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Abstract
- ' The scattering of polarised and unpolarised

50 MeV. protons by ZrHD , Zr'41 , Zr‘a , Zr and ZrCffe 
has been studied using an acoustic spark chamber 
in conjunction with a magnetic spectrometer. The 
elastic scattering cross-sections and asymmetries 
have been analysed by an Optical Model parameter 
search progi*am, A D,W,B,A, analysis of the inelastic 
scattering was carried out in terms of both the 
Collective and Shell models of the nucleus. In the 
former case the value of the deformation parameter 
for each excited state has been measured, and 
tentative assignments of the orbital angular momentum 
transfer made. In the Shell model analjrsis, a value 
of the strength of the effective interaction has 
been found which gave reasonable agreement with the

/ v?-~cross-sections of each of the states of the ( 3 c*/ ? ) 

configuration in ZrMQ. Possible configurations for 
many of the other states of this nucleus in the 
,0 to 5 MeV, range are also discussed.

In addition, an energy level scheme for each 
isotope has been obtained and compared with previous 
experiments.
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Chapter 1
A series of experiments to investigate the , 

scattering of 50 MeV, protons, has recently been 
completed by the Manchester. University group at 
the Rutherford'High Energy ■laboratory, The 
angular distributions of the cross-sections of 
elastic and inelastic scattering have, been 
measured for a large number of nuclei ranging 
from Li6 to Pb2°8, In .addition, the asymmetry in 
the elastic scattering for many of the nuclei has 
been measured using a polarised proton beam, .The 
analysis of tlie experimental data is being carried 
out in terms of both the collective model and the 
shell model picture of the. nucleus.

The work described in this thesis comprises 
the part of these studies concerned with isotopes 
of Zirconium. In all, five isotopes have been 
investigated, namely Zrc'° , Zrq’ , ZrMA, Zr‘l4.and . • 
Zr^4, . The elastic scattering data was analysed 
in terms of the optical model. The resulting -. 
phenomenological potentials were used to generate 
the elastic scattering wave functions in a Distorted 
Wave Born Approximation (D.W.B.A.) analysis of the 
inelastic scattering.

The- D.W.B.A. theory expresses the reaction 
in terms of a transition of the projectile between



elastic scattering states. The transition may 
he regarded as being caused by an effective 
interaction whose form will depend on the 
particular nuclear model under consideration.
By using phenomenological wave functions 
generated by optical potentials known to give 
a good account of the elastic scattering, any 
strong absorbtion by the nucleus is automatically 
taken into account. An allowance is also made 
for the effects of coulomb repulsion, which may 
be important for heavy nuclei.

Diffraction effects introduced by the use 
of distorted waves play a large, part in determining 
the broad features of the angular distributions. 
However, different optical potentials which gave 
similar predictions for the elastic scattering 
gave similar results when used in D.Y/.B.A, 
calculations. Hence, within the limitations 
of the optical model analysis, the elastic 
scattering uniquely determines the distorted 
waves, and most of the interest in inelastic 
scattering studies lies in the investigation of 
the interaction.

The excitation of a nucleus by the inelastic 
scattering of a nucleon projectile can involve 
a number of processes. For instance, the incident
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nucleon may interact with a large number of the 
target nucleons, exciting cooperative modes of 
motion such as vibrations or rotations. Such 
excitations may be appropriately described in 
terms of the collective models Here, the 
optical model potential is generalised to include 
non-spherical terms containing coordinates 
describing the deformation of the nuclear 
surface. The expansion, of the potential in 
terms of these coordinates produces a sum of 
interactions causing transitions between the 
various nuclear states. For the purposes.of. 
the present analysis, only first order or single 
step interactions were considered. All of the 
terms of the optical potential were deformed 
and the interaction■was in general complex.
The .deformations'of the spin-orbit potential . 
also introduced the possibility of a spin transfer 
between the projectile and .the nucleus.

Such collective states may also be des~ 
cribed by the shell model in terms of a super- 
irifposition of a number of hole-particle configurations 
Each configuration is considered to be formed by 
the interaction of the projectile with one of the 
nucleons in the core, exciting it to vacancies in 
the higher orbits. These configurations, and
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others formed by the transition of nucleons 
outside the closed shells may also be. involved 
in the excitation of single particle states. .
In such cases, the shell model picture is more 
appropriate, although in practice there may be 
■some mixing between the various configurations. 
The present analysis has been' confined to-single • 
configurations in both the initial and final 
states.

In.the shell model description of inelastic 
scattering the interaction of the projectile 
with the target nucleus is assumed to take place 
through a sum of two body interactions with the 
target nucleons. At sufficiently high energies 
for the impulse approximation to be valid, the 
effect of the other nucleons on the tv̂ o particle 
force may be neglected and the interaction is 
simply the free nucleon-nucleon scattering ■ 
potential. At lower ehergies this potential 
will be modified by the presence of the other, 
nucleons and the reaction'must be described, 
phenomenologically using an ”effective” inter­
action. This has the disadvantage of introducing 
further parameterisation into the transition 
amplitude. As this.quantity involves the matrix 
elements.of the interaction between single
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particle states any deficiencies in the shell 
model -wave functions used to describe these 
states may be compensated by modifications to 
the parameters,.

The effects of these shortcomings are 
less serious in a study of , This- nucleus
has been the subject of a large number, of inves­
tigations using-a variety of reactions and 
techniques. It is known to possess a set of 
excited states which are well described in terms 
of relatively pure configurations of protons in 
the outer shells. Since the ambiguity between 
the single particle wave function and the. 
effective interaction applies principally to 
the shape of the angular distribution, the 
relative magnitudes of the cross-sections for 
the various levels may give some indication of 
the consistency of the interaction parameters.

Apart from the distorted waves, the factor 
having most effect on the general shape of the 
angular distributions is the orbital angular 
momentum transfer. In the shell model description 
the allowed values of the transfer for a given 
configuration are limited by the triangulation; 
rules and the conservation of parity. The 
number of expected configurations in a given
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energy range is also limited. Consequently, 
a comparison of the number and detailed shapes 
of the experimental angular distributions 
corresponding to a given angular momentum transfer 
with the theoretical predictions may yield some 
insight into the structure of the corresponding 
levels.

The distinction between collective and 
single particle states made in the above dis­
cussion is not neccesarily observed•experimentally. 
The 2.18 2 + MeV. level in Zrc'° described by the 
shell model as a (Igq, T  -configuration may be 
regarded by the collective model as a quadrupole 
vibration. In practice, the level excited by 
proton scattering may include contributions both 
from the simple shell model configuration and 
from collective - excitation of the core. At 
present the effects of such core polarisation 
have been taken into account by modifying the 
strength of the two body interaction potential.
It is intended in future analyses to calculate 
this contribution specifically.

The strength of the single particle 
configurations may be studied using deuteron 
stripping reactions. However there are severe 
limitations on the type of levels which can be



excited in this way. Inelastic scattering of 
heavier particles may also he used to investigate 
the structure of the nucleus, and alpha scattering 
has the advantage that only zero spin and isospin’ 
transfer is allowed, In this case., however, the 
mathematical formulation is more difficult because 
of the complications introduced by the presence 
of the. additional nucleons.

A similar study to the one described in 
this work has been carried out into the scattering 
of 19 MeV. protons by Zirconium (reference 1).
At this energy a greater approximation is in­
volved in the use of an effective nucl'eon-nucleon 
interaction. On the other hand, core polarisation 
effects might be lower at lower incident energies. 
The comparison of the results at 50 IvleV. and 19 
MeV, should give an indication of the energy 
dependance of these effects.

The shell model, as discussed above,
*apart from neglecting core polarisation also 
fails to take into account the effects of the 
excitation of particles- to continuum states.
Both these processes would result in an imaginary 
term, in the effective, interaction. Such a term 
arises naturally in the collective model and also 
in the impulse approximation, A further important
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defect in tlie description is the neglect of 
exchange terms in the interaction. These arise 
from total antisymmetrisation between the in- 
coming particle and the nucleus and from exchange 
forces. Such terms would result in "knock-on11 
type reactions with the. outgoing nucleon being 
different from the projectile.. Again, it is 
hoped to consider such effects in future analyses.

All the experimental work described in this 
thesis was carried out at the Rutherford High 
Energy Laboratory, Ghilton, Berks. The Proton 
Linear Accelerator was used to supply unpolarised 
and polarised beams of protons. The. scattered 
protons were momentum analysed by a doubly 
focussing magnetic spectrometer. The distribution 
of particles in the focal plane of the spectro­
meter was determined using an acoustic spark' 
chamber. The overall resolution of the system 
including the momentum spread of the beam and 
straggling in the target was better than 80 keV,, 
well below the level spacing of the. Zirconium 
isotopes which was typically about 100 keV.
The experimental apparatus and the setting up 
procedure are described in Chapter 2. The 
procedure followed during the experiment is 
described in Chapter 3.
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The preliminary analysis of the raw data 
to obtain absolute quantities, also described in 
Chapter 3, and the theoretical analysis-, described 
in Chapter 6 were carried out using a suite of 
programs written for the. IBM 360/73 computer at 
the Laboratory. Details of most of these programs 
may be. obtained from the sources indicated in 
the text. The. theory of the optical model is 
described in Chapter 4 and the D.W.B.A. theory 
in. Chapter 5. The results, conclusions and 
discussion are.presented in Chapter 6,
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• ' The experimental part of this work was
carried out using the 50 MeV, "beam of the Proton 
Linear Accelerator at the Rutherford Laboratory, 
Chilton, Berkshire. The scattering, of the protons 
was analysed by a magnetic spectrometer used in 
conjunction with an acoustic.spark chamber. In 
this chapter, the. characteristics, of the accelerator, 
spectrometer and the particle detection system are 
described, and details are given of the. procedure 
followed in preparing the experimental apparatus 
for use. The ancilliary equipment used to 
measure the beam energy and polarisation and. 
to record, the total integrated beam current is 
also described,

Further details of the spark chamber and 
its associated electronics may be foimd in 
reference 3. The rest of the experimental 
apparatus is described either in reference 2 
or in the relevant user guides published by 
the Laboratory.
Section 2i:__The Proton Linear Accelerator

The Proton Linear Accelerator (P1A) 
consists of three radio-frequency accelerating 
tanks which may be used in combination to produce 
proton beams with nominal energies of 10, 30 or
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50 MeV. It is not possible to sustain the 
radio-frequency field continuously on the tanks, 
because the power dissipation of the system is 
limited. Consequently the r.f. power is pulsed 
at repetition rates of either 50.or 25 pulses 
per second. The proton pulses produced in each 
case are 200 and. 600 j j secs, long, giving res­
pective duty cycles of 1 $ and 1J$, The phase 
bunching effect of the accelerating field 
imposes an additional fine structure on the 
proton pulses, consisting of 0.3 nsec pulses 
at a separation of 5 nsecs.

Both unpolarised and polarised proton 
beams can be produced by the PLA. The un­
polarised source can produce mean currents, 
measured at the output of the machine, of up 
to 5 juamps. with a 1$ duty cycle and 7 amps, 
with a 1J$ duty cycle. The corresponding mean 
currents obtained using the*Polarised Proton 
Source (PPS) are only 0,1 rxamps. and 0.15 namps. 
However, the beam produced by the PPS is up to 
55$ polarised. The direction of polarisation 
is perpendicular to the scattering plane and 
the orientation of the proton spin may be up or 
down.

After the beam leaves the final accelerating
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tank, it passes through the debuncher, This 
is a resonant cavity device, to which is applied 
a r,f, field of the same frequency as the' 
accelerating field* By adjusting the phase angle 
between the device and the accelerator, the 
debuncher may be used to reduce, the energy 
spread of the beam at the expense of its spatial 
distribution* The energy spread of the beam . 
measured at the target without the debuncher 
is .typicalljr about 270 keV, With the debuncher 
in operation,, this can be reduced to below 
80 keV,
The Spectrometer Beam Bine

After leaving the debuncher, the beam 
enters the spectrometer beam line. The transport 
of the beam through the flight tubes is effected 
by a system of seven quadrupole=lenses and a 
bending magnet, A diagram illustrating the 
arrangement of the beam line is shown in figure 
2,1, Two pairs of slits, one pair before the 
bending magnet and the other pair after it, 
define the profile of the beam in the horizontal 
and vertical planes. The slits are used in 
conjunction with- the bending magnet to restrict 
the range of momenta'transmitted through the 
beam line.
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Some of the quadrupole lenses are made up 
of doublet pairs, to give focussing in both the 
vertical and horizontal planes. In addition, 
quadrupoles Q4, Q6, Q7 and Q8 are wound in such 
a way that they can be used to steer the beam. 
Similar steering quadrupoles are also mounted 
within the third accelerating tank of the machine, 
on drift tubes 19 and 26. The system is used to 
obtain a well focused beam spot, centrally 
placed on the target. The. profile and energy 
spread of the beam, at the target depends mainly 
on the dimensions of the slits used. An im­
provement in the resolution of the beam can 
generally be obtained only at the expense of 
beam intensity, particularly if the debuncher 
is not in operation.

To assist in the setting up procedure, 
the beam line is equipped with a set of retract­
able scintillators placed at convenient positions. 
The profile of the beam on each scintillator is 
viewed by a closed circuit television camera and 
relayed to the counting room.
Setting up the Spectrometer Beam Line

The currents in the quadrupoles and the 
bending magnet were set up to give the. optimum 
transmission using the following procedure.

- 13 ~



The. current in each quadrupole was first 
set-to an approximate value obtained from a 
previous experiment. The "flip-in" scintillators 
were, then used to examine the profile of the beam 
along the flight.tube. Starting from the accelerator 
end of the beam line, the quadrupole and bending 
magnet currents were systematically adjusted to 
obtain the expected shape and position of the 
beam on each scintillator. The profile and 
alignment of the beam spot on the target were 
observed on.a scintillator placed in the target 
position.

The. next stage was the optimisation of 
the transmission. The currents in Q1 , Q2 and 
the drift tube quadrupoles were adjusted until 
the maximum intensity was obtained on a Faraday 
cup placed before the bending magnet. The. 
transmission through the rest of the flight 
tube was optimised by systematically varying 
,the currents in the remaining quadrupoles. The 
current passing through the target was monitored 
by a Faraday cup in the scattering chamber.
Finally, the steering quadrupoles were used, 
if neccesary, to position the beam centrally on 
the target,.

The result of badly set up. beam transport
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is usually the collision of the beam with the 
structure of the flight tubes or the accelerator. 
This not only causes a high background radiation 
but also produces a flux of neutrons which 
interferes with the scintillation detectors (see 
section 2v). Throughout the optimisation process, 
therefore, care was taken to ensure the radiation 
levels in the vicinity of the accelerator remained 
within tolerable limits. As a final check, the 
spectrum of particles in the focal plane of the 
spectrometer was recorded, using scattering by 
a suitable target. This spectrum was examined 
to see if the required resolution had been 
obtained and to check that the background was 
at a reasonable level.

The transmission efficiency is defined as 
the fraction of the beam, measured at the end of 
the third accelerating tankj which passes through 
the target. A typical value of the efficiency 
obtained by the above procedure was about 2$, 
with the appropriate momentum slits and with the 
debuncher in operation. Under these conditions, 
the resolution of the beam on the target was 
50 keV, With no momentum slits, a transmission 
of 5$ at 70 keV. resolution was obtained.
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Section 2ii: The Beam Energy Monitor
The absolute energy of the beam was 

measure! using the Beam Energy Monitor, The 
mechanical arrangement of the Monitor is shown 
in figure 2.2. The beam passes through two 
degrading systems and enters the double ion 
chamber. The parallel sided degrader is used 
to reduce the energy of the beam from 50 MeV. 
to 50,MeV* The amount of energy lost by the 
beam in the double wedge system however, depends 
on the' relative positions of the wedges. Thus, 
by altering the position of the retractable 
wedge, it is possible to change the energy of 
the particles entering the ion chambers.

The double ion chamber consists of three 
parallel electrodes perpendicular to the beam. 
Both sections of the chamber are filled with 
air at atmospheric pressure. The thickness of 
the first section is 5/7ths of the thickness of 
the second. Potentials of 1.0 . kV, and -1.4 kV. 
are applied to the first and third electrodes 
respectively, so that there is the same potential 
gradient in each section.

. At a certain beam energy,, the amount of 
ionisation in each section is the same, and the 
output current from the centre electrode is aero.
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If the "beam energy is higher than this critical 
■value* more protons penetrate to the second 
chamber, giving a negative output current. 
Conversely, lower energy protons give rise to: 
a positive current.

A set of tables, relating the wedge pos­
ition and the energy of the particles entering 
the monitor has been compiled using a time of 
flight method. The procedure for using the 
.monitor therefore was to adjust the wedge pos­
ition until the current on the central electrode 
of the ion chamber was zero. The incident beam 
energy was then obtained from the table .
Section 2iii; The Double Focussing Spectrometer

The magnetic spectrometer used to analyse 
the scattered protons has a field index n • = ■§-,
It is doubly focussing so that monochromatic 
particles from a point source are focused at a 
point and not in a line. A.t a given field setting 
the foci of particles of differing energies lie 
in a plane inclined to the vertical at an angle 
depending on the magnetic rigidity of the particles 
for the 50 MeV'. protons studied in this experiment, 
the focal plane is inclined, at 57° to the. vertical. 
A special evacuated vessel is used to attach 
particle detection systems to the spectrometer.
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The aperture of the vessel lies in the focal 
plahe'and is sealed with a thin mylar foil. 
Brackets are provided so that particle detection 
devices can be mounted so that they lie in the 
focal plane.

The trajectories of the particles which, 
pass through the aperture have a mean radius 
of 40 inches. The median line representing 
the mean trajectory extends horizontally to 
bisect the focal plane. The centre of the 
focal plane is marked to facilitate the correct, 
alignment, of detection systems placed in it.
The aperture, is 50. cm. long, allowing a momentum 
range of 1 5 $ of the median momentum to be detected 
at a given field setting, For protons at 50 MeV, 
this corresponds to a range of 5 MeV.

The magnet is attached, to its scattering 
chamber by a sliding foil arrangement which 
allows the magnet to be rotated through 120° 
while maintaining a vacuum in the scattering 
chamber and in the spectrometer. However, there 
are four entrance ports to the scattering chamber
at 60° intervals, which extend the angular range
in the scattering plane to 150° to -150° to the
beam. The spectrometer is illustrated in plate 1,

The entrance aperture to the magnet is
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Plate 1. A General View of the houbly-focussing 
Spectrometer,





defined fay a detachable vertical slit. The 
solid angle defined fay the slit at tlxe centre 
of the target was calculated from its dimensions 
and its distance, from the centre of the target, 
The slit used for all the experiments performed 
in. this work was a rectangle 0,411 inches wide 
fay 2.47 inches high and was 23.71 inches from 
the centre of the target. These dimensions 
correspond to a solid angle of 1 .805 millister- 
adians,

The scattering chamber has provision for 
the mounting of targets in special cassettes.
The targets are bolted to a semicircular vane 
which can fae rotated out of the cassette and 
located positively into position fay remote, 
control, lip to eleven targets at a time can 
fae mounted in a cassette, and a given target, 
selected without entering, the experimental 
area. The cassettes,- which, may fae sealed, were 
filled with an inert gas to protect the targets, 
from contamination fay the atmosphere.

The field in the spectrometer is indicated 
fay the Hall voltage measured across a plate 
suspended in the spectrometer gap. The plate 
is maintained at a uniform temperature fay a 
specially designed oven. Although the Hall
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plate, voltage, gives an absolute indication of. 
the field at one point in the magnet, the 
variation of the field over the pole pieces 
depends on the magnetic history of the spec­
trometer, To ensure consistent results from 
the. spectrometer, a given field setting was 
always obtained by changing the magnet, current 
in the same direction.

