we can perform these arbitrarily long multi-
plications for sequences of elements of J and of H/J. And here"s how we
use this ability to do the same for H itself.

Notice first of all that it is possible, in C , to tell which element

of H/J (i.e. which coset of J) Sigma;.cﬁi.> (Xl) lies in. For we can define
X : INm % H/J by x(xl,.__,xm) “ <chi>(xi,...,xm)*J (the coset containing

<chi>(x")) and by proposition 111.4 graph(<chi>)€ 'G implies graph(x)fC.
By closure under counting modulo H/J graphfSigmal)€ C and clearly

Sigma<chi>(xi)€ “

So t can tell us which element of H/J Sigma;. (Xl) lies in. The

chi>
problem comes in narrowing Sigmal(x®) to the single element
Slgma}chi.> (XI)' We achieve this as follows.

First we choose a fixed element rX from each coset x of J. (t

is convenient that the element chosen from J itself is 1id,,.) Every

element of H can be expressed as the product of an element of {rx}xcH/Z]
and an element of J. In fact for all h £ H there is a unique j £ J
such that h = r™4j < j. Thus, given <chi>, there is a function
j o= J such that
<chi>(x.) - rx(x3} = j(x.) for all Syt X V.

graph(J)£ £ because Jj 1is the composition of <chi> with a function
whose domain is finite.

Now we can rewrite Sigma;.chl_> (Xi) as
rx(xi-1D)*jxi-1)*rx(x--2),JXi"2)*-"-*rx(1)"j (1) “rx(0),j(0)*

Our aim is to work on this product until we make it into something we

know we can calculate in t i.e. something involving finite products of

elements of H and arbitrarily long products of elements of J and of
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H/J. To do this we use the fact that:

For all x,y £t H/J, for all j ( J, there is a j"€ J such that

roej*r «r_ ei".
X y Xy
This is because r_ej*r £ XV]j.
X y
In fact we can think of this as defining a function
: (H/D)*Ix(h/I) - ]
h T ,yf H/J, JE J jrr = *C(X,J,Y)-
where for X,y ] rXJ ry er (x,3,Y)
Using C we can, very loosely speaking, jump elements of J over

elements of ~rx”xcH/J" For “nstance take a product of three elements of
H. As we have already seen, the graph of such a product must in any case
be In t but the idea we use now can be extended to arbitrarily long

products. Starting with our three elements of H in the form r ~tj"j(t)

for t =0,1,2, we have

rx(2),§(2)-rx(1)*j (1) "rx(0)-J (©)
* rx(2)7J@ rx(Hx(@-7, (DO for jJ7Q = CxM,jd) .x©0))

= rx(2)x(Hx(0)"j,(2)-1, (13
for j°@ = c(x(2).31(2),x(1)x(0)))
and we have reduced the problem to multiplying a product of elements of J

by an element of H -easily obtained from a product of elements of H/J.

We can now see that in general

rx(xi-1)*jxi-1)-rx(xi-2)-j(Xi-2)*"--"rx(1)-j (1) -rx(0)-j (0)

* rx(Xi-Dxxi-2) ... x(HOx@)"j, Xi"1) -, Xi-2)-*--*j,(1)-3 .0

where for all x_l€ ¥ (for all x ,...,x. m€.*«')
I

(el TR o BN
J (xi) - CixiXj),j(x.),Sigman(xi>).

(Notice that j~"(0) * jJ(0) because Sigma™(0) - J by our convention.)

graph(j")eC by proposition 111.4 because t has a finite domain.

And so, since
i

Si%maq:l,"_> (Xi) —Sigma(x)z)

- rS'lgma)l((xi)' ]
graph(Sigma~ch.>)£. C (also by proposition 111.4),
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(ii) The implication in the other direction is very much simpler.
Assume closure under counting modulo H.
That we have closure under counting modulo J 1is a direct application
of theorem 111.9 (ii).
Suppose then that <chi> : IN™ mH/J and graph(<chi>)£ £. Define
X: Km+ H by
XX ,...1*B) r<chi>(é----x )}
where {rx}k€n/3 is as in part (i). "
graph(x)eC and if C 1is closed under counting modulo H then
graph(Sigma*)£ t1 for all 1 j i f m.
But then since
Sigma*(x.) € Sigmachi>(x.)
it is easy to see that
graph(Sigma~rcr. )€ F for all 1 i1 1 i1 m
End of proof of theorem 111.10.
Some consequences of theorem 111.10¥

Recall that a group is simple if it has no proper normal subgroups.

Recall that H is a composition series for G if
Hl = U_dG}, ~ - G. H1 *H2 8 ... «.H”™ <3HkK
and for all 1 f i 1 k-1 H1+I/H1 is simple.

Every finite group has a composition series (since it must have a
maximal normal subgroup and this will produce a factor group which is
simple).

Therefore
111.11 Corollary: If £ includes - and is closed under explicit trans-
formations and boolean operations then closure under counting modulo G, G
a Ffinite group, is equivalent to closure under counting modulo each of some
(Finite collection) of finite simple groups. (Notice that counting modulo

(id) is always possible.)
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Recall also that G 1is solvable if it has a composition series such
that, for 1 f i1 i1 k-1, H.+~/H. is abelian (and simple).

Now the finite abelian simple groups are (up to isomorphism) just the
”p, p a prime.

Thus
HI-12 Corollary: If t includes < and is closed under explicit trans-
formations and boolean operations then closure under counting modulo G, for
G a finite solvable group, is equivalent to closure under counting modulo
sz, m square-free,
Proof: Clearly, by theorems 111.9 and I111.10, counting modulo G 1is equi-
valent to counting modulo each of some collection of finite abelian simple
groups. That is: modulo 72 Y ¢4 for some primes p ,...,p , which

Pn 1 n

we may assume to be all different.

But then it can be shown that

2 X712 Xx. ..XXZ

PIPZ...1 Pi P2 Pn
and so, since plpz. is square-free, the corollary follows.
XA*
Let us now use counting to define new - or rather possibly new

classes of sets based on aJ*.
IT X 1is a set with a binary operation then
111.13 Definition: XaJ" is defined to be the smallest class C of sets
of numbers such that
(i) £- includes -, i, graph(+)> graph(*)
(ii) £. is closed under explicit transformations
(iii) C is closed under boolean operations
av) C is closed under bounded quantification (1)
(v) £+ is closed under counting modulo X.
Because XAC always satisfies the conditions of theorems 111.9 and

111.10 we have the following:
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1X1.14 Examples:
O} 2 4A* =2 4% .
This is because

{5} « {6,2} 02 ~ a {5,1,2,3}

and {0,2} 6 2 4/7{0,2}m
an 52 6AN

since {id} @8 A3 3 s3

and a2 3, S3/A
Gaii Vv o*x - 226A*

since

{idy 3 {id,(1 @)} 9 {id,(12)(34),(13)(24).(14)(23)} «A. 45,
and {id,(12)(34)} = 2 2>
{id,(12)(34),(13)(24).(14) 23)3/{id,(12)(34)} a 2,,
A4/{id,(12)(34) ,(13)(24).(14)(23)} a 2 3>
and S4/AA a Z 2.
In the chapters following we use these examples to obtain some perhaps
rather surprising results for space complexity classes of SRM"s and

similar machines.



37.

Chapter 1V Counting nodulo nn and nodulo S

Having brought out certain equivalences by concerning ourselves with
counting modulo some group, we turn our attention to the monoid (see foot-
note) nn of functions with domain and codomain n «(0,1,... ,n-1} under
the binary operation of composition.

The following theorem connects counting modulo nn and counting
modulo Sn.
1v.1 Theorem: Suppose C is a class of sets of numbers which includes
=, < and graph(suc) and is closed under explicit transformations,
boolean operations and bounded quantification (1). Then, for n j 1:

C is closed under counting modulo nn
if and only if
¢T is closed under counting modulo Sn.
Proof:
(i) Closure under counting modulo °n implies closure under counting
modulo Sn

This is trivial by theorem I111.9 for is a submonoid of nn.

(ii) Closure under counting modulo implies closure under counting
modulo nn.

This part proceeds by induction on n. The inductive step requires
the following lemmas 1V.2 and 1V.3:
1v.2 Lemma: If £ includes » and graph(suc) and is closed under
explicit transformations, boolean operations and bounded quantification
(1), then, for nil:

Closure under counting modulo nn implies closure under count-
ing modulo T "n*I\ Sn+j).

Footnote: A monoid is a semigroup with identity.
A semigroup is a set with a binary associative operation.
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(N.B. Wc can count modulo in*“n+l N. Sn because this set of functions

+1

is closed with respect to composition.)

Proof: Suppose f : (nxl) - (n{ll) but F* Sn+i . Then f cannot be one-

one because the only one-one functions in n “n+l are the permutations.
It follows that there are functions gl : (n/tl) = p and
g, g~ (n:‘;.) such that
g.g .f-*
for since f is not one-one there is some w < n such that
w # Range(f)

and we can define al by

£ 2 if z<w
9@ -1
1 2-i if v <z £n
while g can be
2
f 2 if z <v
9, @ *
2 {z+1 if v~z<n

These functions depend upon our choice of w of course, but since
there are only a finite number of functions f to consider, there are

functions a and 6 with Ffinite domains where

a ml ., \ n+i
: n+1XSn+1~" n
and e I [°+1n+lI \ Sn+1) + nn+l

and for all
B(Foa(F)»f « F.
Now if, rather than a single function, we have a sequence
fo .fl,fz....
of elements of G+1ln+1V Sn ), then for y € U we can calculate
fy—IOfy—Z. .. .of i f0
as follows:

For z i1 1 define g™ by

gz - . (F~_Bif,.,).
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Then
6y-i ' i
“(By-1)*fy-i*6<fy-2)*o(Ey-2)*fy-2 T3P0 )
a(fy-1D)#fy-iofy-:°*"-ofi’e(fo)

and so
8(f «g « oa(f Tt

y-r) y-1 Ay T
f »...»F of
y-i I o
But 91,92,93, is only a sequence of elements of n. So compos-

ing sequences of elements of nn enables us to compose sequences of elem-
ents of g1+‘n+l \S .1
n+i-
The foregoing presents the idea of the proof proper which proceeds as
follows:
Suppose then that C is a class including =, graph(suc) and closed
under explicit transformations, boolean operations, bounded quantification

(1) and counting modulo nn.

Suppose also that we have a function <chi> : INm I>Ep+‘n+l'\ Sn+K)
and that graph(<chi>)€ C-
If we suppress the variables x ,...,x. ~.x™,, WX we can write

m
Sigmanrnnr(xN) “ <chi>(x.-D)*<chi>(x"*-2)» ...°<chi>(1)o<chi>(0)
and we want to show that
graph(Sigma”~chi>)e £ .
For this we define three other functions vy, 6l and X=<
Y : m n+ln and, suppressing X ,...,x™] 1,....,x0,
Y(Xi) dei - 0(<chi>(x1)).
graph(y)C C by proposition 111,4.
If c 1is some arbitrary element of nn»l then, for 1 { 1 £ m,
en : m « nn+l is defined by
6.<x.) “y iff (Bzix.(z+l = x"A 6(<chi>(z)) m y)Jvix* « 0 Ay « ©).

As we saw likewise iIn the proof of lemma 111.4 this formula tells us that
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graph(i.)E C, for it is built up iron praph(r»"chi ), « and graph(suc),

all of which are in IT, by steps corresponding to closure properties of ¢T.

6.(x.) * 6(<chi>(xi~1)).
Finally x* : E"A % nn is defined, for 1 i i <m, by

fy(x.)e<chi>(x.)+6.(x.) if x

W 1 11 if -0
Ic 1 X.1— -

-
[N

Clearly graphiXj)€ *C .

