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Abstract

" The séattering 6f polafised and uwnpolarised
50 KMeV. protons by Zr°, Zr", zr**, Zr 9% and Zr 1
has been studied using an acoustic spark chamber
in conjunction with a magnetic spectrometer. The
elastic scattering cross—~sections and asymmetries
have been analysed by an“Optical Model parameter
search program, A D.W,B.A,. anélysis of the inelastic
scattering was carried out in terms of both the
Collective and Shell models of the nucleus., In the
former case the value of the deformation parameter
for each excited state has been measured, and
tentative assignments of the orbital angular momentum
transfer made, In the Shell model analysis, a value
of the strength of the effective interaction has
been found which gave reasonable agreement with the
cross-sections of each éf the states of the ( 9%&)L
configuration in Zr"°, Possible configurations for
many of the other states of this nucleus in the
0 to 5 MeV, range are also discussed,

In addition, an energy level scheme for each

isotope has heen obtained and compared with previous

experiments,
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Chapter 1

A series of experiments.to investigate the ;
scattering of 50 NMeV, protons has récently been
. completed by the Manchester University group at
the Rutherfofd'ﬂigh EnergyéLaboratory. The
 angu1ar distributions of‘the crogss-sections of
elastic and inelastic scattering héve been
meésuredyfor a 1argé number of nuclei ranging,
from Li® to Pbio{ In addition, the asymmetry in
‘ the elasfio scaftering for many of the nuclei has
been measured using a polariged proton beam, ‘The
analysis'ofAtﬁe experimental data is being‘carried
out in terms of bdth.the collective model and the
shell model picture of the nucleus.

| The,work desbribed in this thesis comprises

the part of these studies concerned with isotopes
of Zirconium. In all;‘five isotopéskhave been
investigated, namely zr"®, zr™ , Zr**, Zr ** and
Zrie Thé elastic.scattering data was analyséd
in terms of the optical model., The resulting
phenomenological potentials were used to genératé
the elastic scatterinngave functions . in a Distorted
Wave Born Approximation (D.W.B.A.) anélysis of the
inelastic soat-téring.. '

‘The‘D.W}B.A. theory expresses the feaction_.

iﬁ terms of a transition of the projécfile'between‘




elastic scattering states. »The transition may
be tegarded as being caused b& an effective
interaction whose form will depend on the
particular nuclear model under consideration,

~ By using phénomenologioal wave functions
generated by optical potentials known to give

a good account of the elastic scattering, any
strong absorbtion by the nucleus is automatically
taken into account., An allowance is also made
for the effects of coulomb repulsion, which‘may
be important for heavy nuclei,.

Diffraction effects introduced by the use
of distorted waves play a large part\in determining
the broad features of the angular distributions,
However, different optical potentials which gave
similar predictions for the elastic scattering
gave gsimilar resuits when used in D, W.B.A. |
calculations. Hence, within the limitations
of the optical model analysis, the elastic
scattering UHiquely'determines the distorted
waves, énd mnost of the interest ih inelastic
scattering studies lies in the investigation of
the interaction,

"The excitétion of a nucleus by the inelastic
scattering of a nucleon pfojectile can involve

a number of processes. For instance, the incident




nucleon may interact with a large nﬁmber of fhe
target nucleons, exciting cooperative modes of
motion such as vibrations or rotations., Such
excitations ma& be appropriately described in
terms of the colléctive model,. Here, the
>optioa1 model potential is genérélised to include
non-spherical terms containing coordinates
describiﬁg the deformation of the nuclear
surface, ‘The-expansion of the potential in
1t3rms of these ebordinates produées a sum 6f
interactions oauéing trensitions between the
“various nuclear states, »For the purposes. of.
the present analysis, only first order or single
step interactions were considered. ALl of the
terms of the opfical potential were deformed
and the intéraction'was in general éomplex.
The‘deformationskof the spin-orbit potential
also introduced the possibility of‘a spin transfer
between the;projectile‘and the nucleus, |
Such collective stétgs may also be deg-
cribed by the shell model in terms of a éuper—
imposition of a number of hole-particle configurations,
-anh‘configuration isloonsidgred to be formed by
fhe interaotion of the projectile with one bf the
nucleons in the core, exciting it to vacancies in

the higher orbits. These configurations, and




.others formed by the transition of nucleons
Jdutéide the closed shells méy'also be. involved
in the excitation of single particle states, .
In such cases, the shell model picture is more
appropriate, although in practice there‘mayrbé
some mixing~between the Various‘COnfigurations;
The present analysis has been conflned to- 31ngleu
conflguratlons in both the lnztlal and final
states, : : . }' |
B In the shell model descrlptlon of 1ne§astlc
scatterlng the 1n%eractjon of the progeotlle |
with the target nucleus is assumed to take place
through a sum of two body interactions with the
-target nuoleons;> At suffioienfly high‘energies
‘fbr the im@ulse approximation to be valid, the
" effect of the other‘nuclebns on ‘the two particle
force may be nepleoted and the 1nteraetlon is
'51mp1y the free nucleon—nucleon scatterlng
-potentlal. At 1ower.energles thls‘potentlal
. will be modified by the presence of the othef 
nﬁcleohs and the reaction must be described
phenomenologicaliy’using an "effective" inter-
action, This has the diéadfamtage of introducing
“further parameterisation into the transition |
amplitude., As this quantity involves the matrix

elements . of the interaction between gingle




particle states any deficiencies in the shell
.model'wave functions used to describe these
states may be compensated by modifications to
the parameters.

The effects of these shértcomimgs are
less serious in a study of Zr*. This nucleus
has been the subject of a large number of inves-
tigations using-a variety of reactions and
techniques. -It is known to possess a set of
excited states which are well described in terms
of relatively pure configuratibns of protons in
the outer shells. Since the ambiguity between
the single particle wave function and the
effective interaction applies principally to
the shape of the angular distribution, the
relative magnitudes of the cross-sections for
the various leﬁels may give gome indication of
the consistency of the interaction parameters.»

Apart from the distorted waves, the factlor:
having most effect on the general shape of the
angular distribufions is the orbital angular
momentum transfer., In the shell model description
the allowed values of the transfer for a given
configuration are limited by the triangulation:
rules and the éonservatidn of parity. ihe

number of expected configurations in a given




energy range is also limited. Consequently,

‘a comparigon of the number and éeﬁailed shapes

of the experimentél angulér distributions
cbrresponding to a given angular momentum transfer
with the theoretical predictions may yield some
insight into thefstructure of the corresponding
le%els.

The distinction between collective and
single particle states made in the above dis-
cussion is nof neccesarily observéd'experimentally.,’
The 2,18 2% MeV. level in zr°° described by the
ghell model as a (1gm1)z‘configuration may be
regérded by thg colléctive model asla quadrupole
Avibration. In practice, the level excited by
" proton scattering may include contributions both
from the simple shell model configuration and
from‘collective-excitation of the'cofe. .At
present the effects of such core polarisation
have been taken into account by modifying the
strength of the two body interaction potential.
It is intended ih futbure analyses to calculate
" this contribution specifically.,

The strength of the'single particlé
configurations_may be gtudied using deuteron
stripping reaétions;\ However'theré‘are severe

1iﬁitations on the type of levels which oén be




excited in this way. Inelé;s%io scattering of
heavier particles may also be used to investigate
the sﬁructure of the nucleus, and alpha soattering
has the advanfaée that only zero Spinvand%isospin’-
transfer is allowed. \in this case, héWevér, the
mathematical formulation is more,difficulé because
of the complications introduced by‘the:presence

of the.additiopai nucleons.

A similar study to the one described in
this work has been carried oufﬂinto the scafterihg
of 19 MeV, ‘pr‘otor‘is by Zirconium (reference 1),

At this energy'a‘greatarrapprdxiﬁation is in-
volved in the:use of an effective nucleon-nucleon
interaction, On the other hénd? core polarisation
effects might»be lower at 1owef incident eneréies.
The comparison of the results at 50 lkieV, and_f9\
Mev., shoﬁld'gi#e an indication of the energy
dependance of these effeéts;

| The shell model, as discussed above,
apar’t from»neglectihg oore»polarisation also
fails to take into account the effects of the
»eXcitaiionuof particles to continuum states.
Both these progesses would result iﬁ an imaginafy
term. in the efféotive interaction, .Suoh a term
arises néturally in the collective model and also

in the impulse approximation, A further important
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defect in the description is the neglect of
exchange terms in the interaction, =These arise
from total antisymmetrisation between the in-
coming particle and the nucleus and from‘exohangﬁ
forces, Such terms Would‘result‘in tknock-on!"
type reactions with the outgoing nucleon being
different from the projectile. Again, it is
hoped to consider such effects in future analyses.
All the experimental wofk described in this
thesis was carried out at the Rutherford High
Energy Laboratory, Chilﬁon, Berks, The Proton
Linear Accelerator was used to supply unpolariséd
and polarised beams of protons. The scatteréd
protons were momentum analysed by a doubly
focussing magnetic Spectrometerl The distribution
of particles in the focal plane of the spectro-
meter was determined_usiﬁg én acoustic spark-
chamber., The overall resolution of the system
~ including the momentum spread of the beam and
straggling in the target.was better than 80 keV,,
well below the level spacing of the Zirconium
isotopes which was typically about 100 keV,
The experimental apparatus and the setting up
procedure are described in Chapter 2. . The
procedure followed during the experiment is-

described in Chapter 3.




The pfeliminary analysis of the raw data
to obtain absolute quantities;'also described in
Chapter %, and the theoretical analysis described
in Chapter 6 wexre oarrigd”but using a suiterof
proérams written for the IBM 360/75 computer at
the Laboratory. Detaiis of mést of these programs
may be. obtained from the spufces indicated in
the text.: The theory of the optical model is
“described in Chapber 4 and the D;\jV.'fBl.A. theory
in Chapter 5. The results, conclusions and

discussion are. presented in Chapter 6.



Chapter 2 |

" The experimental part of‘ﬁhis:work.was
carried out.using the 50 MeV.\beam of the Proton
Linear Accelerator atvthé Rutherford Laboratory,5
Chilton, Berkshire. The scattering of the protons
was‘analysed by a magnetic spectrometér used in
'conjunction with an aooustid.spaﬁk chamfer. In
this chapter, the characteristics. of thé accelerator,
spectrometer aﬁd the particle detection sjstem are |
‘described and details are given of the.prooedure“
followed in preparing the experimentél apparatus
for use. The ancilliary equipment used to |
measure the beam energy and polarisation and
to reoord.thé total integrated beam current ié
also described,

Further details of'the-spark chamber and

its associated électronios may be fdund in
‘reference 3, The rest of the experimental
apparatus is_déscribed either in reference 2
or in the reieVant user‘guides published by

the Laboratory.

Section 2i: The Proton Line%r Accelerator

) The Proton Linear Acéelerétor (PLA)
conéists of three radio-frequency accelerating
tanks which may be used in combination %o produce

proton beams with nominal energies of 10, 30 or
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50 WeV, It is not possible to sustain the
radioéfrequency fielad continuoﬁsly on ‘the tanks,
becauée the power dissipation of the system is
limited, Congequently the r;f. power is pulsed
at repetition rates of either 50.or 25 pulses
per second, The proton pulses produced in each
case are 200 and 600 psecs. long, giving res-
pective duty cycles of 1% and 13%. The phase
bunching effect of the accelerating field
imposes an additional fine struotufe on the
proton pulses, consisting of 0.3 nsec pulses
‘ alt a separation of 5 nsecs.

>Both unpolarised and polarised proton
beams con be produced by the PLA. The un-
polarised source can produce mean currents,
measured at the output of the machine, of up
to 5 pamps. with a 1% dq@y cycle and TIJamps.
with a 14% duty cycle., The corresponding mean
currents obtained using the-Polarised Proton
Source (PPS) are only 0,1 namps. and 0.15 namps.
However, the beam produced by thg PPS is up fo
55% polarised., The direction of polarisation
is perpendicular to the scattering plane and
the orientatioﬁ of the proton spin may be up or
down, -

After the beam leaves the final accelerating



ténk, it passes %hrough thé debuncher, This

is a fesonant cavitj device, to which is épplied
a r.f, field of fhe same frequency as the’
aceélerating Tield. By adjusting the phase angle
between the device and the aeoelefator, the
debunoher may be. used to reduce the energy
Aspread of the beam at the oxpense of its spatlal
dlstrlbutlon. The energy spread of ‘the beam
measured at the target without “the debuncher

is typically about 270 keV. With the debuncher
‘ in operatién; th@sican~be réduced to below

80 keV,

The Spectroﬁeter‘Beam Line

~ After leaving the debuncher, the beam.
enters the spectrometer beam line, The‘transport
~of the beam through the flight tubes is effected
by‘a system of seven quadrupole:lensés and a .
bendihg magnet, A diagram illustrating tﬂe
arrangement ?f the beam line is shown in figure
2.1, Two pairs of slits, one pair before the
~ bending magnet and the other pair after it,
Vdeiine the profile of the beam‘iﬁ the horizontal
and vertical planes. The slits are used in
conjunction with the bending magnét to restrict
the range of momenta transmitted thrbugh the

beam line,
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Some of the quadrupole lenses are made up
of doublet pairs, to give focussing in both the
vertical and horizontal planes, In addition,
guadrupoles Q4, Q6, Q7 and Q8 are wound in such
a way that theﬁ.can be used to steer ‘the beamn.
Similar steering guadrupoles are also mounted
within the third accelerating tank of the machine,
on drift tubes 19 and 26, The system is used to
obtain a well focused beam spot, centrally
placed on the target. The profile and energy
spread of the beam at the target depends mainly
on the dimensions of the slits used., An im-
provement in the resolution of the heam can
generally be obtained only at the expense of
beam intensity, particularly if the debuncher
is not in operation.

To assist in the setting up procedure,
the beam line is equipped with a set of retract-
able scintillators placed at convenient positions,
The profile‘of the beam on each scintillator is
viewed by a closed circuit télevision camera and
relayed to the'oounting room,

Setting up the Spectrometer Beam Line

The currents in the quadrupoles and the
bending magnet were set up to give the optimum

transmission using the following procedure.
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The. current in each quadrupole was first
set-to an approximate value obtained from a
previéus experimeﬁt. The "flip-in" scintillators

werejthen'used to examine the profile of the beam

along the flight.tube} ‘Starting from the acceleratorr‘

end of the beam line, the quadrupole and bending
magnet currents were systematically adjusted to
obtain the expected shape and position of the
beam on each‘sointiilator. The profile‘and
alignment of the beam spot on the target were
observed on. a scintiliator placed in the target
position, |

The next stage was the optimisation of
the tremsmission., Thé currents in Ql, Q2 and
© the drift tube quadrupoles were adjusted until
thé(maximum intensity was obtained on a Faraday
cuﬁ ﬁlacéd before;tﬁe bending magnet, The.
transmission through the rest 6f the flight
tube was optimised'by systematically varying
the currents in the remaining qﬁadrupoleé. The
current passing thfough the target wa.s monitored
Dby a Faraday cup in the scattering chamber,
Minally, the steering quadrﬁpoles were used,
if'nedcesary; to position the beam centrally on
the target. '

The result of badly set up beam transport

A-"‘ 14 -




is usually the collision of the beam with the
structure of the flight tubes or the accelerator.
This not only causes a high background radiation
but also produces a flux of neutrons which
interferes with the scintillation detectors (see
section 2v). Throughout the optimisation process,
therefore, care was taken to ensure the radiation
levels in the vicinity of the accelerator remained
within tolerable limits. As a final check, the
spectrum of particles in the focal plane of the
spectrometer was recorded, using scattering by

a suitable target. This spectrum was examined

to see if the required resolution had been
obtained and to check that the background was

at a reasonable level.

The transmission efficiency is defined as
the fraction of the beam, measured at the end of
the third accelerating tankj which passes through
the target. A typical value of the efficiency
obtained by the above procedure was about 2§,
with the appropriate momentum slits and with the
debuncher in operation. Under these conditions,
the resolution of the beam on the target was
50 kev, With no momentum slits, a transmission

of 5% at 70 keV. resolution was obtained.



Section 2ii: The Beam Energy Monitor

‘The absolute energy of ‘the beam was
measured using the Beam Ehergy Monitor. The
mechanical arrangement of the Monitsr is shown
in figure 2.2, The beam passes through two
degféding systems and enters the double ion
chamber, The parallei sided degrac‘;ér is used
to reduce the energy of the beam ffom 50 HMeV,
to 30 MeV, The amount of energy lost by the
- beam in the double wedge system however, depends
on the relative positions of th@‘wedges. Thus,
by altering the position of the retractable
wedge, it is possible to change the energy of
the particles eﬂtering the ion chambers.A

The douﬁle'ion chamber consists of three
parallel eleotrodés perpendicular to the beam.
Both sections of the chamber are filled with
air at atmospheric pressure, The thickness of
the first section is 5/7ths of the thickness of
the second., DPotentials of 1.0 .kV., and —1.4 kv,
are applied to the first and third electrodes
respectively, so that there is the same potential
gradient in each section, |

At a certéin beam energy, the amount of
ionisation in each section is the same, and the

output current from the centre electrode is zero,
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;f the beam energy is higher than this critical
valiue, more protons.peﬁetrate,to,the second
chamﬁer, giving a negative output current.
Conversely, lower energy protons give rise td
a positiye current, . |

A set of tables, relating the wedge pos-—
ition and +the enefgy of the particles entaring
the monitor has been compiled usingta time of
flight method. The procedure for using thé
monitor therefore was to adjust the wedge pos-
ition until the current on the central electrode
‘of the ion chambér wa.s zero;  The incident beam
energy was then obtained from the table,

‘Section 2i1i: The Double Focussing Spectrometer

The magnetic spectrometer used ﬁo analyse

- the scattered protons haé a field index n = 3,

It is doubly focussing so that monochromatic
particles from a point éouroe are focused at a.
point and not in a line., A% a given field setting
the foci of particles of differing energies lie

in a plane incliﬁed‘tb the vertical at . an angle
“depending on the magnetic rigidity of the particles.
\ Fér the 50 MeV.‘protons-studied in this experiment;
the focal plane is inclined at 57° to the vertical,
A special evacuated vessel is used to attach

particle detection systems to the spectrometer.
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- The aperture of the vessel lies in the focél
-plahe‘and is gealed with a thin mylar foil,
Brackets are provided so ﬁhat particle detection
devices can be mounted so that they lie in the
focal plane. ‘

The trajeotories\of the particles which
pass through the aperture have a mean radius
of»40 inches. The median line representing
the mean trajectory extends horizontally to
bisect the focal plane., The centre of the-
focal plane is marked to facilitate the correct
alignment of detection systems placed in it.

The aperture is 50 cm, long; allowing a momentum
range of 15% of the median momentum to be detected
at a given field sgetting. For protomns at 50 MeV,
this corresponds to a range of 5 MeV,

The magnet is attached to its scattering
chamber by a sliding foil arrangement which
allows the magnet to be rotated through 120°
while maintaining a vaouuﬁ in the scattering
chamber and in the spectrome%er. ‘Howevér, there
are four entrance ports to the scattering chémber
‘at 60° intervals, which extend the angulér range
“in the scattering plane to 150° to -150°% +to the
beam. The spectrometer is illustrated in plate 1.

The entrance aperture to the magnet is

- 18 -




 Plate 1. A General Vieﬁ of the boubly-focussing

Spéctrometer.







defined by a detachable vertical slit. The

"sdlid‘angle defined by the slit at the centre

of the target was calculated from its dimensions

~and its distance frbm the centre of the %arget.'

The slit used for all the experiments performed

in this work was a rectangle 0.411 inches wide

by 2.47 inches high and was 23%.71 inches from

the centre of tﬁe target, These dimensions
correspond.fo a solid angle of 1.805‘millister-
adians. | | _

The scattéring chaﬁbér'has provision for
the mounting of targets in special cassettes,
The targets are bolted‘to a semicircular vane
which can be rotated out of the cassette and
iodated positively into positiqn by rembte |
control. U? to eleven targets at a time can.
be mounted in a cassette, and a given target
selected withqut ehtering:ﬁhe experimental‘
area, The casseftes, which may be éeéled,.we:e
filled with an inert gas to protect the targets.

from contamination by the atmosphere.

The field in the spectrometer is indicated

by the Hall voltage measured across a plate
sﬁspended in the‘spectrometér gap. The plate
is maintained at a uniform btemperature by a

specially designed oven, Although the Hall
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~plate voltage gives an absolute indioation of .
thé“field at one point in the magnet, the
variation of the field over the pole pieces
depends on the magnetic history of the spec—
trometer. To ensure consistent results from.
,;thefsbectrometer, a given field setting was
always obtained;by changing the magnet current
in the same direction. |

The actua} energy spread; or‘aberration,
_ observed-iﬁ the focal plane of the spectrometer
is the aggregate of several contributions, The
first of these, the energy spread of the beam;
is discussed in section 21, A typical value is
50 keV. at 50 eV, fhe otherAimpoitant.contrib—
ution is linearly dependant on the height of the
farget‘beam spot. The spectrometer acts as a
lens with a magnification of almost unity. The.
image of a 2 mm. high beam spot Wiil oonsequently:
be about 2 mm. long in the foéal plane., As the‘
dispersion of thé'specﬁrometer is 4 cm, for 1%
change in.momentﬁm, this COrfesponds té 50 kev. -
aberration in energy. Other contwxibutions are
due to second order effects, and for 50 MeV.
" protons amount. to less than 0,0%3% éf momentum,
The total aberration is found by adding fhese

contributions in guadrature., The overall
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aberration obtained, using the above figures,
is 15 keV, which is close to the experimentally
observed aberration of 80 keV,

Section 2iv: The Charge Monitoring System

The charge passing through the target
is collected by a Paraday cup mounted in the
scattering chamﬁer behind the target. Thé
cpllision of the beam with the target causes
the emission of electrons. These, together
with any which come down the beam pipe, are
repelled from the Faradaﬁ cup by a negative
‘potential applied to a guard ring electrode.
The guard ring also prevents the emission of
secondary électrons caused by the beam colliding
with the cup.