The actual energy spread, or aberration, 
observed in the focal plane, of the spectrometer 
is the aggregate of several contributions. The 
first of these, the energy spread of the beam, 
is discussed in section 2i. A typical value is 
50 keV. at 50 MeV. The other important contrib­
ution is linearly dependant on the height of the. 
target beam spot. The spectrometer acts as a 
lens with a magnification of almost unity. The. 
image of a 2 m m . high beam spot will consequently 
be about 2 mm. long in the focal plane. As the 
dispersion of the spectrometer is 4 cm, for 1$ 
change in momentum, this corresponds to 50 keV. 
aberration in energy,. Other contributions are 
due to second order effects, and for 50 MeV. 
protons amount, to less than 0,03^ of momentum.
The total aberration is found by adding these 
contributions in quadrature. The overall
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aberration obtained, using the above figures, 
is."75 keY. wbicb is close to the. experimentally 
observed aberration of 80 keY.
Section 2iv: The Charge M onitoring System

The charge passing through the target 
is collected by a Faraday cup mounted in the. 
scattering chamber behind the target. The. 
collision of the beam with the target causes 
the emission of electrons. These, together 
with any which come down the beam pipe, are 
repelled from the Faraday cup by a negative 
potential applied to a guard ring electrode.
The guard ring also prevents the emission of 
secondary electrons caused by the. beam colliding 
with, the cup,

The resulting current, from the Faraday 
cup is fed into an amplifier. The amplified 
current is integrated by a specially designed 
unit (Harwell 3008 Integrating Amplifier) which 
registers every time a given amount of charge 
has been collected. There are: seven ranges of 
amplification for maximum currents of between 
1CTn and 10“s amps. These are used in. conjunction 
with 5 integration ranges of between 10“̂  and 10"s 
coulombs per cycle.

The integration ranges are nominal and

- 21 -



require calibration before absolute cross-sections 
can' be calculated, A precision current source 
capable of producing a range of currents between 
8 x 10“b amps 8 x 10"" amps was used to supply 
current to the amplifier input. Tire operation, 
of tbte source was checked by a null method using 
a. sensitive galvanometer, before it was used.

A correction factor C was calculated for 
each range from the time taken to record a 
nominal amount of charge, Q with a source current . 
I. Then, ■ .

I.T IT
'Q m  2.1

where N. is the number of cycles and R the number 
of. coulombs/cycle .

The operation, of the integrator was such 
that every time it completed a cycle, a dead 
time of 100 ^seconds is imposed on the charge 
collection system. At coun.t. rates below 1 cycle 
per second, the resulting correction is less 
than 0,01$ and may be negligible. During the 
experiment the integrator was generally used, at 
rates lower than, or close to, 1 cycle per second. 
Similar count rates were therefore maintained 
during the calibration process.

The 8 x 10~4 amps and 8 x lO"1 amps ranges
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of the current source;were more accurate than 
the" lower ranges. The higher ranges however, 
could not be used to calibrate the lowest ranges 
of the integrator as this v/ould result in high 
count rates requiring a dead time correction.
The following procedure was adopted to obtain 
the corrections to the lower 'current .ranges of 
the source.

The integrator was set to the 1.CT6 coulombs 
per cycle range. • A current of 8 x lO'^amps was 
supplied to the amplifier input, and the time 
for 1000 cycles was recorded. The. procedure was 
then repeated for 100 cycles at 8 x 10~* amps.
The true current for the 8 x  10"? amps range 
could then be obtained by comparing the two 
readings. This procedure of cross calibration 
was used to obtain correction factors for all 
the integrator ranges.

The beam intensity obtained from the 
Polarised Proton Source is too low to be, 
monitored by the above method. An ion chamber 
was therefore used in place of the Faraday cup 
to provide an amplification, factor of approx­
imately 400. The chamber used consists in fact 
of two "split11 ion chambers placed in tandem. 
Each split ion chamber consists of three equally
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spaced parallel electrodes, the electrodes of 
the front chamber being in the horizontal plane, 
those of the rear chamber being in the vertical 
plane, The axis of the beam lies in the plane 
of each of the central electrodes. Equal voltages 
are applied to the outer electrode. If. both 
voltages have the same polarity, and are set at 
a level below the saturation voltage of the ion 
chamber, the current drawn from the central 
electrode varies linearly with the total number 
of charged particles entering the ion chamber.
If, on the other hand, the voltages have opposite 
polarity, the current depends on the difference 
in the numbers of protons entering the opposing 
halves of the ion chamber. Thus, a centrally . 
placed beam will give zero output current. In. 
this mode, the ion chamber can' be used to indicate 
the position of the beam on the target. This was 
useful because at these low intensities it was 
often difficult to observe the beam spot on the 
target scintillator.

During the polarisation experiments carried 
out in this work, the horizontal, ion chamber was 
used to.monitor the total charge. The integrator 
system described above was used .to -integrate.* the 
output' current, .The vertical ion chamber was used
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in a position sensitive mode, to indicate the 
horizontal position of the "beam. Its output 
current was recorded on a chart recorder as a  

check that the beam transport was stable , and 
independant of the direction of polarisation. 
Section 2v: The Polarimeter

The polarisation of the beam produced by 
the. Polarised Proton Source v/as measured with the. 
Polarimeter. This device uses the elastic 
scattering of 15.7 MeV, protons by carbon to 
measure the polarisation. A sheet of high density 
graphite is used to degrade the beam.from 50 to 
15.7 MeV, The protons scattered' from, a carbon 
target are detected in.,the horizontal and vertical 
planes by four symmetrically mounted scintillation 
detectors. Each detector subtends an angle of 
4-6.6° to the beam. , Both the target and degrader 
were mounted on wheels rotating on a common shaft. 
The wheels were mounted in such a way that, as 
they rotated the deg;rader and target were struck 
by only one in ten of the proton pulses, from the 
accelerator.

The scintillation detector pulses are 
discriminated so that only the elastic scattering, 
pulses were recorded. Y&ien the beam is polarised 
in the vertical plane there is an asymmetry in the
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number of protons detected in the left hand 
and'right hand detectors. The numbers of pulses 
detected by the upper and lower detectors are the 
same. If and are the number of left hand ■ 
and right hand protons* for proton spin up, and .

and the corresponding values for spin down., 
the beam polarisation Ps is given by 
. R_ (1 + P s P f

i ,  r +  (.1 -  p B n  f
so that

1
p« p, =

= o<
2.2

8 " • v° f  1 2.3
where P B is the analysing power of the polarimeter. 
A table of values of P6PS for a range of values: of 
o< is given, in reference 4. Equations 2.2 and 2.3 
only hold if the angles of the detec.tors are 

' correctly set, and if the spin up polarisation 
equals the spin down polarisation. Care was also 
taken in setting up the discriminator levels on 
•the scintillation detectors, -

The analysing power.P^ of the Polarimeter 
was calculated using the Birmingham Polarimeter, 
which used double proton scattering at 15.7 MeV,
A correction to this value was obtained with the 
use of a helium gas polarimeter for 10 MeV, protons
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oat a laboratory scattering angle of 116,5.
The'value obtained for the analysing power was 
0.574.
Section 2vi: The Particle Detection. System

The total number of particles entering 
the focal plane of the spectrometer was recorded 
by the scintillation detector system. The. output, 
pulses from the detectors were used to trigger an 
acoustic spark chamber which gave the distribution 
of the particles in the focal plane. .
The Scintillation Detectors

The. arrangement of the scintillation 
detector assembly is illustrated by figure 2,3 
and plate 2. Each of the two vertical scintill­
ators is viewed- by two photomultipliers, and the 
outputs are added. The height of the resultant 
piilse is proportional to the energy loss of the 
particle in the scintillator, leuterons and 
heavier particles lose a greater proportion of 
their energy in the first (E,)*scintillator, 
and consequently give rise to higher output 
pulses. This enables the two detector arrangement 
to be used as a particle identification system.

The electronic circuitry of the system, is 
shorn in figure 2.4. Both the B, and E^ outputs 
are first amplified, then, discriminated, against
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Plate 2. The Pocal Plane Particle Detection 
System and Associated Electronics,
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Figure 2,3 Arrangement of the Spark Chamber and 
Scintillation Detectors,
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the low amplitude noise background. The E, 
pulses are further analysed by an upper limiting 
arrangement of two discriminators, (s’ee reference 
3), to eliminate pulses from heavier particles.

Coincidences are taken between the analysed 
outputs of the E, and E^ detectors. The. coincidence 
output pulses therefore, almost entirely correspond 
to genuine proton events. If the number of E, 
and E^ pulses is high, however, there is a 
possibility of a coincidence between two different 
events occuring within the resolving time, of the 
coincidence system. An estimate of the number of 
these accidental events is obtained by introducing 
a relative delay between the Ê  and E,̂  pulses so 
that they were no longer in coincidence, and 
recording the number of coincidences so obtained.

The. first stage of setting up the scintillation 
detection system was to adjust the E.H.T. bias on 
the respective photomultiplier tubes of each detector 
to ensure that the pulse height of a particle of 
given energy was the same whatever its position in 
the focal plane. A suitable target was selected and 
the spark chamber was used to position the elastic 
scattering peak near one end of the focal plane.
A pulse height spectrum of the undiscriminated
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summed output of one pair of photomultipliers 
was-recorded in a Laben Pulse Height Analyser, 
(P.H.A.). The spectrometer field was adjusted 
so that the elastic peak was near the other end 
of the focal, plane. A second spectrum was then 
accumulated in a different section of the P.H.A. 
memory.The positions of the proton peaks in the 
spectra were compared. If there was significant 
disparity between the peak positions, the E.H.T, . 
bias on the photomultiplier viewing the corres­
ponding section of the scintillator was adjusted. 
This process was continued until the peak positions 
did coincide, indicating that the pulse height was 
uniform along the scintillator, finally the 
elastic peak was swept across the focal plane, 
and the pulse height compared at each position.
A variation of less than 10°/o in the pulse height 
with position was obtained.

The next step was to set the bias on the 
discriminators to ensure that all the protons are 
detected, with, noise and other particles eliminated 
as much, as possible. The elastic scattering peak 
was placed centrally in the focal plane, and an 
analogue spectrum recorded on the pu3.se height 
analyser. In this case the analyser was .used in 
its "coincident" mode. The required external
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gating pulses were obtained from the discriminator 
output from the corresponding detector. Consequently, 
all the events appearing in the spectrum corresponded 
to discriminator pulses. A typical spectrum is 
given in figure 2.5. The "low11 discriminator bias 
was then increased imtil most of.the noise was cut 
off. Similarly, for the E,detector the high amp­
litude discriminator bias was reduced until the 
deuteron and heavy particle peaks in the spectrum 
had disappeared. However, neither, bias level was 
set so that it cut off any part of the proton peak.
An alternative method of obtaining the correct, 
bias was by drawing :integral~bias curves. The 
total number of.analysed pulses for a given amount . 
of beam charge was measured for a series of in­
creasing values of the discriminator bias. These 
numbers were plotted against the discriminator bias . 
voltages. A typical integral-bias curve is shown 
in figure 2.6. The discriminator bias level was 
then set at the value at. the centre of the plateau.

Finally, the coincidence and accidental 
coincidence circuits were set up. A relative delay, 
was introduced between the E, and E z pulses and 
the number of coincidences obtained for a given, 
number of Faraday cup cycles was measured. The 
length'of-the' delay was changed and. the measurement
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repeated.' A graph, was drawn between relative, 
delay and coincident rate. It has the form of 
figure 2.7. The coincidence delay was set at 
the midpoint value of the. plateau. The accidental 
coincidence delay was set at a value well away 
from the plateau.
The Spark Chamber

Details of the construction of the spark 
chamber and associated components are given in. 
reference 3. This.reference also gives a more 
detailed description of the working of the 
spark chamber electronics.

The spark chamber is attached to the 
focal plane vessel of the spectrometer so that 
it lies in. the focal plane . Iks ionisation 
characteristics are improved by passing a 
mixture of Argon and Ethanol vapour through it, ' 
When a particle enters the spark chamber and an 
E.H.T. potential is applied, it breaks- down 
along the■ionisation trail of the particle 
causing, a spark. A low. constant potential is 
applied to the spark chamber. This serves to 
clear away the ionisation caused by the spark and • 
also .sweeps away most, but not all, of the 
ionisation caused by an incoming particle. This 
tends to locate the resulting spark more precisely
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to the position of the incoming particle.
The coincidence pulses are used to generate 

"start11- pulses. The start circuitry (see figure.
2.8) also applied the E.H.T. to the spark chamber 
after a delay of 400 Yisecs, The. resulting spark 
generates a 100 kilocycle sound wave which is 
detected by a microphone at one end of the spark 
chamber. The interval between the "start11 pulse 
and the subsequent detection of the, acoustic 
signal may be as great as 1,8 msecs., ' much longer 
than the beam pulses from the accelerator.
Therefore the start circuit is self inhibiting 
for 5 msecs, to prevent particles detected during 
the remainder of the beam pulse from triggering 
the. spark chamber. The. start circuit also 
generates a 1 jusec. pulse which inhibits the 
E.Ii.T. pickup in the scintillator detector amp­
lifiers and a 5 psec. pulse which inhibits both, 
electrostatic pickup by the microphone, and the 
signal caused by the mechanical transmission of 
the noise of the spark by: the... spark ■chamber structure. 

The output.from the microphone is discriminated 
to provide a "stop" pulse. However, each negative 
going edge of the acoustic signal gives an output, 
from the discriminator. A single stop pulse is 
obtained by inhibiting subsequent pulses with-a
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3 msecs..pulse generated by the first pulse.
- ■Under the application of the E.H.T, sparks

occur along all the ionisation trails: in the 
spark chamber. Consequently-, more than one 
■spark may be generated if a particle enters 
the spark chamber in the interval between the 
initial event and the application of the E.H.T.
Only the event nearest, to the microphone will, 
be detected, so that the resultant, spectrum will 
be distorted towards the microphone end. The 
same effect occurs if particles normally eliminated 
by the particle detection system enter 'the. spark 
chamber just before the initial proton. In this 
case insufficient, time can elapse for the clearing 
field to eliminate, the trail of the first particle 
before the E.H.T, is applied*. The effects are 
minimised by "vetoing" such events, The output 
from the E, detector.is split by means of a fan­
out amplifier. One output is used in the coincidence 
circuit, the other is separately discriminated .to 
give a "veto" pulse for any particle.entering the 
system. The "veto", "stop" and "start" pulses are 
fed into a special unit. If a veto pulse occurs 
within the period from. 1 ju sec , before to 1 jjsec. 
after the initial event, the stop pulse is 
inhibited. Each such event is. recorded by a "lost."
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scaler. The ionisation from particles which 
occur'more than 1 second before the initial 
event is swept away by the clearing field befope 
the E.H.T, is applied. The method described 
below was used to set the clearing field bias 
so that this condition was always satisfied.

The start and stop pulses are fed into 
the laben T.V. 45 time of flight unit. Each 
event is stored in a channel whose number depends 
linearly on the interval between the start and 
stop pulse. This qpiantity depends linearly on 
the position of the. detected particle, . Thus a 
spectrum of "number of. events" versus position 
is obtained. The position of a particle depends 
on its momentum, which over this range of energy 
varies almost linearly with energy. The P.H.A. 
spectrum can therefore be regarded as an energy 
spectrum. Further discussion on this point is 
given in Chapter 3.

There are dead, areas at both ends of the 
spark chamber. The dead area at the microphone 
end is partly caused by the 5 jJsecs. inhibit, 
and partly by the distortion caused by the 
shock wave from the spark at small distances.
•It is shielded by a brass shutter. At the other 
end, the microphone pulses may be so attenuated
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they are unable to lire the discriminator,
A moveable brass shutter sliding in the plane 
end of the spark: chamber is provided. Its; 
position is registered by a counter and is 
therefore reproduceable, It may be used to 
reduce the spark chamber to any required length.

Most of the relevant quantities are 
recorded on scalers, a list is given in table. 2,1* 
Setting up the Spark Chamber

In order to reduce the interval between 
the detection of a particle and the subsequent 
firing of.the spark chamber, the scintillation 
detector coincidence circuitry (figure 2.4) and 
the pulser circuit (figure 2,8) were placed 
adjacent to the spark chamber within the 
experimental area. The discriminator bias 
levels and the coincidence delays were remotely 
controlled from the counting room, and were 
set up using the proton beam. Because of the 
high radiation levels in the experimental area 
the remainder of the electronics was set up 
using an intense, well collimated beta source 
to provide a stream of ionising particles.

Using the source, the discriminator bias 
levels were set to give a reasonable number of 
coincidences and the timing and lengths of the
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Scaler No."
1 . •X1► Scaler Simulator Unit.2.
3.j '
4. Accelerator Proton Pulses.
5. Charge Integrator Cycles.
6, Ei Singles Total!
1. • Sj. Singles Total.
8, CoincIdences.("T+A")
9. Accidental Coincidences, ("A")

10. Start Pulses.("START")
11. Stop Pulses,("STOP")
12, Pulses Entered In the PHA. Memory.("ADD 1")
13. Number of Vetoed "STOP" pulses.("LOST")
14. Ei Analogue Pulses.
15. E?, Analogue. Pulses.

*The Scaler Simulator behaved like three pseudo- 
scalers, allowing three preset 6 digit numbers 
to be printed, out at the same time as the other 
scalars. It was used to maintain' a record of 
quantities such as Target mass, Run number and 
Spectrometer angle.

Table 2,1 list of Scaled Quantities.
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inhibit pulses were set using an oscilloscope.
The gas mixture flowing through the spark 

chamber was also adjusted using the source. The 
proportion of ethanol to argon was progressively- 
altered until the threshold voltage at which the 
spark chamber just fires was 6,5 kV. The E.H.T. 
bias was then set at 8 kV,

With the spark chamber in operation, the 
next stage was the setting of the bias level of 
the acoustic discriminator. It was imperative 
to ensure that the discriminator fired at the 
first negative-going edge of the. microphone 
signal, wherever the sound pulse originated in 
the spark chamber, otherwise ambiguities may occur 
in the positioning of the particle. On the other 
hand, the bias had to be sufficiently high to 
prevent the discriminator being fired by stray 
noise pulses on the acoiistic line. The bias was 
set to a high level and the source placed near the 
microphone end of the spark chamber. The micro­
phone signal and the output from the discriminator 
were simultaneously fed into an oscilloscope. The 
signals were added internally. It was easy to see 
from the resulting trace at which points the 
discriminator was firing. The bias was slowly 
reduced until the discriminator always fired at
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the leading negative edge. The source was then 
moved, progressively further away from the 
microphone and the procedure repeated at each 
point. As the acoustic wave is attenuated over 
distance, it was generally neccesary to reduce 
the bias slightly. When the whole length of 
the spark chamber had been covered, the bias 
was left at its final value, and the firing 
condition^rechecked at various positions in 
the focal plane.

The veto discriminator was set up using 
the beam with a suitable target selected and 
the spectrometer field chosen so that the elastic 
scattering peak was in the spark chamber. The 
procedure followed was the same as. that for the 
E ( and E z discriminators above,

. The operation of the. veto logic unit may 
be followed in figure 2.10, Briefly, the 
gate prevents the vetoing circuit from being fired 
b y ‘veto: pulses arising from the same particle that 
initiated the start pulse. The delays were ad­
justed so that the relevant pulses were in 
coincidence. The ANDa gate tests whether a pulse 
arrived in the interval 1^sec. after a start pulse 
The AMDg gate detects a non-coincident start pulse 
arriving in the interval 1j.?sec. after a veto pulse
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In either case a TRUE result increments the 
lost scaler by one, and inhibits the stop pulse 
for 5 milliseconds via the MAHDB gate. The 
pulses at points P, Q, R, S, I, and U were 
monitored.by an. oscilloscope and the unit ad- . 
Rusted until the correct timing was achieved,

The efficiency of the spark chamber is 
defined as the ratio of “stops11 and “lost" to 
"starts". As the clearing field is Increased, 
the efficiency remains constant until a critical 
value is reached. At this field intensity, the 
ionisation trails of some of the incoming 
particles are being completely swept away before 
the E.H.T. is applied. Increasing the field 
further quickly reduced the efficiency to zero,
Eor proper operation of the spark chamber the 
field should be set below the knee of the resulting 
characteristic wave. If, on the other hand, a. 
delay of 1 |jsec, is introd^^ced between the detection, 
of a particle and the subsequent firing of the 
spark chamber, the knee of the curve will occur 
at a lower potential, as the field has more time 
to clear away the ionisation. The clearing field 
is set at a level where, under these conditions, 
the efficiency is zero. Thus, all particles 
which occur more than 1psec . before the initial
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true event, will not be detected by the spark 
chamber. Events occuring within this time are 
dealt with by the veto circuit.