Now for x.I t 1,

Xjix.) *= a(<chi>(xi))»<chi>(xi)»8(<chi>(xi~I))
and thus, as above with f_ ,f ,... and ,
071 9%
Sigma~ch .>(xj) = <chi>(x.-1)®. . _»<chi>(0)

6(<chi>(x - D)»x*(x -1 . . .=Xj(D*a(<chi>(0))®<chi>(0)

“ 6(<chi>(x.-1))*x.(X.-1)*. . .exi (I)»Xi (0)®a(<chi>(0))»<chi>(0)
= 6(<chi>(x*-DI7Sigmal (x.)®a(<chi>(0))*<chi>(0).
s
X~ o IN -”lnn and grapMx”")” tog(lethér imply that
graph(Sigma* _) eC>
and therefore, since we are com[))((;sing functions drawn from finite sets,
graph(SigtnaXchi>)e. £.
End of proof of lemma IV.2.
1v.3 Lemma: Given «, <, explicit transformations, boolean operations
and bounded quantification (1), for n i 2,
Closure under counting modulo Sn and closure under countin%
modulo (hn X Sn) together imply
Closure under counting modulo nn.
Proof: This lemma might at first seem trivially true, but being able to
compose sequences of elements of and sequences of elements of
nX S ) does not imply directly that we can compose mixed sequences of

n
elements of n.
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Suppose therefore that we have a class C, which includes - and i
and is closed under explicit transformations, boolean operations, bounded
quantification (1), counting modulo Sn and counting modulo \i/nn X Sn_

Suppose also that <chi> : INr m» nn and graph(<chi>)£ f. Suppress-

ing the variables x ,xn, we can write

1 TN O T R
Sigma~ch .>(x.) « <chi>(X.-D)«<chi>(xj-2)»...=<chi>(1)»<chi>(0)
and we want to show that graphfSigma}cﬁl.>)€C -
In general the sequence
<chi>(0), <chi>(l), <chi>(2),
will consist of blocks of elements of S alternating with blocks of
elements of ((n s Sn’]'
The idea of the proof is to turn each block of elements of Sn into
a block of elements of 1nn N SnJ.
To do this we use the fact that if h € Inn V. Sn3 and i Sn then:
@ j*h€£nnSSn?.
This 1Is because composition of a one-one function with a function
that isn"t must always produce a function that is not one-one.
() There is a j" € \i/nnN Sn] such that

jJ"o h - J»h.

Indeed we can define a function £ : (S. * fin X S )) » Mn N S )

n v n v n
such that, for all ji S , for all h & \g"n S 3
n n
C@g,h) = h - j =nh.

C has finite domain. As does composition of two elements of nn.

ITf we go on to consider a block jl' K of elements of Sn
composed with a single element h of fn SN), we see, by (&), that for
all 1id i fKk,

Ji-i* e e vV SJ

and so if, for 1 f i s k,

i- - =*j ")»h)
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then

which will «lso mean that
jl'?-O.__»j ]'_»h = jK>)___°j]0h.
Thus do we replace a block of elements of by a block of elements

of iInnv S 1.
n

The important point to make about the derivation of i is that it

1
X
does not depend on but only on j., (- ) and h.

Furthermore ( ) is a composition of elements of Sn.

1 * 1

We proceed more formally and systematically as follows:
For all x*€ K the sequence

<chi>(0), <chi>(1)..... <chi>(x"-1)

contains a (possibly empty) cofinal block of elements of Sn.
We alter this block using two functions: f.I and gx

Define f. - Km »K by
the largest y < x such that <chi>(y) ? Sn

1

fi(xji-.l|xm)
if <chi>(2) € Sn for all 2z < Xi'

X
r

Then graph(fI)E £ for fi(Xi xm) =y 1if and only if
(y<x™ a <chi>(y) G A Nz~ xN(y<z # <chi>(z2) £ sn))

\Y (y—x_I AV§<X.‘<chi>(z) £ Sn))
(Note: Since Sn is finite, {z : <chi>(2) £ Sn}£ £*)

Observe that fl(xl""’xm) i Xl'

Now define gl : Hm+l —»Sn by gl(>%____ 'm’)r(rﬁl) =
<£hl>(x1,...,xi_i |Xm* I’Xi*j ,...,xm) if f).((xj m) < X+ I< b
_id otherwise.
Clearly graph(g.i)££ - (f_l(x].--- xm) < X _ 1< X if and only if
Vz'x.i(2|xm,,c1 - <chi> (2) € Sn).)
Now, suppressing variables other than x. and Xm+1’

gjixn0), g-x-,1D, g-(x.,2),
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ij»jj---.id, "chi>(F.(x.)+D) ,<chi>(fi (x.)f2).... <chi -(x.-1) ,id,id, ...
fr G+l id's Block of elements of S
And Sigma™ “(Xx.,x.)
Ri 1 1
- <chi>(x.-1)*...e<chi>(Ffi (x.)+2)*<chi>(fi xi)*1)
which is the product of the block of elements of S cofinal with
<chi>(0),<chi>(1).... <chi>(x.-1)
unless <chi>(2)€ for all z < x., in which case we just get id.
Also TkTe and graph(g-.)€ C together imply that
graph(Sigma™®*1)Q C.

Ri
The two functions and T are used to obtain a further function

Suppose that <chi>(xi>C S and f2~Xj) ~ xi (i.e. there is a
y < x_I such that <chi>(y) C Sn).
If we define x*ix?) to
C(<chi>(x"), (Sigma®*1(x".xN)*<chi>(F.(x")))
then as with the Jj"s and h above
Xi<*i> * Xj(*i* D# e=-"X_ (F. (x.)«-1D)@<chi>(F.(x.))
- <chi>(xi)*<chi>Cxi-1)o...0<chi>(fi (x)"D«<chi>(Fi (xi)).
If we further define that, for x.i such that <chi>(x.i) <n S or such
that <chi>(y) € S for all y < x.,
XFiXf) - <chi>(x.),
we can see that
Sigma” “ SiRraa<chi>-
Now x~ is very nearly a function taking values only in (n'"sS ).
There is an initial segment of values of x» (those such that
<chi>(y) € Sn for all y f xl_) for which Xi(xi) « Sn , but for all other
values of Xg 0 xi—(>§.)£ \g"n\Sn,).
Before moving on to elimination of this initial segment, we had better

be satisfied that graph(x®)t C-
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Wc know that t and <« (composition oi elements of nn) have finite
domains and that graph(Sigma™*“), graph(f) and
®i
(XI""Xit? :<ch|>(x.? nS } are in C.

Furthermore f-(x.l) f x. for all x_ Tt E
i 1 X

And so x*(x™) “ vy if and only if

« <chi>(xi) *n S Vv Vz—x.i (<chi>(2) £ Sn;A <chi>(xi_) “ Y33
Y <chi>(xi)£ns A tz <x;(<chi>(2) * Sn)J
A 3zix.(F.(x.) *zA c(<chi>(x’\),(Sigmaﬁ:[_)“l(xi,x.i)»<chi>(z))) -y)j-

Thus, by the closure properties of C, graph(xi)€ fc~

0.K. then. How can we get rid of this initial segment of elements of

in the sequence

X"0), XiU). Xjo), ... ?

Well observe first of all that if <chi>(0)£ "'"n\ Sn_l, there is no
such initial segment and the problem goes awav.

We cannot in general change <chi>(0) into an element of fMn\ Sn'
and still preserve Sigma%d.",> .

But what we can do is this:

Select some strict subset A of )jm {0,1....n-1}. Then for any
J € nn there is an he 1'nN. Sn(q. such that
jra - h fa.
(af j € we take some a £ \ A and define h to be exactly as j
except that h() “ j() some b € A))

So we can change <chi>(0) into an element <chi.i>(0) of \1/'nnN Sn_l
which has the same effect when applied to A.

If for x. 1 0 we define <chi.>(x.) - <chi>(x?), then we have a

function <chi.> 2 Km 5 nn with graph(<chi.>£ f and for all x ,...

O L Xm <Chi|'>(0) ﬁ_nn’\Sn,l.
Furthermore, for all X *
. * e _ H n
Sigma¥ o (X g X ) A Slgmal'dh'i (X e X ) A.
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So if x* 1is derived from <chi.> as X. was from <chi", we have
for all x ,...,x £ IN,
1 ®

@ Sigma® (X*....xb) ra = Sigma (XJ,__.,Xm) fA

<chr>
Gn graphfSigma@V)e "C. (Because Xé : -ﬁﬁm - @n\sn).>
Select also some B p such that A U B * )j. We can derive

such that graph(Sigma'n) € C and for all x ,... x E IN
1 m

Xi
- A
S'gmiiglﬁ“"xm{ r» % Sipna<chi>(x1*""xm) B
Finally we have Sigma*chi>(x ....x") -y if and only if
H * H N _
(S|gmaék(xl.... xe) FA y Fa) A (S|grg(g€ C:f( 'Tn) fB y TB].

Therefore, since nn, A and B are finite,

graph(Sigma”~chi>)é £ .

End of proof of lemma 1V.3.
We can now conclude our proof that, under the given conditions, clos-
ure under counting modulo implies closure under counting modulo nn.
The proof is by induction on n.
n*1: S - 11 and the proposition is trivially true.

If true for n: Then, since Sn is isomomhic to a suqfrmw_of S

n+1”

closure under counting modulo sn+l implies closure under counting modulo
Sn and therefore, by the inductive hypothesis, closure under counting

modulo "n.

But now, by lemma 1V.2, we have closure under counting modulo

And this implies, by lenma 1V.3, that there is closure under counting

modulo n+“n*l since we have started by assuming closure under counting

modulo Sn+1'
End of proof of theorem 1V.1.
Theorem 1V.1 has the direct corollary that:

1v.4 Corollary:

oc

SnA" - D
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Chapter \ Space(n,D) and counting modulo §

This chapter extends the results of chapter Il connecting A* and
Space(”~.0) to all other values of n.

Recall the definition of a ¢(-function and define

Definition: The S”™Ag—functions are the functions with graph in
SnA(|)< and values bounded by a polynomial in the arguments.

The nAg-functions are defined similarly.

As another simple corollary to theorem 1V.1 we have:
V.2 Corollary: The class of S”Ag-functions is identical with the class
of nnAg-functions.

And we can prove a result analogous to fact 11.9:
V.3 Facts:
@ I1If AC Kqg,AE€ SnA* and fl()i""Xm)""'fq(xi""’xm) are
SnAQI—functions

then {(xl----xm) : (fl()i ,xdl),... ,fq( Xl ..... xm)) € A} fe SnA%"
(if) The S"MAg-functions are closed under composition.
Proof: Similar to the proof of fact 11.9.

Now we can go on to link these classes of functions with the space
complexity classes of SRM"s.
V. A Theorem:

Space(n.D) is exactly the class of SnAg—functions -

Proof: The proof is very much on the lines of chapter 11, which proved
the case n « 1.
(i) All S~Ag-functions are in  Space(n,0).

We restrict our attention at first to functions taking values in
<0,1).

Recall definition 11.5 defining Space™(u.v) as the class of sets

whose characteristic functions are in Space(u,V).
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Observing that n,D satisfy the conditions of lemma 11.3 and applying
the arguments used in the proof of proposition 11.6 we can show that
Space”™in.o. includes =, i, graph(+) and graph(-) and is closed under
explicit transformations, boolean operations and bounded quantification

an. In order to show that

it merely remains to show that Space<((n,a, is closed under counting
modulo Sn -
Suppose then that we have <chi> : XE -:lSn and that
graph(<chi>) £ Space”™in")

where $, the function encoding S takes Sn to the set (a }n 0
n it S

n
natural numbers.

We show Tfirst of all that for all 1 <i jm and j.,k <n the set

(Remember

We know that x. the characteristic function of graph(<chi>) is in
Space(n.D) and so we have the following SRM@B&E@('ﬁi D)i:

It has registers r,tO,tl m and program

begin r i
»eeerXn 3, ) =0 then r :« ri );

»eee _ 0 then r =« F (r);
2

If to i x.I then goto i.;

IfT rik then t :» t < 1; halt
1 1 ———
where {ti,...,trt],} [ ] Sn andforall 1i si n! WS isa funetion in
Space(rr.0) such that f » »s (such functions can easily be found).

The constant functions O0,j,k are also easily shown to be in Space(n.Q).
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M has program L m

Gf (r,t,x) € Y then (r » * (r.t.J); t it ¢ 15 1);
0 0 0 0
If  (r,t,x)€ Y then (r = v (r,t,x); t =« t & 1; L);
1 1 1 1
1f (r,t ,x)e vk then (r « M(r.t.J); tR S + 1; 1);
r !
where YO, ,-*,Yk™ an® N ekl are  SMAg-functions. (And ot

stands for t _,...,t. while x stands for x_,...,x .)
[¢] K i m
There is pGY € n[f] such that if M starts with inputs x then

throughout M"s run

Also, throughout any run,

r <n.
then
There 1is a machine M’ with registers r,tl____ t ’Xl""’xi) and program
L* =
I r-t_....tk*™X)” Y! then r:-*"(r,t_.... 50;t -t +1;11;
( (r.t, KX Y ( 1t t SOt -t 1ol
If r,t ,...,t , € Y then r-i*>~"(r,t ,...,t ,X):;t -t ¢l;LI;
( 1 K ) 2 (¢ 2 (¢ 1 k ) 5 2
If ----£k™)e Yk then (r:“*k(r,ti..... tk ,X) ;tk:-tk*I;Lj ;
r S *k+1(r” £]....7~.*>3
where Y],...,YK 6 SMAg* an® ¢ j*eee Jj are S”™Ag-functions, such that

M® is equivalent to M in the following sense.