The resulting currentl from the Faraday
cup is fed into an amplifier. The amplified
current is integrated by a specially designed
unit (Harwell 3008 Integrating Amplifier) which

. regigters every time a given amount of charge

has been collected, There are seven réqges of
amplification for maximum currents of between

10™" and 107° amps. These are used in,cdnjunction
with 5 integration ranges of between 10™* and 107%
coulombs per cycle,

The integration ranges are nominal and
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‘require calibration before absolute crosé—sections,
can be caloulated.‘ A pfeoision current source
'capable of producing a_fange of currents between
8 x 107% amps 8 x 107 amps was used to supply
current to the amplifier input. The operafionﬂ
of the source was checked by a null method using
a sensitive galvanonmeter, before.it wa.s used..

| A correction factor C was calculated for
each range from the time taken to record a

nominal amount of charge Q with a source current

I. Then,
T IRIIA
C = — = — :
Q NR 2.1

where N is the number of cycles and R the number.
of coulombs/cycle. ‘

~The operation of the integrator was such
that every time it completed a cycle, a dead
time of 100 Vseconds is\imposed on the ohafge
collection system. A%t count rates below 1 cycle
per second, the resulting correction is less
than 0,01% and may be negligible. Duriné«the
experiment the integrator was generally uséd.at
rates lower than, or close to, 1 -cycle per seopnd.
Similar count rates were therefore maintained |
during the calibration process, -

The 8 x 10"% amps and 8 x 10”! amps ranges
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of the current source:were ﬁore accurate than
the” lower ranges. The higher ranges however,
could not be used to calibrate the lowest ranges
" of the integrator as this would result in high
count rates requiring a dead time correction,
The following procedure was adopted to obtain .
the corrections to the lower ourrent_raﬁges of

. the source,

The iﬁtegrator was set %o 'i:he~1Q"6 coulombs
per cycle range;- A current of 8 x 10qampshwas |
supplied to the amplifier input, and the time.
for 1000 cycles waé recorded.- The procedure was
then repeated for 100 cycles at 8 x 107% amps.
The true current for the 8 x 10°% amps range’
could then be obtaired by COmparing_the two
 readings. This procedure of cross calibration
was used to obtain correction factors for all
the‘integfator ranges; | |
| The beam inténsif&_obtained~frbm'the
Polarised Proton’Spurce ié too low to be
-monitored by fhe above method} Aﬁ ion ohdmber
wés therefore'used in place of the Faradéy éup
to provide an'amplification.factor‘of approx-
imately 400, The chamber used consists in fact
ofvtwo “split“lion champers placed in tandem;

ELach split ion Qhamber consists of ‘three equally




spaced parallel electrodes, the electrddes of

the front chamber being in the horizontal plane,
those of the rear chamber being in the vertical
plane, The axis of the beam lies in the plane

of each of the centralrelectrodes. Equal voltages
are applied to the outer electrode. If both
voltages have the same polarity, and are set at

a level below the saturation-voltage of the ion
chamber, the current drawn from thé central
electrode varies linearly with the total number
of charged particles entering the lon chamber,
If, on the other haund, the voltages have opposite
polarity, the current depends on the differenpe
in the numbers of protons entering the opposing
halves of the ion chamber. Thus, a centrally
placed beam will give zero output current. In
this mode, the ion chamber can be used to indicaté
the position of the be&m on the target. This was
useful because at these low:intensities it was
'often difficult to observe the beam spot on the
target scintillator,

During the polarisation experiments carried
out‘in this work, the horizontal ion chamber was
used to.Monitor the total charge. The integrator
gystem described above was used to'integrata=the

output current. . The vertical ion chamber was used
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in a position sensitive mode, to indicate the

Thorizontal position of the béam. Its oubtputb

current was recorded on a chart recorder as a

check that the bean trahsport was stable , and

independant of the direction of polérisation.

“Section 2v: The Polarimeter:

The polarisation of the beam produced by

the Polarised Proton Source was measured with the

Polarimeter. This device uses the elastic

scattering of 15.7 MeV, protons by carbon to
measure the polarisatioh. A sheet of high density
graphite is used to degrade the beam . from 50 +o

15,7 eV, ‘The’protons scattered from a carbon

»target are detected in the horizontal and vertical
'planes by four symmetrioally mounted scintillation

‘detectors. Each detector subtends an angle of

46 ,6° to the beam. Both the target and degrader
were mounted on wheels rotating on a common"shaft.f
The wheels were mounted in such a way that, as
theyvrotated the degrader and target were struck
by only one in ten of the proton pulseé.from‘the
aCoeierator; ( | ' |
- The scintillafion detector pulses are

discriminated so that only the elastic scattering

pulses were recorded., When the beam is polarised

‘in the vertical plane there is an asymmetry in the ;
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humbertof‘protons detected in theileft,hand

and right hand detectors. The numbers of pulses
~detected by the upper aﬁd lower detectors are the
samé; If I, and R, are the number of left hend .
andbright‘hand brotonsifor proton spin up, and:
L,ﬂand R.. the corresponding values for spin down,

the beam polarlsatlon Ps is given by

. L, R (1+P@P) [14-

]

L. Ry (1—1389) 2.2
o that
- Coghe 1
PB%": L1 2.3

where Py is the analysing power of the polarimeter.
A table of Valueé of PyPg for a range of valﬁés of
& is given in reference 4, »Equations 2.2 and 2.5
only hold 1f the angles of Lhe detectors are
- correctly set, and if the spin up polarlsatlon
equals. the spin down polarisafion. Cafe was aiso
taken in setting up the discriminator levels on
the scintillation detectors. |

The analysing power .P, of the Polarimeter
was calculated using the Birmingham Polarimeter,
which used double proton scattering at 15.7 eV,
A correction to‘this value was obtainéd~with the

use of a helium gas polarimeter for 10 MéV. protons
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at a laboratory scattering angle of 116,55
, The‘Vélue obtained for the analysing power was
0.574.

Section 2vi: fThe Particle DétectioﬁfSystem

The total number of particles entering
the focal plane of the spectrometer was recorded
by the scintillation detector system. The output.
pulses from the detectors were used to trigger.an
écoustic spark chamber which gave the distfibution
of the p&rticleé»in the focal plane.. |

‘The Scintillation Detectors

The arrangement of the scintillation
detector assembly is illustra%éd by figure 2.3
and plate 2. Each;of the two wvertical scintill-
ators is viewed>by two photomﬁltipliers, and the
~‘outputs are added, The height of the resultant
pulse is proportional to the energy loss of the
particle in the scintillator. Deuterons and
heavier particlés loée a greater prpporfion‘of
their energy in the first ﬁE.)-sCintillator,‘
and consequently give riée td higher output
pulseé. This enables the two detector a:rangément
to be used as a particle identification system.

. The electronic circuitry of the system.is
~shown in figure 2.4, Both the &, and Elvoﬁtputs

are first amplified, then discriminated against
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Plate 2. The Focal Plane Particle

System and Associated Electronics,

Detection .






Spark
Chamber
Focal Plane
Vessel

Scintillators

40 inch ur—

Median Line

Focal Plane
Shutter
Assembly

Figure 2,3 Arrangement of the Spark Chamber and

Scintillation Detectors,
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the low amplitude noise background. VThe E;
puléeé are Turther ana;ysed by an upper limiting
arrangement of two discriminators, (see reference
3), to eliminate pulses from heavier particles.
Coincidences are taken between the analysed
outputs of the E, and E, detectors. The coincidence
output pulses therefore, alm@ét entirely correspond
to genuine proton eveﬁts. If the number of k,
and El'pulses is -high, however, there is a
possibility of a coincidence between two different
events occuring within the resolving time of the
coincidence systgm. An estimate of the number of
these accidental events is obtained by introducing
a relative delay between +the E\>and E, pulses so
that they were no longer in coincidence, and
recording the number of coincidences so obfained.

Setting Up

The first stage of setting up the scintillation
detection system was to adjust the E.H.T. bias on
the resgpective photomultiplier tubes of each detector
to ensure that the pulse height of a particle of
given energj was the same whatever its position in
the focal plane. A suitable target was selected and
the spark chamber was used to position the elastic
scattering peak near one end of the focal pldne:

A pulse height spectrum of the undigcriminated
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summed output of one pair of photomultipliers

was ‘recorded in a Laben Pulse Height Analyéer,
(P.H.A.). The spectrometer field was adjusted |
so that the elastic peak was near the other end

of the focal‘flane. A second spectrum Wés then
accumulated in a different section of the P.H.A.
memoxry .The pbsitions of the proton peaks in the
spectra were compared. If there was significant
disparity between Fhe peak positions, the E.H.T.
bias on the photomultiplier viewing the corres-
ponding section of the scihtillatér‘was‘adjusted;
This process was oqntihued untilbthe peak positiéns
did ooincide, indicating that the pulse height was
uniform along the scintillator, Finallyrthe
elastic peak was swept across the focal plane,
and the pulse height compared at each position.

A variation of less than 10% in the pulse height
With,pésition was obtainéd.-

The next step was to set the bias on the
discriminators to ensure that all the protons are
-detected, with noise and other particles eliﬁinated
as much as possiblé.- Ihe elastic séattering peak
,Was‘biaoed centrally in the focal plane, and an
analogue spectrum recorded on the pulse height
analyser, In this case the analyser was used in

its "coincident" mode. The required external

_‘29._.




ga%ing pulses were obtained from the discriminator
output from the corresponding detector, ‘Conéequently,
all the events ap@earing in the'speqtrum corresponded
to discriminator pulseé. A %ypioal sPeétrumAis
given in figure 2.5. The "low" discriminator bias
was then increased until mést of;fhe‘noisé was cutv:
off, Similarly, for the B, detector the high amp-
~litude discriminator bias WaS'réduced until the
deuteron and heavy particle peaks in the spectrum
had disappeared. ‘H0wevér,-neithef bias level was
set so that-it cut off any part of the pfoton‘peak;
An alternative method of obtaining the correct.
kbiaé was by drawiﬂg:integrél~bias curvesE The
total number of analysed pulses fcpfa given amount . -
‘ of_bégm éharge was measured for a_sefies of in-
creasing values pf‘the discriminator bias, These
humbers'were piotted against the_discriminator bias’
#pltagés; A tjpi&al.intégfdlwbias curve is shown
in,figure 2.65-'The‘discrim?ﬁator’bias 13&81 was
 then set at the value‘at‘ﬁhé centre of the plateau,

- Finally, thé‘oéinbidegoe‘and accidental
odincidence>circﬁits were set ﬁp. A felative delay:.
wa.s introduced.befween‘the E, and B, pulses and .

- théthuﬁber of coincidences thainedifor a given
ﬁumbe? of Faraday cup gjciésﬂwas'measufed. The

-~ length of “the delsdy wasvchanged and the measurement
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Figure 2.5 A Typical E, Spectrum¥*
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Figure 2.6 A Typical Integral-bias Curve.



repeated. A graph was drawn'between relative
deléy'and coincident Tate. I£ has the form of
figure 2,7, The coincidence delay was set at

the midpoint valﬁe of the plateéu. The accidental
coincidence delay was set at a value well away |
from the-plateau. |

The Spark Chambef

\ {Details‘of the construction of the spark
chamber and associated‘components are given in
,reférence 3. This. reference also gives a more
detailéd déscription of the working of the |
spark chamberleléctronios.
The spark éhamber is-atﬁaohed to the
E fécal plane vessel of the spéctrometerfso that

it lies in +the focal plane, Its ionisation

© characteristics are improved by passing a

mixture of Argon and Ethanol Vapour through it,
When a particle enters fhe spark chamber and an
~E.H;T.-potentia1 is applied, it breaks down
alohg the -ionisation trail of the particle ‘
causing a spark.k A low econstant potential is

g applied to the spark chamber, This serves to
clear away the ionisation caused-by the spark and .
also .sweeps awa& most, but not all, of the
ionisation caused by an incoming particle, This'. 
tends to locate the resulting“sparﬁ‘more precisely

e
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%o the position of the incomiﬁg particle,

‘The coincidence pulses are used to' generate
"start" pulses. The start circuitry (see figure
2.8) also applied the E.H.T. ﬁo the spark chamber
after a délay of 400 nsecs, The resulting spark
‘-generates a 100 kilocycle sound wave which is
detected by a microphone at one end of the spark
ohamﬁer. The inﬁervai betweén the "start"»pulée
and.‘ the subsequent detection of the raéoustic
signal may be as great as 1,8 msecs., much longer
than the beam pulses from the accelerator.
Therefore fhe start circuit is self inhibiting.
for 5 msecs. to prevent particles detected during
the remainder of the beam pulse_from‘triggering
the spark chamber. The start circuit also
generéfes a 1 psec. pulse which inhibits the
E.HQT. pickup in’the scintillator detector amp-
~lifiers and a 5 psec, pulse which inhibits both.
electrostatic pickup by the microphone, and the
signal caused by the meéhanical tranémission of
the noise of the spark by:thébsparkwéhamber structure.

The output from the microphoné is d;scriminated 1
to provide a "stop" pulse. However, each negative
going edge of the acoustic signal gives an outpuf
from fh; discriminator. A single stop pulse is

obtained by inhibiting subsequent pulses withia
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% msecs.. pulse generated by the first pulse.
‘Under,the‘applioation'df the E.H;T. sparks
occur along all the ionisation trails in the
spark chamber, Consequently, more than one
‘spark_may be generéted if a particle enters
the spark chamber in the interval between the
initial event and the apﬁlication of‘the EH.T.
Only the‘event nearest. fo the microphone will
be detected, sovthaﬁ the rééultént spectrum will
be diStorted towards the microphone end., The:
saﬁg effect'occurs if particleé normally eliminated
by the particle detection system enter the spark
' chamber just before the initial proton. In this
case insﬁfficient.time can elapse for tﬁe clearing
fieid,to eliminafe the trail of the first particle
before the‘E;H,T. is aﬁplied.. The effects are |
minimised by "vefding" suoh'évents. " The output
"~ from fhe‘E, detector is split by means of a fan-
out amplifigr. -One cutput is useﬁ in the céincidence
gifcuit, the other is separatelj discriminated‘to\v
give a "veto" pulse for any particle. entering the
~system, The "Vetoh, "gtop! and "start" pulses are
fed into a ébécial wnit, If a veto pulse occurs
within the peridd:from,if)sec. beﬁore to 1) sec,
“after thevinitial event, the stop pulse‘is

‘inhibited, Rach such event is recorded by a "losth
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scaler, The ionisation from'partioles which
occur more fhan f second‘befdre fhe initial
event is swept away by the clearing field before
the E.H.T. is applied., The method deséribed
helow was usged to setb thekoieéring field bias
so - that this condition Wéskalways satisfied.

The start and stop pulses are fed inte
the Laben ©.V. 45 time of flight unit. Bach
event is stored in é channel whose number depends
linearly(én the intervdl‘between fhe Start and
sto? pulse., This.quantity depends 1ineaf1j on
the.poéitian of the detected particle, = Thus a
spectyum of "number of. events® versus position
is obtained. The bosition of-a.particle depénds
on its momentum, which over this range of energy
varies almost linearly with energy. The P.ﬁ.A.
spectrum can thereforé be regarded as an energy
spectrum., Rurther discussion on this point is
given in Chapter 3.
- There are dead areas at bothAendé of the
Sbark chamber. The dead area at‘the,microphone
end is partly caused by the 5 psecs. inhibit,
and partly by the distortion caused by the
shock wave from.the spark at small distances,
It is shielded by a brass shutter., At the ofher

end, the microphone pulses may be so attenuated
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they are unable %o fire the diseriminator,

A moveable brass shutter sliding in the plane

- end of the spark chamber is provided., Its

positipn is registered by a counter and is

therefore reproduceable., - It may be used to

reduce the spark .chamber to any required length.
Most of the relevant quantltles are

recorded on scalers, a list is given in table 2, 1.'

Setting up the Spark Chamber

~ In order to reduce the interval between
the'déteétion"of'a particle and the subsequent
firing of the gspark chamber, the scintillation
detector coincidence circuitry (figure 2.4)‘and
the pulser circuit (figure 2.8) were placed |
adjacent to. the spark chamber>within the
-experimental area, The discriminator bias
levéls and the coincidence delays were fembte1y=
controlled from_%he ooﬁnting room, and were
gset vup using the prdton)beam.'.Bedause-of the
high radiation levels in the ekperimental area
the remainder of the electronics was set up
using an intense, well collimated beta source
to‘prOVide a gtream of ionising particles.

Uéing thg source, the diseriminator bias

levels were get to give a reasonable number of

coincidences and the timing and lengths of the
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Scaler No.,
1. _
2. Scaler Simulator Units
3. | |
4. Accelerator Proton Puls es.
5. Charge Integrator Cycles.
. 6, B; Singles Totals
Te . B, Singles Total.
8., Coincidences.("T+A")
9. Accidéntal Coincidences, ("AM)
10,  Start Pulses.,("START")
“11.  Stop Pulses, (“STOP")
12,  Pulses Entered In the PHA. Memory ("ADD 1)
13,  Number of Vetoed "STOP™ pulses. ("LOST")
14, B, Analogue Pulses,
15,  E, Analogue Pulses.

*The Scaler Simulator behaved like three pseudo;
scalers, allowing three preset 6 digit numbers
to be printed out at the same time as the other
scalars, It was used to maintain a record of
'quantltles such as Targe? mass, Run number and
Spectrometer angle.

-

Table 2,1 List of Scaled Quantities,
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inhibit pulses wefe set using an oscilloscope,

| ‘The gas mixture flowing through tﬁe spark
chamber was also adjusted.using the source. The
proportion of ethanol to argon was progressively
altered until the threshold voltage a® which the
spark chamber jﬁst fires was 6.5'kV. The E.H.T.

- bilas was then set at 8 kv; ‘ ‘

. With the spark chamber in bperation, the
next stage was the setting 6f the bias ievél of
the acoustic discriminaﬁdr. It was imperative’
to ensure that the diseriminator fired ab the
first negative-going edge of the microphone .
signal, wherever the sound pulse originated in -
the spark chamber, otherwise ambiguities may oceur
v}n the positioning of the barticle. On the other |
;hand, the bias had to be sufficiently high to
prevent the‘discriminator beiﬁg fired'by stray.
»noise pulses on the acoustic line, The bias was _
éet'to'a high level and thé gource placed near ‘the
. microphone end of the spark chamber. The micro-

‘phone signal and the outbut from the discriminator
were simultaneously fed into an oscilloscope. The
signals were added internaliy. It was.eaéy to see}
from the resulting trace at which poin%s the,~
discriminator was firing. The bias was slowly

redvced until the discriminator always fired atb
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the leading negative edge. The source was then
moved. progressively furthér‘away frbm the |
micrbphone and the procedure répeated at'each o
point. As the acoustic wave isKatténuated over
disfance, it was generally néccesary fo reduce
the bias slightly. When the whole length of
the spark chamber had béen covefed, the biaé
was left at its final value, and the Tiring
condition.rechecked at varipﬁs pogitions in

| the - focal plane.

The veto disériminator«was set ﬁp uging
the beam with a’suitable target selected,and
the spectrometer field éhosen‘so-ﬁhat the elastic
sééftering.peak was:in>the‘spark chamber, The
procedure folio&ed Was‘fhe same as that for the
B, and E, discriminators above.'

. The 0peration of the Qeto‘iogic unit may -
“be folioﬁed in figure 2,10, Eriefly, the NAND,
gate prevents the vetoing circuit frOm being fifed
by veto pulses ariéihg'from the same particle that
initiated the start pulse, \The-&elays were ad-
justed so that the-relevaﬁt pulses were in
coiﬁcidence. The ANDA gate tests whether a pulse
arrived in the interva1 1Vsec; after a start,pulse. 
rThé ANDS gate'detéots a non-coincident stért pulse

arriving in the interval Tpsec. after a veto pulse.
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In either case a TRUE result increments the
los%-5calar by one, and inhibits the stop pulse
~for 5 milliseconds via the NAND, gate. The
pulses at points P, Q, R, S, T, and U were
monitoredAby an oscilloscope and the.unit ad- .
~justed until the correct timing Was achieved,

~The efficiency of the spark chamber is
‘defined as the ratio of "stops" and "lost" to
"Sfarts". As the clearing field is increased,
- the efficiency remains oonstant‘uhtil.a criticall.-
value is reached. A% this field intensity, the
~ ionisation trails of soﬁe of the-incoming.
vparticles‘are being completely swepf awa& before .
 the BEH.T. is applied, Increasing the.field .
further quickly reduced the efficiency to zero.
For pr0per'6perati§n of the spark chamber the
fleld,should be set below the knee of the. resulting
characterlstlc wave. I£ on the other hand, a 7
delay of 1psec.‘is introduced between the detection. .
of a partiqle'and'the subsequent firing of the
spark éhamber, fhe knee of thé curve will 6ccur
-Aaf‘a lower potehﬁial" as the field has more time .
to clear away the ionisation. The clearing field
is set at a level where, under these conditions,
 the efflclenoy is zero,. Lhus, all partloles

which occur more than 1Psec.’before the initial
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- true event, will not be detected by the spark
chamber. Events occuring ‘within this time are
dealt with by the veto 01rcult

| - The elearlng fleld wes progr8331vely

.incteased until the efflclency was zero, At
each level of the field, a measurement of the

‘efficiency was made. A graph was drawn between

efflclency and clearlng biag. The procedure wésf

repeated with the application of the E.H.T.

delayed by 1psec. The resulting graphs are

depicted in figure 2.11. The correct bias was
set by ch0051ng a level between the knees of
the two curves.

Limitations of the Spark Chamber

-It76én-be seen from the above description
~that the spark chamber system had a dead timevdf

' 5 mgecs, This limits the maximum count rate to

1 event'per machine cycle, Henég the rate of
accumulation of Qvénts in a spectrum is independant
of the beam above a certain intensity. The spark
chamber therefore is most effiqient when used to
find the distribution'of pérticles along the focal
plane, The total numbexr of scatltered partiéles

is measured by the scintillation detectors., The
absolute cross-sections of each of é number of

levels present in the spark chamber may therefore
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easily be found, by multiplying this total by
the-proportion of events detected by‘the spark
chamber which are in the relevant peak. However,

a consequence of the very long dead time of thé
spark chamber occurs Wheﬁ part of the spectrum

has a very_much-greaterucross—éecﬁion than an
adjacent part. In order to measure the smaller
cross~section part in detail, a disproportionately
long time would be required, as most of the events
recorded would be in the high ceross—section parts
of the spectrum, In addition there are limitations
in the count rate of the coincidence system., At
very high count rates, pile-up effects are en-
countered. To ensure that these effects are always
‘negligible, the beam was maintained at.a level such
that the count rate was less than four coincidences
per machine cycle, Even.at such count rates,.the
risk of a failure of the veto circuit to detect
"double" events is relatively great. IFor these
feasons; if the spark chamber was being used 1o
‘measure relative cross¥s§ctions, it was never allowed
to count at a rate greéter than one event every two

machine cycles,
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Chapter 3

‘In this work, four aSpeqts of the
scattering of 50 MeV, profons by Zifconium
igotopes were studied. Experiments were
‘perfopmed to find the excited states of each
iéotope, and tO’thain thé anguiarkdistribufion
fof elastic and inelas%ic scattering. The an-

- gular distributions of the asymmetry in elastic
scattering were also measuréd. This chapter
~«deéoribes the procedure followed during!each,:
experiment and also disousses the fedﬁction R
of the experimental data to obtain the absalute
quantities.

Section 3i: Targets

‘Both Zirconium metal and‘zircoﬁium oxide
. targets were used during the experimeﬂts. The
metal targets were manufactured from highly
-enfiehed Zirconium isotopes at the Qak-Ridge
National'Laboraﬁbries, Oak-Ridge, Tennessee,
They were in the.form of self-supporting foils,
t&o centimetres square, with nominal thicknesses
’of 2 mgm./em: The actual thicknesses are listed
in table 3.1,~which.also gives the conoeﬁfrations
-of the principal impurities.