The clearing field was pi^ogressively 
increased until the efficiency was zero. At. 
each level of the field, a measurement of the 
efficiency was made. A graph was drawn between 
efficiency and clearing bias. The procedure was 
repeated with the application of the E.H.T. 
delayed by 1psec. The resulting graphs are 
depicted in figure 2.11. The correct bias was 
set by choosing a level between the knees of 
the two curves.
Limitations of the Spark Chamber

It can be seen from.the above description 
that the spark chamber system had a dead time of 
5 msecs. This limits the maximum count rate to 
1 event per machine cycle. Hence the rate of 
accumulation of events in a spectrum is independant 
of the beam above a certain intensity. The spark 
chamber therefore is most efficient when used to 
find the distribution of particles along the focal 
plane. The total number of scattered particles 
is measured by the scintillation detectors. The 
absolute cross-sections of each of a number of 
levels present in the spark chamber may therefore
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easily be found, by multiplying this total by 
the•proportion of events detected by the spark 
chamber which are in the relevant peak. However, 
a consequence of the very long dead time of the 
spark chamber occurs when part of the spectrum 
has a very much greater cross-section than an 
adjacent part. In order to measure the smaller 
cross-section part in detail, a disproportionately 
long time would be required, as most of the events 
recorded would be in the high cross-section parts 
of the spectrum. In addition there are limitations 
in the count rate of the coincidence system. At 
very high count rates, pile-up effects are en­
countered, lo ensure that these effects are always 
negligible, the beapi was maintained a t . a level such 
that the count rate was less than four coincidences 
per machine cycle. Even at such count rates, the 
risk, of a failure of the veto circxiit to detect 
’•double1' events is relatively great. For these 
reasons, if the spark chamber was being used to 
measure relative cross-sections, it was never allowed 
to count at a rate greater than one event every two 
machine cycles.
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Chapter 3 
In this work, four aspects of the 

scattering of 50 MeV, protons by Zirconium 
isotopes were studied. Experiments were 
performed to find the excited states of each 
isotope, and to obtain the angular distribution 
of elastic, and inelastic scattering. The an­
gular distributions of the asymmetry in elastic 
scattering were also measured, This chapter 
describes the procedure followed during each, 
experiment and also discusses the reduction 
of the experimental data to obtain the absolute, 
quantities.
Section 3i: Targets

Both Zirconium metal and Zirconium oxide 
targets were used during the experiments. The 
metal targets were manufactured from highly 
enriched Zirconium isotopes at the Oak-Ridge 
National Laboratories, Oak-Ridge, Tennessee,
They were in the form of self-supporting foils, 
two centimetres square, with nominal thicknesses 
of 2 mgm./em1, The actual thicknesses are listed 
in table 5 ,1, which also gives the concentrations 
of the principal impurities.

The targets were transferred from their 
sealed containers to the scattering chamber
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Thickness

ZrTO 2.0 97.8
Zv’" 2.0. 4.95
Zr14 2.0 2.86
ZTm> . 2.1 1.67
Zr1'4, 1.8 14.64

jy Composition 
Zr *" Zr ‘u Zr*^
0.95 0.65 0.49

91 . 65 2.51 0.62
1 .29 94.50 1 .15
0.42 0.76 96.95
2.80 4.21 5.88

2r

0.07
0.14
0.22

72.47

l'able 5.1 garget thicknesses and the concentrations of 
principal impurities.



cassette under an atmosphere of dry argon.
The cassette itself was filled with argon at 
slightly above atmospheric pressure. These 
precautions were designed to prevent contam­
ination of the targets by the atmosphere.
However, the experiment, subsequently showed 
that there was some degree of oxidation of 
all the targets.

In most cases, these targets were thick 
enough to allow accurate data to be collected 
in a reasonable time. However, for polarisation 
measurements at large angles, the low intensity 
of the polarised beam coupled with the relatively 
small cross-sections at these angles made accurate 
measurements of the polarisation prohibitively 
lengthy. This problem was overcome' by using 
Zirconium oxide targets approximately 20 mgm./cm4. 
thick. These were made by the'Electromagnetic 
Separation Group at the Atomic Energy Research 
Establishment, Harwell, Berkshire. They consisted 
of compressed oxide powder supported by thin mylar 
foils. These targets could not be used for cross- 
section measurements as their exact thicknesses 
were unknown. They were also unsuitable for use 
at forward angles because of the difficulty of 
resolving the oxygen and zirconium elastic
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scattering peaks. In practice they were used 
only for measurements above 70°, where the 
oxygen and zirconium peaks were well separated. 
Measurements of the polarisation below 70° 7/ere 
made using the metal targets.
Section 3ii: Elastic Scattering
Forward angle scattering

The inelastic peaks observed in the proton 
scattering spectrum of each isotope were well 
separated from the elastic peak. This simplified 
the measurement of elastic scattering cross- 
sections as it was possible to set up the detection 
system so that only elastic events were recorded. 
The field in the spectrometer was set so that the 
elastic peak was near the low energy end of the 
focal plane. In this position the inelastic part 
of the spectrum was cut off by the edge of the 
spark chamber. The focal plane shutter, which 
operates from the high energy end of the focal 
.plane, was then used to reduce the active length 
of the spark chamber. The aperture which re­
mained was sufficiently wide to ensure that no 
part of the elastic peak was cut off by either 
the shutter or the edge of the spark chamber.
The spark chamber was used only to ensure that 
the elastic peak was placed near the centre of
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the aperture and was not required for accurate 
measurements of the distribution of particles 
in the focal plane. Consequently, the rate at 
which data could be acquired was determined only 
by the maximum count rate of the.scintillation 
detector system (Section 2vi).

With this arrangement of the detector 
system, the cross-sections could be evaluated 
from the number of events detected by the 
scintillation detectors. This number however, 
included contributions from the elastic scattering 
by the oxygen contaminant of the target and from 
a background flux of neutrons present in the 
experimental area. The method used to extract 
the zirconium cross-sections from the quantities 
obtained during the experiment is described below.

All the forward angle measurements were 
made with the target at an angle of 135* to the 
beam (see figure 3.1). This ensured that measure­
ments could be made up to 90° without causing the 
spectrometer to be moved into the H shadow11 of the 
target. The oblique position of the target, 
however, increased the effective thickness of the 
target by a factor of 1.414 (Sec 45°) which had 
to be taken into account when calculating the cross 
sections.
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During this part of the experiment the 
differential cross-sections of each isotope were 
measured at 2*5° intervals from 7 .5° to ST.?*3*
As a check against the development of systematic 
errors, consecutive measurements were made at 
alternative angles. The spectrometer angle was 
first increased in 5° steps from' 7*5* and then 
decreased in similar steps from 85°. At each 
angle, the following procedure was adopted. The 
position of the elastic peak was obtained using 
the spark chamber. If neccesary the spectrometer 
field was adjusted to position the peak near the 
centre of the focal plane aperture. The beam 
intensity was set to a level such that the count 
rate was slightly less than four events per 
machine cycle. The system was allowed to count 
for a number of integrator cycles sufficient to 
obtain a reasonable statistical error in the 
number of events recorded. In practice, about 
7000 coincidences were recorded at each angle, 
Finally, the spark chamber spectrum was printed 
out and the contents of each scalar noted. 
Correction for oxygen contamination

■ The oxygen peak began to separate out of 
the sirconium peak at 17*5° and was completely 
resolved at 20° , 22.5° and 25° . At angles greater
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than 25° it was cut off by the edge of the spark 
chamber. At 20* and 25°, the oxygen peak was 
much smaller than the zirconium peak, oxygen events 
forming less than five per cent of the total number 
in I-the spectrum. At 22.5°, however, there is a 
diffraction minimum in the zirconium cross-section 
and the proportion of oxygen events was as high as 
30?o.

She actual degree of oxygen contamination 
was estimated from the observations at 20°, 22.5° 
and 25°t using the oxygen cross-sections of Fannon 
et al (reference 5). It was then possible to 
calculate the number of events at each, angle arising 
from oxygen elastic scattering.

For the angles 20° to 25°> the estimation was 
made directly, without referring to the oxygen 
cross-sections. Ihe proportion of coincidences 
which were oxygen events was assumed to be. the same 
as the proportion of events in the spark chamber 
‘Spectrum which, were in the oxygen peak. Although 
the rate at which the system, was allowed to count 
was too high for the spark chamber to be a completely 
reliable guide to the distribution of particles in 
the focal plane, any errors introduced by making this 
assumption were expected to be small. In any case, 
a 20fi error in the number of oxygen events would
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lead to an error of less than 1$ in the cross- 
sections* An allowance for any such errors was 
made when calculating the total error in the 
cross-section. At 22*5°, however, the uncertainty 
in the number of oxygen events made a large 
contribution to the error, and the estimate of 
the error was increased to take this into account.

The number of events X(@) in the oxygen 
peak was found by adding the appropriate channels 
of the spectrum. The total number of events in 
the spectrum A(©) was obtained from the ,!add 1" 
scalar (see table 2.1). The number of coincidences 
and the number of accidentals were also obtained 
from the appropriate scalars. If ”"£,.(©) is the 
number of true coincidences, then the number of 
oxygen events 7^,(0) in T r is given by

"X (O ') *. _Z6§LI?z...te)
A (©) ■ 3.1-

With the proviso that the quantities 
Used are normalised to the same amount of incident 
beam, we can say that ~Y0 (©) will vary linearly with 
the cross-section of oxygen elastic scattering cf(0 ) 
that is

X  (e) = K
<%(&) 3 . 2

For each target a mean value of K was found
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from the values of 7© and ai at 20%  22.5° and 
25°. The number of oxygen events at angles below 
20° is given by

r o (0)- K^r<9) 5,3
The corrected number of zirconium events at each, 
angle Tz Was then given by

Tz Ce) = TT (e) -  X ( 9 )  3.4
Background, correction

The number of zirconium events Tz obtained 
from, equation 5.4 still includes a number of 
background events. When the spark chamber is 
operating with 100$ efficiency/the number of stops 
should equal the number of starts. However, during 
the experiment, it was noticed that at large angles 
the ratio of stops to starts, which was unity at 
forward angles, fell short of unity by an amount 
which increased with decreasing cross-section.
This was an effect of a beam, dependant background 
of neutrons in the region of the scintillation 
detectors. Some 'of the energetic protons produced 
by collisions of the neutrons with protons in the 
scintillators and the surrounding structure were 
detected by both scintillators. The resulting 
coincidence pulse occasionally initiated a start 
pulse. The absence of a corresponding ionisation 
trail meant that no spark and consequently no
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stop pulse would "be produced, Por a given beam 
intensity this effect was constant in time and 
independant of angle. Consequently it was of 
greater importance at larger angles where it was 
neccesary to count for longer, periods in order to 
obtain the required number of events. The start 
circuitry fires with equal probability for any 
coincidence pulse so that the proportion of genuine 
events in the total was given by the ratio of stops 
to starts *
Calculation of absolute cross-sections

The differential cross-section transformed 
to the centre-of-mass frame is given by the
following formula

V d T  \  • =  ~%(e). ST(e). SAC,
5 R(©). N/T.X2 . C. ft. fk.

* o d ^ T d ' *  c°s(ii0 5 .5

where 5 ft(0 ) and S T  (£) are the numbers of starts, 
and stops, Nj is the number, of atoms per sq. cm. 
in the target,-H- is the solid angle subtended by 
the spectrometer andC , & , and F* are the number 
of cycles, the number of coulombs per cycle and 
the range correction factor respectively. The 
factor 6,242 x 10,e is the number of incident 
protons in a coulomb of beam. ^  is the target 
angle and Sf\C a kinematical correction to the 
solid angle.



(Che total statistical error in the 
measurement of the cross-section was evaluated 
by adding in quadrature the errors in the quan-?' ■; 
titles 5T (6?), 8 R (©) and H  (@) of equation 3.5. 
(This was an over-estimate of the error as ST ,
5 R  and to a lesser extent Tz are not strictly 
independant variables. However, a fixed error 
of 4-fa was included in the estimate of the total 
error in the cross-section. As the total stat­
istical error was rarely greater than 3$, the 
effect of ignoring the dependance of ST and5ft 
was to increase the total error by less than

The fixed error represented an estimated 
upper limit to the aggregate of all errors, other 
than statistical, arising during the,experiment. 
It includes the uncertainties introduced by the 
oxygen correction (see above) and by neglecting 
the correction for the finite width of the solid 
'angle defining aperture (see below). The formula 
used to obtain the total error was:

where ATi, the error in T* was taken to be equal 
to-,."̂ 1'4 . Similarly AST = (ST)'* and A5ft =(5 ft)K
ffinite solid angle correction

The differential cross-section

-  50 -



is defined for an infinitesmal solid angle 
The- spectrometer* however, subtended at the 
centre of the target nominal angles of 1° in 
the horizontal plane, and 60 in the vertical 
plane. Consequently, the quantities measured 
by.the spectrometer are the cross-sections 
averaged over an angle of 1* The finite 
height of the aperture meant that the values 
of the- cross-sections also included a contrib­
ution from out-of-the-plane scattering, However, 
the absolute cross-section at the centre of the 
aperture is related to the average cross-section 
by the following equation

-- gFXAQ)*' — I ^ ^    ^ j SaxpOaCS) d & ^  ^  ^

v/here is the horizontal angle and p the 
vertical angle subtended by the aperture, otxp 
is the experimentally observed cross-section.

The solid geometry of the problem is 
discussed in reference 6 where equation 3.7 
is derived. At forward angles, where tan 9 is 
small and the cross-section changes fairly 
rapidly, the second term in equation 3.7 is 
about 10$ of the total cross-section. The 
graciient of the angular distribution at a 
given point was taken to be the gradient of
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the straight line joining the two adjacent 
points. The contribution of the third term 
was not calculated specifically, as it was 
not possible to obtain an accurate value of 

, However it was expected to be fairly 
small, and an allowance for it was made when 
calculating the error in the cross-sections. 
Target impurities

The principal impurities in each target, 
apart from oxygen, were the, other isotopes of 
zirconium. The observed cross-section (A) 
of an isotope A therefore included contributions 
from the impurities. The cross-sections cr̂  (A) 
of each pure isotope were calculated using the 
concentrations of the various impurities given 
in table 3 .1.

As the Zr C1° target had the lowest concen­
tration of impurities, the cross-section of pure 
Zr 0̂ was calculated first, using the equation 
cHAlO):̂  {lOOc£(<}0)~ 0-cISOTa C3 i) — 0. 65 <7̂ (̂ 3")

Similar equations were written for the remaining 
isotopes. The corrected..cross-sections of the 
other isotopes were calculated in descending 
order of purity. The new values obtained for 
the purer isotopes were used in calculating the
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corrections to the less pure isotopes. The set 
of.corrected cross-sections obtained in this 
way were then used to perform more accurate 
calculations of the absolute cross-sections by 
the same method. The procedure was reiterated 
until a consistent set of cross-sections of the 
pure isotopes had been obtained.
Large angle cross-sections .

Measurements of the cross-sections were 
extended to angles greater than 87.5° using a 
slightly different procedure to that used at 
forward angles. At backward angles, the zirconium 
cross-sections are relatively small. Consequently 
the count rate of the system was well below the 
limiting value for making accurate measurements 
with the spark chamber. It was therefore possible 
to record elastic and inelastic events together.
The distribution of events between the elastic and 
various inelastic channels was given by the dis­
tribution of events between the corresponding peaks 
in the spark chamber spectrum. The cross-section 
was therefore given by the expression of equation 
5.5 multiplied by the ratio of events in the elastic 
peak to the total in the spectrum. That is

<yT t  J X .  C . K t F *

—: Cos $ rv\ Larrva //ottf-.I it f  1
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where A  (0 ) is the area of the elastic peak, 
obtained by adding the contents of the appropriate 
channels. 5 P (0) is the total number of events in 
the spectrum, obtained from the .’’add 1" scalar.
The cross-sections of the 2.75 MeV. 3“ level were 
given by a similar equation.

The cross-section was measured at 5° inter­
vals from 70°. At each angle, the system was 
allowed to count until there were at least 300 
events in the 3" peak in the spark chamber spectrum. 
(The target was set at 45° to the beam, so that the 
spectrometer viewed the target in reflection, mode 
(see figure 3.1). The change in target position 
introduced the possibility of differing normalisation 
between the data at forward and backward angles. 
However, the two parts of the angular distribution 
had overlapping points at 70* , 75° » 80° and 85° .
A normalisation factor was given by the mean ratio . 
of the values of the cross-sections calculated by 
the method described in the first part of this 
section to the values obtained by the above method. 
The backward angle cross-sections were multiplied 
by this factor to give a consistent angular distrib­
ution from 7 .5° to 140°.

A computer code was used to perform all of 
the calculations described in this section, except
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the correction for oxygen contamination. The 
program also converted the angle, cross-section 
and error to the centre-of-mass system. The 
elastic scattering angular distributions are 
depicted in the diagrams illustrating Chapter 6 .
The solid lines in these diagrams are predictions 
of the optical model theory described in Chapter 4. 
Normalisation errors

Apart from the errors in the measurement 
of the cross-section at each angle, there was an 
error in .the absolute normalisation of each 
angular distribution. This error arose mainly

ifrom -uncertainty in the measurements of the target 
thicknesses which were estimated to be accurate 
only to within 5$. Other smaller contributions 
came from the measurement of the solid angle and 
the calibration of the charge integrator system. 
However, the total normalisation error was estimated 
to be better than 10$.
.Section 3iiit Polarisation Measurements

The asymmetry 6 (&) in the elastic scattering 
of polarised protons at an angle was given by

S (B ) - - I ~
1 -s- "Vo* 3.10

where and are the elastic scattering cross-
sections, measured with proton spin up and with
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proton spin down respectively.
During the experiment, the asymmetries of 

each isotope were measured at 2 ,5'’ intervals from 
7*5° to 63° . Measurements were also made at 5° 
intervals from 65° to 100° for all the isotopes 
except Zr'*1 . The relative values of and 
were measured, in the same way as the backward 
angle.cross-sections, However, in this case two 
spectra were accumulated at each angle, one for 
each spin orientation. The amount of incident 
beam was measured by the split ion chamber, which 
had an unknown multiplication factor. However, 
the spectra were accumulated for equal numbers of 
integrator cycles so that °\/cr̂  « "fy/'fy where *T̂  
and are given by

TV©} A (ff) « ‘ l-c (&}
£PCB\ ' 5#11

Because of the low intensity of the polarised 
beam, measurements at all except forward angles 
took several hours to complete. As the beam 
polarisation changed with time, the spin orientation 
was changed at intervals of about 20 minutes. The 
spectra were accumulated in different parts of the 
analyser memory, avoiding the necessity of erasing 
the memory each time the spin orientaion was changed. 
Each time, however, the contents of the scalers'
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were noted and the accumulated spectrum was 
printed out. This avoided an unneccesary loss 
of data if a fault developed in the system.
After each spin up-spin down cycle, approximate 
values of the asymmetry and the beam polarisation 
were calculated and checked for consistency with 
the values from previous cycles. At angles 
greater than 70°, it was neccesary to use thicker 
ZrO targets (Section 3i) in order to complete the 
measurements in a reasonable time.
Calculation of polarisation

At each angle the asymmetry was calculated 
from equations 3.10 and 3.11. The error A<Tin 
the asymmetry was given by the expression

A £  -  (__ !   Jk_±2*\S
VT?+ Tf-Tj, / 5>12

This estimate did not take into account the 
experimental, uncertainties in the measurement. .
To allow for these, a fixedterror of 4$ was 
included in the total error. The beam polarisation, 
was calculated from the polarimeter readings, using 
equations 2.2 and 2.3 (see section 2v), The 
polarisation of elastic scattering of the target, 
P(©), was then given by

PeCe) PC©) 3 .13

The results of this experiment are shown in
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the diagrams illustrating Chapter 6 . The angular 
distributions of elastic scattering polarisation 
are shown, together with the predicted values of 
the optical model.
Section 3iv? Energy. Levels

The energy levels excited by inelastic 
proton scattering were 1 investigated by two different 
methods. The first method,'which is described in 
this ,section, required the calibration of the 
spectrometer. The absolute energy of. a proton 
group in the focal plane,was determined in relation 
to its position in the spectrum and to the field 
in the spectrometer.