For a given input xl,...,x“, the (Ffinite) sequence of increases in
t ,...,tk executed by M" and the sequence of increases in these regist-
ers executed by M will be one and the same. M of course can also exec-
ute increases Iin ™ but these are ignored in this comparison.

Furthermore if we take an element of this sequence, which is an exec-

ution performed by both machines at some point in their respective runs.
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then at the time of this execution the value of r will be the same in

both machines. Also upon halting the value of r will be the same for
both.
Proof: (i.e. derivation of V- ,Y® )}

As in the proof of lemma 11.10 we first find a function f (an
snAC-function) such that, for all r,tl---- t.k,xi,...,xm occurring in a
computation, t,tl»"'»f—k .Xl ,X ) s the least value of t such
that (r,tO----tK, Xl ..... xm)t YO

However this 1is not so straightforward as before for we really mean
the least value of t reached by repeated executions of

t N (Lt ie**1, X ,ee.,x )i t :
0( 0 m) [¢] to ¢ L

R™71
starting with t0 = 0"
and so we must take the changes iIn r into account as well.
Observe firstly that because, in computations, r 1is bounded by n
we can, 1in practice, think of ’\0 as defining a function
m+k+1 n
+ n

g - NN

where for 0 S i < n

) a,t_,...,t, ,x._....x ) 1if this iIs <n
CICHE R IO or"o X m
0 R i m _
0 otherwise.
and it is easy to see that, because ~ is an S”ig-function, g has an
S AO graph.
Suppress the variables tl____ t.R...l ..... X for the time being.
m
For all tf- , gt ) :-ji *)\ and tells us the effect of
r r,t ).
O( O)
Therefore, for all ye™*;,
Sigmar(y) - g(y-D 9(y-2) ... g 9©

tells us the effect on r of executing
r * (r,t ); t
0( O) 0

y times starting with tO “ 0, whatever the value of r we start with mav

Tt o 1;
o)
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be, as long as Vv (r,t ) <n for all t <Yy.
G O o)
ITf r =w when we start, then the value in the work-register as ¢
c
is increased to y will be

(Sigma™(y))(w) .
Thus if we start from r = w and tO =0, the lowest value of ¢

0
for which (r.tO) 4 Y0 will be the least y such that

(GSigma-()HW),y) < Y

That is to say we can define T by
f(r,tl,...,t* ,xj,...,xm) =y 1if and oan if
((((Sigmaé(y)) .y € YO/\ Vz <y ( (Sigmal%(Z)) . YO))

a (y <p(*1l---,xB)J)
V [Vz < p(XJ----xm) ((Sigma®(z))() .0 € Y Ay - 0) .
Remember that the stacks of M, 1in particular t0 , are bounded by
p(xl,...,xm). Also we may assume that Sigmaé.(O) = i_d.

Now graph(g) G SnA® implies graphfSigmag:]L)E SnA?* because SnAS"
is the same thing as '"nA* by corollary IV.A. Therefore, since the
values of Sigma® are drawn from a finite set with n! elements,
A(f'to""’tl'(’xl'“«'X“) ! ((Sigmaél.(to)) () ,t0)£ Y0}€ SnAn -

Thus, by the closure properties of snAo -

graph(f) fe s~ f

And so, because f is bounded by p(xl,...,xm), f 1is an SnAﬂ_
function.

To conclude we can, by facts V.3, find an S™M*" set Y!, for
1 £ J i1 k, such that (r.1i I t.k...1 ..... xm)€ Y!j if and only if
(Gigma*(f(r,t ,....t ")), Ff(r,t ... t..x),t ,...,t ,i)C Y.

and Yj will be the set required for M~.

Meanwhile, resuming suppression of tl""tk’x i»---#*m. define

<4 H (Sigraa®(fF (D)) ) ,f())
and for 11 j {k+l, will be the S AQ-functions we want.



52.

End of proof of lemma V.5.
Using lemma V.5 we can go on to prove the counterpart of proposition
11.11, that is that:

All machines with work-register r bounded by n, stack registers

cc----tv bounded by p(xj,..m,x ), where X g X are the inqute rggis—

ters, and program which is of the form given in lemma V.6 and has S A,
nu

conditions and assignments, compute SnAn-functions.

Finally we know, by lemma 11.8, that for any SRM running in bounds

(n,0) there is an equivalent machine of the type required for lemma V.6.

And so we conclude that all functions in Space(njl) are S AO-functions.

End of proof of theorem V.4.

Also, because (as is easily shown) all SnAO-functions taking values

in (0,1) are characteristic functions of S Ac sets, we have the simple
V.6 Corollary:

Spacex(njb) = SnAr‘{N -

Finally, because of examples 111.14 (ii) and (iii) , we have

V.7 Corollary:

Space(4™0) - Space(3,P) .

This is somewhat surprising since we have no reason to suppose e.g.

that Space(2J3) « Space0,0) or that Space (4"0) * Space(_5,D).

"JOHN RYLANP
UNIVERSITY
LIBRAKY .
MANCHESTER



52.

End of proof of lemma V.5.
Using lemma V.5 we can go on to prove the counterpart of proposition
11.11, that is that:

All machines with work-register r bounded by n, stack registers

tC," " ,tk bounded by PN -——-»xm”™» where X ..... XN are the input regis-
ters, and program which is of the form given in lemma V.6 and has SnLB
conditions and assignments, compute SnAn—functions.

Finally we know, by lemma 11.8, that for any SRX running in bounds
(n.0) there is an equivalent machine of the type required for lemma V.6.
S Ar-functions
nu

And so we conclude that all functions in Space(nJO) are

End of proof of theorem V.4.

Also, because (as is easily shown) all S~-functions taking values

in (0.1) are characteristic functions of S A* sets, we have the simple
V.6 Corollary:
Space (n,D) = SnA?' -
Finally, because of examples 111.14 (ii) and (iii), we have
V.7 Corollary:
Space(i>,D) « SpaceO.D).

This is somewhat surprising since we have no reason to suppose e.g.

that Space(2™JD) « Space0.0) or that Space(®.0) - Space(_ 5,D).

jJOHN RYLANI

UNIVERSITY
LIBRARY ;

MANCHESTER



Chapter Vi MORiI NATURAL [IDLAS OF COVNT INC

In chapter V we have succeeded in linking certain, quite natural
complexity classes of Bel"tyukov stack register machines with certain
classes of sets of numbers. But we could now be forgiven for asking
ourselves how* natural these latter classes are. There are two aspects to
this.

Firstly the notation XAcI1N which we have used does appear to have
some meaning to it. There does seem to be a connection between X and
XAO" . The relationship between two classes Xif* and YA* seems to
depend closely on the relationship between X and Y (Theorems I111.9 and
111.10). This 1is particularly true where X and Y are groups: all
inclusions G aJICZ 0 _aJ' (Gl,g groups) which are at present known
can be reduced to applications of theorems I111.9 and Il11.10. That we have
a family of classes which appears to tie in so closely with existing
mathematical objects suggests that the members of this family do indeed
possess some mathematical substance.

On the other hand, the crucial notion - that of "closure under
counting modulo X" (definition 111.7) - 1is perhaps rather strained. The
terminology suggests closure under some set operation and indeed clearly
that operation must be the derivation of graph(Sigma*™ _) from
graph(<chi>). However the connection between these two sets, considered
simply as sets rather than in terms of the functions whose graphs they are,
is so oblique that it wasn"t deemed worthwhile to define "counting modulo
X" in its own right. Furthermore the operation is not one that can be
applied to all sets of numbers. It only works for graphs of particular
kinds of function. (We could extend the operations so as to work for all
sets but this would be highly artificial.) Finally for "counting modulo X"

to be well defined we would need to tie ourselves down to a particular



function $ vith which to code X. One of the more important aspects of
"closure under counting modulo X' was that the actual coding used was
irrelevant.

Now it may be that for all appropriate sets X (or perhaps at least
for all groups) there is a set operation which applies naturally and simply
to all sets and is such that the closure of Aq" with respect to it brings
us back to XAg*. But until we know more we may consider the most interes-
ting classes XA?" to be those for which such an operation is already
known .

This is in fact the case for X = 72_n (nil).

Counting modulo

VI.1 Definition: Let AC I and suppose that

A {a0 ,al,az,.._} where a0 < al < a2 < ...
Then we define A(n) by
A {ao,an 8  ,---}

th

ie. A(n) contains every n element of A.

Before generalising V1.1 we make

VI.2 Definition: For any mil, BC 1fifm X ,...,X.,Xx.+1,._.
* N 1 1
...,xm € , B (Xi""X'I—’I’X'I+I""'Xm) is defined to be the set
x : (xI - X XXy ,...,xm)f B).

We combine definitions V1.1 and VI.2 to produce:
V1.3 Definition: For n,mi 1, AC Xm, 1 f i fm A*”"N"C Km is

defined to be the set such that for all X K

AR RARRR T B FY m
(AI.<n))|(x1 xi_l,x_I+I ____xm) - (AJ(xi____ -1“1,*x[+| ______ -m))(n).
Certainly VI.1 gives a natural set operation and 1 believe that VI.3

provides the obvious generalisation of it.

VI_.A Definition: A class C of sets of numbers is said to be closed

under *-countinp modulo n if for all mil, for all AC for all
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At C implies Ai*(n)c t.

We can’t call this "closure under counting modulo n" for we have used
up that terminology already in definition I111.2. However we now go on to
show that in most cases the two ideas are the same and therefore also, by
example 111.8, the same as 'closure under counting modulo -

VI.5 Theorem: If
C is a class of sets of numbers and is closed under explicit
transformations and boolean operations and contains =
then, for nil,
is closed under *-counting modulo n (definition VI_A)
if and only if
"C is closed under counting modulo n (definition I111.2).
Proof:
(1) Counting modulo n implies “-counting modulo n.

Suppose C is closed under counting modulo n. Let AC for some
mil. Then for all 1 i i1 £m, tz for if A is the summation
function defined near the beginning of chapter I11l, it is easy to see that

x ”"’Xm)€ A* 7N iff a i_....m) =0 mod n,
that is to say

Ai,(n) _ {(x1 xm ; (xj,...,xm,O) e graphicz mod n)}
(i) “-counting modulo n implies counting modulo n.

First we prove two lemmas.

V1.6 Lemma: Let C be closed under explicit transformations and boolean
operations and contain «. Let m,n i 1. Let AC INm. Then for all
Oij(Cn, 1iifm,

Aft implies there exists B« C such that for all Xqse-aXoq_p

Xavio % € U , for all Xq in-1,
qy;xl,...,xm) = 0 mod n iff o;(xj,...,xm) : j mod n.

Proof:
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The case J « 0O holds trivially.

For j > 0 the idea of the proof is best seen by first looking at the
case that m * 1, 1.e. A is a 1l-ary set. Necessarily i m 1.

For x 1 n-1, B 1is identical to A, that is

B n (x1 :1x in-1) = An (x1 :lx in-1).

The set {x1 : x1 5 n-1}£ £ Dbecause it is the complement of a finite set.

For B ) {x1 :1x < n-1} we replace A n {x1 :lx < n-1} by a subset
of {X» : x < n-1} of appropriate size.

In the current case oA(n—l) is a constant since A is 1l-ary and now
(xl : x1 < (q&(n—l) - ) mod n} C t will be a set of the size required.
(Recall that for X £ L, x mod n 1is the number O fy i n such that
X =y mod n.)

If we now define

B = (x1 : x1 < (oA(n-l) - J) mod n} U @ o Q(l : Xl > n-1}) C £
then for all x1 in-1,
oé(xl) = OA(Xj) - j modulo n,

and B is the set we want.

We can now move on to the general case mil.

As in the 1l-ary case, from A we derive a set B which is identical
for x™ 1 n-1 but such that
b (X - oo Xi— M Ioxi+l. ... XOL) - °A<xl,” * xi-i,n-1,xi eg>> X D) — d modn.

In the general case we have the extra problem that we must be able to
do this uniformly - 1i.e. for all (possible) values of X/™,....X._j>"+1,
e X simultaneously,

First we define Qm>1 by

« ’§9 s :va.i: Iv... VXT“wﬂy

Qm,1£ 1iT because it is derived from “ using explicit transformations and
boolean operations.

If we now look at the set



A n IN1L f C,
we see that we have isolated the part of A which we wish to leave
unchanged, 1.e. for which x. = n-1.