The'targetS'were transferred from their

sealed containers to the scattering chamber

@
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Target

Zr*q
Zr at
A 42

C Zy s
gy 16

Thickness '% Composition

mgm./fem . e’ o Zp™  gx™ Zrp’t
2.0 97.8 0,95 * 0,65 0,49 - .
2.0 4,95 91, 65 2.,51. 0,62 0,07
2,0 2.86 1,29 94,50 1,15 0.14
2.1 1.67 0.42 0,76 96.93 0,22
1.8 14,64 2,80 4,21 5.88 72,47

Table 3,1 Target'thicknesses and the concentrations of

principal impurities.




cassette under an atmosphere of dry argon.
The.cassette itself was filled with argon at
slightly above atmospherié pressure.  Thege
precautions were designed to prevent contamw
ination of the bargets by the atmosphere.
~However, the éxperiment:subsequéntly showed
“that there was some degree of oxidation of
all the targets. ;

In most caseé,'thesé tergets were thick
enough to allow accurate data to beréollectéd
in a reasonable time. However, for polarisation
measurements at large angles, the low intensity .
of the polarised beam doupled with the relatively
small cross-sections at these angles made accurate
;measuremeﬁts‘of the polarisation prohibitively
lengthy, This problem was overcome by using
Zirconium oxide targets approximately 20 mgm./cn’
thick, These were made by the Electromagnetic
Separation Group at the Atomic Energy Research
Establishment, Harwell, Berkshire. They consisted
of oompreséed oxide pbwder sﬁpported by thin mylar'
foils. These targets could not be used for cioss—
-section measurements as their exact thickﬁesses.
were unknown, They were also unsuitable for use
at forward angles because of the difficuliy of

resolving the oxygen and zirconium elastic
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scattering peaks. In practice they were used
only for measurements above 70°, where the
oxygen and zirconium peaks were well separated.
Measurements of the polarisation below 70° 7/ere
made using the metal targets.
Section 3ii: Elastic Scattering
Forward angle scattering

The inelastic peaks observed in the proton
scattering spectrum of each isotope were well
separated from the elastic peak. This simplified
the measurement of elastic scattering cross-
sections as it was possible to set up the detection
system so that only elastic events were recorded.
The field in the spectrometer was set so that the
elastic peak was near the low energy end of the
focal plane. In this position the inelastic part
of the spectrum was cut off by the edge of the
spark chamber. The focal plane shutter, which
operates from the high energy end of the focal
.plane, was then used to reduce the active length
of the spark chamber. The aperture which re-
mained was sufficiently wide to ensure that no
part of the elastic peak was cut off by either
the shutter or the edge of the spark chamber.
The spark chamber was used only to ensure that

the elastic peak was placed near the centre of



the aperture and was not required for accurate
measurements of the distribution of particles
in the focal plane. Consequently, the rate at
which data coﬁld be acquired was determined only
by the maximunm eéunt rate of the. scintillation
detector system (Section 2vi). |
With this arrangement of the detector
syétem, the cross-sections éould be evaluated
from the number of events detected by the |
scintillation detectors. This number however,
included contributions froﬁ the elastic scattering
by the oxygen contaminant of the target and from
a background flux of neutrons present in the
expefimental area. The method used to extract
the zirconium cross-sections from the quantities
obtained during the experiment is described below.
All the forward angle measurements were
made with the target at én angle of 135° +to the
beam (see figure 3,1). This ensured that measure-
ments could be made up to 90° without causing the
spectrometer to bhe moved into the "ghadow" of the
target. The oblique position of the target,
however, increased the effective thickness of the
target by a factor of 1.414 (Sec 45°) which had
_to be taken into account when calculating the cross-

sections.,
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During this parf of the‘experiment the
differential créss~sections'of each isotope were
measured at 2.5  intervals from 7.5° to 87.57,
 As a check against,the development of systematic
- errors, COnseéuﬁive measﬁrements were made at
- -alternative angiés. The spectirometer aﬁgle was
first increased in 5° steps from 7.5° and then
decreased in similar steps from 85b. t each |
angle, the following procedure was’adoptéd. The
position of the elastic,péak was obtained using
the spark chamber., If neccesary the spec trometer
field was adjusted to position the peak near the
centre of the focal plahe aperture. Tﬁe‘beam
linténsity was set to a level such that the count
'3ate was slightly less than four events per .
mgchine cycie. The system was allowed to count
for a number of iﬁtegrator cycles sﬁfficient‘to‘
obtéin a reasonable statistica1~error«in the
number of events recorded. In practice, about
7000 coincidences were recorded at each angle,
Finally, the spérk chamber s@ectrum Was'printed
out and the contents of each scalar noted.

Correction for oxygen contamination

- The oxygen peak began to separate out of
the zirconium peak at 17.5° and was oomﬁletely

resolved at 20°, 22,5°»énd 25°, At angles greater
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than .25.0 if was cut off by the edge of fhe gpark
chamber., At 20° and 25°, ﬁheaoxygén peakrwas
much smaller thah-the zirednium peak, oxygen events
forming lesg than five per cent of the total number
inithe spectrum. At 22.5°, however, there is é
diffraction minimum in the zirconium cross-section
. and the proportion of oxygeh evenfs was as high as
50%. | |
‘ The actual degree of oxygen contamination
Wésnestimated from the observations at‘20°, 22.5°
and 25°, using the dxygén eross~-sections of Fannon
et él (réference 5). It was then possible to
calculate the number of events at each.angle arising
from oxygen elastic scattering. |

A For the angles 20° to 25°, the estimation was
made directly, without referring to the oxygen |
cross—gsections. The proportion of coincidences
which were oxygen'e#eﬁts was assuméd to be the same
as the proportion of events in the spark chamber
-spectrum which were in the oxygen peak. Alfhough
the rate at ﬁhich the system was allowed to count -
‘was too high for the spérk chamber to be a oompletely
reliable  guide to the distribution of particles in
the focal plane; any erroré introduced by making this
agsumption were exﬁected to be small. In any case,

a 20% error in the number of oxjgen events would
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lead to an error of less than 1% in the cross-
sep%ibns. An allowance for any such errors was
made when calculating the total error in the
cross~section. At 22.5°, however, the uncertainty
in the number of oxygen events made a large
eonfribution to the error, and the egtimate of
the ervor was increased to take this into account.
The number of events I(©) in the oxygen
peak was found by adding the appropriate channels
of the spectrum. The'total number of events in
the spectrum A(S) was obtained from the "add 1"
scalar (see ‘table 2.1). The number of coincidences
and the number of accidentals were also obtained
from the appropriate scalars, If  7}(9) is the
numbexr of‘true coincidences, then the number of

oxygen. events T,(®) in T+ is given by

T (o) - L& T (o)
A(@) 3.1

With the proviso that the quantities
hsed aﬁe normalised to the same amount of'incideht
beam we can say that T, (6) will vary linearly with
the cross~-section of oxygen elastic scattering ¢ (®)

that is

'T;(@) . K . .
0; (@) 3,2

For each target a mean value of K was found

- 47 -




from the values of Ts and‘ﬁa-at 20°, 22,5° and
25°°, The number of oxygen‘eéents at angles below
20° is given by |
| T, (@) = K 05 () 3.3
The corrected number of zirconium events at each
‘angle 1z was then given by
T(e) - Tr(e)~T(e) 3.4

Background. correction

The number of zirconium events [: obtained -
- from equation 3.4 $$111;includes a number of
background events. When the spark chamber is
‘operating with 100% efficiency -the number of stops
should equal the number of starts. However, during
the experiment, it was noticed that at large angles
the ratio of sﬁoys to starts, which was unity at
forward angles, fell short of uni%y by an amount
which increased with decreasing cross-section,
This was an effect of a beam dependant background
of neutrons in the region of the scintillation
ﬂetedtbré. Some of the energetic protons prdduced
by collisions of fhe neutrons with protons in the
scinfillators:and the surrounding structure weﬁe
detected by both scintillators. The resulting
-coincidenoe pulée occasiohally initiated é start
pulse, The absence of a correspondihg ionisation

trail meant that no spark and consequently no
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stop pulse would be‘pfoduced. - For é‘given heam
intensity this effect was constant in time and
independant of angle. Comsequently it was of
greater importance at larger angles Where it was
neccesary to count for longer peri§ds in order %o
—-obtain the required number of events. VThe\start _

circuitry fires with equal probability for any

coincidence pulse so that the'proportion of genuine . -

events in the total was given by the ratio of stops

to starts,

Calculation of absolute bross~sections _
The differential cross-section transformed
to the centre-of-mass frame is given by the

following formula
.@wﬂ>' . T (@), ST(e)., SAL,
con

Iﬂ_ . 5 R(Q)- N‘Ttrr«z‘. C. R} F({.
VIOJJ - ‘ l CH!ns teracd 'm'\‘ -
Goaha x (1O (05(75) b /s 3.5

| where S5R(®) and ST (&) are the numbers of starts.
and stops, NT-iS'the nﬁmber;of atoms per sq. enm.,
in the target, (L is the solid angle subtended by
the spectrometer andC,iQ; and Fr are the number
of cycles, the number of ooulpmbs per cycle and
the range correction factor respectively, The
factor 6,242 x 10'® is the number of incident
protons in a coulomb of beanm, ﬁ{ is the target
angle and SAC is a kinematical correction to the,

solid angle,
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The total statistical ervor in the
meagurement of the cross-section was evaluated
by adding in quadrature the errors in the quaﬁ%i?
tities ST (), S R(®) and 12 (@) of equafion 3.5,
This was an over-—estimate of the error as 5T, |
SR and to a lesser extent T. are not strictly
independant variables, HdWever, a fixed error
of 4% was included in the estimate of the total
exrror in the cross-section., As the total stat-
igtical error was rarely gréater than 3%, the
effect of ignoring the dependance of ST and SR
was to increase the total error by less than

14%. The fixed error represented an estimated

upper limit ‘o the aggregate of all errors, other

than.statistical; arising during“the,experiment.
It includes the uncertainties introduced by the
oxygen correction (see aﬁove) and by neglecting
the correction for the finite width of the solid
angle defining aperture (see 5eloW). The formula

used to obtain the total error was:
A ” v
A= do AE - mS&) ‘/@Jty]-QQOIé}l ‘
anr \T,, Cer ) “l7sT ey

where;AT}, the error in Tz was taken to be equal

$o, T . Similarly AST =GN ana ask =G R)%,

Finite solid angle correction

The differential cross-section ¢a = ij;(e)
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is defined for an infinitesmal solid angle a0,
The. spectrometer, however, subtended at the
centre of the target nominal angles of 1° in
the horizontal pléne, and 6° in the vertical
plane., Consequently, the quentities measured
by  the spectrométer are the orosé—séctions
averaged over an angle of 1°. The finite
height of the aperture'meant thét the values
of‘the.cross—seétions also included a contrib-
ution froh_out~of—the—plane~seattering. However,
the absolute cross—~section at the centre of the
aperture is related to fhe average oross—éection

by the following equation

SN BX_ de o> Ao
e = Ognp(O)+ L g A Qecp
o5 (8) o) 24 Tan® 46 Qb de> 3,7

- where is the horizontal anglé and 3 the
vertical angle subteﬁded.by the aper{ure. T p
is the experimentally observed cross-section,
‘The solid geometry of the prdblem is
discussed in reference 6 where eqﬁation 3.7
ig derived., At forward angles, where tan © is
smallkand the cross-section changes fairly
rapidly, the second term in equation 3.7 is
about 10% of the total cross-section., The
grallient of the angular distribution at a

given point was taken to be the gradient of




the straight line joining the two adjacent
points; The contribution of the third term
was not calculated specifioally; as it was
not possible to obtain an accurate value of
zfg: . Howevor it was expected to he fairly
small, and an gllowance for it was made when

calculating the error in the cross-sections,

Target impurities

The principal impufitiesgin each target,
apart from oxygen, ﬁere the other isotopes pf
zircohium.l The observed cross-section 6;(”)
of an igotope A therefore 1ncluded contributions
from the impurities. The crOSSnsectlons Jh(ﬂ)
of eaéh pure isotope were calculated using the
cbnoehtrations of the various impurities given
in table 3.1, |

As the Zr ”’target had the lowest concen-
tration of impurities, the cross— sectlon of pure

Zr % was calculated first, using the equation

ot (a0} = {100 03 (a0) ~ O-USan(a1) = 0,65 65 (49)
-0 4900} Sy | 3.8
Similar equations were written for the reméining
'isotopes. The corrected.cross-sections of the
other isotopés were calculated in descending
order of purity. Thé new values obtained for

the purer isotopes were used in calculating the
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corrections tothe less pure isotopes. The set
-of,correoted cross—-sections obtéined‘in thisg
way were then used to perform more aécﬁfate‘
calculations of the absolute cross~sections by
the same method. The pfodedure Was reiterated
until a consistent set of cross-sections of the

pure isotopes had been obﬁained.

Large angle crogss—sections

HMeasurements of thé cross—éeetions were
extended to angles greater than 87.5° using a
slightl& different procedurg to that used at
forward angles, ~Aﬁ.baqkward angles, the zirconium
cross-sections are relatively small, Consequently -
the count rate of the'system was Wellibelow the
limiting value for making accurate measurements
with the spark chamber. It was therefore possgible
to record elastic and inelastic events together.
The distribution of events between the elastic and
various inelastic channels was given by the dis-
tribution of events-betweén the corresponding peaks
in the spark chamber spectrum. The chss—section
was therefore given by thé expression of equation
3.5 multiplied by the ratio of evehts.in-the elastic
peak to the total in the spectrum. That is

dee) = ACS) s T (0). ST(S)a SAC
0L SP(e)- SRTE). Ny, N, C. R, Fg 5.9
/02?. ‘vﬁ . ‘a
X é_ ;\21“ ;2 X "0‘8 ‘:Oa.:;ﬁ' m‘mrm/ﬂhh

- 5% -




where A (©) is the area of the elastic peak,
Aobtaiﬂed-by‘adding the contents of the appropriate
chanpels.,5F>(@)'is the total number of events in
~the spectrﬁm, ob%ained from the "add 1" scalar,
The cross-sections of the 2,75 MeV. 3~ level were
 given by a similar equation,
. ' The cross-section was measured at 5° infer-
vals from 70°., 'A%t each angle, the system was
allowed to count until there were at least 300
events in the 37 peak in the spark'chamber spectrum.
The target was set at 45° to the beam, so that the
spectrometer viewed the target in reflection mode
-(seeifigure 3.1) ﬁThe change in target positioﬁ |
intr;duced the poséiﬁilityrof differing normalisation
bétween the data at forward and backward angles;
However, the two parts of the angular distribution
had overlapping points at 70°, 75°, 80° and 85°.
A normalisation factor was given by the mean ratio
of the values of the crossésections calculated by
the method described in the first part of this
section to the wvalues obtained by the above«method;
The backward angle créss—sections were multiplied
by this factor to give a consistent anguiar distrib-
ution from 7.5° to 140°,

A computer code was uéed tb perform all of

the calculations described- in this section, except
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the correction fof éxygen coﬁtéminationr The.
progran élsb converted the'aﬁgle, cfoss—seotion
and error to the centre-of-mass system. The
elagtic SCa%téring angular distributions are
depicted in the diagfams illustrating Chapter 6.
The solid lines in these diagrams aré‘predictions
of the,opﬁipalrmodel»theory described in_Chapter 4,

Normalisation errors

Apart from the errors in the measurement
of the créss—éection af each angle, there was an
error in the absolute normalisation of each
angular distribution, This error arose mainly
from uhceftainty»in\the)measureménts‘of the target
thicknesses which were estimated to be accurate
bniy to within 5%. Other smaller contributions
came from the messurement of the solid angle and
the calibration of the charge integrator system,
However, the total normalisation error was estimated
%o be better than 10%.

Section 3iii: Polarisation Measuremenits

The asymmetry 5 (@) in the elastic scattering
of polarised protons at an angle was given by

- /o,

@) = L - A ‘ _
Lt Qfop ' 3.10

where o3 and o, are the elastic scattering cross-

sections, measured with proton spin up and with
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proton_spin down respectively,

~ Dﬁriﬁg the experiment, the asymmetries of
each isotope were measured at.2.5° intervals from
7.5° to 65°.: Measurements were also made at 5°
intervals from 65° to 100° for all the isotopes
except ZrY , The relative values of of and 9,
wére measured,.in the same way as the backward
angle.qross-sections. ﬁqwever, in this case two
gpectra were accumulated at each angle, one for
each spin orientation, The amqunt of incident
beam was measured by the spiit ion chamber, which
ha@ an unknown multiplidation factor. However,
the spectra were aceﬁmulated for equal numbers of
integrator cycles so that GL/5¢ m'nkﬂ%. where Ta

and T, are given by

Ale) . ST(8) . T ()

Because of the low infensity of the polarised
beam, measurements at all except forward anglés
‘took several houfs to complete., As the beam
polarisation changed with time, the spin orientation
was changed at intervals of about 20 minutes. The
spectra'were‘accumulated in different parts of the
analyser memory, avoiding the neccesity of erasing
the memory each time the spin orientaion was changed.

Each time, however, the contents of the scalers

e -




*  were noted and the accumulated spectrun was
’printed out. This avoided an unneccesary loss

of data if a fault developed in the system.,

‘After each spin up—spin'down'éycle,‘approximate o
' values of +the asymmetrj aﬁd the beam polarisation

- were calculated and checked for congistency Wlth
the values from prev1ous cycles. At angles

greater than 70°; it wag neccesary to use-thiéker
7r0 taxgets (Seétion'ﬁi) in order toyoompleté the
measurements in . a réasonable-timé.

~Calculation of polarisafion

At each angle tﬁé‘asymmetry,was calculated
‘from equations 3.10 and %.11. The error AS in
the asymmetry was giﬁen by the expression

e T )5

A§ = -(_“u___
‘ Te+ - e =Ty

_ 2.12
Thié estimate did not talke into[aqcountrthe'
éxperimental.undertain#iés in theimeasuremeﬁt.
lTo{aliow for these, a fixéd_errof of 4% was
.included in the total error. The beam polarisation,
was calcuiated from the polarimetervréadings, using
equations 2.2 and 2.3 (see section 2v). The
polarlsablon of elastlc scattering of the target,

(e), was then given by | _ ‘ ‘

P, (@) PCe) = §(O) | 5,13

The results of this experiment are shown in
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the.diégnams illustrating Chépter 6. The_angular
distributions of elastic scattering polérisation
are shown;.together with the pfediotéd values of
the optical model, |

Section 3iv: Energy Levels

The‘ehergy'levels excited b& inelastic
proton scattering weré'investigated oy two’differentz
| methe&s. The first method, which is described in
this,section, requiréd the calibratioh of +the
spectidmeter.; The.absqlute_energy of a proton
group in ﬁhe‘fccal'planefwasAdetefmined‘in relation
to its position in the épectrum-and{to‘the'field
in the spectrometer. E |

In the second method, the energy 1e§els were
obtained from the spectra recorded during inelastic
scattering measurements-(seé secfion 3v), The
energies of several prominent and unambiguous peaks
were‘obtained from measufements by qther workers
aﬁd used to calculate the rglatiﬁe enexgies of the
remaining peaks.

Calibration of the spectrometer

The spectrometer was calibrated bj'finding
an,exbression relating_En,‘the.energy of a proton
deteoted\inAa given channel, to the channel number
n and the Hall voltageV. |

The energy of a proton detected in the central
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channel of the spectrum Ne Was giveﬁ by the
following expression

Eo = A + BV+CV™ | 3,14
where i, B and C are éonétants. Higher order
terms were assumed to ﬁé negligible.

The energy [n of protons detected in
channel ' n. was related to the central channel
energy by

Ea® = Eots D@A-0) * E(a-0a)" 5 15
where again D and & afe'constants and higher
order terms were neglected. Substituting for
Fodin equation 3.15 |

\

Fa* = A + BV +FeV > +D(n-Ne) TE(“""‘O)z 3,16
The coefficients A, B, ¢, & and £ were evaluated
using the elastic scattering of protons by
beryllium, A lightknucleus was used to give

a wide kinematical variation of energy with
gcattering angle, The béryllium,target was. the
mogt suitable available, as. interference from
the excited states, which are well separated:
from the ground state, was negligible.

The sparkthambér was attached to the
focal plane of the vegsel in a position such
that the central channel of the spectrum co-
incided with the mid point of the focal plane.

The spectrometer was set at an angle of 10° %o
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the beam., The spectrometer field_was systematically
varied so. that the elastic‘peak moved across the

length of the spark chamber;‘ The number of “the

‘_eentral channel of the peak: was recorded for each

valuehof“theufleld. The procedure was repeated for7
spectrometer angles at intervals of 5° between‘109
and 857,

The energies of the protons in the peak at

~ each angle were obtained from klnematlcal tables.

In this way a table of relabed values of En,V and
n_was built up, for Values of n whloh covered all

parts of the spectrum and for values of Ev\extendlng :

~ from 35 MeV. to 50 MeV. This table was used by a

program written for the TBM 360/75'cqmputer to cal-
culate the’coefficients of equation 3.,16. The
pfogram used a least squares'method to find the set
of values of A, 8, C, D‘and‘ﬁ which gave the best
fit to the experimental data, The minimum value of -
the quantity ¥*was found where
’ﬁt = z ('Ef#ﬁ - E"v\\Y‘
. N § _ 3,17
Ey, is the energy calculated from equation 3,16 and -
Emm the corresponding experimentally observed energy.
hfis the number of data points, The program calouléted
the final wvalue of ﬁ@‘and‘also listed the eontributibn

of each data point,
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‘The equation used to caloulate the energy
‘spectra was (no=l45) | : o |
Ea= 0.,1684 + 0,001159( N = 145) + 0.1384
x 1075 (N, - 145 + 0.004020V -
0,2158'x 10" V™ | 5,18
with a total value mE/Xfof 0.6716 for 40 data
points, o

Excitation spectra

The spectrﬁm of proton scattering up fo‘an
'nexcitatioh‘of 10 MeV, Wasymeasured for each isotope
at scattering anéles of 20° and 40°, ThefacceptanCe
rangeAdf the spectrometer is only S'Meﬁ. ;t wa.s
therefore neccesary tb link together a series of
spark chaﬁber’spectra,'each éovering a different
energy xange.of inelasticxécattering. |
‘ The. spectrbmeter was placed at aﬁ angle of

20° to the beam and the appropriate target seiected.
The spectrometer field was set so that the elastic

peak was centrally placed in the spectrum. The
‘spark chamber was allowed to count ovexr 100 integrator
cycles at ﬁOf“ coulombs per cycle, Because of the
relatively high cross—-section of elastic scattering
the inelastic péaks in the spectrum were barely
discernable., Tn order o obtaln é,réasonable number
of events for’inelastic 1eveis close to the ground

state, the next spectrum was recorded over a range
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of energy. starting just‘above;the ground state.
The-field in the spectrometer was reduced until
‘fhe elastic peak wés just cut off\by the high
energy end of fhé»spark‘chambér. A spectrum,wés
accumulated over 400 charge cycles at 10“?cdulombs/
cycle. The field was then reduced again until the
‘new spectrum oveflépped the previous one by about
80 channels, The’spectfuﬁ was again recordéd over
400 integrator’eycles. A serieé of overlappihg
‘ spebtra“was:5btained in the same way'until the
desiied range of*exoitétion energy had been achieved.A
Bach spec%rum gives the relative;cross—secfidns.~
”of'thé levels included in the range of excitafion' :
energy. Thére was, however, no cofrespondance
between fhe‘oross~sections of peaks in différent‘
spectra, The oveflapping sections of the spectra
‘enabled the normalisation factors between them to be
» célculated. ~The wide overlap between the spectra
also made it possible to neglect the end channels of .
- each spectrum, wﬁich were subject to-edge effects,
A computer program read in the relevant speotra
ahd converted each one into an energy spegtrum of 100
channels at intervals of 5 keV, uging equatibn 3.18,}
The program then calculated'the normalisation factors
between the energy speetfa.by comparing the éverage .