In the second method, the energy levels were 
obtained from the spectra recorded during inelastic 
scattering measurements (see section 3v). The. 
energies of several prominent and unambiguous peaks 
were obtained from measurements by other workers 
and used to calculate the relative energies of the 
remaining peaks.
Calibration of the spectrometer

The spectrometer was calibrated by finding 
an expression relating , the energy of a proton 
detected, in a given channel, to the channel number 
a  and the Hall voltageV.

The energy of a proton detected in the central
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channel of the spectrum was given by the 
following expression

e >  = A + 6 V  + C'/’- 3,14

where ft, 8 and C are constants. Higher order 
terms were assumed to be negligible,

The energy Eh of protons detected in 
channel'irv was related to the central channel 
energy by

+ ECn-Oo)1-

where again 0 and E are 'constants and higher 
order terms were neglected. Substituting for 
trcAn equation 3.15
£n'‘a - A +* BV +* + 0(n-*V) t e(n-*nQ)z

The coefficients A, & , C, P  and' E  were evaluated 
using the elastic scattering of protons by 
beryllium. A light nucleus was used to give 
a wide kinematical variation of energy with, 
scattering angle. The beryllium target was the 
most suitable available, as.interference from 
the excited states, which are well separated 
from the ground state, was negligible. •

The spark chamber was attached to the 
focal plane of the vessel in a position such 
that the central channel of the spectrum co­
incided with the mid point of the focal plane. 
The spectrometer was set at an angle of 10° to
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the ‘beam, The spectrometer field was systematically 
varied, so that the elastic peak moved across the 
length of the spark chamber, The number of the 
central channel of the peak, was recorded for each 
value ,v ofthe'field* The procedure • was repeated for 
spectrometer angles at intervals .of. 5 ° between 10- 
and 85*. •

The energies of the protons in the peak at 
each, angle were obtained from kinematical. tables.
In this way a table of related values of , V and 
t\ was built lip, for values of ft- which covered all 
parts of the spectrum and for values of extending 
from 35 MeY, to 50 MeY* This table was used by a 
program, written for the IBM 360/75 computer to cal­
culate the coefficients of .equation 3*16. The 
program used a least squares method to find the set 
of values of A , C , c , o and G- which, gave the best 
fit to the experimental data. The minimum value of 
the quantity 'Y* was found where

B _L 5 (fU. "
N N 3.17

Eth is the energy calculated from equation 3 *-16 and
the corresponding experimentally observed energy. 

Kfis the number of data points. The program calculated 
the final value of ^  and also listed the contribution 
of each data point*
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The' equation used to calculate the energy 
spectra was (a0 = -I4-^

e^= 0.1684 + 0.001159( ^  - 145) + 0.1384 
x 10~s (n, - 145)’' + 0.004020./- 
0,2158 x 10-6 V 2- 3.18

with a total value of of 0.6716 for 40 data 
points*
Excitation spectra

The spectrum of proton scattering up to an 
.excitation of 10 MeY* was measured for each isotope 
at scattering angles of.20° and 40°* The acceptance, 
range of the spectrometer is only 5 MeY. It was 
therefore neccesary to link together a series of 
spark chamber spectra, each covering a different 
energy range of inelastic scattering.

The. spectrometer was placed at an angle, of 
20° to the beam and the appropriate target selected. 
The spectrometer field was set so that the elastic 
peak was centrally placed in the spectrum. The 
*spark chamber was allowed to count over 100 integrator 
cycles at 10."̂  coulombs per cycle. Because of the 
relatively high cross-section of elastic scattering 
the inelastic peaks in the spectrum were barely 
discernable* In order to obtain a reasonable number 
of events for inelastic, levels close to the ground 
state, the next spectrum was recox'ded over a range
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of energy starting just above the ground state.
The-field in the spectrometer was reduced until 
the elastic peak was just cut off by the high 
energy.end of the spark chamber. A spectrum was 
accumulated over 400 charge cycles at 10’"*coulombs/ 
cycle. The field was then reduced again until the 
new spectrum overlapped the previous one by about 
80 channels. The spectrum was again recorded over 
400 integrator cycles. A series of overlapping 
spectra was obtained in the same way until the 
desired range of excitation energy had been achieved.

Each spectrum gives the relative cross-sections 
of the levels included in the range of excitation 
energy. There was, however, no correspondence 
between the cross-sections of peaks in different 
spectra. The overlapping sections of the spectra 
enabled the normalisation factors between them to be 
calculated. The wide overlap between the spectra 
also made it possible to neglect the end channels of . 
each spectrum, which were subject to edge effects,

A computer program read in the relevant spectra 
and converted each one into an energy spectrum of 100 
channels at intervals of 5 keV, using equation 3*18. 
The program then calculated the normalisation factors 
between the energy spectra by comparing the average . 
contents of overlapping channels, Finally, the
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normalised spectra were linked together'to form a 
single spectrum calculated at 50 keV. intervals 
from the ground state up to about 7. MeY, excithtion.

The above.procedure.was repeated for each 
isotope. A similar set of spectra was also obtained 
at a scattering angle of 40°, This was to assist in 
the observation of levels with forward peaked cross- 
sections and also enabled peaks belonging to light 
impurities to be identified by their kiiiematical 
shifts.

The energy level diagram for each isotope 
obtained in this way had a similar structure to the 
appropriate set of energy levels given in references 
1 and 2Z , However, there was poor agreement between 
the actual energies. The reason for this discrepancy 
probably lay in the calibration process. The 
beryllium target had a thickness of 10 mgm./cm, and 
the elastic scattering peak was correspondingly broad. 
This made It very difficult to identify the exact 
position of the peak. There was also a considerable 
energy loss in the target which varied slightly with 
scattering angle. A more consistent set of energies 
for the low lying states was obtained from the in­
elastic scattering cross-section measurements. This 
method is described in the next section.
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Section 3v: Inelastic Scattering
In this part of the experiment, the angular 

distributions of the cross-sections of inelastic 
scattering were measured for the low lying excited 
states in each isotope.
Inelastic scattering spectra '

Spectra of inelastic scattering were obtained 
using the spark chamber at angles between 7.5° and 
87.5°. The measurements were made at 2.5° intervals 
for ZrCiD and at 5° intervals for the other isotopes. 
The number of levels which could be studied was 
limited by the active length of the spark chamber. 
The spectra extended from just below the lowest 
discernable inelastic peak to about 5 MeV, At each 
angle, the spectrum was accumulated at a rate of 
less than one event every two machine cycles. Con­
sequently the relative cross-sections of the in­
elastic levels were given by the ratios of the 
areas of the corresponding peaks. The number of 
events in each spectrum was sufficient to ensure 
that the majority of the peaks contained at least 
300 to 400 events.

The spectra were printed out, and recorded 
on 5-hole punched paper tape. The tapes were read 
by the computer, and the spectra written on to a 
magnetic tape file.
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The;cross-section of each level was given 
by equation 3.9 where A (8) was the area of the . 
appropriate peak in the spark, chamber spectrum*
The values of A (O) were found by a non-linear 
parameter search program written for the IBM 360/75 
computer by Mr.G.S.Mani. This, method, was adopted 
because the large number, of overlapping peaks in 
the spectrum made straightforward addition very 
difficult.

The approximate shape of each peak in the 
spectrum was assumed to be Gaussian, The program 
generated a theoretical spectrum from the equation

Yz = I  Pn * ' 5  '3•19

,5 represents a uniform background. The program 
found the set of values of £,,9^, Xm and S which 
gave the best fit to the experimental data. The 
minimum of the quantity was found where

Xxrepresents the contents of the Xth channel in 
the experimental spectrum and AXzis the statistical 
error in Xx .

The logic and operation of this program is 
described in appendix A 1 .

The program explored the /X'space in the

-  65  -



vicinity of a set of initial values of P , Q ,R 
and 61 which were fed in at the start of the 
calculation. In practice, only the peak positions 
Q, expressed in integer form, were read in hy the 
program. The initial value of the width for each 
peak was assumed to be standard at 5 channels, 
and the height of the peak was taken to be , 
the contents of the Qth channel in the experimental 
spectrum.

The function '"X2 ( P , Q , R 3 ) may have 
several minima. Considerable care had to be taken 
in selecting the initial values of ^ to ensure a 
physically reasonable result.

The spectra belonging to each angular 
distribution were treated as a set. The members 
of each set all had the same basic structure. Thus, 
although the spectra were usually displaced with 
respect to one another, the relative positions of 
the peaks were generally the. same. At angles above 
40°, hov/ever, there was generally a prominent 
oxygen elastic scattering peak in each spectrum.
The peak moved, through the spectrum as’ the angle 
increased. At some angles it obsc^ired or consid­
erably overlapped one of the inelastic peaks. As 
it was sometimes not possible to extract the cross- 
section of the inelastic level in such cases, there
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are corresponding gaps in the angular distributions,
■The spectrum in each set with the most.clearly 

defined set of peaks was chosen as a standard. The 
standard spectrum was fitted first. After several 
attempts, a set of initial parameters was found 
which gave a satisfactory fit. The displacement 
of each of the remaining spectra from the standard 
was estimated by comparing the positions of the 
prominent peaks, The initial values of Q for 
each spectrum were then calculated by adding the 
displacement to the best fit values of obtained 
for the standard spectrum. These parameters were 
used to obtain a set of preliminary fits for each 
isotope.

Before the values of A (0), calculated from 
equation

A * *  O )  =  ?n , R t f .  T V ' *  2 ^ 2 1

could be used to evaluate the cross-sections, it
was neccesary to examine the consistency of the

*

fitting procedure in each spectrum. This process 
commenced with the set of 2r C|° spectra. Initially, 
an assessment'of the quality of the fit.to each 
peak was made for every member of the set. The 
energy interval associated with the separation 
between two given peaks was then found by assuming 
a linear relationship between energy and channel
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number. The energy interval A G  per channel was 
assumed to he constant throughout the spectrum.
To within, the 2 to 3 keV, accuracy required, this 
assumption appeared to he justified, An energy 
level-diagram for Zt ho was compiled from references 

- 1 • and 1-1. As many-peaks as possible in the standard 
spectrum were identified with levels in the diagram. 
The energies of two or three well defined levels 
were also obtained from the diagram. Using the 
. positions of these peaks and the prominent 5” level 
as a reference, an approximate value of was 
calculated. A £ was then used to obtain the energies 
of the remaining peaks in the spectrum. The value 
of A £ was adjusted to obtain the best agreement 
between the energies of the peaks and the energies 
of the corresponding levels in the diagram. During 
this process* particular weight was given to peaks 
which were experimentally well defined and where 
a good theoretical fit had been obtained,. The 
energies of the peaks in the remaining theoretical 
spectra were then calculated.

If the fitting process and the experimental 
data had been perfect, the energy of a peak 
corresponding to a given level would have been the 
same in all the spectra. However, in practice, 
some variation in the peak energies was observed.
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The decision whether or not to accept the fitting 
of a particular peak as consistent was made on a 
subjective basis. Both the quality of the fit and 
the definition of the experimental peak were taken 
into account. Generally, however, up to 10 keV, 
variation in peak energy was considered acceptable. 
Exceptionally, well defined peaks with good fits 
were accepted even if the energy was up to. 20 keV, 
different from the standard.

The spectra containing inconsistent fits or 
badly fitted peaks were refitted with, new starting 
parameters. The process of refitting and assessment 
was continued until a consistent set of fitted spectra 
had been obtained. In these spectra, the energies 
of most of the corresponding peaks agreed to within 
acceptable limits. However, for some peaks it was 
not possible to obtain a consistent fit in every 
spectrum. These were mainly in regions where there 
were many overlapping peaks, or where the cross- 
sections of the corresponding levels were very small.

The energy of each level was found by averaging 
over the values obtained for the energy of the re­
levant peak in the different spectra. Values for 
spectra where the fit to the peak was poor or in­
consistent were not included in'.‘the average. The 
resulting energy levels are given in figure 6 .'JJ .
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The - same process was applied to the spectra 
o f Z r  n  and Zr014, using the value of calculated 
for Zr^0 , The analysis of Zrtn and Z r ^  has not 
yet been completed* A comparison of the energy 
levels of Zr with those of other workers is 
shown in figure 6.J6. The diagram for Z r ^  is 
given in figure 6.J7,

The cross-sections were evaluated from the 
values of A ($) from the final set of ’’best fit" 
parameters for each-spectrum,. Graphs of the angular 
distributions of the. observable levels in Zr™, Zr012-, 
and Z r ^  are given in figures 6 , 20 to 6,16. The 
continuous lines on the graphs are theoretical 
predictions of the cross-sections given by the coll­
ective model or by the microscopic model, (See 
Chapter 6),
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Chapter 4
An optical model analysis of the elastic 

scattering data .was carried out. Several forms 
of the optical potential were used, and in 
each case the parameters of the potential were 
varied until the "best agreement between the 
theoretical and experimental data had been 
obtained.
Section 4i: (Theory and Limitations of the Model
Introduction

Ihe optical model replaces the complicated 
many body interaction between a nucleon and a 
nucleus by a simple potential well. Ihe component 
of the total wave function of the particle with 
angular momentum can then be expressed asymptotically 
in terms of an incoming wave I^and an outgoing wave 
0e where

^  = I t St 04 4 .1

S£ is defined as the scattering matrix element 
between the incoming and outgoing channels. It 
represents the change in amplitude and phase of 
the -6th partial wave, He,nce the ratio of the 
initial and final flux densities in a channel is 
given by / 5e /^ . Ihe scattering matrix is unitary, 
so we may write

= e"2Ut 4.2
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where £e is a phase shift in the &th partial 
'wave, .

In a system where no reaction or inelastic 
channels exist in addition to the elastic, channel 
the angular disti'ibution can be described in terms 
of a purely real potential. Por a real, potential 
well, <£<> is real .and 1 5 ^ ^ =  1, This is a reflec­
tion of the fact that for pure elastic scattering 
the flux in each channel is conserved.

In a physically realistic system, particles 
are removed from the incident channels by a 
variety of reaction processes. In the case of 
the optical model, the effect of these processes 
is approximated by including an imaginary component 
in the scattering potential. Ihis leads to an 
attenuation in each channel as the phase shifts 

are complex, so that i%/̂  I .
Limitations of the model

Ihe approximations made by the optical 
model are not valid in all cases. If the nucleus 
has a strongly excited reaction channel, the 
reaction processes can no longer be regarded as 
a peturbation on the.elastic scattering. Also, 
at low energies the elastic scattering may be 
affected by the presence of compound nuclear states. 
If the energy spread of the incident beam is less
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than the separation of the compound nuclear 
levels, the cross-sections will tend to he 
characteristic of one of these levels, further­
more, at low energies only a few compound channels 
are open, and the probability of re-emittence 
of the particle into the elastic channel is rel­
atively high. Such compound elastic scattering 
may be comparable to the shape elastic scattering 
from which it is experimentally indistinguishable. 
This applies particularly to light nuclei whieh- 
generally■have fewer compound'states.

Therefore, the optical model can be expected 
to give best results for heavier nuclei at 
intermediate energies. Also, the large number of 
levels generally found in heavy nuclei means that 
compound elastic scattering can usually be neglected. 
The utility of the model at energies above about 
300 MeV. is also restricted, partly because of the 
large number of partial waves which have to be 
taken into account and partly because relativistic 
effects become significant. 
form of the optical potentials

The potential well used by the model is 
characterised;by a depth and a geometrical shape.
Its simplest expression is

+ 4*3
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where V and W are the depths of the real and 
imaginary components, £cr)is a radial form 
factor with a characteristic radius and shape 
parameter, The potential of equation 4.3 is 
given more flexibility by allowing different 
geometries for the real and imaginary parts,

~ Li $ j  t ̂ r") + ** j ( f*i rv O  4*4
where rr , ar and rv , cl'v are respectively the 
real and imaginary radii and shape parameters,
In some cases, better results are obtained with 
an imaginary potential which is peaked at the 
nuclear surface. This is physically reasonable 
because the effect of the Pauli exclusion principle 
within the nucleus limits the number of states 
into which the projectile can scatter. In this 
analysis, imaginary potentials with both volume 
and surface components were used. The volume 
component had a similar geometry to the real 
potential. The radial form factor of the surface 
term was obtained by differentiating the volume 
form factor.

The potential of equation 4.4, however, 
does not take into account several important 
features of the particle-nucleus interaction.
If the incident particles have non-zero spin,' 
coupling of the projectile spin to its angular
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momentum polarises the scattered particles. If 
this is to be accounted for by the optical model, 
there must be a spin orbit term proportional to 
l.^in the potential. Such a spin orbit term was 
used in this work, given by

VsoO)= (~*-r)X a ‘° S~-Z

where U*© is the potential depth and f /̂ r') a 
derivative form factor.

Finally, if the projectiles are charged 
there is a coulomb term in the potential. This 
was taken to be the potential of a uniformly 
charged sphere, so that

Vc = ( 3 -  r'V'Kc); f

Vc * r- > ftc
^ 4.6

The optical model potential in its complete 
form can now be written:
V£r) = VcCrb - U f  O ,  i>} a r) — i-Ws J'Cr, r^c\\)
-  iW j :  ' ( r ,  n 9 aO

+ Y* IU-so + i  W 5£>\ 1  j - ' c n  o)
W d / t  J r  4.7

where and W o  are the imaginary volume and 
surface well depths. tv , f\, ai and , ĉ °
are the geometry parameters of the real, imaginary
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and spin orbit terms respectively.
In this analysis, the radial form factor 

f(h) was given a Saxon-Woods form, so that

i t «'fflV)/ar3
and • . . -

k. QX 0 L(r- - A^Varli ^
( \ + i>^'!3)/cvr3) 4.8

Calculation of observables
The total wave f u n c t i o n o f  the system is 

obtained from the solution of the Schroedinger 
Equation for the optical model potential.