Observe also that

cQlrai <Xi ....... ----\)
Thus if we can replace
Anci
by
m, 1
where s - (O X" oo *i-l,n-1,xi+i"““",xm " ~ mod n>

we will have what we need for the rest of B.
However we cannot construct B directly but must proceed by cases

according to the value of O/bx i n-1 ,x. X a

i-r SR £

If for given 0O fy <n we can isolate the set

RA§1 = {(Xi"" X)) : ONX - X'i“l’n_l’x'l+l X)) = v}
then for these values of X ;....,Xe y--ogup---- - Such that
1 i~1 1+T n
A(x j""x'l“l’n_l’x'l+l““Xm) -y,

the part of B we still need is

RAy In Q& jymodim

We obtain RA’i as follows.

For 0 fw fn-2 define PA'I by

PA\K/i_ {(Xl, *Xm) . (Xii'°0>>X"i I.»"»X_H_I | ,xm) C A}~
PAN £ C by closure under explicit transformations.

You will see that (as for RAy’*) membership of P%I does not
depend on the value of X4; SO 3 Xf((xj*oo-»xlD)’\ P W*l ) if and only
V Xi((XJ----xm>e pC > =

Now for each of the 2n 1 sets zC {0,1,... ,n~1} define

pPAi . (npAi)m(n

wcZ win-2
1
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=== E1] A\ 7.8 % H
Apiiin XN ’XJT.) k rA, )} iff \lel((x ev* PV>-
Furthermore for all X _ ,...,X. _.,X. ,---.X_F N

1 -1 "1el m

- ZC %0,1.... ,n-1 }N/x.l((x],...,xh)E PI’ )]
and X ,--..,X )E PA1l1 implies
) ) 1 p

CRX g --oe X pon-boxgy oee XD = N2

It should be clear that we can now define

ra>l - u p@;x
1z]-y
Finally
B - (An i*“"~)) U(CU <RV « Q~-j) modn)t £ C
0iy<n

End of proof of lemma VI.6.
V1.7 Lemma: For n i 1, if @ is closed under explicit transformations,
boolean operations and *-counting modulo n and contains =, then for all
i>, 1 _AC»®, Isi £m O0sj{n
A€ C implies {(Xj""’xm) : OA(Xi""’Xm) Hj mod n} € C.
Proof:
Again the case Jj c O is trivial since
Lo _ _ A 0.
{(Xl""xm) : C’\(Xi""’xm) =0 mod n} = A

For j 1 1 we first derive the set B as in lemma VI.6 and then

Ux 1 S XD (xi in1)A (0){()(1" N mod n))
- {(xI n G i >2n-1) A (og(xl___ <> & © mod n)}
- Bi>(n) n %* m e where Q ui is as in the proof of VI.6

€ C.

It remains to supply the part

{(xj,...,

Now for each Z£1 (O#l1f...tm-2} and P~1 as in VI.6,

X ) - (Xl<n-1)A(oAHxi s---ax ) = § mod n)}
(X}""Xt?( P*Cl implies that for w i n-2,
oifx™ __.oxi_1w,xi4 ... .x» - 1zZn {0,1,... ,w-1}].

Therefore, if for ZC "0,1....n-2) we define
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Charter VIl Q-VACHINES

Chapter VI has established that closure under counting modulo is.

in most circumstances, the same as closure under a quite natural set

operation. Now we ask: Is there a machine characterisation of 2720 ’IN?
The answer is YES - well, at least sometimes. The proof of this forms
the substance of chapters VIl and VIII. In chapter VIl we concentrate on

the machines themselves.
To begin we must define our new machines. They are variants of the
Bel"tyukov Stack Register Machines and were devised by Jeff Paris.

Vil.1 Definition: Suppose Q = (al’g ,---,a JFC. IN .
S -

Q-SRM*s are defined in exactly the same way as ordinary SRM"s
(definition 1.13) except that type (i) instructions are replaced by
instructions of the form:

ix(r,t ,...,t,,x ,.=_,X then t_ = t, ¢ d ,
LA K1 n I I 1’
IT $4(r,t »>eent, » »eeeyx then t ty, * an;

2 ("t S n’ 1 72

type (i) = !

If $S(r0,t »o.o»tk X veee *Xm) then t = t, 4y
where Gl.tl,...,44d are open LA-formulae defining s subsets of N k+m+2
2 s

which are mutually disjoint but whose union is the whole of IN -

So a Q-SRM has a work-register r, stack registers tO---- tK and
|nPut reglsters XgsmmmsXy - Programs are of the form L1|2 "'Lpr*I where
L is stop! and L ,L..._.L each take one of the forms (i) (intned-
P+1 ——=N 12 P

iately above), (ii) or (iii) (definition 1.13).

There is at most one type (i) instruction for each stack register
t. and a type (1) instruction increasing t* also has the effect of
setting t :- 0 for all j < I.

The initial configuration has the work-register and the stack regis-

ters all zero and the values of the inputs in the input registers. The
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first instruction executed 1is Ll.

The notion of an m-ary function being calculated by a Q-SRM with m
input registers is exactly as for an ordinary S! (definition 1.14). The
value of the function always ends up in the top stack .

Vii.2 Definition: Again for wu,v : IN ® K , non-decreasing with
u(D,v(l) > 1, we can define Q-Space(u,v) by:
g - INm » IN 1is in Q-Space(u,v) just if there is a Q-SRM
which computes g such that throughout any run of the machine,
u<J>(max(xl,_...V + D for sore j >0,
and t|<v<E>tmaxéxl,___xnpoi) for all 0 (i (k, for some £0
VII.3 Bample: Let Q- (1,2,3}. Consider the {1,2,3J-SRM with stack

registers t ,ti ,t

o 5 - input registers X1%o and program

i t =t i
if 040 then 3 30|,

—t 62
373

if r>x2 then t3 :«t303;

I if r£x21hen t

if OO0 then €t -t oI

2 2
i t. *t ¢2;
2. if 040 then 5 5 ;
i t. =t -
if 040 then 5 203,
3. if rotl*x1 then 8. else
i - then t. -t +1I;
if 0-0 0 0 ;
. i then €. -t ¢ 2;
4 if 040 0 o
i t *t -
if 040 then 0 003,
5. If r ¢t =t then 6. else 4._;
2 0
6 r - t ;
0
7. If t ~ t -t then 1. else 1.;
1 1 1
8 Stop!

Here is what the machine does on input (2,1):



0 3 1
Initial contents of stacks. 0O O o o0 o0 2
Apply 1. 0O 0 0 0 2 2
Apply 2. 0 0o O 1 2 2
Apply 3. Ko effect on stacks. Goto 4. 0O o0 O 1 2 2
Apply 4. o 1 0o 1 2 2
Apply 5. Goto 6. 0 1 0 1 2 2
Apply 6. 1 1 0 1 2 2
Apply 7. Goto 1. 1 1 0 1 2 2
Apply 1. (t0 ,tl,t2 « 0) 1 0 O 0 4 2
Apply 2. 1 0 O 1 4 2
Apply 3. Goto 4. 1 0 O 1 4 2
Apply 4. 1 1 0 1 4 2
Apply 5. Goto 4. 1 1 0 1 4 2
Apply 4. 1 2 0 1 4 2
Apply 5. Goto 6. 1 2 0 1 4 2
Apply 6. 2 2 0o 1 4 2
Apply 7. Goto 1. 2 2 0 1 4 2
Apply 1. 2 0 O 0 7 2
Apply 2. 2 o 0 1 7 2
Apply 3. Goto 8. 2 0 O 1 7 2
Stop! 2 0 O 1 7 2

The output of the machine, i.e. the final contents of stack
register t3 is 7.

In fact this machine calculates the function f where

f2x o2 if x r x
fx ,x) - < 1 1 2
1 2 13X -x+¢2 if x >x .
1 2 1 2



63

(This is not a function of any particular significance.)
Furthermore, whatever the values of the imputs, this machine will
always have
r Xl < (max(xl,xz) ¢« 1
and t0 ,tl,g ,t3 < 3(max(xl,>2< ) m 1)
which means that
f r {1,2,3}-Space(id, lin)
where id 1is the identity function and 1in : X ™ 2x ¢ 1.
We can also prove a theorem, very similar to lemma 11.3, which
simplifies the task of showing a given function to be in Q-Space(u.v).

First for TJ. some class of functions we make:

Vil.4 Definition: A Q-SRfI® is a machine with work-register r, stack

registers to--.- t,k and input registers X TEEE Xm' Its program is
LL ...LL where L is Stop! and L _....L are each one of the
12 P pt+l P+i - 1 P

following types:
Type (i) *:
f1(r,t,x) » gl(r,t,x) then t. m t. ¢ a ;
[If i ) 1 1
| f f%(r,t,x) @gz(r,t,x) then tI e ti * a2;
Lif FI(rt) - g*(r.t,x) then T, tp ¢ ag;
where f%,....f%.g:ll.,....g%’\ 3" and the conditi0"5 50 defined are at all
times of application mutually exclusive and also exhaustive.
Type (i)*":
i FQretiviee,,tkoxi T @)t

where f€ p.

Type (ii)’:

where



Type <iii)":
If f(r,t,x) m g(r,t,x) then Lj else L";
where f.ge-"J, 11 j,£ f p+l.
For each stack register t, O i 1 1 k, there is either one type (i)"
instruction or one type (i)" instruction or none at all. Type (1)"/(i)*

instructions set t = 0 for all j < i even if the value of t 1is not

itself altered.

VII.5 Definition: For appropriate functions u and v, we define

Q-Space” (u,v) in the obvious way Tfollowing definitions 1.14, 11.2 and

VIL.2.
And now, Tfollowing lemma 11.3, we have

VI1.6 Theorem: Let Q be a Ffinite set of numbers and u,v be non

decreasing functions from numbers to numbers with u(l),v(l) i1 1.

If

v(x) 1 X for all x e

v i.j >0, 3k > 0. u<i>(),u<">) 1 u<k for all x C *
Vi.j >0, 0k >0, usnr>(v M(x)) «u k for all x é K
\fi >0, 3k >0, u<r>0) 4 vk O for all x f K

1€0Q

then

ﬁ_SRaceQ—Space('u,v)' (u,v) = Q-Space(u,v).

Proof : Similar to that of lemma 11.3. Showing inclusion from right to
left is trivial; the hard part is to show the opposite inclusion.

First observe that U Q implies that Q-SRM®"s are at least as power-
ful as ordinary SRM"s for type (ii)/(iii) Iinstructions are the same in both
cases and we can change a type (i) instruction

ti w t, ¢ 1;

I
into the type (i) instruction
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1 If fl o gl then 2. else 3.
g "0 Ix

3 If f3*ei then 4 else 5.

4, ted 204 1

25-3. If fly =0l 4 then 2s-2. else 2s-1;

2800 Gfs-1) e(sel) + L

Llg tp a0 then ti Xt Ly

2« If (t, -0 A(t, 0 then tq «tqt ap
Fif (-1 * 0)ALA(L (s ) *0) then t; %t

The effect of all this will be as required and:

(i) As we have seen lines 2.,4..... 2s-2. are equivalent to type (i)

Q-SRM instructions.

(ii) Since 2s-1. sets t_(s)”,...,t. 0, whenever we encounter the

block afresh tJ(s—l) t_I<:O. Therefore these registers never hold
a value greater than 1. Sow since the block only comes into play if the
old machine would definitely have been about to execute the line that has
been replaced, and this means that t* must become non-zero. Therefore
since a non-zero t. does so, these new stack registers must satisfy
whatever space bounds are in force.

Thus we have the right kind of machine running in the right space
bounds.

If 0C Q then there is in fact no problem for we can assume without
loss of generality that ag * O. It is easy to see that when the
"t.i T« t.i osa " comes to be executed then all the new stack registers are
still 0, so there is no trouble in satisfying any bounds.
End of proof of theorem VI1.6.

Notice that having 0 € Q makes very little difference at all and



therefore the Q’s that wt encounter will not include 0. The various

theorems would still hold if we added it in.

VI1.7 Corollary : For appropriate Q3 1,
Q"'SPaceQ-Space(i,0)@ V) “ Q-Space(l,0)

where 1 : x <1 and O : x -*2x*I as before.

Proof: (@ ,DI satisfy the conditions of theorem VII.6.