. contents of overlapping channels., Fihally, the
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‘ normalised spectra were linked together'tb form a
-81ng1e spectrum calculatea at 50 kev. ln%ervals‘ |
from the ground state up to about 7 MeV. Xcltatlonr'

The above procedure. was repeatad for each
isotope. A simiiar set of spectfa was also obtained
at a scattering angle of 407, ThiSjwas to\assist in
thé Qbservatibn of levels with forward peaked cross-
sections and aiSO enabled peaks belonging to light .
impurities to be identified by their;kinematicai
shifts. |

The energy level diégram for éach isotope
obtained in this way had a similar structure to the
appropfia%e set of energy levels givén in references
1 énﬁ.iz._ Howevér;xthere was poor agreementd between
. the actual energies. The reason for thi$ discrepancy
probably lay in the calibration proééss. _The
 beryllium target had a thickness of 10 mgm./ém.land
“the elsstic scattgfing peak was{correspondingly'broad.
This made it very difficult toiidenfify the exact
position of the peak. There was also a'conéiderabie
energy loss in the target which varied élightly with
scattériﬁg ahgle. A more cpnsis%eht set of energies
for the low lyiné states was obtained-froﬁ the in-
elastic séatter@ng croés-éeotion measﬁrements. This-

method is described in the nex+t section,
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Section 3v: Inelastic Scattering

"In this part of the exﬁeriment, the angular
distributions of the cross—sections of inelastic
scattering were measured for the low iying excited
éﬁates in each isotope.

Inelastio-scattefing gpectra

Spectra of inelastic scattering were obtained
uging the spark chamber at angles between 7.5° and
87.5°. The measurements were made at 2.5° intervals
for Zri° and at 5° intervals for the other isotopes.
The number of levels which could be étudied wa.s
limited by the active length of the spark chamber,
The spectra extended from just below the lowest
discernable inelastic peak to about 5 MeV., At each
angle, ‘the gpectrum was accumulated at a rate of
less than one event every two machine cycles. Con-
sequently,. the relative cross-—sections of the iﬁ—
elastic levels were given by the ratios of the
areas of the corresponding peaks. The number of
events in each spectrum was suffibient.to ensure
that the majority of the peaks contained at least
300 to 400 events.

The spectra were printed out, and récorded
on 5-hole punched paper tape. The tapes were read
by the computer, and the spectra written on to a

magnetic tape file,
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The cross-section of each level was given

by equation 3.9 where A (@) wés the area of the

appropriéte peak in the spark chamber specfrum._

The values of A (9) were found by a non-llnear

xparameter search program wrltten for the IBM 360/75

computer‘by Mr.G.S.Manl. This.method,was adopted

because the large numbexr. of overlapping‘peaks in

- the spectrum made straightforward addition very

difficult,

The apprbximate shapé of_eachﬁpéak in the
$pectrum was agsumed to be Gaussian.,  The progrém
generated a theoretical épectrum from the equation

Yo = Z R expl(en-TWRED ¢ 5 3.19
S represenﬁs a‘uniform background. The program.
found the set of values of Py, @u, Ry and S'whiéh
gave the best fit to the experimental data. The

minimum of the quantity ‘K" was found where

* = %;;( ?% N . )

- 3.20

Xlrepresents the contents of the Lth channel in

the experimental spectrum and AXzis the statistical

- error in Xz .

The 1ogio'and operation of this program is

\descrlbed in appendlx At.

The program exnlored the ﬁX~space in the
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vicinity of a set of initial values of P, Q,R
and§, which were fed in at the start of the
calculation, In practice, only the peak positions
 ®, expressed in integer form, were read in by the
program, The initial value of the width for each
‘peak was assumed to be standard at 5 channels,

and the height of the peak was taken to be Xg,

the contents of the @+th channel in the experimental
spectrum, ‘

The function “X* (P, @, R, S ) may have
several minima, Gonsiderable'éare had to be taken
in selecting the initial values of § to ensure a
physically reasonabie'result.

The spectra belonging to each angular
distribution were treated as a set. The members
of each set all had the same basic structure, Thus,
although the spectra were usually displaced with
respect to one another, the relative positions of
the peaks were generally the same. At angles above
40°, however, there was generally a prominent
oxygen elastic scattering peak in each specfrum..
The peak moved through the spectrum as the angle
inereased. At some angles it obscured or consid-
erably overlapped one of the inelastic peaks., As
it was sometimes not possible to extract the cross-~

- section of the inelastic level in such cases, there
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afe'dorresponding gaps in the aﬁgular distributions.

‘The spectrum in each set with the most clearly
defined set of peaks was chosen as a standard. The
standard spectrum was fitted first. After several
attempts, a set of initial.parameters was found
which gave a satisfactory fit, :The displacement
of each of the remaihing'spectra from the standard
was estimated by comparing the positions of the
prominent.B~ peaks. (The initial values of ® for
each spectrum were then calculated by addlnv the
dlsplaoemen% to the best fit values of & obtained
for the standard spectrqm. These parameters were
used to obtain a set of'pfeliminary fits for each
isotope. - |

_Before the values of A (@), caleulated from
equatlon : :

AN(Q) Ru.wu 5, 21
could be used to ewvaluate the crogss—~sections, it
was neccesary to examine the consistency of the
fitting procedure in each spectrum,. This process:
commenced with the set of Zr“° spectré. Initially,
an assessment'of.ihe quality of thé fit to each
peak was made fér every member of the set. The
energy interval associated with the7séparation
between two given peaks wags then found by assuming

a linear relationship between energy and channel
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number. The energy interval AE per chaﬁnel‘waa
.aSSUméd to be constantvthroughout the spectrum. '
To within the 2 to 3 keV, accuracy required, this -
assumption appeared to be justified, An energy
level diagram for Zr"° was compiled.frpm references
- 1-and 22, -As many- peaks as possible in ‘the standard
spectrumAwéré identified With levels in the diagram..
The energies of'fwé_of thrée well defined levels
were also obtained from the diagram. Using the
positions of these peaks and_the prominent 3~ 1eve1'.
as a reference, an approximate value of AE was
calculated., A& waé then used to obtain the energies
of the remaining peaks in the spectrum, The‘value‘
of BE was adjusted %o obbtain the best agreement
between the energies of the‘peaké and the energies
' of the corresponding levels in the diagram, During
this process, pérticular weight was giveﬁ fo‘peaks -
wﬁioh were experimentally well definedkand where
a goéd theoretical it had been obtained. The
energies of the peaks in the remaihing theoretical
spectra were then calculated,

If the fitting process and the experimental
date had been perfect, the energy of a péak
corresponding to a gilven level would have been ‘the
~same in all the spedfré. However, in practice,

some variation in the peak energies was obhserved,
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The decision whether or not to accept the fititing
of a particular peak as consigstent was made on a
subjective basis. Both the quality of the fit and
. the definitionAof the experimental peak were taken
into accounf. Generally, however, up to 10 kev;
variation in peak energy was considered acceptable,
Exceptionally, well defined peaks with good fits
were accepted even if the energy was up to. 20 keV,
different from the standard,

The spectra containing inconsistent fits or
badly fitted peaks were refit%ed with new starting
parameters, The proces§ of refitting and assessmen%
waé continued until a consistent set of fitted sﬁeotra
had been obtained., In these spectra, the energies
of most of the corresponding peaks agreed to within
acceptable limits. However, for some peaks it was-
not possible to obtain a congistent fit in every
spectrum. These were mainly in regions where there
were many overlapping peaks, or where the cross-
.sections of the corresponding levels were very small,

The energy ofeach level was found by averaging
over the values obtained for the energy of the re-
levant péak in the different spectra. Values for
spectra where the fit to the peak was poor or in-
consistent were not included in:the average, The

resulting energy levels are given in figure 6.30 .
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_ The-same procéss wa,.g apblied to thé spectra
of;Zr“l and Zr“, using the vélue‘of AE calculated
for Zr%°. The analysis of Zr"' and Zr"*‘° has not
yet been completed. A comparison of tﬁe energy
levels of Zr ** with those of other workers is
shown in figure 6.56. The diagram for Zr % is
given in figure 6.37,

. The bross~sections were evaluated from the
values of A (&) from‘the final set of "best fit"
parameters for.eadhlspectrum. Graphs of the angular‘
distributions of the observaﬁle levels in Zr°°, Zr“l,
and Zr°4 are given in figu&es 6,20 to 6,26, The
continuous lines on the graphs are theoretical
predictions of the croséwsections given by the coll-
ective model o¥ by the microscopic model, (see

Chapter 6).
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Chapter 4

‘An optical model analysis of the'elastic
scattering data was carried out. Several.formsv
of the optical potential wére used, and in
~each case the parameters of the potential were
varied until the best agreement between fhel
theoretical and experimentai data had been

obtained.

: Section 4i: Theory and Limitationg of the Model

Introduction

Thé_optioal model replaces the complicated
many body interaction between a nucleon and a
'nuoleué by é simple potential well, The éomponent
of the total wave function of the particle with
angular momentum can then be expressed asymptotically
in terms of an incoming wave I,and an outgoing wave
- 0, where -‘l ' | |
| ¥ = I+ 8 0 4.1
S, is defined as the scattering matrix element
“between the incomiﬁg andvoutgoing channels, It
represents the change in amplitgde and phase of
the .Cth partial wave. Hence the ratio of +the
initial and final flux densities in a channel is
givenvby /51/1.‘-The scattering matrix is unitary,
50 we may write

SQ - ev-lkéq ‘ 4.2
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where & is a phase shift in the 2+h partial
wave, . . -

‘ In a system where no'reaction'or inélastic
channels exist in addition to the elastic channel
the angular distributiqn can be describéd in terms
of a pﬁrely reél‘potential. For a reél.potential
well, 6§~is real and |5erfm 1. This is. a reflecn
tion of the fact that for pure elastic scattefing“‘
the flux in each channel is conserved. |

In a'fhysically realistic system, particlesv'
afe removed from the incident channels by a
variety of reaction procésses. In the case of
the'optioal model, the-éffebt of these‘processes‘
Cds approximated by including an imaginary component
in the scattering potential; This léads to an - |
attenuatioh.in each channel as the phase shifts

8o are complex, so that.ﬂ%lel .

Limitations of the model

The approxiﬁations~made by the optical
model are not valid in all cases., It the nucleus
has a strongly excited reaction channel, the
\réaction processéé can‘no longer be regarded as
a4peturbation on the«élastid-scattering; Also,
at low energies the elastic scatteringrﬁay be
'affected by the‘presence of compound nuclear sgtates,

If the energy spread of the incident beam is less
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than the separation of the compound nuclear
levels, the cross-sections will tend %o be
characteristic of one of these levels., Further-
more, at low energies only a few;compound channels
are open, and the probability of re-emittence
of the particle into the elastic channel is rel-
atively high. . Such compoﬁnd elastic scattering
may be comparabie to the shape elastic écattering
from which it is expérimentally indistinguishable."
- This applies particularly to light nuclei whieh
generally have fewer compound states. ‘
,Therefore, the optical modél can be expected |
to give best results for heavier nuclei‘at
intermediate energies., Also, the large number 6f
levels generally found in héavy nuclei means that
compound elastic scattering can usually be neglected.
,TheAutility of the model at energies above about
300 MeV, is also restricted, partly because of the
1arge number of‘parﬁial waves‘whiéh ha#e to be
taken into account and partly because relativistic
effects becoﬁe significant,

Form of the optical potentials

The potential well used by the model is
characteriséd:by a depth and a geometrical shape,
Its simplest expression is

Vope = (U + W) £ 4.3
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where V and W are the depths of the real and

imaginary components. _50)15 a radial form

factor with a characterisfic radius and shape
parameter, The potential 6f equation 4.3 is
given more flexibility by allowing different
geometries for the real and imaginary parts.

vo,ql; = u :f (f"

Jrae) v W rad) 4
where ., ar and r;, ai are respectively the
real and imaginary radii and shape parameters,
In some cases, better results are obtained with
an imaginary potential which is peaked at the

nuclear surface. This is physically reasonable

because the>effect of +the Pauli exclusion principle<

within the nucleus limits the number of states
into which the projectile c¢an scatter. In this
analysis, imaginary potentials with both volume
and surface components were used. The volume
component had a similar geometry to the real
potential, The radial form factor of the surface
term was obtained by differentiating the volume
form factor, | |

The potential of equatipn; 4.4, however,
does not take into account several importént
features of the particle-nucleus interaction.
If the incident particles have non-zero spiﬁ,‘

coupling of the projectile gpin to its angular
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momentum polarises the scattéféd partioles; Ir
this is to be accounted for by the optlcal model
there must be a spin orblt term proportlonal to
2.0 in the potential., Such avspln‘orblt term was
used in this work, given by
\/SD(r)_ (_B_) Uso £ _L_m o
, 4.5
where Wso is the potentlal depth and § “3 a
derlvatlve form factor,
| Finally,'if~the projeofiles'are Qhafged
there is a cowlomb term in thé,poténtial. This
was taken to be thé potential of a uniformly

charged sphére; S0 that

Ve = ‘EQR (.:;—-? ~2/Re ), -lt'.._(_f‘l\c.
¢
VC. = 2'1"""~ZT ™~ > ﬁ(,
" 4.6

The'opticaixmddel potential in its complete
form can now be wrltten.
MEPY = Ve ~- W (r, r';-,a,.) - LW f Crmy oy, an)
— LWL G, T, ad) |
@c) {us" ' LW“’} L A 4.7
where W and Wp are the imaginary volume and
surface weil depths. e, &r3 B, &L ahd_hm‘;ﬂsv

are the geometry parameters of the real, imaginary
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and spin orbit terms respectively.
‘In this analysis, the radial form factor
f(r) was given a Saxon~Woods form, so that

Jf(rj'z .

[+ expllr=reab)/oc)

and

Jd(ﬁl = L.Qmat&-—reﬁﬁvﬁrj N
(l + G:r:f:)f:(l‘**" f'rl?g\xii)/c\r‘j) 4.8

Calculation of‘observables

The total wave functionjf«of‘the sysfem is
obtained from‘the solution of the Schroedinger
Equation for the optical model potential.
£ 2 NN T =0
T S (E \/Op“.FP) r=0 4.9
where V@@(r} igs the optical model potential
and N is the reduced méss. FJ is given by

po= o Az Ag ,
The wave function may be expanded in terms

of radial, angular and spin components, so that
& ) . . Yoo Ay M
‘f( F©, $) = ng ujecry (Ry + )=l Yo @, B) K
J

no(=)Esee (Q S
moA P

4.11

 Setting £ = Rt, the radial and angular parits o
Sett ke, 41 dial and 1 ts of

equation 4,9 can be separated, so that we may write
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N d? e ) & {l-n Yﬁ.f) - 'Q,S.__'g.ﬁ'l‘)‘} Uep) = Q
. dya - . ' :
In the region outside the range of fhe‘

nuclear forces, the incident particle experiences

only the coulomb field. Hence, equation 4,12

becomes o _
A . -
== © \ —- R pCer ) Lug = Q
d\})l "'P“"' ..M-}T{_.m
4,13
where
25 b= ) /\/ 2'1; '2-1" Q-‘l'
TRET ; 4,14

Thefsolutions of fhisveQuation are the regular

and irregular coulomb wave functions, Fe and Ge.
The asymptotic form of these fﬁnctions, for large
J is o ‘ j - o
FGg)~ Sin(p- ¥ 2n&p - 200 + O%)

Ge(p) ~ Cos (p ~ ¥ 8a g - g.vzg-n\.f_m) ' 4.15 E

\The total wave function in this region can now

be written in the form of equation 4.1 :
Ve = Fe(p) » L 6el) » Se(Flpd— L6 4 46

Within the hﬁcleus there are two expressions

of equation 4,12, depending on how the particle

SPin‘couples\With its angular mémentum. Thus,

for a spin % particle, the total angulér momentum

J'has.two values‘0+%-and£p;%. The corresponding .

eigen values of 2.0 are 0 and -(2+1) giving the
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fallowing'equations'

: o
A U&ff) {l - - U f (@, rrae)
e . .
+L(%5Rﬁﬁ.%ﬂ +Wo§%fﬂﬁﬁﬁ3)__é(&ﬂyugfﬁﬂhwg‘}
E \ o € Ef-
=
and o .
A e Y ' R
c\sae ) {\" T WiGiman)

(WS §(S°; f_i;ai.)‘ + WQJC '(f’a ™y .G\")
E :

+(@+§)’(§;¢T ““F({"S;’“"“S“‘) m'%Ju: = 0 4,18
Bor each va]ue ofﬁ the. ndéiear wave functions

are evaluated at a p01nt well outside the range

of the nuelear forces,- At the mateching radius
fhefboundary condition impoéeﬁ on the Wafe function
iﬁ both regiéns is that the 1ogarithmid derivatives
at that point should equal. Therefore |

Fe + ( Ge 'r"Se:;(Fe.“'LC“a‘) - u:e:&_-
RP+ v 6 ST (R~ 16d) 4,19

where the presence of a prinme implies‘differentia~~

‘tion of the appropriate quantity. Equation 4,19

may be used to evaluate SJ'ana‘&:. The scattering '

amplitudes are then glven by

A - ﬁ@*ﬁﬁzo{(am b RS- At v QM& Pg(CosQ)
. ) 4,20

and

(e N
B ) = Tok

M

(St - 5}; ) e&i&e‘ e ’(Cas e) 4.21

b

Q2
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where T2 (Cos @) is the associated Legendre
polyndmiél,:f} is the Rutherford écattering
amplitude and ©} the éouloﬁb phase shift.

-The cross—-section %ﬁéﬁl may be evaluated

from A (&) and B (¥) using the equation

de . lma)llwlﬁ@)ll

o . - 4,22

and the polarisation P (&) is given by
>p= Qi A 13Y n _ .
RO TR VAT T, | 4,23

where N is a unit vector perpendicular to the
scattering plane,. |

Numerical methods

The coulomb phase shifts and. the coulomb
wave functions were evaluated using recurrence
relations., In the case of the éh@se shifts og ,
the relation '

Og = Gewny — (»%\""A‘“‘ (-b\j&?,\ 4.24
where § is defined in equation 4.14, is usgd;&ie
fér increasing values oiﬂQ.\;Therefore, the -
value of oy was found for R = 50 using the asymp-
totic éxpansion for large L (reference?7 , equatidn
2.53)., The phase shifts for smaller values of
were then found By recurring downwards using
equation 4.24.

The regular and irregular coulomb wave
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'functiqns were evaluated using the expressions

of Froeberg (reference7 ), The irregular function

CQ,QP ) and its derivatiye-GQ(JD) were evaluated
using the asymptotic expreéessions at a radius P
where the agymptotic condition is satisfied.
Bquation 4,13 was then integrated inwards from
fa to the matchihg radiushﬁn, to give the values
of GBQPM) and &J(ym).
The regular‘ooulomﬁ functions F%(P)

were evaluated by Miller's method. The value
of Fp (p) was set equal to zero, and the value
ofxFua set equal %o €, a.small number, &« is .
a constant which had to be determined. Recurrence
relations were used to obtain the values ofav&(y)
ando{Fé(f) for values of £ down to Q = 0, The
value‘of<x was then obtained from-thé W:onskian
for & = 0, _ _

‘ ‘Ql(yt)VG'e (“53)‘“ e (9 CTe‘ @) = ‘ 4,25
The same recurrence relatlons were used to find
the rest of‘the [ (51) and’Fé (J:).

When all the Fu, Fg,téh'and Ge had been

caleulated, the accuracy of fhe evaluation for
each value of £ was checked by calgulating'the

Wronskian. If the value of the Wfonskian differed

from ity by more than 0;0001, the calculation

of the wave functions was repeated using a 1argér
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value of fa .
4The'§alues of UQ(Pm)AfO£ both wvalues of
gj were foﬁnd by the numeriégl integration of
equations 4,17 and 4,18 from the origin out to
J%y The corresponding derivatives of\le(jm)
were determined,:both by Simpsqﬁs rulé guadrature
of Qﬂ% in equations 4,17 and 4.18 and by direct
numggacal differentiation of Ue."The accuracy
of the integration could then(be'ohécked by
'compariﬁg the valuesg obtgined by the two methods.,
If they failed to agree, the integration of the
radial wave equationg was repeated using a shorter.
step-length. . | _
The values of F, Gy, e aﬁdAtheir derivatives.
were used to solve equation 4,19, The values of
Seobtained in this way were used to evaluate the
scattering amplitu&és A(G) and B(®) from equations
4.20 and 4.21. The cross-sections and polarisations

were then calculated using equations 4.22 and 4,23,

The optical model parameter search code

&he Qaleulations desgribed above were
performed by a computer code based-oh'a program
‘written by F.G.Perey.. betails cf the original
program are givén'in.references 8 and 9. The
non~local part of the proéfam has been deleted.

In addition to calculating the cross-sgections and



polarisations, the code searched over the parameters
of thé optical potential to obtain the best fit o
the experimental data. mhe following description

of the search procedure is based on that given in
reference 9 , '

The program read in a set of M experimental
quantities Xi and A%, where X\ is a cross-section
or a polarigation and &Xi the experimental error
in X¢. A.set of N optical modél parameters Ae
was also read in, and theoretical values Y¢ of
the cross-—sections and polaris@tions obrresponding
to ¥i were calculated. The program seaichéd over
the parameters ds until it obtained the minimum of
the quantity X * where

7<2=§(am

L=

8

4,26
The program calculated a new sét of parameters
as by changing each of the initialrbarameﬁers
daby an amount &%a so that,‘.
| bal = Aa + &da 4,07
The step-lengths 5Lh\were obtained by solving
the normal equations., These are derived as follows.
If Y{'represents the new values of the
theoretical quantities, then we can write
Yﬁ = Yoo+ YL 4,08

If the new parameters «,. give the minimum value

- 82 -




of A% +then the equation

N ‘M
“’p__ (KL "\T/‘,)l’ -
San (LZ. AR ) = O 4.29

must hold for all n, Substituting 4.27 into 4,28
[Z {(Yi+8Yi - %) } & (Yo+ SV =R X
QKL £ '
Do\.». ? Tav) 5:M4 50
If the changes fan in @, are small we wrlte

(te the first order in Sun.)

, N .
e Z *‘z\i dern c 431
S . _ .

so that S ~ _
21 5 a_ Sag = > AL, (e~
Z (f-\‘{)"‘ Dt‘-\n ; oa ¢ (.‘__Z"U"\‘x) Dan

This is the normal equation for an., A similar
equation exists for each valu‘er of n, As the
guantities Y. are functioné only of the scattering
matrix elements, - the derivative. terms ?};lnin
equation 4,32 were proportional to the guantities
Se, These were caleulated analytically from the
ezae_.‘tion (reference 9),

D¢
Va N

A ij Ue" €5) e d g

o cm

4,33
;'}..'Q_ 2 Rk - {f_?_*;)\} + Ve (5’) + Vi (5’}
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The- cross—-sections and‘polarisatiqns were
calculated using the new‘sétnof paraﬁeters.andr
~ the value.of -A” obtained. The procedure was
reiterated until the values obtained forffé were
fétationary. Sometimes, where the change in {dn
was greater than about 10%, the approx1matlon.made
in equation 4,31 failed, and the new set.of param-—
eters gave no improvement in the fit. In this case.
the progrém caloulafed two additional values offxl
" for values of dm,along the predlcted shift direction.
A parabolic fit was made to the" three p01nts,‘and
the new value of A taken at the ﬁlnlmum<of ths<‘
parabola.