* (E- V„,<A)J = 0 ' 49

where VCfa(*"~) is the optical model potential 
and |N> is the reduced mass, jd is given by

pj = ^ X A T
Ax. + A -  4.10

The wave function may be expanded in terms
of radial, angular and spin components, sô  that

$ )  -  ^  Wi* ̂  ^ ̂  f Vc -C®/ ̂

( 1 I - e )

4.11
Setting J> = the radial and angular parts of 
equation 4.9 can be separated, so that,we may write
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In 1:116 region outside the range of the 
nuclear forces, the incident particle experiences
only the coulomb field. Hence, equation 4.12 
becomes

The solutions of this equation are the regular 
and irregular coulomb. wave functions, Fe and . 
The asymptotic form of these functions, for large
J i s

Fe (jO vS (a (p - % £a  £p - ^ + Os')
Ge(p)^ (p - # ~ 4^15

'.The total wave function in this region can. now 
be written in the form of equation 4.1

= Fe (p) *- t G-eCp) 4 5* ( > 6*0^) 4 #i£
Within the nucleus there are two expressions 
of equation 4.12, depending on how the particle 
spin couples with its angular momentum. Thus, 
for a spin particle, the total angular momentum 
J has two values 0+-J- and if —J. The corresponding 
eigen values of are d and -(£+1) giving the

(> f 4.13
where

$ - j j  x
4.14



following equations:
d - U t Cy) + -  \| _  f (j., rr,*->

/ ̂  \ ^ j"- (p / i 0Ê p~ “
- flLtJ) UtY Cf} « O  4.17

^  -Jand

T f  " {l-
f I ( f fr/ ri I a i V * W-o f 1 ff,

£ “

+ 8  * ft f e e T  - ' € ^ j ) J u r  = O 4 .1 8

For each value of i , the. nuclear wave functions
are evaluated at a point well outside the range
of the nuclear forces. At the matching radius 
the boundary condition imposed on the wave function 
in both regions is that the logarithmic derivatives 
at that point should equal, Therefore

fc t i  G~e t Se* C Pe ) „ U. g4
Ft' * V. G-e i-fre) u‘*  4 .1 9

where the presence of a prime implies'differentia-
'tion of the appropriate quantity. Equation 4,19
may be used to evaluate 5e* and . The scattering
amplitudes are then given by

A(&) - {(e<-0SeU  •ftCCwe)
A  c‘° J 4.20

and
BCe '̂- l u l  (Si* - SeT) eat& 4.21

k>Q
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where fV(Cos#) is the associated Legendre 
polynomial, .-pc is the Rutherford scattering 
amplitude and the coulomb phase shift,

The cross-section may be evaluated
from A (&) and 6 (^) using the equation

4 s r  = I rtc©)jz; + j 6 ( © ) r
ciJT- 4.22

and the polarisation P (9) is given by
p - 9 iv>o A 6  ̂ ft

I (&y\̂  4 \Q(&)\̂  4,23
where £l is a unit vector perpendicular to the
scattering plane,
Numerical methods

She coulomb phase shifts andJthe coulomb 
wave functions were evaluated using recurrence 
relations . In the case of the phase shifts oj , 
the relation

Ol , <Siu - U r T ’ 4.24
where # is defined in equation 4.14, is usc4.Me 
'for increasing values of , Therefore, the 
value of erg. was found for £ = 50 using the asymp­
totic expansion for large £ (.reference 7 > equation 
2,53). The phase shifts for smaller values of 
were then found by recurring downwards using 
equation 4.24.

The regular and irregular coulomb wave
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functions were evaluated using the expressions 
of’Eroeberg (ref erence 7 ) ♦ The irregular function 
Ge Cj5 ) and its derivative Gj (j> ) were evaluated 
using the asymptotic expressions at a radius ĵ cv 
where the asymptotic condition is satisfied. 
Equation 4*15 was then integrated inwards from 

to the matching radius Jfa, to give the values 
of §© (ĵ m) and { *

She regular coulomb functions R  (j3) 
were evaluated by Miller's method, The value 
of Fso (j3) was se^ oqual to zero, and the value 
of o< get equal to £ , a small number, oc is
a constant which had to be determined. Recurrence 
relations were used to obtain the values of^F<?(j>) 
and*( Fe (j>) for values of & down to £ = 0. The 
value of c< was then, obtained from the Wronslcian 
for £ = 0.

Fj'qO Ge Cp) —  Rz(/) Cyq Cp) - I 4<25

The same recurrence relations were used to find 
the rest of the (y) and (j>).

When all the Ft , Ft’, and had been 
calculated, the accuracy of the evaluation for 
each value of 0. was checked by calculating the 
Wronslcian, If the value of the Wronslcian differed 
from unity by more than 0.0001, the calculation 
of the wave functions was repeated using a larger
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value of fa .
The values of vxt(j>k\) t for "both values of 

J  were found "by the numerical integration, of 
equations 4*17 and 4.18 from the origin out to 

She corresponding derivatives of 'le. (jVn) 
were determined, "both "by Simpsons rule quadrature 

in equations 4.17 and 4.18 and by direct 
numerical differentiation of She accuracy
of the integration could then be checked by 
comparing the values obtained by the two methods.
If they failed to agree, the integration of the 
radial wave equations was repeated using a shorter 
step-length.

She values of F t , , Ut and their derivatives,
were used to solve equation 4.19. She values of 
ê. obtained in this way were used to evaluate the 

scattering amplitudes f\ ( 0 )  and 8 ( O ) from equations 
4.20 and 4.21. The cross-sections and polarisations 
were then calculated using equations 4.22 and 4.23. 
She optical model' parameter search code

She calculations described above were 
performed by a computer code based on a program 
written by P.G.Perey.. Details of the original 
program are given in references 's' and 9 . She 
non-local part of the program has been deleted.
In addition to calculating the c3?oss~sections and
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polarisations, the code searched over the parameters 
of the optical potential .to obtain the best fit to 
the experimental data* The following description 
of the search procedure is based on that given in 
reference 9 .

The program read in a set of M  experimental' 
quantities Xi and where is a cross-section 
or a polarisation and the experimental error 
in Xv . A set of Nf optical model parameters ck^  
was also read in, and theoretical values Yc of 
the cross-sections and polarisations corresponding 
to Xv. were calculated. The program searched over 
the parameters a*, until it obtained the minimum of 
the quantity ̂  1 where

The program calculated a new set of parameters 
On by changing each of the initial parameters 
^nby an amount so that.

The step-lengths were obtained by solving
the normal equations. These are derived as follows.

If the new parameters a* give the minimum value

an' - ^ 4.27

If VS. represents the new values of the
theoretical quantities, then we can write

4*28
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of /)(% then the equation
M

£  ( Z f c ) '  ) - o7>c\n ' <-s> / 4*29
must hold for all A,# Substituting 4*27 into 4.28

i f ?  j_ 4 l Y i + s n - n o q . f j L  +
da* (£, J lT, Ca<<̂  /

If the changes £qa in are small we.write.
(to the first order in Sq«iJ

^ ; Z S a * 4.31
Svl

so that ,
f  > n  f m ' i * t(6.K) Ddrt fr, (AX)
V i  ' «■*» 4.32
Ihis is the normal equation for A similar
equation exists for each value of , As the
quantities are functions only of the scattering
matrix elements, the derivative., terms int>c\rv
equation 4*32 were proportional to the quantities 
2§t. Ihese were calculated analytically from the 
equation (reference 9)*
£5<l
ca n =  h. C  Fe ( j m )  *  i  (re ( p m  ) *- Se ( F r  ( fm l - L (re t y r o ^ J

t ff U c l CjO 3£c. e(j=
4.33

where

Cz -  ̂ Vc Cf) + (y)
5^
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The cross-sections and polarisations were 
calculated using the new set of parameters and 
the value of sjO" obtained. The procedure was 
reiterated until the values obtained for were 
stationary. Sometimes, where the change in <£cin 
was greater than about 10$, the approximation made 
in equation 4.31 failed, and the new set of param­
eters gave no improvement in the fit. In this case 
the program calculated two additional values of sfJ2- 

for values of ci.n along the predicted shift direction.
A parabolic fit was made to the three points, and 
the new value of taken at the minimum of the 
parabola. 
donelusion

The results of the optical model analysis are 
discussed in Chapter 6* In general, the model was 
very successful in describing .the observed elastic 
scattering and polarisation. The optical model 
potentials which gave the best fit to the experimental 
data were used to- generate scattering wave functions 
in D.W.B.A. calculations. (See Chapters 5 and 6),
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Chapter 5
In this chapter the Distorted Wave Born 

Approximation theory of inelastic scattering is 
developed* Expressions are derived for the 
differential cross-sections using "both the 
Collective model and the Shell model of the 
nucleus.
Section 5i:__Ihe transition Amplitude

Ihe D.W.B*A* form of the transition 
amplitude of the reaction

A (a, a')A' 5.1
is given by
Tf'fc - j  %' ( hft* h) ’A'I v l « A) }fc,c+V  r)  h 5;2
where is an incoming elastic scattering
wave in the incident channel and "the
corresponding outgoing wave in the exit channel,
V is the interaction causing the transition 
between the initial and final state. She term 
<<\* A1 W l a A >  is the matrix element of V over the 
internal states of the nucleus. It behaves like 
an effective interaction inducing transitions 
between the initial and final elastic scattering 
states.

Methods of evaluating the nuclear matrix 
element using the collective model and the nuclear 
shell model are given below.
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Section 5iis Collective Model Eorm factors .
The theory described in this , section is 

based on the treatment given in the Ph.D. thesis 
of H.Sherif, submitted to the University of. 
Seattle, Washington, 1 968 *. (ref erence 10)

The transition amplitude of equation 5,2 
may be written
Tjpc ̂  ^Ul oo> \ f^CK ,£) 5 ,3
where the discussion has been restricted to 
transitions between a ground state of spin and 
parity O * and a collective state of spin X  and 
projection M ,

The interaction potential AU is obtained 
by deforming the optical potential of equation 
4,7, keeping.terms to the first order in the 
deformation parameter. It may be separated into 
its coulomb, real, imaginary and spin orbit parts, 
so that

A  U - A U C t A U r  A ^ o  ' 5 , 4

The forms of A  Ur and A  are obtained by making 
the radial parameters in the functions J ^ ,<u) 
depend on the nuclear orientation giving 

> fn + ên ( t )

Expanding | ( f- , ̂  by Taylor Series -

■f(r, rft* * A c £ Y )  *  £  0", * * * ( £ )  ( £ £ }
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and

5*7
There are several forms of the deformed spin 
dependant term (reference 10). The form proposed 
by the Oak-Ridge group (reference'll) is a similar 
expansion to equations 5.6 and 5*7

^  = L Vso 4 1 ^ ‘K r»v Ti * k

X j {^so er. £ + ST-i j 5.8
The symmetrisation of the final term in equation 
5,8 is required by the Hermitian property of A Ô o 
when Ws'o = 0*

The Thomas form expresses AU&oas the sum 
of two terms

<0 5 ( ^ c )  ( V So + c<So c £ )
n i  U . |  5.9

and
V f ‘aK i c ) h v^ *

* c h ) * i- 5.10
vJS(«ĵ ( O  is very similar to AUso as given by 
equation 5.8.

The optical model wave functions of equation 
5.2 have been given no explicit dependance on spin.
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However, because of the spin orbit term in the 
optical model potential the are matrices in 
spin space. F o r  example

5*11
where rv̂  is the spin. Terms with 
allow the possibility of spin flip.

The deformation parameters Na are expanded 
in a multipole series

The nuclear matrix element can now be written

< X M  / ̂  ^  I 0<?> = ftr K  Yt ^  c t )
<25^* • - 5*15

where, for rotational excitations, px. is the 
deformation parameter and rx is the radius 
parameter.

The transition amplitude can be expressed 
as follows

T jc  A„ + A, -i A2 5 . 1 4

where is the contribution due to the AU<_ + 
4 C A - + A U t parts of the interaction, /K x anises 
from Msi^i 0  ) and A x from Us(*Uf(2),
Then
A„ ' - p m - y  I  \y <-■> <V,c)l<U f'V! Y f ' 

L  V ' w n v  '
P T- o
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* l i  «,> ! r „ : X  <s*,e)>

5* 15

ft. * Y  (**',£
(2 t+ < ) \  L~~ \ 'm*v! ~fAk m

x u o i  y ^ b ( ^ ■ ^ y

5.16
and

Aj " U m W z L  *C YnVfli., <Vr)l ̂ "'b1 lot AO
f »v\ b m ̂

v £.[z -1 ?] )<} X> I 'flli Os-. c)>
5.17

The radial form, factors are given by:
=  (.n./r0) cjr ( f r c j O  -  V„ D  f ( r ,  I>, clr.)

T̂rr
-  C ( a ^ K w s - in; W ,  |L_)&, f Cr,

5.18

1, = in/̂ cf C%0 * i u O  ̂  3 ^ r J Cr'r- ' ^  5.19

3j, = (t/a^c' f  (  VS0 -t- L ^so ) Jyso f ̂  r‘j rf>iflso) 5 .20
where <̂ x is the contribution from the coulomb 
potential, given by

JfxCrcO - 3 j 3  .gTjẑ  f ®
r ^ f A i . O  [(fc/r)t +. r > f i  5.21

The cross-sections are related to the transition
amplitude T f i  by equation 5.61 . The calculation
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of Ao and A , from the above expressions is
similar to the method used to evaluate the shell
model transition amplitude described in the next 
section* The evaluation of described in
reference 10.
Section 5111s Shell model form factors

The nuclear matrix element <a'/V may­
be expressed as follows 
<<1* ( \ ' I VI « = <5*' A W ; tei‘ TSv “V  NrtM  V 1

Ta 5.22
The scalar interaction V  can be expanded in terms 
of multipoles acting on the’isospin spaces of 
the projectile and the target (referenced).

' M , T -  v*t?0t - I < o x r™  Ot -t,T  T t  '
5.25

V^is a tensor of rank T which produces a change 
of T  in the isospin of the target, 0 T  is a 
similar tensor of rank I acting on the isospin 
space of the projectile. T  is restricted to the 

values between o and t For T  = 0,
0 T is a scalar, and leaves the isospin of the 
projectile unchanged. We may therefore take it 
as the unit operator. Similarly the vector 
may be represented by the Pauli isospin operator, 
so that
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Oo * X  j , Oj = ■£ 5,24
The operator V c”̂ is a scalar in coordinate 

and spin space. Therefore it may be expanded 
in the following series

5.25
and are the internal coordinates of c\_ and 

A respectively, f j is the projection ofT, and r ,
^  and /  are the relative coordinates of the target 
and projectile*

The irreducible tensor T u s ^ . j ^ )  is 
a composite tensor formed, from the product of 
the irreducible spin tensor 55 ( f<0 and the angle 
tensor CL ) so that Xs?/J can be written

i \u fO S61 f j - m  ( ^ C\.)

L 5 ' T
rrj — fv\ —/j

where 'p = (Zp -M)
Each term in the expansion 5.25 corresponds 

to the amounts of angular momenta L , S and J~

transferred to the target nucleus during inelastic
scattering. L  arises from a change in-the orbital 
motion, of the projectile in the multipole field
\s r<1u » and the spin transfer 5 from coupling to 
the projectile spin. Terms with 5 O may be

5.26
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referred to as "spin-flip11* 0"* is the vector
resultant of L- and 5 , fhe parity change is
given by (~)U , and, for a o spin ground state,
CT must equal the spin, of the residual nucleus,

She adjoint T *  of. a sperical tensor is
defined as

"  •  t - V ^  T l h , - a*

so that
L £ 3-'
m p-m -l^/5#27 

Using equations 5.27, 5.25 and 5.25, equation 
5*22 becomes

I  Trusj

T  ( r, (fo  O t , - x

h s5 U*
i'a jo - m - fJ

^ S* m«\ ( t a t rt/ )*T*, J*

5.28
Ihe Wigner-Kckart.theorem is defined as 
<j' M' I T« g  I CTM> = (-)j- l< * M a j

x / T  i< a-' \ < o-1 n T.< |] cr>
v. H q  -n'/

and
< T <  II T k II OF >  =  2_ (-) T ’

x / T  K O'* \ < 3- ' M ' n ^ N )5 29
V h  q  - n #/
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Using the Wigner-Eckart theorem we get

0 / 4  I V | 4/4> = £  £
T W I ',rt /u ^ TT-

in  f j - m  — f J  J

A Ac, 5 A  (to. T
^  ^.N ■n.5,( || 5!s j) )> to (̂ c, -x. -TyJh<ill&Tllt«^

t*. /’’Tft T T»' \ / Trt T  Tfl'
Hft fJ - H j ' / U ,  - T  -x«.

< T a«Ta . | |V u'i;' T * >

5.30
2T ^ "* ^ Scv + rrtcl + ^ 4  ̂^ t < l * X<K>* T* * x' v

T  L S J '
fjtf\ X

o- r%.*o (l -s  ̂ 5 )
U  '7J )  Vca* -mft» m-H /

'Trt T  T  tc ,\ /T a . T  TrtA

. H a  p  - * - /  U .  - X  ' X , ' / 1 " C a  " &  ~ T,7

*  Ti^%  t ‘ < s«  II 5 , II 5a? « O r II c« >  <  T-4' 3 « ' II v j j  II T« I a >

5 *-51
The projection quantum numbers are related by 

jj —  m  »  rna - m q'
X  = T rt* - T A * - X j

* Ha1 " Ha

m  s M a*-* M* + rirw - rfla
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so that
5a +L~£-T/rtl .Ili/j V  A - S W  + f̂cv + 3\cv* h'f Vjafl} n 2 i C-) f->Tl.S3r

f_ ^  + U - T V - T „ ,  .,. ^
TLSD*(J Gl G , ' -n-H 'l s tT

5 a dP J prA cr

M tt »ma / /  \

T T
- V  \ '

A A
T  5 ^ -r J fii L a  W Glsj-O) ' .

ff\ Wct-M*1 HA-tlfiij

ZZjl'

- In',

5,32 
where
&T»CK> = C-)‘",4"J & / |  <sa ||^|/i«><t„l|0T |/tt>  

T*. II V'i'jCr) II T„jrrrt>  5.33
The spin tensor £s is a tensor of rank 

3, where^ may have one of the £ 1 ^ + 1  values 
between o and SlS<̂ , Therefore, as in equation 
5.24 we may say

* 1 and - jff~ 5,34
where is the Pauli spin operator,

can he expressed as the product of 
a spectroscopic amplitude A and a radial form 
factor F so that

6 1 st = A  is? Fu53- 5.35
AL:r depends on the type of nuclear model 

used, while Fl$j  depends on the form factor of
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the nuclear potential and on the radial shape 
of the nuclear wave functions* A T-independant 
function may he defined

4- "Tft' j tc\, T  ten
T

T« T TV Gr7SJ
X a Ta'-Ta 5,36

It can he seen from equation 5.36 that the 
amplitudes for the various isospin values T  add 
coherently, reflecting the fact that in practice 
one deals with isospin polarised particles. In 
general P j ^  is independant ofT ? bo that we may 
write

iTisjfr) v-'fln/pLSirW 5.37
where

T  . '.Trt Trt-T«' -Tn'/

T« T ta*J A Tt;USO’

The expression for the transition, amplitude 
T f x of equation 5.2 may he written

s ^ b?' / 5£A ^  TrtlTA'j
; fee, Sn m„, T „ o « >

If there is coupling between the particle1s 
spin and orbital angular momentum, the scattering 
wave functions are matrices in spin-space, so that
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T f C  ’  mhnb, j ' '  ^ S -  " v < t n T , ( / ' | v l

■VAt) Ca j Tft rr

5.39

^ <V rt\ta

L
m  *

t Cl

5
■3'

/
^ V nV Mrt “ Mfti J \ m ta - V

T u \ {( Ta r

Ta -"Ov - r„)\Vtft TT/i* - •■ IV>T a T f t - T ^ 1 "  T V  \ t / v  Tfli«TA . *V"

O V N
-fW

i i \Z*" / t . I A A A
pVivw *̂**0 *L ^S3" ymbmA.f1*^ 'T £ ta ii> TtV

5.40
■£ (_ y r « > - ^ + ^ '  / - j v  a- ' 3«. \  A *3
5̂̂  \ tA ft 1 "Hft ~* Ma' /

-t- n w  v M r t i - r t A  f v L - 5  /  ^  $  '3~ \  a  a  aM  I T S  Ji
fft 1 rtvi-'nv Hn" m'7

5
° '"' ''{>'h'(n « ' (£, tlrt 1 )