67.
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Chapter VIII =1.n*1 _-Sgace (1.0 __a.-l_ countinr_n-Julo Z .,
In this chapter we Rive a machine characterization of 2 for

certain numbers n, namely

Our main result (theorem VI111.16) is that the class of Z.~,L:-functions
is precisely {1,n*1 -Space(170).
This means however that 2nA|[j (and the 2 nAr—functions) are charact-

erized for other values of n as well. For by theorem 111.10

for any m having the same prime factors as n!. In other words we
characterize 2 IﬁAA for any m such that

(p prime and pm) implies (g m for all primes q i p)-
Viil.l Definition: For all nC U

, the 2 Ar-functions are the functions

with graph in 2 Ag and with values bounded by some polynomial in the

arguments.
VIH.2 Definition: For Q a finite subset of K and non-decreasing
functions u,v : > with u(D),v(l) i 1,

Q-Space™(u.v) is defined to be the class of sets whose characteristic
functions lie in Q-Space(u.v).
VI3 Facts: For all n £ .
@ If AC N some q€ V ,At ,and f f ,_._,fqgSI< * *
are 2 Ar-functions

nu

then

Ik
xm)s x.t_))t A)eZnA. .

(i) The Zz"~AQ-functions are closed under composition.
Proof: Very easy.

Now we present a result analogous to the first part of theorem V.4.
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VI, U Proposition: For all nt T,
Zn. C. {1,n+l "-Space . (1JJ]m=
Proof: Given corollary Vil.7 it is easy to shov, in the manner of propos-
itions I11.4 and 11.6, that {1,n+1}-Space(l.,D>> is closed under composition
and that {1 ,n+l J-Space* (1,D) includes =, i, graph(+) and graph(-)
and is closed under explicit transformations, boolean operations and
bounded quantification (1I).
It remains to show that {1 ,n+l}-SpaceAU,D) is closed under counting
modulo Zn =
By theorem 111.10 this is equivalent to closure under counting modulo
all of Zl, 22, ,Zn.
This in turn, as we have seen in theorem VI.5, is equivalent to closure
under “-counting modulo all of 2,3,...,n.
We show First closure under “-counting modulo n. The method used
can be extended, as we shall see later, to “-counting modulos 2,...,n-1.
VIIL.5 Lemma:
{1.n+li-Space”~0.0) 1is closed under “-counting modulo n.
Proof: Suppose that a set AC is in {1,n+l}-Spaced4U_,D). It is
best to think first how we might approach the problem of calculating A*’"
using more powerful machines than Q—-SRM"s. The obvious way is this: we
keep two running totals. The first (T?) simply counts upwards one at a
time. The second (T2) counts up until it reaches the value n-1; at the
next time T2 would ordinarily have increased, it falls back to zero and
starts again. Given inputs x~,...,*~ We work in the following fashion:
each time we increase Tl,we increase Tz Just if
.,xm) € A
is increased to Xx. (so before we have a

chance to increase T on that step): we accept if
2

X....Xx )EA A T mO,
(1 l) 2
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otherwise we reject.
A machine that worked in this fashion would accept just if
<X de Al,(n),
for at the time T1 is increased to a given value y it may easily be
seen that T4_ stores
Hz <y : (XMoo XM_,,Z,X+. £ A modulo n.

Unfortunately, so far as Q-SRM®"s are concerned, it is not possible to
store these totals as separate stacks. Either increasing T~ would set
T2 to zero or vice versa.

But perhaps we can get round this difficulty by coding and T
into a single number. After all T2 is always less than n. How about
coding <T1,T2> by

nT & T ?

1 2
Then maybe we can make a il»n+l ;-SRM{j th+i }-Space(i ,0) which

calculates the characteristic function of A*°~ 3 by holding to the
specification that:

if, at any stage of the computation, the top stack holds value T

then
i{z < [T/n] = (X;----*i-1 Al 1
The machine accepts just in case *....x) f A and the top stack at
some time holds the value nx..
A moment®s thought will show that during a run of the machine we will
want to be able to choose between increasing T by
1, n or n+l
depending on whether X ,...,XJ ,T,Xx +J,e.ex»xm)”~ A ax" on vatue °*
T mod n.
We could obviously accomplish this with a 41,n,n*I}~SRM but with a
{1,n*1 }-SR>i however it does not seem possible.

And so we abandon this particular coding but not the idea itself. It
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is possible to find a somewhat more complicated coding which can be made to

First there is a number N > n.
Secondly a set D of numbers all distinct modulo N.

Within that set D a subset E = <e (it is usually

0 €t
convenient that eO =0).

Lastly a function q : (D\E) » (I,n+l).

These must all fit together in such a way that
(M) If we start from e (@ i1 j f n-1) and to start with add 1. but from
then onward add successively q(e” + 1), qie™ ¢ 1 ¢ q(e™ ¢ 1)) and so on,
so that we hop from number to number by adding q(x) when we reach x D,
then the first number we reach outside D will be N ¢ e._.
(ii) If at the first step we add n+l to e rather than 1, and then
carry on as before according to q, then the first number we reach outside

D is N + N ¢ e if J-n-1De

Cie1 (o 0
For instance: Suppose nh m 5 let N - 50 and list D as
0 1 7 13 19 25 26 32 38 44
5 6 12 18 24 30 31 37 43 49
10 11 17 23 29 35 36 42 48 54
15 16 22 28 34 40 41 47 53 59
20 21 27 33 39 45 46 52 58 64.
Def ine ej * 5j for O fj fn-1= So E - (0,5,10,15, 20).
q 1is the function that takes us along rows, e-g- q(1) - 6,
Also q(4) - q(49) - aqG4) - qBGB9) - q6s) - 6.
Do N, D, E and q fit together in the rightway?

Well, if we start from e.g. e2 - 10, then adding 1 takes us to 11.

q(1) = 6, which brings us to 17 and thence to 23,29, 35, 36, 42, 48, 54

and finally to 60 € D. 60 - 50 ¢ 10 - N ¢ e as desired.

If on the other hand we start from e - 10 and make our Ffirst jump
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t rather than 1 then we will follow the sequence

16, 22, 28, 34, 40, 41, 47, 53, 59, 65.

Note also the case for e =20 where if we make our first jump 6 we
follow the sequence 26, 32, 38, 44, 50 = N ¢ eQ.

It isn"t hard to see that N, D, E and q do indeed work in the way
we specified.

What now will be the coding we derive from such a set up and how will
it help us construct machines?

We begin by coding pairs of elements of IN and of D. <x,d> is
coded by Nx & d. This coding is well defined because all elements of D
are distinct modulo N.

For y C IN we define y~ to be that d c D such that

y : d modulo N
and we define a(y) to be
if yi yD
[O otherwise.

So y codes <a(y), y°> for all but a few values of y such that

1 - n
Fix xl, - "Xi—l,xi*l ’

start from y = 0, and move through the natural numbers by adding q(y) to

ee X for the moment. Imagine now that we
>m

y if y%58 D\E, and if yD€ E adding 1 if (XNy:::sX_j,a(y),Xx.+]|le==
..-,xm)4 A or n*l if (x....x.X ,a(y),x.a ,...,xq-)€ A
Given the collective properties of N, D, E and q it should be
clear that if, for given w € and O f j f n-1, we ever reach
wN ¢ e.
J
then the least number 2z encountered such that a(z) “w ¢ 1 is

(w e 1)N & e

and (We 1N o e'(j* m
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This fact provides us in turn with an inductive proof that if we start

iron y * 0 * O*N + e, and proceed as specified, then for all w t K , if
- is the first number encountered such that z e« w then in fact 2z * *w,e >
i-1

v f A*” aust if this first number encountered is WN « wWN + e

where s - o&(xj,...,x.- W, X
0
and (Xtie*-»x"_j +1,0ee* n

Let"s now use this to construct a machine.

Since D is a finite set, yD and a(y) are both ¢(j-functions and
therefore, by theorem 11.13, both in Space(_l_,D) * *1>~Space (1,0 , which is
clearly a subset of {1,n+1}-SpaceO,D). Also, because {1,n+l1}-SpaceO f3)
is closed under composition, the set A defined by

A* {(x.ooox®) @ X ,.-..Xi_l,a(xi),xi+l,.._,xi € A
is in {l,n+l1}-Spaced0,D). Also the set SC D E defined by
de S iff q(d) » n+l
is a finite set and therefore iIn {1,n+1J-Space”™U.0).

Consider now the following set:

K - {(xl---- -m) : i(Xl m € A a d\éE< d s xi Tod N)) V {d\és<d = ximod N)) }*
K (1,n+1j-Spacen0 ,0) for it is obtained from A and the equivalence
relation modulo N (which is in L? ) by explicit transformations and

boolean operations. So the characteristic function (XR) of this set is in
{1,n+1}-SpaceU JO). As are the constant functions 0,1 and N, multiplic-

ation and > , the characteristic function of A.
The following is therefore an SRM{j>n+i}-SpaceO..*0” 11 haS inpUt reglst”

ers X ....X and stack registers t ,t . The program is:
1 m 0 1
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1. If aCt ) = then 4. else 4.;
th t >t e 1;
Y 1af XX(X]----xi—I,tc,xif:"' “,Xr) M1 en 0 ” 0 ’
then t =t ¢ n+l
PIF XV Xi-r, w0, Xifl” " m) * ° 0 0
3. If 0-0 then 1. else 1. ;
A. If t *_-N-X.I then 5. else 6. ;
C
5. It xA(xit.--,xm) =0 then 7. else 6.>
6. t 1;
1
7. Stop!

This machine also happens to compute the characteristic function of

Ai”(n).
First observe that if tbe DxE then line 2. will always gi>
tO T« tO ¢ q(tb): for we add 1 if B, Xgor o X541 »...,xm) * K,
ie. if tbh* s and so q(tD) = ; and we add n+l if t € S, i.e
q(tb) - n*1l.
If tb* E then we add 1 if (Xl,- mm Xi-1 %) Xi+1 ... xm}
and n+l 0T O - eg o1 aCt0) , Xi+ 1FA )

Therefore if we keep repeating line 2. we will find, as we saw above,
that (X -..,x )1 just if the first value of t encountered

such that auU”) “ xj 1is in fact N*“xi and ((Xj----Xm)€ A“ ThIS 1S

precisely the circumstance in which our machine accepts (i.e. produces
output t » 0).

Thus Ai,(n) € {l,n-H}-Spaceqa,D) by corollary VI1.7.

However before we declare this proof at an end it remains of course
to show that we can always find suitable number N, suitable sets D and
E and suitable function ¢g. We have shown this is possible for n - 5, we
must now extend this. We proceed in exactly the same way for any nil.

First for given n define a. - (-DM*1) *1 for 1 i1 11 n-1

: = “« 0. SO a ma e eeee is the same as
ind define aO 0 1 n-1
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that is to say
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For OFf x i1 2n-1
q(rn_i(x)) “ n+l
which will take rn_l,(x) to r (n ¢ xX).
It is left to the reader to convince themselves that N, D, E and ¢
will work together in the desired way.
End of proof of lemma VIII.5.
VI111.6 Lemma:
{1,n+1J-Space”il,Q) is closed under “-counting modulo m for all
1fm<n.
Proof: An examination of the proof of lemma VI111.5 should convince the
reader that in order to show closure for a given m it suffices to find a

number N* >n, aset D°C IN such that k7] - n~’ and all the elements

of D* are distinct modulo N", a subset E" - {eO\ ,e;l} 1} of D* and
a function g’ : (D""-E") - {lI,n+l}, which four work together in such a
way that

@ If, for 0 fj fm-1, we start from e and first add 1 and there-
after add q"(xX) whenever we reach x ( D" then the first number reached
outside D’ is N° e e”.
(ii) If we do the same but add n+l at the beginning instead of 1, we
eventually reach N & e(+l) m-
Well in fact given N, D, E and g which work for n it is not too
difficult to derive N", D", E*, q° working for m.
For j f K define
D:] - X X -]JN) € D).
(In this proof N, D, E and q will be as in the proof of lemma VII1.5.)
For m < n define
N M (n-m+D)N
p- m DubDwu ...ubD

and E* by e -e ..... e”



77.

Finally define q° as follows:
On D =D it is exactly the same as (.

For Dj, 1 ! j i n-m.

| ad -iv) if (d - jN)« D\E
Q@ = 11 if d- jJN)FE~ {em+j.
[ nt1 if d-JN) -e ™ .
And now

(1) Consider what happens if we start at ej =
and then move through D* according to q-.

On D q" is the same as g, so the first number we reach outside

0
D will be N+ e.. Since j £ m-1, q"(N+e.) =1 and we now move through
0 J J
D exactly as we did through D , eventually reaching 2N + e.. Proceed-
1 0 J
ing in this way we eventually reach (n-m+I)N ¢ “ N" & eJ as desired,

(i) So what happens when we add n+l vrather than 1 when we start from

e"=e 9 Take the case 0 s j i m-2 Tfirst. Again, because q° 1is the

J i’

samne as q for D we eventually reach N + e. and now as we have
0 J

already seen this will lead in the end to N* + e™+1 - N’ + e™+j as desir-

ed.