Conclusion

The results of the optical‘mddel analysis are

: discussed in Chapter 6., In general, the model was
very Successful_iﬁ describing .the observed elagtic
scattering and polarisation, The optical model
potentlals which gave the best fit to the experimental
data were used o generate scatterlng wave functions

Vin D.W.B.A. calculations, (See Chapters 5 and 6).
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Chapter 5

"In this chapter_ﬁhe Distorted Wave Born
Approximation theory of inelastic scattering is
developed. IExpressions are derived for the
differential cross-sections using both the
Collective model and the Shell model of the
nuecleus,

Section 5i: The Transition Amplitude

The D.W.B,A. form of the transition

amplitude of the reaction - ' _-
Ala,a YA 5.1

is given by . 
T o= [ (o )0 NIVIaAY D (e ) dn 502
where ?éﬂ(h&,g) is an incoming elastic séattering
wave in the incident channel and %ﬁk Rty ) thel
corresponding outgoing wave in the exit channel,
Vis the interaction causing the transition
between the initial and final state., The term
<t A \WlaA > is the matrix element of V over the
internal states of the nucleus. It behaves like
ah effective.interaction inducing transitions
between the initial and final elastic scattering
states,

Methods of evaluating the nuclear matrix
element using the collective model and the nuclear

shell model are given below.
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Section 5ii: Collective Model Form PFactors .

‘The theory described in this section is
based on the treatment given in the Ph.D. thesis
of H.Sherif, submitted to the University of.

- Seattle, Wéshington, 1968, (reference 10)

The transition amplitude of equation 5.2
may be written
T = Pt £IKTIM] BULOOY |y ka, 1) 5.5
where the discussion has been restricted to
transitions between a ground state of spin and
parity O and a collective state of spin T and
projection M, _ | |

The interaction potential AU is obtained
by deforming the optical pétenti&l of equation
4,7, keeping terms to the first order in the
deformation parameter. It may be separated into
its coulomb, real, imaginary and spin orbit parts,
so that

DU = AUC +AU- + AUy DVeo 5.4
The forms of AUrand AUL are obtained by making
the radial parameters in the functions f(r,rm,ao
depend on the nuclear orientation giving

Fa =2 o+ oy (B) |
Expanding f (v th\;ﬁn) by Tayior'Series -
fr mr2al®Y) & L0, ro da ) e () (%5'—)

)

5.5
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and

BUr= = o B)YV, 2§ an)
' . 5.6
o t\\i _ . ’1 . ‘ i
AUL = v (& (W\; b a Wnacq)%j{(q M)
5.7

There are geveral forms of the deformed spin
dependant term (referencel0). The form proposed
by the Oak-Ridge group (referencell) is a similar

expansion to equations 5.6 and 5.7

\ 2 . -
a Uso = (m:?nc.) (\/SQ e WSO) ™ BT olse :f(f“, [.:‘5°1a54“}.

X F{te®als 2L} 5.8
The symmetrisation of the final term in‘equation
5,8 is required by the Hermitian property of D Uso
when Wso = 0, B
The Thomas form expresses aﬂkkaas the sum

of two terms
(=
U‘S,o\ef (l) = (:‘J:(;;C) (Vso + LWSD) °<5° (E)

L 22 ol 5.9
& DN OR.
and ‘
2 .
Us,&e{- () =((~{\:c.> (VSa L \‘US&)%%;
x €T ®x Ly 5.10

Usat (1) is very similar to AUse as given by
equation 5.8.
The optical model wave functions of equation

5.2 have been given no explicit dependance on spin,
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However, because of the spin orbit term in the
optical model potential the \Vfﬁ are matrices in
spin space,. For example
VO a2 5 5 1, M0y Y, s £)
Wy, 5.11.
where m,  is the spin, Terms with m,£ mq
allow the posgibility of spin flip;
The deformation parameters =a are expanded
in a multipole series |
« @ = E T Y
e 5.12
The nuclear matrix element ..ean now be written
LTl <£-\Soc>>~ = By ‘(TM* £) .
, ﬁﬁ'\)lz o - 5.13
.where, for rotational excitations, Pr is the
deformation parameter and ra is the radius
parameter.
The transition amplitude can be expressed
as i“ollows
Tse = A v AL Ay 5 .14
where A. is the contribution due .to the AU+
AU+ AU parts of the im;eraction, A arises
from U ae (1) and AL from s de (2).
Then ‘

A, = <\//na—§ (Ra', ) \{.5 LI (r‘) Yﬁx-
AT

] t
(21 + 1) ’1 A

v.T.O
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+3
X i& mb>l m(qmb (‘iﬂ»: ‘:)>

5.15
i et \ ) MY A
(QI*\;G ;1 <Ym s (fa’, ) \<'§f Me! ‘\31 _(rh) Vo () gk
LY .
X )bl.mb> ) Yﬁwamb (h&'l&\>‘
5.16
and
- plsar;o ) N
AZA- (AT+v "zﬁmzbmw< mem (§4'£>)<§imht IJ,:L('M)
- ~ €+)
g- {_‘Z YM\’(P’)K _'Z_ } '{‘- n-k> ] \f;\nm ( q, )>
. ' 5.17
The radial form factors are given bhy:
3‘0 = (ﬁ:./I"O) 31‘ (ﬁ'clf') - \/n 2 JC(F" e q,_)
DT
- L)W - gy Wo 2 ),m_ )(C,_ e a)
5,18 -

. 2 ' A - c%‘ : .
Cilmne) (Vop + ¢ Wao) T amm,F CTimse 40 5,19

2 .

3'3. = ('h/(\'\nc) (\/SO 1 L \!USO);D/QEO f Cl‘) rsu, aSO) 5020
where ¢ is the contribution from the coulomb
potential, given by

: r (ATt T4l
" (RTr) GO RS YR
The cross-gections are related to the transition

amplitude T§i by equation 2.61 ., The calculation
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of A. and A, from the above expressions is
similar to the method used to evaluate the shell
médel’transition amplitude described in the next
section, The evaluation of Agis described in
reference 10, |

Section 5iii: Shell model form factors

The nuclear matrix element {a'a' jvia iy may
be expressed as follows
La'A VI a 8> = (SaMa’! ta By Tar Tar JarMat jV |
Sa Ma m;faﬁhthJAMn> 5,22
The @calar interaction V can be expanded in terms
of multipoles acting on the isospin spaces of

the projectile and the target (referencell).

T

Y \/(r\OT Z( )'\: .T, O-r,-'r,

‘ 5.23
Vg a tensor of rank T whlch produces a change
of T in the isospin of the target, O+ is a
similar tensor of rank | acting on the isospin
space of the projectile, 1 is restricted to the
2ta+ 1 values between O and 2ta, For T = 0,
Oris a scalar, and leaves thé isospin of the
projectile unchanged, We may-therefore take it
as the unit operator, Similarly the vector
may be represented by the Pauli isospin operator,

so that
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0, =

ic}

O = ,_1; ) 5.24
‘The operator V™4is a scalar in coordinate
and spin space. Therefore it may be expanded

in the following series

Y o fa) - S (- >‘”\/Ls=-~ (r, f,,,,)“t‘m -p co;%;)

LSTp
5+25

T and {4 are the internal coordinates of &,and

A respectively, p is the projection of T, and r,

@ and55 are the relative coordlnates of the target

and progectile. |
The irreducible tensor ”ﬁ53H(9,¢,fq) is

a composite tensor formed from the préduct of

the irreducible spin tensor Ss(fl) and the angle

tensor (" Y (e,4 ) so that Tugp can be written

.TT.ST P oF };_:; ;.L /L- (el ¢) SSII\J'M (YC\..)

corTTr g (v s ‘a—) e
' m p-m —N .

where ﬁ = tlm+lf-

Bach term in the expansion 5.25 corresponds
to the amounts of angular momental-,.S and I
transferred to the target nucleus during inelastic
scattering. L. arises from a change in.the orbital
motion of the projectile in the multipole field
Ylﬁ, and the spin transfer S from coupling to

‘the projectile spin. Terms with $ # O may be
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- referred to as Ngpin~flip", I is the vector
resultant of L and S , The parlty change is
given by (-)", and, for a © spin ground state,
J must equal the spin of the residual nucleus.

The adjoint TVof a spgfical tensor is
défined.as |

Tt = (-)T*H TLSH,—N

LsT
so that L : -
, T Z 'z,u-m:,é.{l.\/m‘*s' L 5 I\
hr;.s:r,-p'-:("‘) ¥ m('> - Cole s m-y '
. A Y
Using equations 5.27, 5,25 and 5.23, equation

5.22 becomes

D3

.<Q'H'|Vl Clﬂ? = <50\ Mal, ta-c:\‘ lr-\‘Tﬁ' T, Ma
) . Tusy pP™mG

- -m—d m ¥ . .
'{(..)?‘"i' &Y te, ¢) T V‘;"}T‘S (F‘ TA)S"} m-p ({:\) UT, -0

X
M Mom -MN /

Sa W\q, tq ta re Tﬂ N "ﬁiﬂ>

5.28

The Wigner-Rckart theorem is deflned as
: - !
STl Teg lTMy = (=)7K

(3" K o T NTNTD

M Q -
and

/

(THHTNT = Jo (TR,

ne

J K )‘<$[ﬂ I Teolard
X ( KQ 5.2
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Using the Wigner~Eckart theorem we get
A \ - — A . i. . i~ ,-
Cad Wlaa> = § 5§ )y m 5 (“33“Tm“’.+ Ta + Ma
MG .
. TLET P ) ) . s -
(___)Lcl ¢ Cafty Ta+ Ta? LL \l,Lm h(Q.("/) T ( )

m 'U—-l‘ﬂ —[\!

La T Ca

o) ( ° ““) L8 11 S5 15D T (‘m\ -t -r¢3<t«lw—rﬂtu‘>

W M-N =0
T T (:rﬂ T :r) T T Tﬁ.>

MA N "I"fﬂf ‘r(;ﬁ '-",C "'-Cﬁl

CTarTalIVEY (m 1T 0D

5430
—— . Y Sa + My & .311 4 Hh‘ Coq = Ta'~ Ta + Ta
=) oy PTTE ()" s
TLS‘ET' )
f/m'ﬁ

¥ Sa &1,»5 \
. Y,_m (9';5} . (L S j) ( _ )
m pm -M Mg =gt m‘_l"’ E

(3‘.4\ :r s ‘J;\> (t ©w T ) tq (T{-\ i T Tf\')
V\Pc F — Mg Ta - T - Tat T;,; T ~Ta

AA

Ao
X J_-\gﬂgq At ‘ﬂ

5.31
The projection quantum numbers are related by
f;- mo= me-Mar
T = Tar=Ty = Ty~ Tu
;u = My ~Ma

m = M;‘-\““ MA-F Mal = M
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so that

' - - Q2 Mat et el
(Q'ﬁ'quﬂ>: Z Cn)st" Amat 4 Ma +Q Ma A(__)ﬁ'n tb=5-7

TL:%‘ .

Pa

_ . L S 7
Ty + La = Tqt - Tar . m¥

(_) «Q a A LL ):‘ (5‘,'@!) <m mq-mnl MQ—H‘,‘>
$a Sa S )(:rn ) 'UF“)
My, Mgl n}a‘-‘IﬂQ MR Mﬂ"“”t\ e f\"a'

(tq : . . ta (*& T Tar
Ta Tar- Ty ~W/ \ Ca ° Tw-Ta - T

A i '
i T [P 6 3-0"
5 Jﬁ La 5] t-s ) 5.32

where _
Yy Ly 5T ~ .
Guss €} = () 50/ 8 Lsa S N1Sa> Cba NOFIIE

LT, T NV ot a a)>  5.33
The spin tensor .55 is a tengor of rank
S, whereS may have one of the 2 Sat 1 values
ﬁetween.o and A5« ., Therefore, as in equation
5.24 we may say |
$o = 4 and S, = g 5.34
where ¢ 1s the Pauli spin operator. |
¢ (M) can be expressed as the product of
a speotroécopic amplitude A and a radial form
factor F so that _
6ler = Al Fus 5435
Aﬁgx depeﬁds-on the type of nuclear model

used, while F:y depends on the form factor of
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the nuclear potential and on the radial shape
of the nuclear wave functions. A T ~-independant

function Gue may be defined

Gusg = F ST R T (f.“ Tt
= La Ta = La ~Ta!
. T ’
(TA T Ta ) G LS
Ta Tar-Ta WY/ 5.%6

It can be seen from eguation 5.36 that the
amplitudes for the various isospin values T add
coherently, reflecting the fact that in practice
one deals with isospin ﬁolarised particles, tIn

general F]; is independant of T, so that we may

write S
G'L;:S (r) =,'.'ALSQ‘>FI-&'§T ] 5.37

where | |

A\‘s‘a‘ = Z (____-J tu‘\‘—rﬁ 'l'/to.fi‘-rﬂi ('&Q T tu)%“ '?“, \

T . ' T:ﬂl Tﬂ"TN' -~ Tt

T, T Tat T

( A ‘\) An.sa‘

Tn Tar-T, =Tat 5.38

The expression for the transition. amplitude

Ts of equation 5.2 may be written

i
. 'rs:-\ = <!§-ail Sy l“ql) t!:\ ‘(‘“,i Tn‘“fn%’, :}:§1 M‘:\k\ V‘
' " Re , Sa Mg, T, TR T, Tn ”ﬂ>
If there is coupling between the particle's

spin and orbital angular momentum, the scattering

wave functions are matrices in spin-space, so that
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Te= 2 di- e |
My My \l:m:mq‘ <So\ Mot by Tas, Tan «'Cnli TA M ) \' ‘

Say | Ca Ta, Ta Th, Ta /“M> Yabm
&

5.39
— o ™ Ny ¢ i e u
.‘Z (=)0 g’ + my y QMal " M (mv‘a‘,nt.—5-(1(_)-1-,“&‘\-"(“1..1:,\,
M'mbfmh
LS3T
(L $ LT\ { sa Sa $
(U My~ gl M,;;f'fnl 'm\-: o~ ! . Mypl. oy,
ta T ta\ { Ta T Tin (-‘!‘a J :r"")
Ta Tn"wcf’tl - Tt Ta Tar =T . ™ C“ Ha Npy<Ha ~W,
ot ¥ AAaN DD
A~ \{{“u Mat (kyt ) }u G"ESQ' \;mhma “‘c\) J 8§ L Umhgm
o 5.40
»:; (- Tat =T+ Mar <1T}4.‘ _‘ ;T’ . Tar ) AL&Z}T
ST M a Matetdy = FMat
(o= Ampl ¢ My =R Ma, gu-s $ T \AaA A
y Z - | (S ‘ | \ TS Ja
AN _ o m My ety o= M
‘ - 55{ 5( g :ﬁ"
‘ A,
¥ ( ~ C‘k’m \‘}Jmh:m f (,{L, L’ic\')
My w0y Wt =iy,
N mty ~
Tl (e, d) F oo
“ ) Fuey 0 Vi, na (1, ka)
5441
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-T :
e Z f j/},:\p ALSJ ("")ﬂ *a

LS
— m mr_\mg\!
x (Tﬁ ; Jar ) IBLs:y (.’3‘*‘ Pi.‘\\
Mg Mar~Ma  ~Ha : . R
‘ ¢ 5.42
where
m, My Mal @ =2 mp’ 4 Ny L-$ ' H&A'-HH ~
Ls‘l'a“q Z (—y% (=) =) N

ot Myt my

(L S T ) (5‘( Sa - 9 )
m My ~Mi! Mp -l My ~ Mpl Ml -~ My
' cat poemY [+% ) |

dr \ "‘h mhl (h“' F) L . K,- ({9,?5) Flss {’“) l}/mb Mq (lq(\ |'~>

5,43

Section 5iv: The scattering wave functions
m , Mq Mgl
and the evaluation of sty
The scattering wave functions vV are
expanded in terms of partial waves
e .
mb?‘q = -_ Z (Jq ’2" (-‘{e\ Sa Ja >
. c\\j A fa <\ M -[{\M‘ m“)
N AL.- K~ My
( -fpcn, Sa Ja E,m (f.;‘“\ YQ \( Er, q,«)\f’g‘,\J,\(hmr)
At gy - My, My, = (dyeray)
- 5.44

where (6r. f\) are the angular coordinates of
kay, and (Qr,¢9lare the corresponding coordinates
of ", The incoming and outgoing wave functions

are related by time reversal considerations

so that
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) ‘ Mgt — Mt
/m,',\mqt (Eﬁ'i-!-:) = ["") “ b \i”»m\,a = Mgt (" g'_-‘:q ' ‘:)
- PR % 0o’ N ‘ . !
AR @ ( O )(‘f CS )
a rp(.l‘ ’\Q' -#fn‘(\ m“i-AQ, Aqru\‘:aa_mhl ""‘mk)l m{."lt(:

'__ f\ Myt
) € Y i nb r;‘f'r‘) \i/(’uq 0‘“1") Y(’u (Ery eﬁ‘*“ )

5.45
where q&qu(kg,c) are the solutions of Schroedinger's
equation | -
-'c)f; o « X -
Lﬁi + k Q(@ Q ({03+ u(+~Uc-} Y%J
, 5.46

\L¢ is the coulomb potential, \Xe the spin-
orbit potential, andtk(r)“the central nuclear
potential, W (~) is complex and may be writtén
| W) = VEr) a o \1\/(?’),

Equation 5,43 can be written |

m/ h’}q Ml I~ Sa -~ Qt‘(\ ta My -5 MA'_,. Mﬁ
IBLSI = S Z -y o (")L (=)
| m gl 4
(; 1 Gt
m M- Tyt Ma~My/ \ My — Myl Mgt 5,47
where

. ¥
-y A \/m'(é) ?) Bggir) Ve (ka )
= Jd/— \I’/mbnmqﬁ (kat £) L L g T \}/“"“4 = e

) . . Je Ly )
= ;\'éjl‘\ PC& S‘L d(’)( LY a J"“ )
z At mg -y Mb ~fa-Na
ha ko o dq Bun f-t‘q‘ma ot Mg b S
Ja o |
Aa Anl
pT O
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. < (00, ;5:\' Ju' )‘(‘ek' . $a Jm)
Ag! - fa! M -dg' 4 \Aql-mart my!t ~M! Mt =gl

i

- AN I
N R NI RRVLL : g
(jq J\qt) L ) e I L )'&.\ (QKG\ ¢hu) \((’L\_'\ ( aﬁdf ?5&‘{\!') (")mq' /nn

@

Aot + Mgl m;xl e . -
fdn. YG r (@p'f?sr‘) Y:‘ (@‘“:?"r) \,;:f\ m“mﬂCE‘M&)

fo\‘“’ %Q'Jal (fiﬂ"f) Fsg(m) \}/&‘a\jg(.‘}_ﬂ ,_\f) | |
© : o 5.48

| o - . Lo Dot L ’
s )™ det :>: A Y, " 6

hu l\‘a ! 4

)-‘L (Pm . -Suq _Jq )
A (\“ Mg {\‘u*rnll

A 1 AN . N /‘\
)/E“:‘ (@L’&;iékwt) g&’ Qu (/L (:'q J-a

Caw)+ T
(e 5 2 200
-Aat~m¢~rf\h My Aq+m@' {\;‘l ) - gt Ma b= Aa!
("“' ! g’ )( &y Ay L )
Al temy? oyt A= g Ba- gt ma Alasy —tgt <
| ! WT
(Qq Lot L)(’"‘)m 7(_ o (ka, ke )
Q o O v‘?g,\\l(\l i} J(I 5 49
where
'ELS.‘T R jtll‘ \I‘?‘(\\Jql (kat "‘) FLSQ ) \//0(\ i{\ (H.ﬁ ,P‘)
T B | 5.50

We choose the z-axis to be along k. and the

y-axis is along hka~Ra go that
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i/xU*

"% (°,0) = £
and
c w '« *HW & " > >
5.51
Thus
' —£» < L \ . f«- £,>-L
fc.k.- /4rr" * Z_ M <
Ctvj.y.
d«1l
no\ S J(fftl- Aol)! | Ppj/l(0) I " jl
j*.jo*) (rp«'+7«)i (o) m* - A

‘BV 4( -Z 5 «» - \\
(J"a"b W< A M*' -rv MET-A«* /

1 s«' Ja’ J( B u
At,i - *V1 #5' —<"b» i-ma»/ VEfla-tfl* A« '"*fribbrma» -m1l

C =
U 0 5.52
As
m 1 - MAt- fifl + rfV- mio
and
1- ~bl & <rb +
then
BAa/ - MAt - Ma “mai- m4~ ~

so that

- 100 -



M oMo "“«'1' : v 7 o . | . 2
ﬁusa‘ ) (kql,_k¢\§ = ko™ e z L Cu - e“" —,\‘ (?«u@d‘)
. o ha"ha’ 4_'_!_3,%. . . . .

(JQJ ) g m“"g“ T el [{,0:.'«%)_-{] b P?::‘ (‘59>

18 = m) L |
'{cﬂ“ . Sa ‘ | Jﬂ> (G\' Sa l J%I
Lo .1 e - e/ \ m ';mﬂf gt/
‘ b Y ) ]( LsT @ S - l
! ,GQQ“ ﬂ a' : :
<o | j L . 5.53
ivwhere“ ' ‘ '

z;(;)mhfﬂ“ﬂ+ﬁh\4i94 wmy ol LG orMal -

mj Mgt

(LV s - a.* . S 3
m' _f“b"mh' g [ ~M‘|;, o HlRY mplemy

. , .. co - - (J f . | . - o A .
(Qq__ e Ja 4 Sar . ja!
Mg~ Ny oy R i?]-iﬂh‘+ My = ayg QU
(?“ : Lot L ) TS d«\ Joo L
s \vg -y aampt =Mt ~mt £ -

.54
- Using the relation between 3-j and 6-j coefficients

(referencel2)
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...u--t\'v .-43151:\ AN A A . .
F= ™y T Jagurt (I s dq")

- - Mat=Ma N - ANy
g Ja Ja! .
L & Lat ]
6 Sa '5(4 ) 7_-.‘ 5055
Bquation 5,53 now becomes
a Malt o Caa
Plw ™™ Crar i) = femr o (Y MM m S gl
kq Rar (4?7){1
: v | : .
Z {“) (QQQG'JGJQ'} (?ﬂt ...,ﬂ'}‘ R:I(G) CQQ"'@","'L
[N ?qquJ'al (ga < m) { ‘

(7 Ju =+ ga )(;e\ C Sa ") a

HA’"HI\ ~Ma —m‘fn\“l O ma “Ma

(l?u' Sa, 'Y b L L
LANE Y Y M- mg! o O (9]

.’