S' 5.41
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where

m 1

S . T

n̂ b - fov>1 M n-'rtA1 tf\ b
s* • 6
f̂ b1 nMfoi-not

5*43
Section 5iv; ffhe scattering wave functions 

and the evaluation of j3 *v
£he scattering wave functions f are

expanded in terms of partial waves

where are the angular coordinates of
W, and (€?r, W  are the corresponding coordinates 
of i"'* fhe incoming and outgoing wave functions 
are related by time reversal considerations 
so that

3a
ft -(/\<

5.44



*  Z ft'? (**' s* Ji> ) h f ^ M“̂ V A * '  \Aqt IW*1'^,/ W * * V - « v  -^mtoi
- i
fo Jart*

C~> i.-^ Vj/* m,M ,,1bVs‘r, <?f) fe l j \  (hi , r )  Y *1 CSV. $W)

5.45
where h?» 0  are solutions of Schroedinger1 s
equation

~ x * ^  “ &  (UCrU Uc+U«ijjY#J °
' *

u c is the coulomb potential, the spin-
orbit potential, and 11(0 the central nuclear 
potential, If (r) is complex and may be written 

U/r) c V Cr) -v c W ( f) ,
Equation 5.43 can be written

b  L  -S , . M r t  '  ~
) c-”) ( - )

M* rtVMb
Qin^cmci^ ^ Y  .3* - flirv * mb L _ s ,
Pl«3* - 5 Z_ C”^

r  5 ^  ^ X x
(m /ttb-NV frh -mb' mbt-oiy 5.47

where
/ fTl' y

-j- _ f dr (13“‘ -C'! '-~L L f W  f"!*! Cknf)

« m '  V  n *  ' sK j A  I * '  Sa ^
hJv L .  I mh ",V,-maf?a*

0* ̂  Au1
f>.T 0 ,
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t IV J “ I P '  ^
\Aq/ _ fnP I \A<, '-rtVt ~nV

\

( j \  ] J -  \  L ( e i t a C * ^  (-r*'w

d S l  YQa c©r,^r) Yu ^  C9r^

5.48

= c - p nki h r  y  L ^ - e“ - L y V p , )
fe.K.< Z _  ^  r

Y£'te**K)kJk ^  j 4 « ' ) 1 f ' ;  *  h
(a »)'^‘L  - ra“ 'lu+rn*

A  ^  J £\ \  f  ^a> ^  1 A'
A* t - ffv h fftn A* »■ nfU / \ A* » . - m rt * /rift ̂ - Ha'

&* jV \ ( . 4 n  AI L
V'f’V^b' -Mb' A,'-<v/ \ A-»>b-t tf* r\ !■+rrtbi - »v " ’h '

^ iV
° O o

L ^ i r~ } 1  . . (kn,
5.49

where

X LSJ • r  f c * r  ' j i ^ i  U«« ^  F u S 3 ^  f e a  4ft (fed , r }

We choose the 2-axis to be along k« and the 
y-axis is along A^'hiv' s0 that
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i/rU* .
^?« ( ° , o )  = £

and

c w  ' - « * ■ &  ’■ > >
5.51

Thus

' -£» <_L \ . f«- f„>-L
fc .k . -  /4  r r ") *  Z _  M  <•

C;tv j.y. 
d«1

^  <\ <S J (fft1 - Ao1)! | Ppj/1 ( © )  I ^  j 1'
O m* - /n*j * .  j o * )  ( r p « '+ ^ « ') i

(.
•£«V J<v J <* \ / @t\ 1
"'a^b -W«< A  M*'

s « »  

- rv
j“‘ \
»*̂tt I- A « * /

Pa' u1 s«' Ja’ J(
At,i - *V1 *Uj' -<̂ b» i -ma» / Vffla-tf1* A«'* frth»-ma» - m 1

U  0

As 

and 

then 

so that

C fed'

m  1 - M At - fifl + rfV- mio

1 -  ^ b 1 ♦* <r\b +

A a  / -  M At -  Ma ^ m ai -  m 4 ~  ^

5.52
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fid ha1 /f.
L . V >  * > - * *  - u  (£&*Vrr3<x Z_

Q«j«y Vj* ^
» S<v -  « W

* C  c®)

5cv
fft*

<j«
|YW

<V Sa
m A i

J-1
f - /«

fA 1
o  . o

where -

L
O

LST *
£c* &t ' j « ) «' 5.55

s<\ +. w v w ■ t  C- *3 >  Mft*- fM

nv

- t̂h

.5 t r  \ I  $*■

^b"m b' r t t - r t t f  l  Vitffe

«h o')rivu/ VM-mb'+inb

-filb1 m t ~ M h

S<t' ‘ j*' >
m t mA ̂

, VY*a ~ ftY b *v> * n't̂1 — * *■ t'i\ *

5.54
Using the relation between-5-j and 6-j coefficients 
(referenced)
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-J ~

rt)« - m( —  > '3ô ‘ TT —  SiSev C-)
, V

*  a  A  A  A.Tr5 j A ̂ a' L f
v v -ma

h
~ttiA

[r J* jA
■L ■fti * v  j .

^6 5u V .- • 5*55
Equation 5*53 now becomes

m w, iY\q > -t* A\v < — 't- 5a
Pusr U^.k*) * U>_2 _L' (-) * 5L

/?<, hrtt ferr)̂  
T  r £ >v a, a

Z
/ ■v'3” a ^ S'

4 ft,
( e « t  - m ) ! l  i  Pe * . < & )  £

(̂41 f /n) I J

\l**
ftl t t

*1
6

Sn J 11
' rrtn

& '

- rft\»

V (J* d«
JL

S' $ <v s*

ja1 j / (a L
|n-«^7 \ O o  O

X L̂ 'r
'̂A j<a. iVg cj

5*56
Using the symmetry relations of 3-3 coefficients 
(reference 12)
irvt it)(v fi">a * f i . \ , -Ae-r KtV* ’ ^r  L$zr * „KtvKti* C ̂'T?! A

f^*2 ̂  * "+ nTHft1 - os c—^  ' S L

£«* j.. ]o 1
M  L P f  P ^ - X L

L A +  /n) _
p.." <®)
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, e> -  1 -  L

- m
Sc*.
m*'

«̂i-tw m-nw+rvid -/>!« I  v o  pf\<\ ~

$a < L
O

d aL Ca'
5  . $”c» So.

We define

•f'Ltr .0 vjA GVjft*

so that

5.57.

Oitjfen/\ c ( Ko.hft>̂i | 4 * m s w u n a  I *
UST

feqW 5.58

M m* r̂n /
Pujqr

where

fV i AT a AT a  i / t-ST
I  I 7 7 " “ ‘ p: ® (  .eft?,.!.. ' • ’>•)■' e"

J 0 5 . 5 9

—̂ I L5T m m« av«J
‘•Ptth* JtV.Jj.1 S t  ca*^'j. J.- T

(&/- r t \ ) \  

C Q a * •+ I
K
o

Qc'U MOi
o  ©

o
S*K 

ffi (\
o* W &•
m* / \"m

sv JV
rtrin <-

r° T. o
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/ K  7  j., V ( *
VM*(-rY\ m Wn / I Jo, $tk

V>< 4<0 \ /  5*60
The various coefficients of equation 5.60 give 
the following selection rules: '

jptx1 + Q t*. *■ L j

-  j j C *1 J  J  «  * J  «  * '  j  a  A  ( A  S o .  t  £ < \  -  J S

Section 5vs Calculation of cross-sections 
from the transition amplitude 

Ihe cross-section d c r /&.n^is related to the 
transition amplitude of equation 5.2 hy

cX(T _ J^CA ^ ka1 (*f« &) 1 |T^i|^
>u «.«.». 5.61

where is the reduced mass of. the particle-
target system,

.From equation 5.42

r t L -  A * ,  T tJ ) *
, M;i <V-M. -■'‘f 1

^ , \  h f r  - h a *  r t f l i ' t *  J  1

5.62
therefore

/T,|l y  , 3CTA-NftO -a&.ArTfiO
I ‘H  ' Z. C 5 ■ 6 3 T* M  ( J P P )

Tyf ' f .

P.T U>
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Tft Trt' T  ' \
rU -lip,' rtrt,'r,A ) \ -Mai *

X  «\ m« m«i ”) f  ^
p Lsj ,

<-S I *-5 .

rrt f̂a
■LSa r^ST

J-m ^

V-

5.63
As ‘SI (Ta--mai  ̂ + 3 ( Ta * Cft'Y = + 1 we can sum 
over the magnetic quantum numbers and ^ a fusing 
the orthogonality of 3-j coefficients

Ify> CAT*-|)./Tft 7̂ / 77 \( .’3V ’3rt» 3'1 \
V  M f r  - f i A <  /1a  I * H a  / v - M  ft - H a * r W ' f h V "

*r
Tift*

~ 3̂T7' 5.64
so that

^ _  h ?  ( * £ L . v j \ i   ra  A  taffn*) I  $*) L 1 t sJ J n\

5.65
from which it can he seen that the various L 
and 5 values add coherently while the values 
add incoherently. Often, in practice, the 
interference terms are negligible and we can 
write
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■si
5 *66

where
. * . ««—* . _ wi n\iv ft' ft I | *h

^ usj l®> ' X *  h' >  f’uiT I
■ . 5.67

Section 5vi: The Interaction-
The inte]?action between the . projectile 

and the target is assumed to take place through
a sum of two-body forces between the projectile
and the target nucleons. Thus the interaction 
may be written

V -  11. uTp (I ~ 0 ^  5*68
a  is the optical potential generating

the distorted waves. It does not contribute 
to the inelastic scattering as it is diagonal 
in the nuclear states. Thus we get for the 
interaction of equation 5.1

V  -  X  v i p  ( i  f \  -
l_r

where ry and t\ are the respective coordinates 
of the projectile and the 1th nucleon of the 
target.

The two-body interaction must- be subject 
to the following restrictions. It must be 
invariant under translation, rotation, space 
reflection, time reversal and Galilean transformation.
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It must also be Hermitian, charge Independent 
and- symmetric under permutation.

The most general form for is

1 (crc * 07O  V, * Sep \/a, * L*_£ \ / 3 

1) ( sn* -J?) v 1 ’ ir
* (PH * * 4  * Hp̂ mifciart Cê fju ■ - 5*69
where

Se p r f 3 Cd:c .jr)( oy>. r} A* ^ sn -s> 5 *70
The coefficients V,v are dependant on 

isospin, as well as on rr , p* and L and each 
term may be written

Vk = K̂e * i.t£.Tr») 5*71
where Vî 0 is the isospin singlet potential
and Vh., the isospin triplet potential.

We shall be considering only the first 
two terms in equation 5*69 so that we can write

* t/oo ► fTwTp) * Vlb (<Ti_.crr)i V ^ ic r i . c r ^ cTi.Tp) 5*72
The coefficients Vjh. of equation 5.72 are

considered to be functions of irc-l>| " r only,
and we take the same r-dependance for each term, 
so that
V\p t- cxcrfi (Xi. X P) +■ £<rc.trp'i

va,? 5.73
We can combine the singlet-spin singlet- 

isospin and the triplet-spin singlet-isospin 
terms to give the ”isoscalar" interaction
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-V* ( a (o*c.<5>yv) j j  ( \ n ~ r P \ ) 5»74a
Similarly, an isovector interaction may 

toe constructed from the remaining singlet-spin 
triplet-isospin and trlplet-spin triplet-isospin 
terms
- VV (ao|3 4- a i(3, Ccn, #?■>)) C X ^ ^ p) cjCi^-rpO 5.74to

"IT”The multipole expansion of 
equation 5,33 gave

&7s-s m  r C-l1"**'3’ fa / $ <s, 115s 'tV>
n < U » o T " t » >  < T n ‘TflM v v £ y i ^  5 . 7 5

where the interaction acts only on the
nuclear coordinates. As we are dealing with 
nucleon scattering with spin -J and isospin 
we get

<s« l\ss \ ^ >  = ' <4li Ss U V >  * S  5 . 7 6 a
and

< to. U o - j - 1 \ t c ^ * r 5 *76to
so that .
®u* = C-\u+S" T a ^  f  <Jr|.T„/|| Vut llTrtTii)

= < ^ ' T » ' l l ^ l ^T 4 *l/l.'S 3 ifT|\\JftTrt> 5 . 7 7
The interaction can now toe written

V- I  v " '  O, r V° 1 v V'.'Cp : V'°"'. Vf,'x,i 5.78T — ‘
where "CP is the Pauli iso spin matrix for the
projectile.

As we have now tooth expressions for the 
interaction in terms of an isoscalar and an
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isovector potential we may compare equations 
5.74 and 5.78 to get

V'0'1 = - VM J  5.79a
and

- “  \/fsj Z  (<£>. c?*y>) Jtl 5.79to

The radial form factor of the potential 
may he expanded in terms of multipoles - so that

  i, ^ V3 - rv»o - Z  3 u c y u t&i, fo) Yu <*(>&) 5.80
where and are the angles of and f>..

Henc.e ■,

j 2  ^ ^  ■*■ a '« fa;: 4  j/l C<i rp} Y j ^ © v # ^  YJ
L 1 5.81

and
s v'̂  +, «,,, ro-t. ) H a ^ r;-^VL.rtce«vr^f

XTl } "' 5.82
But 1

 ̂ c ^Lsai'̂  c&p,

where
t /a- A\ \  C ■m

r l _ - S + N J .  1 /  * *  ..

^  0 h -  $i> I (J~l

- ’ V (u * 5.85\ m ^ ~ H /
and stt = 1 ; S\ = o-jo

We may define a tensor $ f  analogoixs to 
which acts on the internal coordinates of the 
target nucleons. As in equation 5.24 we get

iff 7~ 1  U ft c\ .5̂ « *̂1
We can now write eq.uation 5.81 in a condensed form
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v “0 ; - t o : \ f d Z  Y S  <-<*?,<!>r) S t«■«
‘•̂ 's 5.84a

fYl

and
v*" - « *  ?'v)

Ki’ffj-m ' C-Jf' n 5.84b

We define tensors T l sj /̂ corresponding to 5s" so 
that

T u s h  <Y[) -. £ c - y r' ? * |J ^  f u ^  r \
V  ̂  f j - Or'l J

j^3 x C U K  t & i )

l“-C ( K  t " )  %  ̂  ( p  = Zc-)L'V f . ^  ^  ^

we get
Y -4Tr Vm /L «ii.<*ri,fV ^~L Yc ^

LSHrj 0 ' '

*
•<v , 1

^  «xy~ * + H  f  ( * ■  s 7  \  7 f j
J VM p'rt J

s W  ̂  £  * *  g L r STifJ (ft) c - ^ s i L
1_$7 M

Yw Cep>l $f>'\ 5S(m-H $ fj 5 85
\ V  p - n  - ? }

as S =S
Prom equation 5.26

m*



so that

g t c r o r » , - r  C f » U S " 35 .86

Prom, this equation we get

s -AirVw (-̂ U1 ̂  Z  f{)

Similarly

vah =-4ffV«(-)u‘'Tr gLfi.QOTU* (0t
Thus we get

i
~ ~  V jj <2 X  5 4  H a * If X  ^V »  ■*■i - I**

3 *a 5{3 ^rs} 3uCrM re)ZuSj \ T O l'Trt'). . t

5 .87
- A L i 3 r - C rO ,
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Chapter 6
.. The results of the experiments described 

in Chapter 3 are presented in this chapter. The 
theoretical ahalysis of the data has been carried 
out in terms of the theory described in Chapters 
4 and 5, The results and conclusions of this 
analysis are also discussed in this chapter.
Section 6i; The Optical Model analysis of the 

elastic scattering data,
Introduetion • ,. '

The analysis of the elastic scattering
cross-sections and polarisation's was carried out

/

using the automatic parameter .search code described 
in Chapter 4. The scattering amplitude was calculated 
over 15 partial waves and an integration step length 
of 0,1 fermis was used.

In order to avoid searching over the whole 
area of. space, the values of the parameters used 
as an initial central guess were chosen to give 
results which were expected to be fairly close to 
the minimum. The elastic scattering of protons at 
40 MeV, by a range of nuclei including ZrA0 has 
been studied by Pricke et al-(reference 13). In 
this analysis, best fit parameters were found for 
each nucleus. In addition, an average geometry for 
all the nuclei was obtained. Parameter values
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similar to both the average geometry and the 
best fit potentials were tised as starting values 
in the analysis of the present data* Similar 
results were obtained with either potential. In 
both, eases, slight modifications were required 
before a satisfactory fit could be obtained.. In 
particular, a considerable improvement in the 
results was obtained by increasing the strength 
of the volume absorbtion.

Initial attempts to fit the data by varying 
all the parameters simultaneously proved unsuccessful. 
This was because of ambiguities between the depths 
of the potential wells and their radii. The angular 
distributions for a given value of Vn r** were 
basically the same for a wide range of values of 
V* and rn. , . Hence it was neccesary to avoid varying 

certain of the parameters' simultaneously. The 
principal effect on the potentials of a change of 
incident energy would be seen in the strengths of 
the potentials rather than in the geometry. The. 
well depths were therefore varied first, the geometry 
parameters being kept constant. The well depths 
were then kept constant and first the radii, and 
thenthe diffusivities were varied. The radii and 
diffusivities were then varied simultaneoxisly. In 
case the resulting geometry required different
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potential strengths, the search over the well 
depths was repeated* Finally, the radii and 
diffusivities were again varied simultaneously.

This procedure was not infallible. Although 
in most cases it led quickly to potentials which 
were fairly close to the optimum, occasionally 
it produced results which were clearly non­
physical. However, in such cases it was nearly 
always possible to repeat the fit satisfactorily 
using a different set of initial1.parameters,
Resuits

The optical model proved'to be very successful 
in predicting the angular distributions of both ' 
cross-sections and polarisations for each of the 
nuclei under consideration. In addition to the 
thirteen parameter potentials of the form of 
equation 4*7,. the data was also fitted with potentials 
having purely volume and purely surface absorbtion.
The coulomb radius used in .these calculations was 
initially set at 1,25 fermis. However some of the 
preliminary fits suggested that a smaller coulomb 
radius might be appropriate. The analysis was 
therefore repeated for r£ =* 1.2, 1.15 and. 1.115 
fermis.

One of the disadvantages of the restrictions 
made in the above procedure is that there was no
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certainty that the final result was near the 
minimum o f . To check the efficiency of the 
fitting procedure, a further trial was performed 
in some of the eases, allowing all the parameters 
to wary simultaneously. As the improvement in 
'T^was usually of the order of only a few. per 
cent, and the changes in the parameters were of 
a similar order, it was concluded that the procedure 
gave potentials which were reasonably near the 
optimum.

The results of these analyses are summarised 
in tables 6.1 to 6,5. Where- indicated the angular 
distribution of the cross-sections and polarisation 
is illustrated in the appropriate figure, The 
thirteenth set of parameters in each table is the 
result of varying all the parameters simultaneously 
using set 10 as a base. The fourteenth and fifteenth 
sets are the results of attempts to find an average 
geometry for all the isotopes. In addition, the 
best-fit and average geometry parameters of l?ricke 
are reproduced in parameter sets. 16 and 17 respec­
tively on table 6.1.