This leaves the case Jj *m — 1 to deal with. This time after leav

ing D we arrive at N + e
0 .

- * e and so
Now then N en N e, rat1-1

9'(N . em) * n+l.
Thereafter in D , q° behaves like q behaves on D. Therefore we will
eventually reach 2N + e . Once again
q (2N ¢ en,) - "+l
and the process continues through — _._... eventually leading to
(h-m+DN + e(m+n—m) od n (n-ro+thDN + eO - N o e;) as desired.

End of proof of lemma VIII._6.

Lemmas VIII.5 and VII1.6 are all that remained to be shown to prove
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proposition VII._A.
End of proof of proposition VII_4.

Proposition VII1.4 corresponds to the first part of theoreir. Y.4. Now
we have results akin to those in, or used in, the second part of that
theorem.

We TFirst consider some subaonoids of nn and derive some results like
those of chapter IV.

VIIL.7 Definition: Rn is defined to be the subset of nn comprising
those functions f : n ¥ jj such that for all Oi1 1Sn

f(i*l) z f(i) ¢ 1 modulo n
and f(0) = f(n-1) ¢ 1 modulo n.

We can think of such functions as rotations of an n-pon, so in fact
Rn a Zn'

VI11.8 D_e_f_i_n_i_t_i_o_n_: Tn is defined to be the smallest subnonoid of nn
containing the non-decreasing functions (i.e. functions f : A< 1 such
that for all O f i,Jj fn, 11 J implies f(@i) 1 f@)) and Rn>

The functions in Tn can be thought of as cyclically increasing,

That is: if we start from f(0) and move to f(l1), f(2) etc. by moving

clockwise around the circle

then although we may in time come back to f(0) we never go beyond it for
a second time.
For instance if n * 5 then the function Ff such that
f(0) -3, f(I) - 4, f(@ w4, f(3) mo, f(4) - 3
is in Tt.

We now have a result very similar to lenma IV.3 but with Tn rather
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than nn and Rn instead of Sn.

VIII.9 Lemma: Given =, <, explicit transformations, boolean operations
and bounded quantification (1), for n I 2 closure under counting modulo
Rn and closure under counting modulo (Tn\ Rn) together imply closure
under counting modulo T .

Proof: After observing that (T "R") 1is indeed closed under composition
and that Rn is precisely the submonoid of one-one functions of T='>’ the
proof of lemma IV.3 carries over directly to the present theorem.

This is followed, not surprisingly, by an analogue of lemma IV.2.
VII1.10 Lemma: Given =, graph(sue), explicit transformations, boolean
operations and bounded quantification (1), for nil closure under
counting modulo implies closure under counting modulo (Tn+, \Rn+i>_
Proof: Again very much the same as for lemma 1V.2. If we observe that the
functions g : (n+tl) M@jj and g : I w (n+tl) defined in that earlier
proof are non-decreasing then all we need to know for that proof to carry
over is that for any such g and g and any FT&€ Tn+l1l>

*V

It suffices to know that this holds in two special cases:

(i) For non-decreasing functions f of ‘n+1l (this is easy to see).
(ii) For any element f of Rn+. (and again a moment’s consideration
should convince the reader that this is so0).

The proof of lemna 1V.2 can now be applied with Tn substituted for
nn and Rn for Sn throughout,

We can now prove that:

VII1.11 Lemma: Given -, <, graph(suc), explicit transformations,
boolean operations and bounded quantification (1), for nil closure
under counting modulo ZzZ~, implies closure under counting modulo Tn>
Proof: By induction on n.

n « 1 1is trivial.



If true for n then closure under counting modulo implies closure
under counting modulo 27, and under counting modulo From the
first ve deduce, via the inductive hypothesis, closure under counting
modulo T and from the second, since “n+- *“ 2n+.,closure under count-
ing modulo n+e

Then by lemma VII1.10 ve deduce closure under counting modulo
(Tn+1\ Rn+i ) and from there, using lemma VII1.9 we deduce closure under

counting modulo Tn*l' Q.E.D.

This is vhat we need to show:
VII1.12 Proposition:

All elements of {1 ,n+1}-Space(1,D) are Zn ,A"-functions.
Proof: (Which is like that of lemma 11.8.)
Step 1. If f £ {l,n+l1}-SpaceU,0) then there is a {1,n+1}-SRM,
computing f whose work register is always zero and whose stack registers
are strictly bounded by

P(max(xl,...,xm) L))

where p£ *1lxj and x ,...,xm are the input values (f is an m-ary
function).

In exactly the same way as with lemma 11.8 we can find a machine with
the same registers and still calculating f but with program L of the
form

then t s t ¢ 1
If (t,x)E «0 0 0 )

(if (t,x)Ee_ then ( - D
\ 0 i then t = t ¢ n+l
LI CRDO TN o o
then t = t ¢ i
If € G then E0F 41 1 L *1);
(€. ( If (t,x)4i then t St <n+l
’ 1 1 1

IT (t.X)E « then tk ;b t, * i

o LIE D),

If (t,x)€0k then ( I 0 4o then * e " ]

where e ....,0. « a? While £ acc are the original
0 K
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conditions in the type (i) instructions of the <1,n+l1)-SRM computing T.

(And t represents tO,...,t,k while y. represents X4 B.) There is

effectively no work-register to worry about.
Step 2. (Which is like lemma V.6 or lemma 11.10.)

Programs of the form just given, with G ,...,G. 4 £ 2 ,
K0 K n*

can be replaced by similar prop.rans which calculate the same function in
the same bounds and still have conditions but ones where t is
not mentioned.

Because setting t m t. ¢ 1 or t™ + n+tl means setting t =0

for all j < i, this again comes down to showing that a function F

defined in a certain way is a Z ,i(j-function. To define f we first

k+m+1
need a set F C IN m

For given t sos erCK X - Xm

O) ©,t_ ‘,Ck,Xi**..»@ £ rg*

1 -
(i) (y,tl . l,...,Xm) € FO implies
»t ceea 5X e
Gt g v - 7 e Fo if O * o)
otherwise.

(y+n+l ’tA---. tk,Xi... .. Xm) e FO

Gii) F contains no elements other than those given by (i) and (ii) .
n

Clearly F is the set of values which appear in to if we simply
0
keep on repeating the operation
Tlf (t, i) e t0 then tO too 1
T'If (t.xX) 4 4 then t t e n+l
o] o] o]

* H H To see this
It can be shown that 0€ Z_n‘Ac implies Fu£ Zn ,AO

we make:
- m+k+1 ee
VII1.13 Definition: For *C * detine
Gn+l . j.m+k+1 ,, n+In4l by;
*
If g-t. ... tk,x...... Xrof V and Os j fn then
(C"N<g.t, ... tk,xi ... XB>>()

is the element of (0,1....n) equivalent modulo n+l +to the first number
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18* 4, 19£ 4, 20 * «, 21 + i, 22 £ 4, 23 f 4.

Then G~(3) 16 as follows (from here on we won"t usually bother to
write in the sub- and superscripts):

For (@G@) @O we start at 3(n+tl) 0 - 18. We must then add
n*l « 6 since 18 4 4. This brings us to 24. 24 > 6*4 and now
24 r 0 mod 6 implies (G(3))(0) “ O.

For (G(3))(A) we start at 19. We then add 1 since 19c 4. This
brings us to 20 to which we add 6 bringing us to 26 > 6-4. 26 H 2 mod 6
and so (G3))() - 2. This also shows that (G(3))(2) « 2.

Continuing iIn this fashion we find that

GGHB -3
and GGHG® - CEHG) - o.

Diagrammatically G(3) is the function

As we shall see later, not all elements of n+ln+l can be obtained

n+l .

in such a way. However for the moment let us connect Gt ana
(a) 4 « 2 ,&? implies graph(GﬁZ ,AO -
on .
This 1is easy to see since (suppressing the variables t, ..., tfc,Xj,---

.,X ) membership of graph(G) can be deduced from the truth or falsity of
m

the propositions



(nth)g t fO, ((n+tl)g ¢ D ( i0 ((ntl)g en) f <0
() graph(Sipma*.) C zn*fir implies F € Z~N_Ar ".
This follows because (suppressing tl'""thl’"”X@) , for all
qf >, for all O i j 1 n+1,

(nthg ¢ J€ F implies (1 (q+1) + (DA € F.

or in other words, for all t0€ N, t € F0 implies
(n+DPt /n+l 1 ¢ 1) ¢ (6Pt /n+l ))(t mod n+l) € F
* -0 ~ w O 0 o
This means, since Of FO, that
n+tl + (G(0))(O) € F

and hence

2(n+1) + (G(1)*G(0))(O) € FO,

and in fact for all q € Is

q(n+1) + (G(g-1)»...»C0))(0) € F ,

o

q(n+l) + (Signag(q))(©) € F
But now we can tell whether t0€ F0 from the value of
X - I’thnH_l (n+l) o (Sigma’<:r(PtO/n+lj))(O)
and the truth or falsity of
X« « , (Xx+ti)e tr, .... <tc-) C
ar tO = x then of course toﬁe F o and gf t < x then it should be
clear that t0 € FO.)
Thus membership of F is ¢O-derivable from graph(Sigma®). There-
fore graph(Sigma®.) € zn*~c" implies F*'€ zn;A* .
We would now like to show that
graph(G) € implies grapb(Sigma™) € 2n,A0 =
To do this we consider the set Tn of all elements of n+°n+l that
can ever be values of a function defined as in definition VII1.13. By our

example earlier we know for instance that the function f defined by

f(0) - f@) - fG) -0, f) - f@ -2, TG =3



is an element of T~

IT we can show, for all n 6 K , that closure under counting modulo

Z , implies closure under counting modulo T then we will have proved
n n

that graph(G) € implies graph(Sigma®) € as desired.
Sow, for n 1 1, Tn is always a strict subset of n+*n+l. In partic-
ular the only one-one function in is the identity function 1id. Why

is this? Well suppose, for some O { j in, that
((h—»>Dg ¢ j,t ,...,tk , X ,e*eexm)€ i .

(M If j <n this means that (if the other registers hold t t X o,
*a,x ) t would jump from (n+l)q + j to (n+l)q + j+1, and then, since
" it o
Jj+l $n we will have (suppressing tj»-oo»t, X an ..b(u,)
G@HXA@> - GW@WHa+b
and so G(g) is not one-one.
(ii) On the other hand if j =n ‘then t0 jumps from (n+l)gq ¢ n to
(n*1)(g+1). This forces (n+D)q t CO for (n+l)q * tO implies that
GCG@HO® = 0 - G@DHXM).
But now since O < n having (n*l)gf *c brings us back to case (i)
and G(gq) can"t have been one-oneafter all.
Sow let r* * {ye r zy 1is not one-one} =r ~{id}.
n n
Then we have a rather simpler version of lemmas IV.3 and VII11.9 which
says that:
VIII.1l« Lemma: Given explicit transformations, boolean operations
and bounded quantification (I)*
Closure under counting modulo f* implies closure under counting
modulo T e
n
Proof: Let G : *“ & Tn and assume, TOr given i that:
Case one: For all xj+)<""xr[)£ K

C(x " X 4 Hd-

H = such that
Next observe that for all Y £ * there is a Y € "n
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because y f T* implies there is a least 0 < j { n such that j t Range(y)-
Now define 1 to be the function C(0) that would be produced by
0* «, 1* 5__.__. J-If «, JF *, J +U«

Tnis pives a function that is the same as the identity function except that

>@) * J*
But now if y* = G(x se e Xapr Y Xy ,...,xE) where u is
the greatest number less than x. such that G(X™,...,X._J,p,X-+", ... X"
m
is not 1id then we can define G =: IN " % T* by
fFG(X ,...,X if G(x,,®**,x ) "~ id
- J (¢ 1 «) 1 m -
G"(x xm) )
1 A otherwise

and we will have
Sigma* « Sigma*,.
Clearly also graph(G®) 1is derivable from graph(G) using explicit
transformations, boolean operations and bounded quantification (1) and we

have our result. Notice we don"t need to assume any counting properties.

Case two: For some X ,..esx™_1,xIMNi’*** Xm€ ~

e XE-0,0,xE+07" Xm) <

This case may be reduced to case one in the same way that we dealt with
initial segments of elements of Sn in the proof of lema It.3.
End of proof of lemma VIII.14.

We also have:
VII1.15 Lemma: Given graph(suc), explicit transformations, boolean
operations and bounded quantification (1), closure under counting modulo
Tp implies closure under counting modulo F*.
Proof: (Similar to the proofs of lemmas 1V.2 and VII11.10.)