Ja Jat

J J 7(:'«‘3\3'
. L h -QQ -Ql\," ‘{)'\JQ ,e(\ J(l(
§ Ja Sa

5.56
Using the symmetry relations of 3-j coefficients
(referencet2) | .
n at ’ . 5'm AN
- GO TS (=)2 Mt malemo ey s L

ha R (G0 n-):!/
\

XZ (‘323“ -»3;1"?' (»?n@:x' fdjﬂ‘)ﬁ M«)-L] Pﬂﬂvc‘é)
: (e m)
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LQq-Qq'—»L. (Jq[ ‘ T . ‘jq )(eq Su J‘l\
‘M“l-m ’n\—'muf-tmﬂ . ~Wlg @] i’\’\q — Ma

:Jc( >( QC\' L -Q:x
m - Ma’ o o o

_J Ja Jal
T
2, ‘' ()L: (qu\u\)
5 ga Se ) uJ Ja‘
5.57
We define
A\ LST '
3(9“\)4 @“\} “‘“iw) ) g;) ; f-«?q;lu [’utl\sal (h“-,h“')-
k! | 5.58
so that
Pl::\al"\n. Mot N Z ,""[ LS'-\ 'f'n mun‘tqi ] LST
, 0T faba! du\"(ﬂ P(’r ; §£“'£“J°J“
(3 t\du\)q ‘ ; . . 59

where

LST v maq gl

-eu«tt' ‘:\\‘!,t

C )':r Qu-‘(lntw

Ra Sa,
(0] Ma

A A {z\l%gc\’ (~ \)mu' m

: - %
= 2T (mizl13txjd') (=)

Y.
[(’Qu"" (}\35] (40& L\ Qa'>
e

(@t +m\ ! o ©
d" ) (Qc\' Sa Jﬂf
-Ma ~-m My 1 Mgl -m
P.TO
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J«' 3 Ja ). 3‘ - S.
MQ‘E --l‘_?‘\ m -\'ﬂa‘_'i'l%“.. Mg Ljug -Pc,\ ' vSl..\

\Sq‘ «e«*- S ' 5.60
The various coefficients of equation 5.60 give

the following selection rules:
R Y A Y ALV A P N

e

Lal s S0 = ) Jalegat = T ?_”*},-'*-J et Sa f§c&~-§

Séotioh 5v: Calculation of cross-—sections

from the transition amplitude

The cross-section dofan-isg related to the
transition amplitude of equation 5.2 by

dr o P ket (RORT T T
d-o (gﬂﬁ‘) ~ Ra Ma Mal Mo Mal 5461
ﬁhere‘r“ﬂis the reduced nass of. the particle-
target systenm, '

Prom egquation 5.42
Tie e TF 5 Ay T (Tﬂ T I”)Bm

N LST v HMa .”A"’HA - Mp

N —73_ . " ’ | .
:Z (T ,AA ydn s Tedn! (‘.‘m ¢ Tat ° T _)/Rmmuﬂ!«!(huk{”) '

:.sJ(‘ , LT
I3 Ha —~Mat Mapi-
5.62
therefore
N L3 QC‘J}.\““&') +&@_ﬁ T'jﬁi) Py s
(T3l = Z =) ATNCTTY
NG S '
aTo
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noom g \(w oW Ty
”A',. - g ‘ ﬂnl—r‘lﬂ CMa - Malt NA\‘“M('\ | o .

m Mo Mal | m ¥
u Ma m Mg Fital
{ z ALS:S [3Ls:r ! ALSJ Fc.sq‘- '
LS . ' ‘ )

5.63 . ._,___'_._;‘. ! ’: i

As B (Ta-Ma) + A(Ta+Ta). = + 1 we can sum
oveér the magnetic quantum numbers Ma and Ma!using

the orthogonali%y of 3—j.ebefficients .

o ———

» AT+ /T4 Tar - T )(j;rn, Tar T )
, ; Mo -Ma HMa —tar Matita o

so that : |
: | M2 M Ma Ol SR
é-(ur = -H; :\)"’* ......9.;‘ Tﬁ' } Z l i Ax._ga ﬁLs; ‘
A Jl (anHh :r& g-“
T e Nt M
5065 -

from which if can be seen that the varibuva
and S values add coherently while theKU'#alﬁéé‘
,add incoherently., Oftén,_in_practice,;the
‘interfgrehce terms are ﬁegligible and we can
write | o

\.f".ﬁ’.'; .F.: ka! A Tau ! Z [ﬂx.ss) Z ”31.531

A (apkY ke (a:w)msnn)

143 m Matal
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ﬂ@i;L_"Z£ ‘nusvl ST (e)

(Q éﬂ*‘)(‘?éﬂe\‘\“} LSy

5.66
where
coeas - SRR AT ot
Ores (O ° Jf; \}k LI\ 2_ ‘ Puﬁ \
(‘Q“h ht‘l LM et Mo : 5 67

Section S5vi: The Intefaction'

The interaction between the.projectile
and the target is asSumed.to take place through
a sum of ‘two-body forces ?etween the projectile
and the target nucleons. »Tﬁus the interaction
may be written | “ .

vV = }E v (1 Fo-rel) =W 5.68
l\L is the optical pofential generating
the distorted waves. It does not contribute
to the inelastic scattering‘és it'is diagonal
in the nuclear stétes. Thus we get for fhe
~ interaction of eguation-5.1
V=2:. Vip (\EL = rpY)
where n and ¢ are'the respective céordinates
of the projectile and the Lth nucleon of the
target,
~The “two-body interaction must be subject
to the following restrictions., It must be
invarient under traunslation, rotation, space

reflection, time reversal and Galilean transformation,
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It must also be Hermitian, charge independant
and symmetric under permutation.

The most general form for Vi is

UVep = Va 1 . o?a)Vn t SLP \‘,:& A _L,-_?_Va XA
.i-t(o_*;-'_«)(s':ﬁ-k) v (?:m‘:)(”:i'-':nvﬂ :
3 (gu '_,f )(E«"'(i-{?‘} % + Herm Etun thﬂﬁu gptt% s 5.69
where | , |

O B L e L e L 570

The coefficients V, are dependant on
isospin, as well as on r*, p? and L® and each
term mé.y be written : B

Vi = Vo o Viy (TeiTo) 5.71
where Vi, is the isosp‘in. sing\let potential
and V,, the isospin triplet potential.

We shall be considering only the first
two terms in equation 5.69" so that we can write
vip ¢ Voo v Ve (T Ta) ¥ Vi (000 Ya Viy (o op) (Ti.Ta) D T2

| The coefficients \'{}h. of équa’hion 5.72 are

considered to be functions of 1Tt ~fe} = T only,

. 'a,nd we take the same 7T-dependance for each term,

go that

Ve (e) = ~Vn {ﬁlw b e (Ti. Te) + ajq (0 .0p) |

voup Counep) m’o“-'r;\} g Qri—rgt) _ 5.73
We can combine the singlet-spin singlet-

isospin and the triplet-spin singlet-isospin

terms to give the "isoscalar? interaction
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=Vn (aoe ¢ Grw (EraR)) gQri-me)) 5.74a
Similarly, an isovector interaction may

be constructed from the remaining singlet-spin

triplet-isospin and triplet-spin triplet-isospin

terms .

~ Vy (aep  + m@{wmvwﬂ(ﬁfﬁ)gfwmwﬁ 5.74b .

The multipole expansion of Gig(r) in

equation 5.33 gave

O R o A P ERTES EN
‘ w0 NEa > < Tar VR T5 Tad 5.75

where the interaction VSQ acts only on the
nuclear coordinates. As we are dealing with

nucleon scattering with spin % and isospin %

we get n
NS A
Sa NWSsNSa > = KN Yy = S 5.76a
and ’ ; o
— A
Ceall 0 \WEa> = <IN OAIELY = 7T 5,76
so that .
6he = T2 T LT | VI TR )

= (YT STV, £ A Vs S WTTRY 57T
' The interaction can now be Written
V= sz; Or = V1 v\ = VT VT, 5,78
where Tp is the Pauli isospin matrix for the
projectile, .

As we have now both expressions foxr the

interaction in terms of an isoscalar and an
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isovector potential we may cémpare’e“quatiohs
5.74 and 5.78 to get . |
VO s vy B {anr gtz Jginm 5,704
and |
v e -V Z&, {qm* A W_‘_“».Q‘“p)}’tl g (rirp) | 5,79b
The radial form factor of the potential
may be expanded in terms of multipoles-so that
3(‘~9i"£’«°l) EAY ;,2'; E}lff"i.lf"ﬁ),\l{.Mf@L;¢5c) YL.IW(%(/’F)_ 5.80

where oi,p. and €p, $p are the angles of r{ and .,

Hence _
1O L it Do o s ] 3 g o) )]
. u
' : 5 .81
and .
S N
\/L‘ : =0 \IN Z({L‘%ﬁ ., a,p (cn a-,,)](:i ge e Y e Y Y (:9,5}{;))
\,X “C'\_‘} IR , . 5,82
But B
(T} , = ) (.T)
v LSZJN O Vg (f ) TLSI N Cgm‘ﬁm o)
where
L=S+ N, ™ .
TLW:I“ - 2 Lo (ep an) 55/1""’“ -
. ' : b s T |
' ¥ (m e N 5.85

and Se = 1 ; §i =op

We may define a tensor §§ analogous to
,whi.ch‘ acts on the internal coordinates of the
target nucleons; Ag in equation 5.24 we get

5’6" = ‘.:.L;.. aad - S'{' K g

We can now write equation 5.81 in a condensed form
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VAR -AT"VN;. A% 3’*—"*"‘}‘/ (e, $d Y Ce’m Po) STpem S5 m-p () "

L;JNS 5 84-&
and
VAREE l/u 2 Usg Jo Ly Y ee g \1"‘ (&p (pp)
) KSgpem Sgmep €PN e ey

We define tensors T_Syycorregponding to 537 so

that : .
Tuss p (50) ='g>c-):‘«““f\’6” (L 5 ‘3")
: A m P -
L rlﬁ .
As ' x (ol e e@i) 5% NN

‘ ) 'z.'n's‘_;;* A & 3T .
Lt \/L,M(@\: ¢p) SE e ()") = ZC") ! 3—(1_ >T;.53‘.‘,(,F{)

3

T\ Mo -
we get : ‘
VY AT VM\Z U sq 3L(,L A v (G‘F(lér')) Sem-p O ™
x TR T .(“ TS I
5 lv ' ) H; f\.r N "’"‘"
21\’ ] \L-_s . L
E‘ 0y 3L T}_SJ_‘ o (r ) z(" \
Lg'-!'p
r¥ | T
Y. Cop ¢p) Os,M-v ( - s j 5.85
as § =95 ‘
From equation 5,26
- m¥ '
Tesg —N.'Z -y (. J'\J mﬁ\' (L -8 T LLYL- gS,"‘“N
! m m p=m =
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.so.that

@ eV, > T L S
v Aancgp Ot g Tor o ) Tsoen ()63 5.86

Prom this equation we get

(o) N . 5—;3- - -

L(Sojrj‘ : =47 VN (__-)L"" %C«\sg{. 3;,("\,!",‘&)71331/\,(?“)
Similarly

oy LAs~T o R
VLSQ’,N s =4 Vg (=) ZE Asp CJ\-Fr‘v{?°)—rt*sa‘,,«;.(f;)"\;;
Thus we get ‘ o )

o o

Ghs 3= =48V, A" <TwTarll T {aw S5 +

. "R — "-. ‘. C "l\._...

\_3 C\S}g E:\ (SE:E} 3;“(?"“[‘9) ‘l-ﬁ.')'“\j‘:\\\ ll"\‘>, .

: T . 5.87 .
= Ppgy 70 Fugy 00
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Chapter 6

The results of the experiments described
in Chapter 3 are presented in this chapter. The
theoreticél analysis of the data has heen carried
out in terms of the theory described in Chaptexrs
4 and 5. The results and conclusions of this

analysis are also discussed in thisg chapter,

Section 6i: The Optical Model analysis of the

elagtic scatbtering data.

Introduction

The analysis of the elastic scattering

crosg~sections and polarisatiéné was carried out
uging the automatic paraméterfsearch code described
in Chapter 4. The scattering"éﬁﬁlitude was calculated
over 15 parﬁial waves and an iﬁfégration step length
of 0,1 fermis was used, A‘ B

In order to avoid searchiné over the whole
area of«ﬁ?‘space, the values of the parameters‘ﬁsed
ag an initlal central guess were éhosen to give
results which were expected to be fairly close to
the minimum. The elastic scattering of protons at
40 MeV. by a range of nuclei including Zr‘?o has
been studied by Pricke et al.(reference 13), In
this analysis, best fit parameters were found for

each nucleus, In addition, an average geometry for

all the nuclei was obtained, Pafameter values
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similaxr to both the average geometry and the

best Fit potentials were used as gstarting values
in the analysis 6f the present data., Similar
results were 6btainéd with either potential, In
both. cases, slight modifications were required
before a satisfactory f£it could be obtained, In
particular, a considerable improvement in the
results was obtained by increas;ng the strength
of the wvolume absorbtlon.

Initial attempts to £it ﬁhe data by varying

- all the parameters simulﬁaneousiy proved unsuccessful,
This was because of ambiguitieé ﬁetween the depths

of the potential wells and théir radii., The angular
distributions for a given vaiﬂé of Var were
basically the same for a Widétfange of values of
Vaand ra , . Hence it was necéesary to avoid varying
certain of the parameters simultaneously. The
principal effect on the potentials of a change of
incident energy would be seen in the strengths of

fthe potentials rather than in the geometry. The
well depths were thevefore varied first, the geometry
parameters being kept constaﬁt. ‘The well depths
‘were then kept constant and first the radil, and
then the diffusivities were varied. The radii and
diffusivities were then varied simultaneousiy. In

case the resulting geometry required different
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potential strengths, the search over the well
depths was repeated, PFinally, the radil and
diffusivities were again varied simulteneously.

This procedure was not infallible, Although.
in most cases it led quickly to potentials which
were fairly close to the optimuﬁ, oocaéionally
it produced results which were clearly non-
physical., However, in such cases‘;t was nearly
always possible to repeat the fit satisfactorily
using a different set of initial' parameters,

‘The optical model‘pré§édﬁto be very successful
in predicting the angular distributions of both ‘
cross~gections and polarisatioﬁs for each of the
nuclei under consideratidn} »Iﬁ addition to the
thirteen parameter poténtials of the form of
equation 4,7, the data was also fitted with potentials:
having purely volume andlpurely surface absorbtion,
The coulomb radiusvﬁsed in fhese calculations was
initially set at 1.25 fermis, However some of the
preliminary fits suggested that a smaller coulomb
radius might be appropriate., The analysis was
therefore repeated for = 1.2, 1.15 and 1.115
fermis.

One of the disadvantages of the restiictions

made in the above procedure is that there was no
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certainty that the final result was near the
minimum of/ﬁf. To check the efficiency of +the
fitting procedure, a further trial was performed
in some of the cases, allowing all the parameters
to vary simultaneously. As the improvemeﬁt in

ﬁffwas usually of the order of only a few. per

cent, and the changes in the parameters were of

a similar order, it was concluded that the procedure
gave potentials which were féaSOﬂably.near the
optimum. ' 1ﬂ

The results of these énalysesiare summarised
in tables 6.1 to 6.5. Where- indicated the angular
distribution of the crossfséétipns and polarisatibn
ig illustrated in the appropfiate figure, The
thirteenth set of parameters=iﬁ each table is the
result of wvarying all the-péfameters simultaneously
using set 10 as a base, .The fourteenth and fifteenth -
sets are the results ofAéttempts to find an average
geometry for all the isotopes. In addition, the
best-fit and average geometfy parameters of Fricke
are reproduced in parameter sets 16 and 17 respeé—
tively on table 6.1. _

It can be seen from the tébles and from the
angular distributions that the results for -the

different isotopes are very similar, The potentials

with both volume and surface components produced
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the best fits, although in some cases the predictiohs
Iforjthe second and third peaks in the cross—-section
angular distribution were slightly smaller than
experiment.,

The trend of the results seems to indicate
_that mogt of the abhsorbtion takes place within the
nucleus, Indeed, only a slight deterioration in
the qudlify of the fit was produced by;setﬁing.the
surface potential to zero, although there is an
increased disparity in the heights of the seoénd
and third peaks in the angulafldistributions. The
volume potential was increaéed to éf#alue roughly
equal to the sum of the volﬁmé‘anﬂ'éurfaoe terms
in the previous case, and there waé an increase
in the imaginary radius, and a decrease in the
diffusivity., The other geometry parameters remained
practically unchanged, though the real pptentiél
was slightly increased. There was iittle effect
on the polarisation angular distributions., On the
other hand, although a purely surface absorbtion
gave.slightly better agreement with the second peak
of the angular distribution the general fit was
worse and there were corresponding increasges in the
value of/f}. The imaginary radius was much reduced
and the diffusivity increased indicating that the

program was attempting to spread the potential over
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the volume of the nucleus, The real and spin

orbit potentials were somewhat reduced and there

were slight changes in f, and Gsos = - -~
No conclusions could be drawn on the-best

value of the coulomb radius as both the cross-

sections and the parameters seemed to be practically

insengsitive to-it. ‘ S .

The symmetry term

Systematic variations in the depths of the
- real potential with atomic numbérAhave'been revealed
in comparisons of optical moae; analjses of a
range of nuclei at the same éneréy; Lane has
suggested an isotopic spin dependance in the optical
potential (reference 14), Thus; the real part of
the potential may be written

Vem Vo v V) (EL;[)

A
6.1

where U and T are the isogspins of the projectile
and target respectively. ?or protong this becomes

L[N~ &
v'_:. Vo < & (“"‘ﬁ“ )V\

6.2
The isotopes studied in this work had
isotopic spin projections ranging from 5 to 8,
Provided the isotopes were all fitted with the
same geometry parameters, the real potentials

ghould lie on a stralght line when plotted against
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the quantities (N-Z)a . The gradient of this
graph could theh be used té find the value of
the coefficient V, in equation 6,2. Such a ~
technique has been applied to Zirconium by Ball
et al (reference 15) using 22.5 MeV, proton
| scattering., A value of -43.4 MeV, was obtained
for V, and 27.8 MeV, for V,, B

A set of average geométry pa#ametefs was.
calculated by obtaiﬁing the mean;%alugs of
parameter set 13 in each of 'babié.é "6.1 to 6.5,
The values of the potential'depths-for each isotope
which gave the best fit to_the’aﬁgugar distributions
were then found, The results aré:given in the tables
(parameter set 14). As can he.ééen, there was 1o
correlation between isospin and the strength.of j
‘the real potential., In case this was én efféct of
the geometry parameters, a new set ﬁas obtained
(parameter set 15) whioh.gafé.hetter individual fits.
in most cases, Again,'no correlation was observed,
. It appears therefore that it is not possible
to evaluate the éymmetry term using;the'present-
data, The above method would have doubtful efficiency
in any case, as it does not involve isospin polar-
isation measurements, which would reguire (p,r)
reaction cross~sections, The method - is analogous to

gttempting to evaluate the gpin-orbit term in the
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optical potential without making polarisation
measurements,

Section 6iii: Inelastic Scattering

Predictions of the inelastic scattering
cross—-sectiong were made using both the eollect;ve
model and the shell model of the nucleus. In |
both cases the shape of the aﬂgular distributionit.
is broadly characteristic of the orbital angular
momentum transfer, although details of the. distrib-
ution will depend on the shape of’tﬁé.fédiai form

factor W, g¢r of equations 5,37 and 5.87. The
collective model uses the nﬂn-sphéricél part of a
deformed optical potentiai'to géﬁérate the fofm
factorsg whereas the shell modei;evaluates the
nueclear matrix elements directly, by integrating
the potential ¥ of equation 5.2 over the nuclear
wave functions, It follows, therefore, that while
thé general features of the predietions @or a given
angular momentum trahsfer will be the same for
both models the details of the angular distributions
will depend, in the case of the collective model,
on the parameters of. the optical model potential,
Tﬁe shell model predictions, on the othef hand, will
depend on the form and range of;the interaction
and the configurations of the iﬁitial and final

states,
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Collective model

‘Theoretical crOSSnsectiﬁns wére calculated
for the majority of levels in 2r°, 709% and 71 “*
for which angular distributions had been obtained.
The magnitude of the cross-sections was detgrmined
by the deformation parameter [B, . It can ‘be seen.

from equation 5,13 that

The value of PB. which gave:%hé“mihiﬁum value
ofr%} was found where ji_”

/:)(3‘= i (ke ~ YO/ARL -

wn : : 6.3

and Xi, Y« and AXi are defined as in equation 4,26.
The sumnation was taken over a 1imitéd range of
angles. These were chosen so that the resulting
fit followed the tremnd of the angular distributions
and did not neccesérily give the minimum value of
<Xzover the whole range.

The caleulations were performed by a
computer program made available by H,Sherif, The
program used the same optical model parameters to
obtain the interaction as it used to generate the
distorted waves; Consequently, the radial form
factors calculated by the program were usually complex,
although it was possible to suﬁpress the imaginary

component.
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FPacilities in the program allowed the use
of & deformed spin-orbit potential of either the
full Thomas term type of equations 5,9 and 5.10
_or the simplified Oak-Ridge form of equation 5.8,
In either case,‘it was possible to vary the spin-"
orbit deformation parameter Pso Independén%ly of-
the deformation of the real and imaginary‘terms,
This was facilitated by the definition of a
.quantity'f\aq where o N _ :

. Ac‘.c{- | = ﬁsc /i:}?l, 46'.4-

Thus the spin-orbit contribution.could be suppressed

AY

by setting Adef = 0O,

Results
| The results of the collective model analysis
are summarised in table 6.6, and the corresponding
angular distributions are illustrated in figures
6.6 to 6,19, The table contains the value of P.
obtained for each angulaf distribution and an
indication is given of the foim and paxamefers of
the interaction, |

The Zr'® nuecleus

Angular distributions for ﬂdef = 0,0, 1.0
and 2,0 were calculated for the 2,18 MeV, 3~ level
in Zr9® with both Oak-Ridge and full Thomas term
spin-orbit deformations., The cross-sections were

not significantly dependant on the form of the
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interaction although the asymmetries were éonéiderably_
.affected. Therefore, without polarisation data it

was not possible to decidé which form of the spin-
orbit interaction was appropriate. The cfoss-secﬁions
ﬁere more sensitive to the strength of the spin-orbit
term, particularly at large angles. However, fheA
results for the 2% and 3™ levels were oonfi;bting.

For the 27 level, the best agreement was obtained
with a value of Ade§ = 2,0 whereas bhetter reéulﬁs.

for the 3~ level were obtained WithuA;ﬁf = 0,0,
although for - both levels the effect was marginal.‘

In either case the value of P. was reduced for
increasing Aded,

A more drastic effect on the cross-sections
was obtained by suppressing the imaginary component
in the form factor, The oscillations in the cross-
section with angle for real form factors had a
conglderably smaller amplitude than those for complex
form factérs and the angular distributions resembled
thoge of the shell model,

Variousg sets of optical model parameters were
used, but most of the calculations were performed
using parameter set 13 of table 6.,1. The effects of
using a potential with a different coulomb radius
{set 1) or with purely volume absorbtion (set:17)

were found to be negligible. This was not unreasonable
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as theaelaséic scattering was inseﬁsitive to “the
Ichqice of égéént;al, and the form factoré are
ﬁniikely,to be much affected by the coulomb radius
or the presence of surface absorbtion, on tﬂé
dther hand,>the angular distribufions were affected
by using parameters for purely surface absorbtion,
Here, the imagihary component of the form factor
would be peaked at a significantly greaterryadius
than for volume absorbtion. Suchfa'potentiai did
give slightly better £it +to the 3% level, though”
not to the 2% level, Surface absorbtion only,
howéver, did not give good fits to the elastic
scattering, and the investigationg were not carried
any further,

_Finally, a contribution to the scattering
from coulomb excitation was included., This did not
affect the shape of the angular distiibutions but
produced an increase of the order of‘B% in the value
of F. for the 3~ level, and a similar though slightly
larger increase for the ot level;

) The collective model was quite successful at
predicting the angular distribﬁtions of both the
2% and ﬁhekB— levels, The effects of ithe changes
discussed above were all fairly small and did not

lead to any conclusive results, Therefore, for the

remaining levels, the angular distributions were
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calculated using a standard form of the interaction,
'Thg“full Thomas term spin~orbit deformation was
implemented, with Ade$ = 1.0, Optical model parameter
set 13 for Zr 1% was used and the contribution of
coulomb exqitation wasg included, | _

Of the excited states of Zr‘“’in*fhe energy
renge considered only the 2,75 MeV. 3~ level, which
may be considered as an octopole vibration, showed
a marked collective nature with a‘ﬁﬁ“ofzb.f39. The
other levels have values of ﬁpiﬁetween 0.07 and 0.02,
For the reﬁaining levels, the S,Oj.MeV. 4t and the
3,45 leV. 67 levels corfesponding ﬁo the 21 level
were also well described by the model, The 3,57
MeV. 8% level has a very low cross-secﬁion and the
errors. in the measurement of individual cross—sections
may be greater than allowed for in Section 3v, The
predictions for the 2,30 MeV, 5 level were also in
good agreement with experiment. In all these éases,
however, the forward angle points were not well fitted.
‘This was probably because of slit scattering which
appeared at small angles. This principally affected
the high energy end of the spark chamber spectrum.