It can be seen from the tables and from the 
angular distributions that the results for the 
different isotopes are very similar. The potentials 
with both volume and surface components produced
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the best fits, although in some cases the predictions 
for the second and third peaks in the cross-section 
angular distribution were slightly smaller than 
experiment,

The trend of the results seems to indicate 
that most of the absorbtion takes place within the 
nucleus. Indeed, only a slight deterioration in 
the quality of the fit was produced by.setting the 
surface potential to zero, although there is an 
increased disparity in the heights of the second 
and third peaks in the angular distributions. The

i

volume potential was increased to a value roughly
equal to the sum of the volume and surface terms
in the previous case,, and there was an increase
in the imaginary radius, and a decrease in the
diffusivity. The other geometry parameters remained
practically unchanged, though the real potential
was slightly increased. There was little effect
on the polarisation angular distributions. On the
other hand, although a purely surface absorbtion
gave slightly better agreement with the second peak
of the angular distribution the general fit was
worse and there were corresponding increases in the 

Avalue of^p . The imaginary radius was much reduced 
and the diffusivity increased indicating that the 
program was attempting to spread the potential over
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the volume of the nucleus. She real and spin 
orbit'potentials were somewhat reduced and there 
were slight changes in r%0 and ,

No conclusions could be drawn on the best 
value of the coulomb radius as both the cross- 
sections and the parameters seemed to be practically 
insensitive to it. ■ . * \
Q?he symmetry term

Systematic variations in the' depths of the 
real potential with atomic number have been revealed 
in comparisons of optical model analyses of a 
range of nuclei at the same energy,, lane has 
suggested an isotopic spin, dependance in the optical 
potential (reference 14). Phusi the real part of 
the potential may be written

and target respectively, For protons this becomes

The isotopes studied in this work had 
isotopic spin projections ranging from 5 to 8. 
Provided the isotopes were all fitted with the 
same geometry parameters, the real potentials 
should lie on a straight line when plotted against

6.1

where *t and T  are the isospins of the projectile

6.2
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the quantities (ts!~ • The gradient of this
graph could then be used to find the value of 
the coefficient in equation 6.2. Such a 
technique has been applied to Zirconium by Ball 
et al (reference 15) using 22.5 M.eV. proton 
scattering, A value of -45.4 MeV. was obtained 
for and 27.8 MeV. for Vt , . ' -

A set of average geometry parameters was 
calculated by obtaining the mean, values of 
parameter set 15 in each of tables 6.1 to 6,5.
The values of the potential depths for each isotope 
which gave the best fit to. the angular distributions 
were then found. The results are given in the tables 
(parameter set 14). As can be seen, there was no 
correlation between isospin and the strength of 
the real potential. In case this was an effect of 
the geometry parameters, a new set was obtained 
(parameter set 15) which gave better individual fits 
in most cases. Again, no correlation Was observed.

It appears therefore that it is not possible 
to evaluate the symmetry term using.the present 
data. The above method would have doubtful efficiency 
in any case, as it does not involve isospin polar­
isation measurements, which would require (p,rt) 
reaction cross-sections. The method is analogous to 
attempting.to evaluate the spin-orbit term in the
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optical, potential without making polarisation 
measurements.
Section 6i.ii; Inelastic Scattering

Predictions of the inelastic scattering 
cross-sections were made using both the collective 
model and the shell model of the nucleus. In 
both cases the shape of the angular distribution'.- 
is broadly characteristic of the orbital angular 
momentum transfer, although details of the' distrib­
ution will depend on the shape of the radial form 
factor Fustf of equations 5.57 and’ 5.87. The 
collective model uses the non-spherical part of a 
deformed optical potential to generate the form, 
factors whereas the shell model'evaluates the 
nuclear matrix elements directly, by integrating 
the potential V of equation 5.2 over the nuclear
wave functions. It follows, therefore, that while

(the general features of the predictions for a given 
angular momentum transfer will be the same for 
both models the details of the angular distributions 
will depend, in the case of the collective model, 
on the parameters of. the optical model potential-.
The shell model predictions, on the other hand, will 
depend on the form and range of the interaction 
and the configurations of the initial and final 
states.
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Collective model
Theoretical cross-sections were calculated 

for the majority of levels in Zr*10, Zrca-and Z r ^  
for which angular distributions had been obtained.
The magnitude of the cross-sections was' determined 
by the deformation parameter , It can -be seen 
from equation 5*13 that

*  a 5-cUX 1 .

The value of j3L which gave .the minimum value, 
of was found where - • .

'T /C *  7 L o u  ■
6.3

and Xl, Y"v.and are defined as in. equation 4.26.
The sumnation was taken over a limited range of 
angles. These were chosen so that the resulting 
fit followed the trend of the angular distributions 
and did not neccesarily give the minimum value of 
"Trover the whole range.

The calculations were performed by a 
computer program made available by E.Sherif. The 
program used the same optical model parameters to 
obtain the interaction as it used to generate the 
distorted waves. Consequently, the radial form 
factors calculated by the program were usually complex, 
although it was possible to suppress the imaginary 
component *
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facilities in the program allowed the use 
of a deformed spin-orbit potential of either the 
full Thomas term type of equations 5.9 and 5.10 
or the simplified Oak-Ridge form, of equation *5.8,
In either case, it was possible to vary the spin- 
orbit deformation parameter f>$o independently of 
the deformation of the real and imaginary•terms,
This was facilitated by the definition of a. 
quantity Adef where \

Adcf = ' 6 *4
Thus the spin-orbit contribution could be suppressed 
by setting = 0.
Results

The.results of the collective model analysis 
are summarised in table 6.6, and the corresponding 
angular distributions are illtistrated in figures 
6,6 to 6,19. The table contains the value of 
obtained for each angular distribution and an 
indication is given of the form and parameters of 
the interaction.
The ZrR(? nucleus

Angular distributions for /Wf =0,0, 1 ,0 
and 2,0 were calculated for the 2,18 MeV. 5- level 
in Zr4̂  with both Oak-Ridge and full Thomas term 
spin-orbit deformations. The cross-sections were 
not significantly dependant on the form of the
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Interaction although, the asymmetries were considerably 
affected* Therefore, without polarisation data it 
was not possible to decide which form of the spin- 
orbit interaction was appropriate. The cross-sections' I
were more sensitive to the strength of the spin-orbit 
term, particularly at large angles. However, the 
re suits for the 2+ and 3~ levels were conflicting.
For the 2+ level, the best agreement was obtained 
with a value of Ade^ - 2*0 whereas better results, 
for the 3” level were obtained with A = 0,0,

*
although for- both levels the effect was marginal,
In either case the value of p L  was reduced for 
increasing A ,

A more drastic effect on the cross-sections 
was obtained by suppressing the imaginary component 
in the form factor. The oscillations in the cross- 
section with angle for real form factors had a 
considerably smaller amplitude than those for complex 
form factors and the angular distributions resembled 
those of the shell model.

Various sets of optical model parameters were 
used, but most of the calculations were performed 
using parameter set 13 of table 6.1. The effects of 
using a potential with a different coulomb radius 
{set 1) or with purely volume absorbtion (set!11) 
were found to be negligible. This was not unreasonable
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as the elastic scattering was insensitive to 'the 
choice of potential, and the form factors are 
unlikely to he much affected by the coulomb radius 
or the presence of surface absorbtion* On the 
other hand, the angular distributions were affected 
by using parameters for purely surface absorbtion,. 
Here, the imaginary component of the form factor 
would be peaked-at a significantly greater radius 
than for volume absorbtion. Such a potential did 
give slightly better fit to the 3~ level, though" 
not to the 2+ level. Surface absorbtion only, 
however, did not give good fits to the elastic 
scattering, and the investigations were not carried 
any further,

Finally, a contribution to the scattering 
from coulomb excitation was included* This did not 
affect the shape of the angular distributions but 
produced an increase of the order of 3°/° in the value 
of for the 3 “  level, and a similar though slightly 
larger increase for the 2* level.

The. collective model was quite successful at 
predicting the angular distributions of both the 
2* and the 3 " levels. The effects of the changes 
discussed above were all fairly small and did not 
lead to an3?- conclusive results. Therefore, for the 
remaining levels, the angular distributions were

-  123 -



calculated using a standard form of the interaction. 
The.full Thomas terra spin-orbit deformation was
implemented, with A cXef =1,0, Optical model parameter* (
set 13 for Zr was used and the contribution of 
coulomb excitation was included, '

Of the excited states of 2r^°in the energy 
range considered only the 2,75 MeV, 3~ level, which 
may be considered as an octopole vibration, showed 
a marked collective nature with a of 0,139. The 
other levels have values of p L.between 0,07 and 0,02, 
For the remaining levels, the 3*07 MeV, 4+ and the 
3.45 MeV. 6+ levels corresponding to the,2* level 
were also well described by the model. The 3.57 
MeV. 8* level has a very low cross-section and the 
errors, in the measurement of individual cross-sections 
may be greater than allowed for in Section 3v. The 
predictions for the 2.30 MeV. 5 level were also in 
good agreement with experiment. In all these cases, 
however, the forward angle points were not well fitted. 
This> was probably because of slit scattering which 
appeared at small angles. This principally affected 
the high energy end of the spark chamber spectrum.

The remaining levels are. probably either simple 
hole-particle excitations or mixtures of a small 
number of such states* The collective model would 
not be expected to be appropriate in such cases.
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However, there was still good agreement between the 
theory and experiment for many of the levels. The 
angular distributions are principally characteristic 
of the angular momentum transfer and the analysis 
was of ixse in assigning L-values to'the various levels. 
In some cases none of the values of t- produced very 
good agreement.with the experimental cross-sections.
In these cases, such as for the 4,05 MeV. and 4,89 
MeV. levels, the values of L which appeared most 
probable have been used in the quoted results. Such 
levels are probably mixtures of transitions with 
different values of L and other angular momentum, 
transfers cannot be ruled out.

A case of particular interest, is the 3.37 MeV, 
level. In the shell model picture, this level possibly 
includes a contribution from an L = 0 transition. In 
figure 6,7c angular distributions for both i- = 0 and

i

L, = 2 are depicted. In this case neither angular 
distribution fits the data very well and the results 
are. inconclusiveMost of the angular momentum 
transfer assignments for the remaining levels agree 
with the suggestions made for 19 MeV, proton scattering,; 
One exception however, is the 4.22 MeV. level. At 
19 MeV, this was tentatively assigned. L = 5. The 
present data gives considerably better agreement with 
L = 2. The 4.66 MeV, level is shown with. l» = 2 and
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L  ss 3, although L  = 2 appears to he more appropriate.
In all, seven of the higher levels havq angular 
distributions consistent with L  = 3. Of these, 
however, only in the 4;46 MeV. level and to a lesser 
extent the 4*54 MeV. level is the assignment relatively 
unambiguous. In the case of the 4.05 MeV. and 4.89 
MeV, levels equally good or better results were obtained 
with L = 4. In the 4.79, 4.99 and 5.07 MeV. levels 
the fit was very poor although no other value of l~ 
gave any improvement. Of the remaining levels, the 
4.32 is reasonably well predicted with L- = 4, and 
there can be little doubt in the assignment of L = 5 
to the 3.95 MeV. level.
The Z r a n d  Zrqff nuclei

The angular distributions for Z r ^ a n d  Zr c*4 
were calculated using the same parameters as the 
Zr'19 cross-sections, with the appropriate optical 
potentials; that is, set./ 13 in tables 6.3 and 6.4.
The results were similar to* those for Zr^0. It was 
not possible to obtain angular distributions for 
the 1.43.MeV. and 2.03 MeV. states in Zr"12, but the 
results for most of theremaininglevels are summarised 
in table 6.6.

The 2+ levels at about 0.93 MeV* and the 3 “  

levels at 2.33 and 2.07 MeV, respectively in Zrcu 
and Zrq  ̂were fitted with values of A  =  0 . 0 ,  1 . 0
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and 2.0. The angular distributions exhibited the 
same behaviour as in the case' of Zrnc*, best results 
being obtained with = 2*0 for the L- » 2 levels
and with. = 0,0 for the 3"" levels.

For the remaining levels, ambiguities in the 
value of the angular momentum transfer were more 
difficult to x^esolve, as the cross-sections were 
measured at intervals of 5°. However, where it was 
possible to make tentative assignments, these agreed 
with the suggestions of px-evious workers, with the 
exception of the 2.83 MeV. level in 2rq:i, which the 
present data indicates should be L = 5 rather than 
L = 2, and the 2,34 MeV. level in Zr ̂  which, appears 
to be more consistent with L = 4, hgainst h = 2 for 
19 MeV. proton scattering.

The values of j3 u for both nuclei followed a 
similar pattern to Zr^, with the exception of the 
2+ levels at about 0.93 MeV, The levels, believed 
to have ( 3dtŝ ) and configurations for Zr^2*
and Zr61 ̂  respectively, appeared to have a fairly 
sti’ong collective nature, with corresponding values 
of (3l of 0,12 and 0.09. These are larger than any 
of the other levels, except the highly collective 
3”" states.

In general, the angular distributions are 
reasonably well fitted, even for excitations which
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would not. normally "be regarded as collective.
• /

Again* some of the levels may-involve several 
valties of the angular momentum transfer, and 
the values quoted in table 6.6 do not exclude 
the possibility of contributions from other 
values of L .
The Shell Model

In Chapter 5 the differential cross-section 
was expressed in terms of a sum over spectroscopic 
factors A ^ a n d  reduced cross-sections , In
most of the cases encountered in this study there 
is a unique value of the: angular momentum transfer 
Land a single configuration in the initial and 
final states. The sum in equation 5*66 therefore 
reduces to two terms corresponding to 5 = 1 and 
5 = 0  and the expression for the cross-section becomes

d£-( gA = 4 n C a 0 /C + 4 Mmx j ctsa- (©>4.0.  ̂ 5,5
where Vo and Vv are the strengths of the Wigner 
and "spin-flip" interactions averaged over the 
isospin (see Appendix 2). The reduced cross- 
sections were evaluated by a computer code in 
terms of a radial form factor Fu(r*) * It was 
found that, to a good approximation,, the angular 
variation of cruSj was independant of S and 3”. .The 
shape of the angular distribution for a given U
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therefore depends on the shape of the radial 
form factor which in turn depends on the range 
and form of the interaction''and on the radial 
parts of the single particle wave functions.
The evaluation of ( 0  is. described in appendix 3.

The magnitude of the cross-sections is 
determined by the strength of the interaction and 
by the spin-angle reduced matrix elements 
Methods for calculating the lius;r are described in 
appendix 2 and the values 'for the cases discussed 
below are given in table 6,7•*
The ( g C;M )?~ c onf iguration

In the Zr eio nucleus the. shell model picture 
gives the neutron shells filled up to the Ig^orbit 
and the proton shells up to the orbit. Excited 
states may be formed by two protons in the shell 
with angular momenta coupled to 0, 2, 4, 6 and 8,
Such states could not normally be excited by the 
transition of a single particle. However, there is 
mixing between the 0+ ground state and the first 0+ 
state of the above configuration. Thus we may write 
the ground state wave function

<* I •+ b i

All transitions involving these configurations 
will therefore be affected by the value of a and b. 
Eor the purposes of this analysis the values were

-  129 -



taken to be those of reference 16, that is, 
a7* - 0.64, b7* = 0.36. The ratio b/a is believed 
to be negative. ■

Therefore, most of the observed levels in
the lower part of the spectrum can be explained
in terms of recoupling of the protons. Levels 
with odd 0* are not allowed and there is no spin- 
flip contribution. In this case, the expression 
for the cross-section is

i S  (e) s (2 L -  I) li*ou Vo* o i8T (.»)
d H  6.6

\

The form factors were calculated using a Yukawa 
interaction

v  = Vo z~«r
K 6.7

(The proton wave functions were calculated for
bound states in a Saxon-Woods potential. The
depth of the well was chosen to give a binding
energy for the jc, proton of 5.29 MeV., obtained
from the proton separation energy of #

V-radius of the well was taken to be 1 ,35A 5 fermis 
with a diffusivity of 0.6. In addition, a spin- 
orbit potential of strength 7.04 MeV. similar to 
the optical potential with a radius of 1 .25Ax,-3‘ 
fermis and diffusivity 0,6 and the coulomb potential 
of a uniformly changed sphere of radius 1,25 fermis
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were also included. A variety of values of these 
parameters were used initially to calculate the 
wave functions but the shape of the form factors 
was largely independant of any of the parameters 
except the radius of the well tn.. To a large extent 
the magnitude of the form,factors was also independant 
of these parameters. However, increasing the well 
radius from 1 ,25a'^ fermis to 1 ,35AI/*5 fermis moved the 
position of the form factor peak outwards by about 
0,3 fermis and also broadened it slightly. The 
amplitude was reduced by about 10f l .

The other factor which had a marked effect on 
the form factors was the range of the interaction, 
Althoi;gh decreasing values of had little effect 
on the position of the form factor peak, the width 
of the peak was considerably increased. The amplitude 
of the form factor was strongly dependant on ̂  , This 
may be clearljr seen in figure -6,29 where the L = 2 
radial form factors for values of °< ranging from 0.6 
to 1,4 are portrayed., Form factors for ^ = 0,6 and 
values of L = 0, 2, 4* 6 and 8 and the real part of 
the collective model form factor are shown in figure 
6,30. The degree of dependance was different for 
each value of the angular momentum transfer, but for 

~ 2, the following empirical relation was obtained
-a. a

(Fujt/ma* oi ^  6,8
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The value, ol therefore, will alter 'the relative 
strengths of the angular distributions. This' was 
important when attempting to fit the•cross-sections 
of a number of levels with a sinsle interaction . .
strength.