We define

o : (+ln*I1~ Sj - "+1n

e : @*ln*l\snll"nn*l
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in lenn 1V.2, not ;c_ ’ n«l >1i n - Nov. for all f in
h*l ~ Sl> - " an: - a r - - functions. 1T W
show that for all non-decrcasing functions p : (n*I) - p and
g p » (m») and for all >C 73 ,

then

Cast

Case

Fe>C € T'|1
the proof of leroa IV.2 can be applied to prove the current leroa.
We prove this as follows:
one: > is non-decreasing.
Then g .->.g is non-decreasing and thus in by definition VIII_8.
two: % 1is not non-decreasing.

The only tine this happens is when ((n*1)q ¢ n)£ 4 giving rise to a

function > such that y(n) - O. In this case it will be seen that if w

is the least 0 < j £n such that, for all j f i1 £n (((n+l)g ¢ © £ i

then
O)
(i)

what

y mél : 0 f L <u} is anon-decreasing function and
for _ i1 1 tn, yd *O0.
Recall now the interpretation following definition VII1.8 and think

g . meg does to the circle
2 2

We see that when we apply 92 (i.e. replace each value around the

circle by g applied to that value) it changes to.
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And now:
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non-decreasing values
fror i0,...,n along

the arrow.

nor—decreasing along the

arrow, elsewhere zero.

non-decreasing along

the arrow.

we can now move on to define f



present no reason to suppose



class of functions computed (fror when Q - 1 ). But for Q * 1,2 we

just pet back to the ¢"-functions.



Charter IX el_j.n*! -Space (1.0 and oount, inr module ?

To conclude our dealings with Q-SR-M"s we show that as well as charact-
erizing classes for which a complexity characterization had not previously
been provided, they can also be used for classes we have already dealt
with. Namely the classes.

Our main result (IX.4) follows in much the same way as, or rather
builds on the methods of, the results of chapter VIII.

We make use of corollary V.2 that the class of SnAO-functions is the
same as the class of nnAj-functions.

IX.1 Lemma: For n i 2
SnbTM 9 {1,2,n*1}-Space (1,0).
Proof: After all we have done before it is easy to see that
{1,2,n+1}-SpaceA (1 ,D)
contains *, £, graph(e)» graph(*) and is closed under explicit transform-
ations, boolean operations and bounded quantification (II).

It remains to show that it is closed under counting modulo S*. We
have a somewhat circuitous route to follow before we achieve this.

Think back to the proof of lenma VII1.5 and our block of numbers D.
We described two ways of moving through D, that is: two sets of paths

through D, and these can be represented by the two diagrams:

e — —————- N +
0
e — —————— S e
i -
. *
e N+ 1 n-1
As before define . <X I (X - N-i) « D). Think now of the value in

stack t of the machine in lemma VIII1.5 and imagine the blocks
0

D, D»D t ac*
0 1 2
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stretching off to iInfinity.

As tO enters each new block the machine, in effect, decides, depcnd-

inp on a(to)'s being in A, whether we follow diapram 1. or diapram 2.
If a(tO) A we Tollow diapram 1.
If a(tO)C A we follow diapram 2.

(As before a(tO) is the number 1 such that tOE Dj')

The decision is effected by adding either 1 or n+l1 to the value of
t0 when it hanpens that tO is congruent to an element of E. The rest of
the time the amount to be added (i.e. q(tO)) is determined purely by the
value of t0 mod N.

Clearly we can think of diagrams 1. and 2. as elements of n,
that is: functions with domain and codomain n.

Diagram 1. is the identity function id.

Diagram 2. 1is a particular rotation of an n-gon, call it twist. So
twist(@0) = 1, twist(l) =2, __... twist(h-1) - O.

At the beginning of a calculation we start off at t “ 0 = e and an

alternative view is that as tO moves through D0 it calculates twist(0)

or 1d() according as O ,....* j<0,Xitlecee e A or not*
As t moves through D it again applies twist or 1id according
0 1
as ceeo XE-0, 1 xi*bhoo oL Xm) e A or not-
And so on.

In fact if we define a function F : B’

id if O~F.
F(x el ) *
1 m twist if (X,

then the effect of t0 starting from e, ” 0

v = LDX.-D
is (suppressing Xl,... Xirxii .V to c

F-D)FX-=2))(--- E DHUF 00D

i.e. (sigmajLix -... .x™)) (0) .
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It should be clear that Sipma’;,(xi m) ( nn rust be a rotation
and that therefore Sigmai(x] e ,xm) is determined bv
Sipna*. (X .-... - xM) (0). In a sense then, the major task of the machine

constructed in lemma VIII1.5 is to calculate the "summation™ of a particular
function taking values iIn nn.

Indeed we can start from any function F : IKn *% {id.twist) such that
graph(F) € {1 ,n+lJ-Space”Cl ,a) . By the properties of {1 ,n+l J-Space~("0)
given at the beginning of lemma VII1.5 (properties that hold indeed for
nearly any sensible complexity class) we have A € {1,n+1J-Space”Q”Q)
where

X ,.-.,x )@ A iff F(X,,---,Xx ) = twist.
1 m m -

1

The machine constructed in lemma VII1.5 around this particular set A
can easily be modified so as to output Sigma!_(xj,...,xm). (Recall that
nn can be coded by a finite set of numbers.)

Now F 1is rather restricted above but we can extend our result. F
need not take values only in {id,twist} but can be any function with
domain INm and codomain Rn (recall definition VIII.7: Rn is the group
of rotations of an n-gon). This is hardly surprising since R» £27~ and
closure under counting modulo 27 is precisely what lemma VIII.5 proved,
but let"s see how the machines themselves can cope with this.

Observe that any element of Rn is equal to the composition of exactly

n-1 elements of {id.twist). That Iis:

R = {r_d"”"'“1 ] i_dm'=2<<t_vv_i_§t ..... idcwist "2 twist "
Now define
5 def. Dou ch”‘...oDn 9°
and 5 def. {xX : x - y(n-I)N)€ 5).
And we have two ¢O-Ffunctions a and b defined by
ax) w vy iff X €D (- o if no such  exists)

b)) - y iff x C Dy (- 0 if no such y exists)
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- H * H
For G : INr l"Fn ve can calculate vSlgmaG(X] m.) © if wt c*

find a machine with stack tO whose values move through blocks

5,5,5,
1 2 3
as follows:
For X ommea X £ , G(x 1""’XTM) idd twistll * 4 for some j i n-1.
The correct path through 5 is then produced by n-I-j twist " s in
i
blocks DX’DX’\I X+n-z—j - (where X « (n—l))g.), followed by j id"s
in blocks DX+n—I’—j DX'+n-2

Where there is a difference between the value that has to be added to

tO in order to produce an id and that which produces a twist, the

decision as to which to add rests in the first place on the value of b(tO),

or rather of G(x2 ..... x.l_l,b(t0 )’Xl"l xh). This will tell us the
general strategy for F. ,, I.e. how many id"s and how many twist"s.
g "
When we know what 5, , should be, a(t ), or rather a(t rood n-1  will
b (03 > ty

tell us whether we should currently be following an 1id path or a twist
path. In other cases the choice of the amount to be added to tO depends
purely on t0 mod N.

If graph(G)€ {1,n+1J-Space”(1,0) this decision - which is a choice
between adding 1 to the value of tO or adding n+l - can be expressed
as a type (i)’ instruction of an SRM{;fn+i}-Space ., * In this way WC
can define a machine with a register t0 which, as it increases, (almost)
codes the pair

<b(t™), (Sigma*(xX™.... X._J,b@@),x.+1,....xM)1(0)>.

From here an SRM{}>n+1 }.Space(i>0) calculates the character-
istic function of graph(Sigma*) is easily derivable.

We have just shown that {1,n+1J-Space™(1 _<P) is closed under counting
modulo Rn. i.e. modulo Zn. So we have an alternative proof of lemma
VIIL.5.

We can now go on to generalise this method, but first there is just



one point to make.

In the case above it happens that Sigma?G;(xi,...,xm) is immediately
determined by Sigmaa(j( ,...,xm) (0). Even had this not been the case it
should however be clear that if the method works to calculate
Sigma(i;(x i')r(n )L (©) for a given function G : IN™ o nn, then it will

also work to calculate

\1/‘S|gm%j(xi ,...,xm))(J) for all O i1 j f n-1.
Rather than starting from to - eo = 0 we can arrange our (i)"
instruction so as to set to « e‘.J before it does anvthing else (this is

easy to do) and the resultant machine will calculate

(Sigmag(x ,-.-.x )DWD-

IT we have machines calculating (sigma™Cx ,....x"))(Q) for all
O f j fn-1 then we will usually be able to construct one calculating the
characteristic function of graph(Sigma*).

Having made that point, 1 will now say that my aim is to convince the
reader that once those sets of paths, those elements of n, id and twist
had been found, the problem was as good as solved. {1,n+1}-SpaceAO ,a)
was closed under counting modulo Rn jJust because Rn is the submonoid
of nn consisting of products (compositions) of a fixed length (n-1) of
these two functions. (This is the same as saying that Rfl 1is the sub-
monoid generated by twist.) This closure did not depend on any Tfurther
properties of R”, such as the fact that for G f Rn> G(0) determines G.

Indeed so confident am 1 of all this being obvious to the reader that
1 will now state a theorem without any further proof.

We generalise the idea of N, D, E and g a little first.

Let Q be a finite set of numbers.

Let D be a set of numbers distinct modulo N, some N > n, and let

E - (%____err]]_I)(; D.

Let q : D »Q be such that, for all O i j f n-1, if we start at e
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and jump according to q ve will first move outside D in jumping to
N * for some O i 1 fn-1. Such a q corresponds to an element of

nn. q corresponds to f £ nn if the path from e" leads to N ¢ ex»(i)

IX.2 Theorem: For @ 3

It q I .eee*_(C :Dm
- n -
£ 'n and id € {f ,....,F
Tl oreee s id € { 1 S}
then Q-Space”n0 ,D) is closed under counting modulo (the
submomoid of nn generated by fl____ ).
S
Example :

Returning to Q » {l,n+tl} and D as in VIIl1.5, this means that if we
could find a third appropriate set of paths through D then we could
perhaps extend the closure properties of {1 ,n+1}-Spaced(l_,D).

For instance, there is the following rule - «call it merge. merge
is defined by:

For de E, merge follows the path given by our original q.

For e ....e , merge decrees a jump of size 1 (the same as id).

1 -1

For e merge decrees a jump of size n+l (like twist).
0

The merge diagram is

"n-1 Mo
Now the submonoid of nn (generated by id, twist and merge is in
fact Tn (definition VII1.8). Thus {1 ,xl1J-Space”~0 .0) 1is closed under
counting modulo T~
Also, because under the usual conditions counting modulo T~ implies
countinglg> modulo Tn ) (simulate twist on n-1 elements by merge-twist

on n, merge by twist«merge»twist and id by merge), it is not hard
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to show, by induction on n, that under the usual conditions closure under

counting modulo Tn implies closure under counting modulo Zn

This proves lemma Vili.6 for the second time.

Nothing new yet then; but wait a bit. IT we allow ourselves jumps o:
2 as well as 1 and n+l we can derive a fourth function switch
For d € D\ E, switch Tfollows the path given by g-

For e2____ en—l’ , switch follows the path of id or merge.

For eO, switch decrees a jump of size n+l.

For e , switch decrees a jump of size 2.

This means that switch takes eo to eO + n+tl = e1 ¢ 1 according to
our definition of E and from here q proceeds to N + e Meanwhile el
goes to e + 2 « e _ + n+2 e0+1 + n+l e0+1 * q(e0+1) , s0 q will

now bring us to N e . The diagram for switch is:
0

S .

as

now

It is not hard to see that 1ij, twist and switch together generate

For, using the usual notation for permutations, we can write twist

(12...n) and switch as (12). id of course is the identity. And

it can be shown that (12) and (12...n) together generate the whole

of Sn. It is well-known that Sn is generated by transpositions and that

therefore (12), (13), .... (In) generate Sn since, for general i.J,

aapn = A dapdi) -

But for all 1 { i ( n-1

G @(+1)) - (@2...n)i_ 1(12)(12...n)n"17

and so for 2 i j f n

an - aAE3)-..EC-D 1) ---@CHA)
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is expressible as a product of (12) and (12...n) and these two there-
fore generate all of S~

This means by theorem I1X.2 that {1,2,n+l1}-SpaceA0,0) is closed
under counting modulo SA.

Observe too that 1id, twist, merge and switch together generate all
of n.

End of proof of lemma IX. 1.