The remaining levels are probably either simple
hole~particle excitations orAﬁixtures of a small
number of such‘states. The c¢ollective model would

not be expected to be appropriate in such cases,
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However, there was still good agreement:be£Ween the
theory and experiment for many of the levels, The
angular distributions are principally characteristic
of the angular momentum transfer.and'thé anélysis
was of use in assigning Lrvalueg‘tp'the\various 1eveié.i
In some cases none of the values of . produced very .
good agreement with the experimehtal crossQQections.
In these cases, such as for the 4,05 MeV. and 4,89
MeV, levels, the values of L which appeéfed most
probable have been used in the quoted results., Such
levels are probably mixtures.ofkfransitions with
different values of L aund other angular momentum
transfers cannot be ruled out.,

A case of particular ihterestvisAthe 3.37 MeV,
level, In the shell model picture, this level possibly
includes a contribution from an L = O transition. In
figﬁre 6.7c angulaf distribﬁtions for both L = 0 and
l.= 2 are depicted. In this case neither angular
distribution fits the data very well and the results
are. inconclusive, Most of the angular momentum
transfer assignments for the reméining levels agree
with the‘suggestions made for 19 MeV, proton scattering;l
One exception however,_is the 4.22 MeV, level, At
19 MeV, this was tentatively assigned L = 5. The
present data gives considerably better agreement with

L=2, The 4.66 MeV., level is shown with . = 2 and
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L. = 3, although l. = 2 appears to be more appropriate.

In éli, seven of +the higher levels-have angulax
distributions consistent with.L.= 3., 0f these,

however, only in the 4;46’M9V. level and to a lesser
extent the 4.54 MeV, level is the assignmént relatiﬁély _
unambiguous, In the case of the 4.05 MeV, and 4,89 -
MeV, levels equally good ox better results were obtained
with L = 4, In the 4.79, 4.99 and 5.074Mev. levels

the £it was very poor élthough no other value of L

gave any improvement. OQf the femaining levels, the

4,32 is reasonably weil predicted with L = 4, and

there can be little doubt in the assignment of } = 5

to the 3,95 MeV. level. o

The Zr "% and 2Zr % nuclei

lThe angular distributions for 7r % and Zr 4
were calculated using the same parameters as the
7r? eross-sections, with the appropriate optical
potentials; that‘isg set.r 13 in tables 6.% and 6,4,
The results were similar to° those for Zr°, It was
not possible to obtain angular distributions for
the 1.4% MeV, and 2,03 MeV, states in Zr 9%, but the
results for most of theremaininglevels are summarised
in table 6.6. |

The 2% levels at about 0.93 MeV, and the 3
levels at 2,33 and 2.07 MeV, respectively in Zr?2%

and Zr %% were fitlted with values of RMaef = 0,0, 1.0
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and 2,0. The angular distributions exhibited the
‘same behaviour as in the ogse'of Zr“”,<best results
being obtained with Aaes - 2.0 for the L. = 2 levels
and with Aag = 0,0 for the 3~ levels.

For the remaining levels; ambiguities iﬁ the
value of the angular momentum transfer were more
difficult to resolve, as the érbssésections were
measured at intervals of 5°, HoWever, where it was
possible to make tentative assignments, thege agreed
with the suggestions of previqus workers, with the
exception of the 2.83% HeV, 1evé; in Zr“%, which the
présent data indicates shduld be L. = 5 rather than

L =2, and the 2,34 MeV, level in Zr“”_which.appears.
| to be more consistent with L = 4, againgt L = 2 for
19 MeV, proton scattering.,

The values of ﬁL for both nucleil followéd a
similar pattern to qup; with‘the exception of the
ot ievels at about 0.93 MeV. The levels, believed
to have (_st,z)o‘ and (Qd’s,,\)hz configurations for Zr%*
and Zr " respectively, appeared to have a fairly
strong collective nature, with corresponding values
of [, of 0,12 and 0,09. These are larger than any
of the other levels, except the highly collective
37 states, |
| In general, the angular distributions are

reasonably well fitted, even for excitations which
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would not normally be regarded as collective,

Again, some of the levels magﬂinvolve several
values of the angular momeﬁtum transfer, and
the values quoted in tablé ﬁ.é-dé not -exclude
the possibility of contribu%ioﬁs from other
values of L,

The Shell Model

In Chapter 5 the differential cross-section
was expressed in terms of a sum over spectroscopic
factors Ayrend reduced‘crosg-sectians Cisy « In
-most of the cases encountered in this study there
is a unique value of the:éngﬁiar momentum transfer
LLand a single configuratién-in the initial and
final states. The sum in equation 5.66 therefore
reduces to two terms corresponding to § = 1 and
S = 0 and the expression for the cross-section becomes

%%:(@) = !+7} CQI’P’Q {Vaifj"h}é; *V\ Mtﬂl‘} QT,SSI’(QDG.S

where V. and V, are the strengths of the Wigner
and "spin-flip" interactions averaged over the
isospin (see Appendix 2), The reduced cross—
sections were evaluated by a computer code in
terms of a radial form factor Fu(r)., It was
found that, to a good approximation, the angulaxr
variation of Ol sy was independant of 9 andJ . The

shape of the angular distribution for a given L
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therefore depends on the shdpe of the radial

form factor which in turnAdepéhds on the wrange

and form of the interaction and on the radial

parts of the single particlé wave functions.

The evaluation of L (i) is_aescribed in appendix 3.
The magnitude of the cross-seetions is

determined by the strength of the interaction and

by the spin-angle reduced matrix elements M .sy.

Methods for calculating the Musy are desecribed in

appendix 2 and the values: for the cases diécussed

below are given in table 6.7.-

The (q..)" configuration

In the Zr %° nucleus the shell model picture
gives the neutron shells filled up to the l@horbit
and the proton sheils up to the 2f,, orbit., BEBxcited
states may be formed by two protons in the lgy, shell
with angular momenta coupled to 0, 2, 4, 6 and 8.
Such states could not normally be excited by the
transition of a single particle, However, there is
mixing beitween the ot ground state and the first ot

state of the above configuration, Thus we may write

“the ground state wave function

a | P‘:,f? + b ’9‘1/;)
All transitions involving these configurations
will therefore be affected by the value of a and b,

For the purposes of this analysis the values were
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“taken %o be those of reference 16, that is,
va?;-0;64,‘bz= 0,36. The ratio“b/a is believed
to be negative, : >'_

Therefore, most of the observed levels in
the lower part of the spectrﬁm can be explained
in terms of recoupling of the g, protons., Levels
with odd J are not allowed énd there is no spin-
flip contribution, In this case, the expression
for the cross-section is

AT (@) = b* (2L * N ﬂ?_‘ak Vo' Orsg (&)

a0, 6.6

The form factors were caloula%ed using a Yukawa
interaction ‘
V = ‘M> gf}xh

r o 6.7
The proton WaVe_funetions were calculated for
bound states in a Saxon-Woods potential. The
depth of the well was chosen to give a binding
enefgy for the gq&lproton of 5,29 MeV,, obtained
from the proton separation energy of Fqu'. The
radius of the well was taken %o be 1.35A»3fermis
with a diffusivity of 0.6. In addition, a spin-
orbit potential of strength 7.04 MeV, similar to
the optical potential with a radius of 1.25A“&
fermis and diffusivity 0.6 and the coulomb potential

of a wniformly changed sphere of radius 1.25 fermis
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were aglso included., A variéty of wvalues of these
.parameters were used initiai%y'to caleculate the

wvave functions but the shépejof the form factors

was largely independant of any of the parameters
except the radius of the well M. To a large exbtent
the magnitude of the form factors was alsoiindependéﬁf
of these parameters, However, increasing the well
radius from 1.25A”3fermis to 1.35Au5fermis moved the
pbsition of the form factor peak outwards by about
0.3 fermis and also broadened it slightly, The
amplitude was reduced by about 10%.

The other factor which -had a marked effect on
the form factors was the range of the ;nteragtion.
Although decreasing values of?x had little effect
on the position of the form factor peak, the width
of the peak was considerably increased. The amplitude
of the form factor was strongly dependant on«, This
may be clearly seen in figure.6,29 where the L = 2
‘radial form factorsfor values of X ranging from 0.6
to 1.4 are portrayed.. Form factors for ® = 0,6 and
values of L = 0, 2, 4, 6 and 8 and the real part of
| the collective model form factor are shown in figure
6.30, The degree of dependance was different fbr '
each value of the angular momentum transfer, but for
.= 2, the following empirical relation was obtained

-2.R
(F:g_ﬁa’ ) A% O( Q( 6 08.
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The value. of « therefore, will alter the relative
strengths of the angular distributions. This was
important when attempting to fit the~éross—secfi0ns

of a number of levels with a single interaction .

_strength,

The dependance of the strenth of- theoptlcal

: potential on the incident enerﬂy observed in

‘elastic scattering studies, has been explained

by a number of workers in terms of a non-local term

in the potential. Non-local cpﬁtfibuﬁions to the
optical and shell model potentials also arise in
studies of correlations in nucleax matﬁér (reference
17). The treatment of such potentials is simplified

by using the local energy approximations, where an

. equivalent local potential is generated to take

account of the non-local contribution. A convenient
expression for relating the local (V.) and non-local
Vu) potentials is (referenqe 7)
Vg (Y s \/L. € 2xp [Mar (ak? (- ‘.ﬁ,cr\))_] 6.9
The wave functions of particles in such

potentials are related by a similar expression

—~Mad VL{P}/IQ-T\?‘
Wy CFY =B U ) £ 6.10

where B is a normalisation constant, M is the reduced

mass and a the non-locality range. For free nucleon
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scattering the value of B is'unitji_ However, the
exponential factor in equation 6.9‘reduces the wave
function in the interior of thezhhcléus. In order -
that the wave functions should remain normalised
so that )

& Uno P =
the value of B must be greater than unity and the
tail of the wave functions will be increased. Thus
the effect of including non-locality was to produceA
form factors whiohrwere peéked'at gréater radii
than those calculated with pufeiy local poténtials.
The calculations in this Work were performed by a
computer program written by S.M.Perez (reference 18),.
The range a, of the‘néﬁliocaiity correction, used
in these calculations Wéé 0.85 fermis, the value
observed by Perey and Bﬁck to give the beét.empiriCal
agreement with the energy dependance of the potential,
In practice, the effect of non-locality on the angular
distributions was fairly small compared with the
effect of the range of the interaction and the radius
of the well, The distorted waves used in the calcula-
:tion were evaluated using the optical model parameters
of section 6.,1. In all cases, parameter set 13 of
table 6,1 was.employed,
Results

e s s s

The shell model was not as successful as the
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collective model in predicting thé‘éngular
dlgtributions of the states of %he ( gqucon—
figuration. This was partly because instead of
using an arbitrary normalisat;qn, chosen to give

the best agreement with experiment as in the case

of the collective model, the relative strength of
the shell model cross-sections was deterﬁihed by
the features of the model itself and by the‘strength.
of the interaction potentiai V@;  Howevexr, the

shell model did not producé goéa‘égreement with
the shapes of the angular distributions either,
As indicated above, the shape of the angular
distributions depended mainly on the radius of
the shell model potential well and on the range

of the interaction. It was found that a value of

M = 1,354 fermis was required to give angular
distributions which were peaked at about the right
angleg, Decreasing the vélue of the range parameter «
produced more structure in the angular distributions
and altered the relative strengths of the different
levels, The best individual fits to the experimental
data were obtained with o = 0,6, The angular distrib-
utions with this value of ¥ and with ™ = 1.35A%T.
for the 4%, 6% and 8% levels are shown in figuref
6.20. The strength of the interaction Vo was fixed at

85 MeV, A lower potential appeared more appropriate

- 134 -




for the 27 level and the continuous line in

:figure 6 ,20A represents the éngulaf distribution

for a strength of 50 MeV, Tge broken line én the
same graph is for a potential qf'85 MeV, . The 4+

and 67 levels were reasonably ﬁell_fitted though

the 8™ predictions were considerably lower than
experiment, Little improvement in .the fitting of

the 8% level was achieved for any combination of

o andla, The experimental cross;séctions of this
level are themselves very small and may include
‘contributions from the backgrouﬁd and from 1evels

in other nucleli present és impurities in the target.
Including non-locality when calculating the form
factors slightly improved the shape fits but had
1little effect on the magnitude of the cross-sections,
A value of ¢ = 1.0 and Vo = 230 MeV., gave

slightly better agreement With‘the relative strengths
of the cross-sections but the individual fits ﬁere
rather worse, This potential, however,vagreGS'with
the value of 205 MeV, obtained at 18.8 MeV., (reference
1) provided the effect of increasing the radius of
the shell model potential Mn is taken into account,
It can be)seen from figure 6.20 that the quality of |
the fit in individual cases would not be seriously
affeeted by chénges of up to 20% in the strength of
. the potential, -
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A possible reason for the poor agreement
between theory and experiment'fbr the shell model
may be understood by comparing the results to
thogse of the collective model,jWith particular
regard to the shape and form of the radial form
factors, In the case of the ( ga,) configuration,
the general shape of the form facfors for both
models were similar but the collective model form
factors were peaked at a greater radius. The effect
of increasing I'n and decreaéiﬂglﬁ was tending to
improve the resemblance‘between the models (see
figure 6.,30). The collective model form factors,
of course, have in addition complex and épin—orbit
components. The shell model reproduced the.positions
of the various peaks in the experimental aﬁgular
distributions fairly well, but the predicted amplitude
of the peaks was generally too small, In the case
of the collective model, which normally gave good
agreement with the details of the shape of the angular
distributions, it was found that the amount of structure
was considerably reduced by suppregsing the imaginary
component in the interaction. The effect of the spin-
orbit contribution is discussed above. ‘

There are'reasons for believing that the shell
model form factors should also be complex, In the

firgt place, a real intersction does not allow for

- 136 =




the effect of excitations to ;Qntinuum.states.
Secondly, and possibiy more important, there

might be core polarisation gffects which would
algo lead to complex terms-inrthe form factor,

The 0V level

The 0% level has not been included in the

above discussion as it is probably a complemenﬁary

mixture to the ground state, . Hence its wave
function may be written

o> = al(gq y=> - b I'C‘;ﬂ.,&)"‘? 6.11
and the matrix element for the transition from
the ground state is -

<O+ (i-“’lSMf".V) Il Vooo Hl ot (%} . SB)
= ab E <<'ij‘i,ﬁ?l “Vooe“ ng/a‘)a‘? e <(P\t;,\~)z Woeo “t(l!xé\}‘").g.‘]z

The reduced cross—seotioné Croo(®) must then be
evaluated in terms of a form factor equal to the
difference between the ‘laqg~ ga, and 2P - dFuy
form factors. Using the expressions of appendix
2, the differential cross—-section may be writien

9\,_5*"(@)? 1 ab 0%t

A Wi

The experimentally observed cross-sections

of the 01 level were very small and could not be

measured at the same time as the cross-—-sections of

the other levels in the Zr %° gpectrum., However
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‘the following procedure was used to make measﬁre—
ments at 15° and 20°, A spectrum extending over
an energy.mange from about 1 MeV. to about 3 MeV,
“including the 2,75 MeV. 3~ level was accumulated
until there were about 200,000 events in ‘the 3~
peak. At 20%, a peak was observed in a position
roughly corresponding to 1.75 MeV., the expected
energy of the 01 level. (see refereﬁce 1). The
area of this peak, when compared\with the 3~ peak,
corresponded to a cross-section of 454$ 10 pbarns.
At 150, the peask could ﬁot be distinguiéhed from
the slit-scattering background; However, an upper
limit was estimated by taking half the total of
events in the appropriate channels, The value
obtained in this way waé ¥ 200 pharns,

A theoretical angular distribution for the
.O+ ievel was obtained with form factors calouléted
using the same parameters as for the ( 3%9 states.
The interaction strength was again set at 85 MeV,
Both fhe theoretical predictions and the experimental
points are displayed in figures 6.27. As can be
seen the predictions are up to three oxrders. of mag-
nitude too large. |

The contfibution from core-excitation, which
would be greater for low angular momentum transfers

has not been taken into account., It is possible that
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the core‘trénsition.amplitudés may be out of phase
with the single parficle ampii*tude and may a»ccoun.t
for the .very larse disparit'y Be'bween theory and
experiment, There may alsc;. be simile_ir destructive
interference with the amplitude from multiple
scattering. However, calculations at 19 MeV. have
shown that at that energy, these effects are small

(reference 19).

The (20, ldas,) oon:figura‘tiori

In addition to the ( %:,12)2' levels considered
above, states with l-.=4 or L =5 mé,y be excited
by the transitions of a‘ 2Pli6f\3q§\proton to either the
\ﬁ%br the QF“'& orbit. Thus the expression for the
cross—section will have two terms representing each
part of the transition., Since the single particle

matrix elements involved are relafed by

<2 W Tsliegy = j/’j‘ Zej N Tosslle! 'y (7%

6.1%
the cross-sections are gi.ven by
“de 2 aTe ) (‘Aﬂ‘é"a Muso Vn)z‘. '
ASu v Ges Can (TS5 5".1 b) |
- 6.14

In the case of the 5 level, there is also a
contribution from the spin-flip term in the interac-
tion, This would not affect the shape of the angular

distribution, only the magnitude of the cross-~sections.,
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The 4~ level, on the other hé.‘nd, may be excited
6n1y by the spin-flip term,
Results
The shell model wave function for the

orbit was calculated uéing the same well depth
as before, that is 50,17 MeV, This gave a binding -
energy of 6,74 MeV, compared with the proton separ-
ation energy from \'gqéf 7,07 MeV., As with the |

( gqa)l levels, the wave fﬁndtions were not very
sensitive to the value used for'the binding energy.
The effect of changing the various parameters of
“the effective interaction was:investigated in the
same way as for the (%qa); states, leading to
the same conclusions, It was found that o = O,6F
and I'm = 1,35F gave the best results, In fact, for
a potential strength of 85 MeV, and zero spin-flip
potential, the agreement between theory and experiment
was better for the 5~ level than for most of the other
levels, The results are illustrated in figure 6.21,

- The predicfions of the shell model in this
case are again similar to those of the collective
model (figure 6,74)., However, as in the case of
any Transition iﬁvolving shell model wave functions
with n?>1, it is not possible to make thg same
comparison as above between the radial Fform factors.

It can be seen from figures 6,31 and 6.29 that these

- 140 -



v

are very different, As for the ( gngl states,
“the collective model cross—seofions show more
strﬁcture than those of the sheli model, although
in this cése the shell model gi&es slightly better
agreement with the experimental data,

It is not possible to draw firm conclusions
about the strength of the spin-flip term in a
study of this level, Again, the data allows'a
certain amount of latitude in the total strength of
the predicted cross-sections, Thé;results, however,
are certainly consistent with Vs <<Ve, Dhe 4~
level, which would give an unambiguous»indication
of the valuve of the spin-flip sfrength is completely
obscured by the nearly degenerate and highly excited
37 level at 2,75 MeV, -

Harmonic oscillator potential form factors

In addition to the calculations using Saxon-
Woods potentials to describe the shell model wave
functions, form factors were also calculated for a
harmonic oscillator potential well of the form
LS 6.15
where § is a parameter specifying the width of the
well, Provided a suitable value of § was chosen,
the waﬁe functions produced by this potential were
very similax to the Saxon-Woods wave functions. In

figure 6,32, the \3%3 and QPU& wave functions for
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a potential with 5 = 00,0025 ére#compared with
the- corresponding Saxon~Woods wave functions,
The mean sguare radius defined as
<> e fuae (M) taeCm) FRAR
qu At (M) Rl (r) A )
3 (for the (‘géq')z configuration)

For & = 0,0925, <M> = 29,9 fermis corresponding

to <oy = 1.19 fermis, which compares with<{l) =
1.185 fermis for the Saxon—WoddS‘potential.While

. the shape of the form factors was pfacﬁically ‘
independant of the choice of éingle particle wave
functions, the amﬁlitude was increased by about

10% by the use of harmonic oscillator wave functions,

Particle hole states

In addition to the configurations involving
only the outer protons in the g, or APy, orbits,
excited states may be formed by the transition of
one of the core hucleons to an unfilled orbit, The
energy levels observed experimentally will probably
consist of a mixture of such‘configurations and
more than one value of the orbital angular momentum
transfer may be invblved. The analysis of the

remaining levels in Zr *°

in terms of single particle-
hole configurations therefore was an oversimplification.
Nevertheless, such a description should help.to confirm

the tentative assignations of L ~transfers made during
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the collective model analysis._ Furthermore, the
possible correspondance between‘the nunber, strengths
and l.-values of the predicted éingle cohfiguration
states may give some information about ﬁhé actual
configursations making up the levels.

ihe configﬁrationé expected tOAgive excited
states in the energy range 0 ﬁeV. to about 5 MeV,
aﬁe given in table 6,8, In the case of proton
excitations from the \{gh and o Ps, orbits to the
2p

zero in the \3W orbit and the cross-sections are
X .

y, orbits, the odd protons are left coupled to
given by equation 6.6, For corresponding excitations
to the ‘3§m‘orbit,“the protons are in the 2 p,
orbit and the expression for the cross—section ﬁust
be multiplied by a*/b*, Tor neutron excitations
the expression is multiplied by !/b>,

The angular distributions for thé normal
parity states were calculated for the same value
of X and In used in the analysis of the ( ¢q, )
levels, The depth of the shell model potential
was set to 51 MeV, Where appropriaﬁe, bdﬁh proton
and neutron singie particle wave functions were
calculated., Apart from producing a much greater
binding energy, the effect.of replacing protons dby

neutrons on the form factor was relatively small,

The neutron wave functionsg for the lgqg\and szl
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states are éhown fbr comparison in figure 6.32.
-The comparisons between fhe experimental .

data and the angular distributions for some of
the configurations are illustrated in figures 6,22

to 6,26, The key to these graphs is given in table
‘6.9. In each case, the theoretical crogs-sections .
have been normalised to give the hest égreement
with the experimental data, using the same criteria
as in the collecfive model analysis. ' The strength
of the interaction corresponding to each normalisation
was calculated using the spin—angle‘matrix elements
Mussof table 6.7. Als5 given in table 6.7 are
the theoretical cross—sections at‘50° caleculated for a
.potential of 85 MeV, The results of the analysis
are summarised in table 6.9, The angular distributions
for.all of the poséibleL.—values for the normal parity
states of each configuration were also calculated
using harmonic oscillator wave functions with
£= 0.0925. fThese crosémsections with normalisations
corresponding to an interaction strength of 85 leV,
are illustrated in figure 6,28, They were calculated
for an excitation energy of about 1.5 MeV, It was -
found that the magnitude of the cross-sections
decreased by about 5% for every 1 MeV.-inorease in
the exoitation.but the shape remained practically

unchanged. They were also increased by about 10% by
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the uzge of harmonic oscillator wave functions,
‘Results |

For many of the levels, there was quite
good agreement between the shapes of the experimental
angular distribution and the predictions Of‘at least
one of the configurations. ‘However, it can be seen
from table 6.9 that in most cases the required _
interaction strength is congiderably lower than the 
8% MeV, required to account fox the ( gmz)% levels.
The number of normal parity étates»agrees apprqximately
with the number of 1evels‘observed experimentally
but there is less agreement between the numbers of
states with a given L —-transfer,

Four of the ekperimehtal states have angular
distributions éonsistent with L = 2, compared with
only three such levels predicted by the simple
picture above. Although ﬁone_of the experimental
levels are particularly well fitted by any of the
configurations, the predictions of D and E, which
are fairly similar give better agreement on the whole
thaﬁ those of configuration C, The strengths of all
the theoretical cross-sections are considerably
greater than those of any of the experimental levels
and it is not possible to’make definite allocations
of configuratiéns o particular levels on this basis,

However, it would appear that all the levels are
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predominantly D or E configuration,

-In the case of the L = 3 levels, the situation
is complipéted ﬁy the presence of the highly collective
2.75 MeV. % level, n thevshell model picture, this
state is a combination of many particle-hole states
and would be expected to abéorb much of the available
L= 3 strength, In all, eight of the experimental
angular distributions appear to be consistent with
L= 3, but of these, the'4;05 MeV, and to &l.lesser
extent, the 4,89 MeV, are more likely to be L = 4,

Of the remaining six 1eveis, the 4.54, 4.79 and 5,06
MeV. levels were better fitted by configuration A
which was also more consistent with the 2,75 MeV,
level, Apart from this level, all of the expefimental
levels had cross—sections much lower than predicted
for this configuration, The cross-sections of the
2.75 MeV, level however, were almost four times greatex
The 4.45 and 4,95 MeV, levels were better fitted with
either B or G configurations, The strength of the
4,45 MeV, level which was very well fitted by config-
uration B was about twice the predicted strength,
andlit is possible that this level is predominantly

B with some G added, If this is so, then the 4.88
MeV, level would probably be predominantly G, The
combined strength of all the configurations is unable

to account for the total strength of the observed
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levels if the 2,75 MeV, is ineluded. It is
possible, however, that othéf configurations not
included in this analysis may take part in the
excltatlon of this level,

Excited states with L. = 4 are predicted by

both configurations E and ¥, The angular distributions

in both cases are very similar in- shape though the
former configuration produces cross—~sections about
50% greater than the latter,

The 4,05, 4.32, 4,88 and perhaps the 4.54
MeV. levels were found by-the collective model to
be consistent with . = 4, There is no méans of
discriminating between the configurations but the
strength of the F configuration is close to that of
the 4,32 Level, Uhfortunatel&, in this case there
is very poor agreement betwéen the shapes of the
angﬁlar distributions., The total strength of the
remaining levels is less ‘than that of configuration
E. They are reasonably well fitted by either
configuration,

Only one of the exnerlmental angulaxr distributions
was consistent with L = 5, although contributions from
L = 5 transitions may well appear in some of the levels
where the allocation of anl -transfer was ambiguous.
Both'eonfigurations A and B predict L = 5 states but

in either case the predicted strength is only half
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the observed strength. Configuration A cleaxrly
gives the best agreement with the data but a
mixture of A and B would produce the required
strength while remaining in fairly good agreement
with experiment,

‘Angular distributions for higher angular
mémentum transfers predicted by these configurations
Wer§ expected to have low cross—seotions £ 0,1 mbarn
at 30° and were unlikely to be seen in the present
experiment, | |

" Pinally, a strong L = 1 state is expected
from configuration H. éhis was stronger‘than-any
of the ohserved levels aﬁd may possibly appear at
higher energies than those considered here,

The above discussion has been confined to
normal parity states and the spin-flip intersaction
was assumed to be zero, .If a Serber mixture with
Vi = Vo was assumed, a number of non-normal parity
states would be expected in addition to those considéred
above, In particular there is an L. = 0 transition
fo the 1% level of configuration C. The level most
likely to include such a configuration ié the 3,37
MeV, state., In figure 6,22A the angular distribution
for this transition is compared with that of the 3,37
MeV. level, The quality of the fit is about as good

as for - = 2, but the interaction strength required
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is only 8 MeV., a factor of ten less than predicted.

- It appears therefore that the number, type
and strength of the levels observed in the experiment
ig more or less consistent with VY, <<V,

Another problem ignofed by the above discussion
is the confusion caused by the lack of information
about the strength of the iéovector potential, In
the analysis 1t was assumed that the potential used
to excite a proton was the same as used to excite a
neutron, that is, Va = 0. Nothing in the results
sheds any light on whether this assumption was jus-
tified, | |

Conclugion and discussion

Both the shell model and the collective
model gave an adequate account of the angular
distributions for most of the energy levels in
%2r %° excited by proton inelastic scattering., It
was found that a two body intersction with a rénge

parameter of 0,6 fermis™'

and a Wigner strength of

85 MeV, gave reasonably accurate predictions of the
shape and strengths of the cross—-sectiong of the

( Gelry )" and 9ar, P, states, although better results
were obtained for the 27 level with a potential of

50 MeV, Little difference was found between the
predictions made using Saxon-Woods single particle

wave functions and corresponding harmonic oscillator

functions,
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The. collective model gave a consistently ¢
more realistic description of the angular distributions
of all the levels except the 5 level, This was
Vshown to be principally due to the use of a complex
form faétor. Mathematically, this is not unreasonable
as the additional structure observed in cross-sections
calculated with complex form_fac%ors probably arises
from interference between the amplitudes of the real
and imaginary components. .As the two parts of the
form factor are generally peaked at different radii
(the optical model consistently gave r.>f ) the
reorresponding soatteriné amplifudes may ﬁe slightly
out of phase, producing a more marked diffraction
pattern. Physically, the introduction of an imaginary
component in the interaction ig not unreasonable
either, as mentioned above, a complex interaction
arises naturaily to take into account the polérisation
of the core and excitation of particles to the
continuum states.

) The gtudy of 19 MeV, proton scattering
(reference 1) has‘led o similar conclusions to

those of the present analysis, with the exception

of the 2,18 MeV., 27 gtate. In the case of this level,
the agreement with the 19 MeV, experimental angular'

distributions was improved by increasing the inter-

action gtrength, the reverse of the effect seen at
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50 MeV, As at 19 MeV., the present data shows
the-cross~sections observed for the 8% level to

be largér than the predicfions, though td a greater
extent than at 19 MeV. The OV cross—-sections were
very much lower than the prediotions, which also
agreed with the findings at 19 HeV., but for the
present data, the effect wés an order of magnitude
greater, If, as 18 probable, the disparity between
theory and experiment for the 8t level is due to

the presence of levels in other nuclel present in

the target as impﬁrities,'there is little reason

to expect any correspondaﬁce between the tﬁo sets

of results, On the other hand, the poor agreement.

6f the 0% predictions with experiment is possibly
caused by destructive interference betwéen the core
polarisation and the configuration discussed above,
Such core excitation‘wouid be expected to increase
with gréater incident enérgy, when tﬁe incoming proton’
is more likely to penetrate_ the core, Core polarisation
- was also suggested as a reason for the enhanced
interaction strength required for the 2¥ level at

19 MeV, However, the change of these effects with
energy is unlikely +to explein the very different
results obtained in this analysis., It is also possible
that other defects of the model such as the neglect

of total antisymmetrisation between the projectile
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and the nucleons of the target may play a part.

Section 6iii: Fnergy Levels

According to the shell model, the zirconium
isotopes are depicted as a % “° core with neptrons
filling the QCMQLshell. Thus, ﬁith the exception
of Zr "° itself, the energy levels in all of the
isotopes are mainly obtained by exciting one of
the outer neutrons to a neighbouring orbit. The
situation in practice is more complicated however,
as'there will probably be contributions.from proton
configurations of the Zr 99 core. These have been
extensively discussed in previous sections, where
it was shown that the excited states could be
prlained in terms of (3q%)l, (ﬂﬁqkﬁhg) or hole
particle configurations., The observed energy levels
of Zr%° are illustrated in figure 6.%4, These were
obtained using the method of section 3v. A typical
fitted spectrum is illustrated in figure 6,33,

Also in figure 6,34 for compérison, the results of

19 MeV. proton inelastic scattering (reference 1)

are shown (set B). It can be seen that there is

good agreement between number and energy of the levels
observed in the two experiments except that the £.47
and 5,50 MeV, levels have not been seen in the present
work. The tentative agsignments of the l. -transfer

have been made on the basis of the foregoing collective
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and shell model analyses. The strongly excited
37 collective level at 2,75 MeV. was also seen in
the other even isotopes; at 2,34 MeV., in Zr9*, at
2,064 in Zr* and at 1.86 MeV. in zr ",

In Zril, the only odd nulide in the group,
the energy levels are expected to be mainly due to
.the excitation of the odd nucleon. The comparison
of the results of the present work (set A) with the
Nuclear Data shéetsl(set B), 19 MeV, proton inelastic
scattering (sét]y: reference 20) and (d,p) reactions
in Zr 7° (set ¢: reference L .21) is illustrated in
figure 6,35, The energy levels were obtained using
the method of section 3v, The spectrum at 20° is
shown in figure 6,39, The agreement of the present
data with previoﬁs work is rathér poor,., Reasomns
for this are given in section 3iv., However, the
number of levels agrees with those for (&,p) reactions
- although many of the levels seen in 19 MeV, proton
scattering studies have not been oEserved.

Zritand Zr' are expected to have similar sets
of energy levels as they have comﬁlementary structures
and the-low lying excited states may be dominated
by the (qu f‘ and (ckmk fazneutron configurations
respectiveiy. ﬁowever, proton excitations bf the
core also play an important part. For instance, the
0,9% MeV., 07 level is believed to be primarilyvﬁ gqa)m

configuration.
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The energy level diagrams are illustrated in
figures 6,%6 and 6,37. In both cases, the results
of 19 MeV. proton scattering (set B: reference 23)),
and inelastic deuteron scattering (set C: reference
24) are also shown, In addition,‘the levels excited
_by‘(dqa) reactioné on zZr are showﬁ for Zr 9% (set
D: reference 25).' As in the case of Zr 99 there is
good agreement between the present daté and previous
work, except that for Zf“l at higher energies‘rather
more levels have been observed in the present‘work.
The L ~value assignments for some of the levels have
tentatively_béen made én the basis of the collective
}_model analysis.

Tinally, the energy levels obtained for Zr'¢are
shown in figure 6,38, Sets B, C and D are for (t,p)
reactions on Zr' (reference 26), (@&) scattering
(reference 24) and (Fﬁ@ ééattering-at 19 MeV, (reference
27) respectively. As in the caée of Zr4) the method of
section 3iv was used and the agreement between the
results is poor. The enérgy spedtrum recorded at 4Q°
- is ghown in figure 6.,40. There will he s;milarities
between the Zr 1¢ energy levels and those of Zr“%as the
excitation of a dsw~ neutron from the closed shell in
qué'leaves a di; hole, There is some correspondance

although not as marked as between Zr%t and zrlt,
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Appendix A1: A Non-linear Parameter Search program

for Spectrum Stripping

A non-linear parameter search program, written
in FORTRAN IV by Mr.G.S.Mani for an IBM 360/75
computer was used to calculate ﬁhé areas of the peaks
in the experimental spectra. The operation of the
program is summarised in figure A1,

The program first reads in a set of numhers
which enable it to défine the initial set of parameters
on which the set is based. These parameteRs,consist
of a set of heights, widths and positions correspohding
to the various peaks and a background parameter,

They may be specified explicitly, or, more usually,
only the peak positions aré supplied to the program.
The height of each peak is then egtimated from the
experimental spectrum and the width set to a standard
value, usually 5 or 6 channels., The amount of data
required by the program may be further reduced by
défining a standard spectrum. This spectrum is treated
first, and any subsequent spectra which have a similar
basic structure may be specified by using the relative
displacement to the standard spectrum,.

The progress of the fitting procedure is
governed by othér parameteré,also read in initially.
These are CHIMIN, the minimum value offfl; CHLIDIF,

the minimum permissable change in /A", NROLL, HMCUT
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and MCUBE which govern the total number of iterations,
Astep—length reductions or increases, NMAG, the
position of the spectrum dn the magnetic tape and
MROLL which controls output.

The program reads the appropriate spectrum
from magnetic tape or disk, It then uses the initial
parameters ( F’{{)mi to calculate a theoretical spectrum
(CTH) and the values of'%z'(GHISQ) from equations
3,19 and 3,20, In the first~iteratioﬁ the program
proceeds directly to caleulate the values of A4/ pL
and uses these values to obtain a new set of parameters

Lt
P where

Y S
- (G\q'ﬁ/ck pﬂmc,\'br_ A1
(dg*/dpi) max is the largest valued AR /dPL and Apu

K1
P

P I
i

"

AR

is the step-length. This may be set explicitly, or
by default the program takes sténdard values: 1
channel for the position and 10% of fhe width and
height, The counﬁeré.JROLL, IROLL and KROLL are
incremented by one.

Using the new parameters, CTH and 7<kare‘recal~
culated and the latter compared with the previous
value, - If the new value is greater, bthe step-length
is too long and the program enters the cube cutb sectioﬁ.
The step-lengths are then reduced according to the

equation
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e : 0. AR/ pLE
2 pi = A(Ql, X QX d piYmasce | A2

The parameters Pf*\ are recalculated from the
original and the values of CTH and.QG“recomputed.
The NCUT counter is inoreased by 1.

If, on the other hand, the new value of
was less than the previous value, but by an amount
less than CHIDIF, the parameters‘are not changing
quickly enough and the program entérs the cube increase
stage. Here, the step-lengths are increased abcording
to the equation \

(B pdaws APy x Q0 A3
The NCUBE counter is incremented and CGTH and
recalculated as in the cube cut section.

If both the above tésts_are negative, the
program proceeds directly to the next iteration.
Output | -

The program is provided with facilities for
output, both at the end of the calculation and at
‘any intermediate stage.. These intermediate or
partial outputs occur at intervals determined by
KROLL, which produces an output every MROLL iteréﬁions
and whenever the cube increase or cube cut stage is
entered, On later versions of the program the partial
output has beeﬁ suppressed,

FPinal output can occur in four ways: if the
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present minimum wvalue of 7<ais achieved, if the
total number of iterations exceeds NROLL, and if
the number of cube cuts or increases eiceeds MCUBE
and MCUT respeotiﬁely. |

On final output, the values of the final
parameters are printed out and the areas of each peak
calculated, A brief summary of the fittiﬁg procedﬁre
is also printed. out. Pinally the theoretical and -
experimental spectra are printed out in graphical
- form to facilitate comparison,

Later versions of the program téke the
calculation a step further., Sufficient information
is supplied to the program to enabie it to‘caiculate
absolute cross-sections using equation 3.6. The
‘channel number is converted to énergy and ‘the cross-
section, error, centre 6f mass angle and energy of
‘the peak are all output on a single punched card, A
second program is then used to cdrrelate the results
from a number of similar spectra to produce a single

angular distribution and a set of energy levels,
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Appendix A2: The Nuclear Matrix Elements

" In Chapter 5 an,expreséion wag derived for
the interaction V of equation 5.2 in terms of a
sum of two body forces over»the nucleons of the
target. The radial part of the nuclear matrix
element ﬁﬂg(v) can then be expressed in terms
of the matrix elements of the isoscalar and
ilgovector operators, These are one body operators
in the space of the‘target nucleons, Hence they
will connect shell model configurations which
differ by, at most, the state of one nucleon.
If we limit the discussion to the case of a
single configuration in the initial and final
states we may sepafate.%he matrix elements into
radial and spinéangle factors., Therefore we may -

write

T ! - e ol
G'Ls:y < »4:!73 @ <3?\' Iﬁ’” Vseg ST@ + Vs,r:s (ST| 3{"11; ‘lTn T?\) A1
where Vsu and Vsp respectively are the strengths

-of the isoscalar and isovector potentials,

Two particle configurations

®Pirst we consider the case of ground stgte
with two particles outside an inert core, both
in the same shell with angular momentum | coupled
to give a total angular momentum Ja, An excited

state with angular momentumJdn' may be obtained by
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the transition of one of the particles to the
j' orbit, Congidering only the isoscalar term at

present, we may write

<'JJ1”'TZ$:: g\. Crp,r)||Ja%> . Cm)-m\;,,;y"

5§ OWGY T35 TGN T quennllf > 42
‘The last factor in this equation is the

single particle matrix element. This describes
the excitation of a single particle outside an
inert spinless core froﬁ an initial orbit\j to
the j' orbit, "T..$T is a composite tensor consisting
of the product of spin and angle tensors (equation
5.26), The wave function may also be expanded in
terms of radial, spin and angular parts. Hence ‘
[nQ3} = 2428 M= ]\’\\TN)Q,\QU-)YQM-H‘”/(& A3
Using the gélations of réference 12 we obtain

for the single particle matrix’eiement

(et i Tusa guerdivm €9 = <e's j U Tsrifed j2Iun
- 2 FRY [N I\ Leindies s> T )

g ¢ L
SR
where ‘I:L. r) = ji}g (™) Wpele) Upter () AT Ad

S may have the values O.or 1. Using the standard
expression for the various quantities in this

equation we may write
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o i . i . ‘“_1 ":\
eyl 5&.53”!3J> z LJL"Q*Q C-)J+1 2 f..\}
N 2 - ‘j"‘ LS:I‘

r J l R

EX @ AN
where
bio, =
bri = ('x-:}')/?:‘. oy el s —ft‘-‘(__t_-»_f_:i:;:g)‘
by e L (€8 (e mey)/Chan 2 L
and X = (2-3)(qj+1),xi= (& J’)t F) A5

The ( qc. ) configuration

In this case a number of excited states
may be obtained by re_coupllng the angular momenta
of the two particles in the Igf,, shell, Here
!

Ja =0, j =) and S = O.' If we identify 1 (r‘)

‘with the Fygy of equata.on 5, we may write
Afgf, = A A" NLS\{ whereJ =L A6
vhere Muo, = at (-QJ:“ Y. (@rfﬁ)\\-@\j) AT
The factor of 2 in this equation occurs because
both particles in . the 3%’ shell may take part

in the transition.

The ( B, cwxdg configuration

Here we consider one of the n particles in
the Py, shell, excited to the gq, shéll. In the
cases arising in this ‘study, . = 2 allowing the
use of the above expressions, When an’cisymmé"trisation
between the particle left in the Pﬁ, state and the |
particle in the Yarg, state is taken into account a

. A . .
factor of 2 * is introduced into equation 2. Again,
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both particles may take part in the transition

so.that

I A . .
Musy = zﬁi\f}' ey ) Tasa 1257
EIN | .

Particle hole states

A8

Apart from the states formed by the particles
outside the closed shells, excited states may be
obtained by the transition of a particle from a
filled shell to an uvnoccupied orbit, The matrix
elementé for such hole particle pairs is given by

(references 28 and 29)
- ¢ Ff'} n :
Miss = ¢=)° ‘\f_%%;-<PJJligvh03'> A9

Isospin dependance

In the above discﬁssion, no account has bheen
taken of isospin, ‘The-matrix elements of-the isovector
operator lead to gimilar expressions to equations 7,

9 and 10, multiplied by a factor depending on the
isospin of the nucleus, However, for nucleons, it
turns out that this guantity is always balanced by a
_quantity contributed by the Clebsch-Gordon coefficients,
of equation 5,36, Provided, thefefore, that the
strength of the nucleon-nucleon potential is averaged
over the isospin, we may neglect the effect of isospin
altogether so that A LSy = \./5 & ah& Ml.gg“ 410

where Vo = Vou +Vsp for the excitation of a proton

and Vg = Vs - Vsp for meutron states,
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‘Appendix A%: The Radial Porm Factors

In ‘equation 4 of Appendix 2, the radial part
of the nuclear matrix element was factorised out
of the expression and written as

Lty - J Qulryte) Une (R Uner LRYATT o4
“nt and WUwe' are the inifial and final shell model

wave functions and ﬂk(“) is the radial part of the

Lth term of the multipole expansion of the interaction,

The wave functions were caleulated both For a harmonic
oscillator potential and for a Saxon~Woods potential
gsimilar to the real part of the optical potential,
Both sets of wave functions were approximately
equivalent, The interaction used in the present
analysis had a Yukawa. form
ve Voo™
B A2
This expression may be written in %ermé of spherical
Bessel and Hankel functions such that the radial .
term 3L(T}Fl) may be written
ghcrﬂ : J,_CLhPL) Hhclhr)' rgs_r*.
| s (LR h €ty > A3
The Saxon-Woods wave functions were evaluated by
the program described in reference 18, The harmonic
oscillator wave functions were evaluated by a series

expansion in terms of 5?} where 5’15 the range

parameter., Suitable expressions are given in reference
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30, The spherical Begsel and Hankel functions were
evaluated by upward recursion for [tkel I ana by
series expansion for lower values. . The infegration
of equation 1 was carried out upto ri = 20 fermis
using a step length of 0,05 fermis. These values

proved to give the required accuracy.
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Energy L
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* indicates a broken line on the graph
1) Real Form Factors only
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3 Adgf'—': 0.0

Table 6.6aIndex to the Graphs Illustrating the
Collective Model Analysis for Proton Inelastic
Scattering by Zr?,
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Normal Parity Non-normal

Gonfiguration STates Parity states
(gqfl)l O+
ot
2
4+
6+
g*
R, &, 5~ “_
“) - -
-} ‘ 5"" )\ 6—
B, £, 8, 3 2
a9 E_)._ 4-
7" 6
C. pﬁg& o 1t
:D.~ f$;|p|, 2+ 3+
- + +
E . 'gq:fis’l 2 3
4" 5%
6" (
g, g o
H. p, s, 1 0

Table 6.8 Shell liodel Configurations in Zr°
Expected to Give States in the 0-5MeV, fnergy
Range




\

Excitation Config- v . Cross-sect,
Energy uration 4°Y (Mev) Figure at 30

2,18 (gg.)" 202 85 . 6,20A%
N L 1 R 6 .20A
3, 08 404 85 - 6.,20B
545 » 606 85 = 6.20C
e %7 ( ) 888 85 ‘2.300
2.%0 p) 505 85 21 -
3,37 3%&§c 011 8 6.224 0,14
C 202 36 6.22A%
D 202 47 6.228
E 202 22 6 .22 B¥
3.84 c 202 44 6.22C 0.20
D 202 57 6.220%
E 202 27 6.22D |
3,95 A 505 146  6.234 0.45
B 505 124 - 6,23A%
4,05 A 303 27 6.23B 0.21
B 30% 86 6 .2%C -
E 404 | 52 6 230
4,22 a 202 45 6.23D 0.22
| D 202 59 6.23D%
B 202 + 26 6,244 ~
4.,%2 E 404 116 6.24B 0.90
4,45 A 303 39  6,24C 0.30
. B 303 111 6., 24C¥ :
4,54 A 30% - 32 6.24D 0.25
B 30% 87 6 .254 :
£ 401 67 6.25A% i ;
. 4,65 ¢ 202 30 6.25B 0.15
X D 202 37 6 . 25B* -
B 202 18 6.25C
4,79 A 303 7 6.,25D _ 0,55
, B 30% 55 6 .25D%
4,88 A 303 16 6.264A 0.50
| B 303 159 6.268
- E 404 27 6.26B* 0.54
4,99 A 303 19 6,260
. B 30% 56 6 .,26C*
5,06 A 303 29 6.26D 0.25
B

303 74 6 ,26D%

Table 6,9 Key to Figures 6,20 to 6526 with values
of V, :
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