Our next result is that:

1X.3 Lemma: For all n > 2,
all elements of {1,2,n+1}-Space(I™n) are nnAO-functions.
Proof: (This is much the same as the proof of proposition VIII1.12.)

Again at step 1. we show we can calculate our given function using a
machine whose program is really just a single line which is repeated over
and over again.

At step 3. we prove that all such machines calculate '"nAg-functions.

Step 3. uses step 2. which depends on the fact that for a function
G : INm+k+1 -m n+1ln+l defined in a particular way, graph(Sigma”®) € "nA?* .

In the current case G will be defined by:

For 9»t].... tk,X].-... xmCK?* ° £~ EK™*

@G(q,t:I t’K_’X]" -- X, ))J) is the element of {0,1..... n-1} which
is congruent modulo n+l1l to the least number 7T (n+1)(g+l) reached by
starting from t = (n+l)q + j and repeating

if O(tO,...,tI.(,xl xm) then tO = tO +1;
if $’(‘)(t0,»*"|t.*,xl ,x®) then tO e tO +2;
if iyO\(tOf...» « 1t--- o then tO I« tO + n+l;

where $1’ *9 are open LA-formulae defining subsets of INm+k 1 which
0 0" o

are disjoint and exhaustive.

Call the set of values (the values of G are elements of n+1)

definable iIn this way L~



If we can show that for all G : IN" * “ w1 , graph(C) ( nnAf*
implies
praph(Sipnai.) £ nn0Q

then the proof of proposition VII.12 carries over more or less directly to
the present case.

It suffices therefore to show that, under the usual conditions, closure
under counting modulo nn implies closure under counting modulo L~.

Observe then that (suppressing the variables t ,...,t, ,Xx ,...,xm) the

K™ 1
only one-one function G(gq) derivable in the way given, i.e. the only one-

one element of Ln*’ is the identity function. This arises when for all
ofjfk,

$g((n+l)q + j,tl---- tk,xl,...,xm),
in which case tO jumps directly from (n+l)g + j to +D(g+l) + j.
In no other circumstances is G(q) one-one, for suppose:
Case one: For some O s j s n 00'((n+Dq * J).
@ 1f j $n-1, tO would jump from (n+l)gq + j to (n+l)g + j+1 and
since j+1 f n this means that (G@))UJ) = G@)A+L).-
(i) If j =n, we have (G(g>)(n) = 0. Therefore to keep G(q) one-one
we need —»4>g((n+l)q + 0). In this case (G@)) ©O) = (c@)H)M) or
G@)H@) (recall n i1 2 so n+l i 3), for one of and must hold,
and so G(q) is not one-one after all.

Case two: For some O s j i n i+ + 5.

@ If j fn-2 then G@MA) “ GW@)A+2).-

(i) If j - n-1 then (c(@)(n-1) - 0 and so we require

>g3((n+l)q +0), which implies as in case one (ii) that G(q) 1is not one-
Gii) If j - n then (C@)(N) - 1. So we require -»ir((n+l)q ¢ 1).
But 0(:)L((n+l)q + 1) implies that (G(@)@) * (G@)(2). And

422 ((n+1)g + 1) implies that G@)) @ = G B if n >2 and if
0

»
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n m 2, it brings us back tc the case two (ii), which has already been dealt
with.

So, then, the only one-one function in is id.

The proof of lemma VII1.14 can now be pretty directly applied to show
that closure under counting modulo (Ln's.{ig}L implies closure under
counting modulo Ln.

The proof of lemma 1V.3 can be applied to show that closure under
counting modulo °n implies closure under counting modulo @ \ {id}).

And so we prove the soundness of step 2. and conclude the proof of
lemma 1X.3.
1X.4 Theorem: For all n % 2,

{1,2,n+1)-SpaceU,0) is exactly the class of SnA -functions.
Proof:
Lemma 1X.3, theorem 1V.1 and the obvious corollary to lemma IX.1.
I1X.5 Corollary: For all n i 2,
{1,2,n+1}-Space0_,a) = {1}-Space(n,o0).
Proof:
Theorem I1X.4 and theorem V.4.
IX.6 Corollary: For all n i 2,
SNA? - {1,2,n+1}-Space,,0,0).
Proof:

Trivial.

IX.7 Theorem: For all n i 2,
{1,2,3....n,n*1}-SpaceQ ,0) 1is exactly the snAO~-functions.
Proof:

Clearly {l1,2,n*1)-SpaceU,0) C U.2....n+D-SpaceO ,D) and this

thus contains the class of S”AQ-functions by theorem 1X.4.

The proof that all elements of {1,... ,n+I}-Space(1n,0) are sn60~

functions (i.e. nnAO-functions) is much the same as for lemma IX.3. It



hinges on the fact that if C(q,tl,

If f1(t ,... .t ,X ,...
0 0 k1

It

If 4n+°Ct ,. ...t X
0 k1

have defined G functions in the past , then once again the
possible one-one value of G 1is in fact id. This is not too hard to
show.
End of proof of theorem IX.7.
1X.8 Theorem: For all n > 3, for all 1 < j <n,
{1, j ,n+1 }-Space0,0) = {1,2,n+l }-SpaceU_,0)
(= the S~™Ao-functions).
Proof:
Clearly {1,j ,n+l1}-SpaceU J0) C {1,2 ,n+l3}-Space (1,Q) by theorems
IX.A and IX.7.
For inclusion the other way we use theorem IX.2.
Let N, D, E and q be as in the proof of lemma VIII.5.
Define rotj by:
For d€ D\ ieO’ rotj has the same jumps as id.
For rot. decrees a jump of n+l (like twist)
% ....ej-2*
For R _ decrees a jump of size 1.
ej-r  j
Now eJ._j + 3 - nU-1D + ]
- (M+DHG-» + 1
- "0
(recalling our definition of D a r(@) u ... o r(2n-1)) and from r~(0),
rot. (or id) will lead to N + e . Therefore the diagram for rotj will

be:

...,t,k X ,---,X ) 1is defined from
X ) then t =t 4 1.
m 0 0
.*x_) then t =t 2;
m 0 0
m) then t t + n+1;

0 0

100.
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So in Sn terms r_otj is the permutation (12...j).

Showing closure under counting modulo S* requires some elementary
facts about Sn or rather about An the alternating subgroup,

It is well-known (see e.g. Fcohnj , vol. 1, section 3.5, theorem 4)
that for all n i1 3, An is generated by the permutations

(123), (124)..... 12n).

From this the following three lemmas (also presumably well-known
results) are easily proved.
1X.9 Lemma: For all n > 3, An is a subgroup of the group generated by

(123) and (12...n).

Proof: Let 1 - <(123),(12...n)>. Then for all n > 3, for all

azj) t 1.
For given n, this is shown by induction on j.

If j -4 (@@and so n = 4) then

(234) - (@2...n)123)(12...n)-1 £ 1
and so (124) - (234)"1(123)"1(234) £ 1.
Xf ({21) € 1 for all 3 £1 <j >4 then by the theorem in [Cohn],

Aj , Cl. and so, as 1, 2, j-1, j-2 are distinct, a a-2) aga-»
is in |1 because it is an even permutation. Also

WG-2) G- P - (12...n"™_1(123)(12...nn~"+1 £ |
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and so

@ = a -2 g-ma@a-2 g-nu Pa& G@-29DE gy, e 1
(because j > < implies 1, 2, j-2, j-1, j are distinct numbers).
I1X.10 Lemma: For all n i 5, n-2 >j i 3,

@2J) € <2 G+2)).(12...n)>.
Proof: Let J = <2 (+2)) .(12...n)>.
Then @3 (+3)) = (12...n)(A2 (G*2))(12...n)-1£ J  since j+3 i n.
And thus (G (+3) (+2)) - (12 G+2))(@3 (+3))(12 G+2))-1€ J

since j+2 > 3.

And so @2 (+2) G+D)) = (12...m)" @ (G+3) (G+2))(12...M) £ J
and a G D - d2...m 1@ G+ G+1))A2...n) £ J.
Giving  (12j) = @ G+ G+D)A G+ D@ G+2) G+D)-1£ J.
IX. 11 Lemma: For all n i 4, for all 3 i j <n, the group

K = <(2...J),(12...n)>
contains A_.
Proof: If j = n-1 then

(12...(-1))A2...n)-1 « A £ K

and so (12) - @2...M>An) A2.. .n)-1 £ K.

Thus K = by our remarks in the proof of lemma IX. 1.
If j <n-1

then 23...G+D) - (A2...nMA2...j)A2...n)~1£ K.

But then (12 G+1)) - (12...j)(23...(G+1))_1£ K

and a G+ i - @2. ..G+D)_12...H £ K

giving  (12j) - @ G+ i)A2 G+1))E K-

If j 1is even then (12 (+1)) £ K implies, by lemma IX. 10, that
(123) € K.

If j 1is odd then (12j)£ K implies that (123) £ K.

Thus, by lemma I1X.9, A~ C K.

End of proof of lemma IX.11.
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To return to the main proof (that of theorem 1X.8):
We know we have rot® = (12...j), and since {l,n+1)C {l,j,n*1},
we also have id and twist « (12...n).
Therefore since J < n, by theorem IX.2 and lemma 1X.11,
il.j,n+1}-Space.(1,0) is closed under counting modulo An -
Clearly we also have = and closure under explicit transformations
and boolean operations.
And because {l1,n+1)C {l,j,n+1} we have closure under counting
modulo Zn.' which implies closure under counting modulo 7I_2.
But now
n Sn and Sn/An = Z2
and so, by theorem 111.10 (i), we must have closure under counting modulo
Sn.
And now it must be clear that
C (1,J -n+1J-Space”U.CJ)
and that therefore all SnAn“functions are in {1,j,n+1}-Space(1,0).
End of proof of theorem 1X.8.
I1X.12 Theorem: For all n 3 2,
{1,n,n+1}-SpaceQ,Q) 1is exactly the class of Zn ,Ao~functions.
Proof:
Since {1,n+1} C {l,n,n+1} all Zn ,A0-functions are in
{1,n,n+t1 J-Space0.0).
Showing inclusion the other way is much the same as the proof of lemma
I1X.3 or of proposition VIII.12.
The crucial step is step 2., where we consider the nature of a certain
submonoid of n+1n+l, whose elements are in turn values of certain other
functions (the G functions).

If for function q : (n+l1) - {l,n,n+1} we define H(g) : (n+l) - (n+l)

by:
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For 0 £ j f n,

(H@)1g) is the element of (n+1) = {0,1,...,n} congruent
modulo n+l1 to the first number > n reached by starting from j and
making a jump of size q(x) 1if we meet Xx.

The set of functions we are currently interested in - call it Mn
can be defined by
“ (H@ : g £ 2a*1~{1,n,n+1)}.
As we remarked more generally in the proof of theorem I1X.7, the only
one-one function in Mn is id.
It also turns out (and isn"t hard to see) that, arranging the values

of HE Mn around a circle as we did before,

H(N)H(O)H(D)
H(2) zeros
will generally look like:
This means that if gj : (njﬂl) =N and g9, *p+ (ntl) are non-

decreasing then
Y HR2~ Tn-

We can now use the arguments of proposition VIII.12 to show that all
elements of {1,n,n+1{-Spaced,Q) are ,00-functions.
End of proof of theorem I1X.12.

Given theorem 1X.8, theorem IX.12 seems somewhat anomalous. If, as
may be the case, 217,Ao0 P S™g" for n i 5 then, for n % 5,
(1,J ,n+1}-SpaceQ,0) is the same for 2 s j £ n-1, but smaller for j - n.
It is difficult to pick out anything that makes {l,n,n+l} different,
although if we add O to Q (recall this makes no difference to the

functions in Q-Space(u,v)) then {0,1,n,n+l} possesses a symmetry lacking
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in {O0,l,j,nt1* for 2 i j i1 n-1.

Notice also that the proof of 1X.2 most definitely does not carry
over for other values of j. If, for instance, we take n =5, j = 2 we
can define q : £ » {1,2,6} by q(@) « 6, q(I) “ 2, g =6, q@B) « 6,
qA) « 6 and q(5) = 6.

If, now, H : £ %£ 1is derived from g as H(g) was derived from ¢
in IX. 12 then

H) -0, H@ =3, H@) = 2, H@B) = 3, H@) = 4, H() =5
and the non-zero part of the values is not non-decreasing.

We conclude this chapter with the observation that we have now
characterised, using our XiJ" classes, Q-Space0O™.CJ) for all sets Q
such that 1CQ. For any such sets Q not directly referred to above
can easily be shown to produce complexity classes equal to those produced

by Q"s which have been dealt with.
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