The dependance of the strenth of theoptical 
potential on the incident energy observed in 
elastic scattering studies, has been explained 
by a number of workers in terms of a non-local term 
in the potential. Non-local contributions to the 
optical and shell model potentials also arise in 
studies of correlations in nuclear matter (reference 
17)# The treatment of such potentials is simplified 
by using the local energy approximations, where an 
equivalent local potential is generated to take 
account of the non-local contribution. A convenient 
expression for relating the local (VL) and non-local 
(Vm ) potentials is (reference 7)

V N C.r-'i « C O  «acp g

The wave functions of particles in such 
potentials are related by a similar expression

UtfO-V = 8 UuCf) e 6>10
where B is a normalisation constant, M is the reduced 
mass and a the non-locality range, Nor free nucleon
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scattering the value of B  is unity. However, the 
exponential factor in equation 6.9 reduces the wave 
function in. the interior of the -.nucleus. In order 
that the wave functions should remain normalised 
so that

e V  c o  d t -  - |

the value of B must lie greater tlian. unity and the 
tail of the wave functions will he increased. Thus 
the effect of including non-locality was to produce 
form factors which were peaked at greater radii 
than those calculated with purely local potentials.
The calculations in this work were performed by a 
computer program written by S.M,Perez (reference 18). 
The range a, of the non-locality correction, used 
in these calculations was 0,85 fermis, the value 
observed by Perey and Buck to give the best empirical 
agreement with the energy dependance of the potential. 
In practice., the effect of non-locality on the angular 
distributions was fairly small compared with the 
effect of the range of the interaction and the radius 
of the well. The distorted waves used in the calcula­
tion were evaluated using the optical model parameters 
of section 6.1. In all cases, parameter set 13 of 
table 6,1 was-employed,
Results

The shell model was not as successful as the
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collective model in predicting the angular 
distributions of the states of the (, con­
figuration. This was partly because instead of 
using an arbitrary normalisation, chosen to give 
the best agreement with experiment as in the case 
of the collective model, the relative strength of 
the shell model cross-sections was determined by 
the features of the model itself and by the strength, 
of the interaction potential \ f0 * However, the 
shell model did not produce good'agreement with 
the shapes of the angular distributions either.
As indicated above, the shape of the angular 
distributions depended mainly on the radius of 
the shell model potential well and on the range 
of the interaction. It was found that a value of 
fi\ ss 1 ,35A/3 fermis was required to give angular 
distributions which were pealced at about the right 
angles. Decreasing the value of the range parameter ^ 
produced more structure in the angular distributions 
and altered the relative strengths of the different 
levels. The best individual fits to the experimental 
data were obtained with o( = 0.6, The angular distrib­
utions with this value of and with » l,35A^f. 
for the 4+ , 6+ and 8+ levels are shown in figure.’
6.20. The strength of the interaction V o  was fixed at 
85 MeV, A lower potential appeared more appropriate
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for the 2+ level and the continuous line in 
figure 6 .20A represents the angular distribution

t
for a strength of 50 MeV. The broken line on the 
same graph is for a potential of 85 MeV. The 4+ 
and 6 levels were reasonably well fitted though 
the 8 predictions were considerably lower than 
experiment. Little improvement in'the fitting of 
the 8 level was achieved for any combination of 

and , The experimental cross-sections of this 
level are themselves very small'and may include 
contributions from the background and from levels 
in other nuclei present as impurities in the target. 
Including non-locality when calculating the form 
factors slightly improved the shape fits but had 
little effect on the magnitude of the cross-sections,

A value' of <x -  1 .0 and Vo = 230 MeV. gave 
slightly better agreement with the relative strengths 
of the cross-sections but the individual fits were 
rather worse. This potential, however, agrees with 
the value of 205 MeV. obtained at 18.8 MeV. (reference 
1) provided the effect of increasing the radius of 
the shell model potential fV is taken into account.
It can be seen from figure 6,20 that the quality of 
the fit in individual cases would not be seriously 
affected by changes of up to 20$ in the strength of 
the potential. '
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A possible reason for the poor agreement 
between theory and experiment for the shell model 
may be understood by comparing the results to 
those of the collective model, with particular 
regard to the shape and form of the radial form 
factors* In the case of the ( configuration,
the general shape of the form factors for both, 
models were similar but the collective model form 
factors were peaked at a greater radius* The effect 
of increasing rA and decreasing was tending to 
improve the resemblance between the models (see 
figure 6*30). The collective model form factors, 
of course, have in addition complex and spin-orbit 
components* The shell model reproduced the positions 
of the various peaks in the experimental angular 
distributions fairly well, but the predicted amplitude 
of the peaks was generally too small. In the case 
of the collective model, which normally gave good 
agreement with the details of the shape of the angular 
distributions, it was found that the amount of structure 
was considerably reduced by suppressing the imaginary 
component in the interaction. The effect of the spin- 
orbit contribution is discussed above*

There are reasons for believing that the shell 
model form factors should also be complex. In the 
first place, a real interaction does not allow for
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the effect of excitations to continuum, states* 
Secondly, and possibly more important, there 
might be core polarisation effects which would 
also lead to complex terms in the form factor*
The 0* level

The 0+ level has not been included in the 
above discussion as it is probably a complementary 
mixture to the ground state, . Hence.its wave 
function may be written
10 '*> r a I -  b 6*11

and the matrix element for the transition from 
the ground state is - ■

< 0+ (l.-IS MeV) ll V„oo II 0 + <3 •

=  ab { <<g,,y- IIV0«,|| C g q ,. )v>  -* o tt, 6*12

The reduced cross-sections <3To0(@) must then be 
evaluated in terms of a form factor equal to the 
difference between the and
form factors. Using the expressions of appendix 
2, the differential cross-section may be written

r * .  ' " ^
The experimentally observed cross-sections 

of the 0+ level were very small and could not be 
measured at the same time as the cross-sections of 
the other levels in the Z r s p e c t r u m .  However
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the., following procedure was used to make measure­
ments at 15° and 20°, A spectrum, extending over 
an energy range from, about 1 MeV* to about 3 MeV. 
including the 2.75 MeV. 3~ level was accumulated 
until there were about 200,000 events in the 3”* 
peak. At 2 0 %  a peak was- observed in a position 
roughly corresponding to 1.75 MeV., the expected 
energy of the 0+ level, (see reference 1). The 
area of this peak, when compared with the 3~ peak, 
corresponded to a cross-section of 45 *i* 10 pbarns.
At 15°, the peak could not be distinguished from 
the slit-scattering background. However:,; an upper 
limit was estimated by taking half the total of 
events in the appropriate channels. The value 
obtained in this way was 5 200 pbarns.

A theoretical angular distribution for the 
0 level was obtained with form factors calculated 
using the same parameters as for the ( gC!n) states.
The interaction strength was again set at 85 MeV.
Both the theoretical predictions and the experimental 
points are displayed in figures 6.27. As can be 
seen the predictions are up to three orders, of mag­
nitude too large.

The contribution from core-excitation, which 
would be greater for low angular momentum transfers 
has not been taken into account. It is possible that
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the core transition amplitudes may be out of phase
with, the single particle amplitude and may account
for the.very large disparity between theory and
experiment. There may also, be similar destructive
interference with the amplitude from multiple
scattering. However, calculations at 19 MeV. have
shown that at that energy, these effects are small
(reference 19 ).
The ( Aft,, configixration

In addition to the ( )“ levels considered
‘z

above, states with L = 4 or L = 5 may be excited
by the transitions of a 2.f>̂ or Ig^proton to either theA.
\<jq/3or the orbit. Thus the expression for the 
cross-section will have two terms representing each 
part of the transition. Since the single, particle 
matrix elements involved are related by

<£'j' l\TusrllEj> = ||Tl *r.l|e'J.,>
6.13

the cross-sections are given by
* cUr - ' ( a '3*+ 0  fy ft & M lsj V O  .

Z sl , x*~s i-Vl'i
V OLst £"5 5  '

6 .14-
In the case of the 5” level, there is also a 
contribution from the spin-flip term in the interac­
tion. This would not affect the shape of the angular 
distribution, only the magnitude of the cross-sections.
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The 4- level, on the other hand, may be excited 
only by the spin-flip term,
Results '

The shell model wave function for the 
orbit was calculated using the same well, depth. 
as before, that is 50,17 Me?, This gave a binding' 
energy of 6,74 Me?, compared'with the proton separ-

^  c j

ation energy from Y of 7 .07'MeV, As with the 
( levels, the wave functions were not very
sensitive to the value used for the binding energy.
The effect of changing the various parameters of 
the effective interaction was;■ investigated in the 
same way as for the ( ) states, leading to

—Ithe same conclusions. It was found that ^ = 0,61 
and = 1,351 gave the best results. In fact, for 
a potential strength of 85 MeV, and zero spin-flip 
potential, the agreement between theory and experiment 
was better for the 5" level.than for most of the other 
levels. The results are illustrated in figure 6.21.

The predictions of the shell model in this 
case are again similar to those of the collective 
model (figure 6.7A), However, as in the case of 
any transition involving shell model wave functions 
with n>1, it is not possible to male the same 
comparison as above between the radial form factors.
It can be seen from figures 6,51 and 6.29 that these
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■- / \'2'are very different* As for the ( gqh ) states,
<r\

the collective model cross-sections show more 
structure than those of the shell model, although 
in this case the shell model gives slightly better 
agreement with the experimental data.

It is not possible to draw firm conclusions 
about the strength of the spin-flip term in a 
study of this level. Again, the data allows a 
certain amount of latitude in the total strength of 
the predicted cross-sections. The' results, however, 
are certainly consistent with ^he 4*”
level, which would give an unambiguous indication 
of the value of the spin-flip strength is completely 
obscured by the nearly degenerate and highly excited 
T  level at 2,75 Me?,
Harmonic oscillator potential form factors

In addition to the calculations using Saxon- 
Woods potentials to describe the shell model wave 
functions, form factors were also calculated for a 
harmonic oscillator potential well of the form

6 .15

where ° is a parameter specifying the width of the 
well. Provided a suitable value of 6 was chosen, 
the wave functions px^oduced by this potential were 
very similar to the Saxon-Woods wave functions. In 
figure 6,32, the and wave functions for
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a potential with ^ = 0.0925 are. .compared with 
the- corresponding Saxon-Woods wave functions.
The mean square radius defined as

< r * >  =■ ( uu'g' (r) ant u~~) r M r  ,

J u a IJ1 (f) I”
= ft (for ( aV  )‘ oo»fi8»r,«on)

For £> = 0.0925, - 29*9 fermis corresponding
to = 1.19 fermis/ which compares with^fo) »
1.185 fermis for the Saxon-Woods potential.While 
the shape of the form factors was practically 
independant of the choice of single particle wave 
functions, the amplitude was increased hy about 
10^ by the use of harmonic oscillator wave functions. 
Particle hole states

In addition to the configurations involving 
only the outer protons in the I g ^ o r  2-13*/* orbits, 
excited states may be formed by the transition of 
one of the core nucleons to an unfilled orbit, The 
energy levels observed experimentally will probably 
consist of a mixture of such configurations and 
more than one value of the orbital angular momentum 
transfer may be involved. The analysis of the 
remaining levels in Zr *{° in terms of single particle- 
hole configurations therefore was an oversimplification, 
nevertheless, such a description should help to confirm 
the tentative assignations of L-transfers made during
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the collective model analysis. Furthermore, the 
possible correspondence between the number, strengths 
and L-values of the predicted single configuration 
states may give some information about the actual 
configurations making up the levels.

The configurations expected to give excited 
states in the energy range 0 MeY. to about 5 MeV, 
are given in table 6,8 , In the case of proton 
excitations from the and 3 ps, orbits to the
2 pi/2̂ orbits, the odd protons are left coupled to 
zero' in the I c j^ orbit and the-cross-sections are 
given by equation 6,6. For corresponding excitations 
to the or^*k> protons are in the 1
orbit and the expression for the cross-section must 
be multiplied by cv*/b2, . por neutron excitations 
the expression is multiplied by ' / *

The angular distributions for the normal 
parity states were calculated for the same value 
of and hn used in the analysis of the { ^  )

levels. The depth of the shell model potential 
was set to 51 MeY, Where appropriate, both proton 
and neutron single particle wave functions were 
calculated. Apart from producing a much greater 
binding energy, the effectsof replacing protons by 
neutrons on the form factor was relatively small.
The neutron wave functions for the I and 2pvx
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states are shown for comparison in figure 6,32.
•The comparisons between the experimental, 

data and the angular distributions for some of 
the configurations are illustrated in figures 6.22 
to 6.26. The key to these graphs is given in table 
6.9. In each case, the theoretical cross-sections 
have been normalised to give the best agreement 
with the experimental data, using the same criteria 
as in the collective model analysis. The strength 
of the interaction corresponding to each normalisation 
was calculated using the spin-angle matrix elements 
/ius;j-of table 6,7. Also given in table 6.7 are 

the theoretical cross-sections at 50° calculated for a. 
potential of 85 MeV, The results of the analysis 
are summarised in table 6.9. The angular distributions 
for all of the possible L --values for the normal parity 
states of each configuration were also calculated 
using harmonic oscillator wave functions with 
6= 0.0925. These cross-sections with normalisations 
corresponding to an interaction strength of 85 MeV, 
are illustrated in figure 6,28. They were calculated 
for an excitation energy of about 1 .5 MeV, It was 
found that the magnitude of the cross-sections 
decreased by about 5$ for every 1 MeV. increase in 
the excitation but the shape remained practically 
unchanged. They were also increased by about 10$ by
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the use of harmonic oscillator wave functions.
Results

For many of the levels, there was quite 
good agreement between the shapes of the experimental 
angular distribution and the predictions of at least 
one of the configurations. However, it can be seen 
from table 6.9 that in most cases the required 
interaction strength is considerably lower than the 
85 MeV, required to account for the ( ^ levels.
The number of normal paritjr states agrees approximately 
with the number of levels observed experimentally 
but there is less agreement between the numbers of 
states with a givenL-transfer.

Four of the experimental states have angular 
distributions consistent with L s= 2, compared with 
only three such levels predicted by the simple 
picture above. Although none of the experimental 
levels are particularly well fitted by any of the 
configurations, the predictions of I) and E, which 
are fairly similar give better agreement on the whole 
than those of configuration C. The strengths of all 
the theoretical cross-sections are considerably 
greater than those of any of the experimental levels 
and it is not possible to make definite allocations 
of configurations to particular levels on this basis. 
However, it would appear that all the levels are
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predominantly D or E configuration.
• In the case of the L = 3 levels, the situation 

is complicated by the presence of the highly collective
2.75 MeV. 3~ level. In the shell model picture, this 
state is a combination of many particle-hole states 
and would be expected to absorb much of the available 
U = 3 strength. In all, eight of the experimental 
angular distributions appear to be consistent with
L = 3, but of these, the 4.05 MeV. and to ailesser 
extent, the 4.89 MeV. are more likely to be L = 4.
Of the remaining six levels, the 4.54, 4.79 and 5.06 
MeV. levels were better fitted by configuration A 
which was also more consistent with the 2.75 MeV. 
level. Apart from this level, all of the experimental 
levels had cross-sections much lower than predicted 
for this configuration. The cross-sections of the
2.75 MeV, level however, were almost four times greater,- 
The 4.45 and 4.95 MeV. levels were better fitted with 
either B or G configurations. The strength of the
4*45 MeV, level which was very well fitted by config­
uration B was about twice the predicted strength, 
and it is possible that this level is predominantly 
B with some G added. If this is so, then the 4.88 
MeV, level would probably be predominantly G, The 
combined strength of all the configurations is unable 
to account for the total strength of the observed
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levels if. the 2,75 MeV. is included. It is 
possible, however, that other configurations not 
included in this analysis may take part in the 
excitation of this level.

Excited states with U ~ 4 are predicted by 
both conffigurations E and F, The angular distributions 
in both cases are very similar in shape though the 
former configuration produces cross-sections about 
50$ greater than the latter.

The 4.05, 4.32, 4.88 and perhaps the 4.54 
MeV. levels were found by the collective model to 
be consistent with L = 4. There is no means of 
discriminating between the configurations but the 
strength of the F configuration is close to that of 
the 4*32 Level, Unfortunately, in this case there 
is very poor agreement between the shapes of the 
angular distributions. The total strength of the 
remaining levels is less than that of configuration 
E, They are reasonably well fitted by either 
configuration.

Only one of the experimental angular distributions 
was consistent with L = 5> although contributions from 
L = 5 transitions may well appear in some of the levels 
where the allocation of an L-transfer was ambiguous.
Both configurations A and B predict L = 5 states but 
in either case the predicted strength is only half
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the observed strength. Configuration A clearly 
gives the best agreement with the data but a 
mixture of A and B would produce the required 
strength while remaining in fairly good agreement 
with experiment.

Angular distributions for higher angular 
momentum transfers predicted by these configurations 
were expected to have low cross-sections ^0,1 mbarn 
at. 30® and were unlikely to be seen in the present 
experiment.

Finally, a strong L = 1 state is expected 
from configuration II, This was stronger than any 
of the observed levels and may possibly appear at 
higher energies than those considered here.

The above discussion has been confined to 
normal parity states and the spin-flip interaction 
was assumed to be zero. If a Serber mixture with 
V{ ~  Vo was assumed, a number of non-normal parity 
states would be expected in addition to those considered 
above. In particular there is an L - 0 transition 
to the 1* level of configuration C, The level most 
likely to include such a configuration is the 3.37 
MeV, state. In figure 6.22A the angular distribution 
for this transition is compared with that of the 3.37 
MeV. level. The quality of the fit is about as good 
as for 1- = 2, but the interaction strength required

i
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is only 8 MeV., a factor of ten less than predicted.
•It appears therefore that the number, type 

and strength of the levels observed in the experiment 
is more or less consistent with Vj

Another problem ignored by the above discussion 
is the confusion caused by the lack of information 
about the strength of the isovector potential* In 
the analysis it was assumed that the potential used 
to excite a proton was the same as used to excite a 
neutron, that is, V$ = 0. Hothing i n .the results 
sheds any light on whether this assumption was jus­
tified.
Gonclusion and discussion

Both the shell model and the collective 
model gave an adequate account of the angular 
distributions for most of the energy levels in 
Z rfiC> excited by proton inelastic scattering. It 
was found that a two body interaction with a range 
parameter of 0.6 fermis"'1 and a Wigner strength of 
85 MeV, gave reasonably accurate predictions of the 
shape and strengths of the cross-sections of the 
( f * and states, although better results
were obtained for the 2+ level with a potential of 
50 MeV. Little difference was found between the 
predictions made iising Saxon-Woods single particle 
wave functions and corresponding harmonic oscillator 
functions.
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The. collective model gave a consistently 
more realistic description of the angular distributions 
of all the levels except the 5~ level. This was 
shown to be principally due to the use of a complex 
form factor. Mathematically, this is- not unreasonable 
as the additional structure observed in cross-sections 
calculated with complex form factors probably arises 
from interference between the amplitudes of the real 
and imaginary components. As the two parts of the 
form factor are generally peaked at different radii 
(the optical model consistently, gave rv> ) the 
corresponding scattering amplitudes may be slightly 
out of phase, producing a more marked diffraction 
pattern. Physically, the introduction of an imaginary 
component in the interaction is not unreasonable 
either, as mentioned above, a complex interaction 
arises naturally to take into account the polarisation 
of the core and excitation of particles to the 
continuum states, t

The- study of 19 MeV, proton scattering 
(reference 1) has led to similar conclusions to 
those of the present analysis, with the exception 
of the 2,18 MeV. 2* state. In the case of this level, 
the agreement with the 19 MeV, experimental angular 
distributions was improved by increasing the inter­
action strength, the reverse of the effect seen at
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50 MeV, As at 19 MeV*, the present data shows 
the■cross-sections observed for the 8+ level to 
be larger than the predictions, though to a greater 
extent than at 19 MeV. The 0+ cross-sections- were 
very much lower than the predictions, which also 
agreed with the findings at 19 MeV*, but for the 
present data, the effect was an order of magnitude 
greater-* If, as is probable, the disparity between 
theory and experiment for the 8+ level is due to 
the presence of levels in other nuclei present in 
the target as impurities, there is little reason 
to expect any correspondence between the two sets 
of results. On the other hand, the poor agreement,-

4 .of the 0 predictions- with experiment is possibly 
caused by destructive interference between the core 
polarisation and the configuration discussed above.
Such core excitation would be expected to increase 
with greater incident energy, when the incoming proton 
is more likely to penetrate.the core. Core polarisation 
was also suggested as a reason for the enhanced 
interaction strength required for the 2* level at 
19 MeV, However, the change, of these effects with 
energy is unlikely to explain the very different 
results obtained in this analysis. It is also possible 
that other defects of the model such as the neglect 
of total antisymmetrisation between the projectile
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and the nucleons of the target may play a part.
Section 6iii: Energy levels

According to the shell model, the zirconium 
isotopes are depicted as a Zr core with neutrons 
filling the 3c\s, shell. Thus, with the exception 
of Zr itself, the energy levels in all of the 
isotopes are mainly obtained by exciting one of 
the outer neutrons to a neighbouring orbit.. The 
situation in practice is more complicated however, 
as there will probably be contributions from proton 
configurations of the Z r ^ c o r e .  These have been 
extensively discussed in previous sections, where 
it was shown that the excited states could be 
explained in terms of C 0 ̂  ) * ^.3c,/a ) or hole
particle configurations.. The observed energy levels 
of Zr*10 are illustrated in figure 6*34. These were 
obtained using, the method of section 3v. A typical 
fitted spectnum is illustrated in figure 6.33#
Also in figure 6.34 for comparison, the results of 
19 MeV. proton inelastic scattering (reference 1) 
are shown (set B). It can be seen that there is 
good agreement between number and energy of the levels 
observed in the two experiments except that the JT.47 
and 5.50 MeV. levels have not been seen in the present 
worlc. The tentative assignments of the L-transfer 
have been made on the basis of the foregoing collective

-  152 -



and shell model analyses. The strongly excited.
5” "collective level at 2.75 Me?, was also seen in 
the other even isotopes; at 2.54 MeV. in Zrc'\ at 
2.064 in Z r ^  and at 1.86 Me?, in Zr^,

In Zr'h , the only odd milide in the group, 
the energy levels are expected to he mainly due to 
the excitation of the odd nucleon, The comparison 
of the results of the present work (set A) with the 
Huclear Data sheets (set B), 19 Me?, proton inelastic 
scattering (setp:: reference 20) and (d,p) reactions 
in Z r ( s e t  op reference ; ,21) is illustrated in 
figure 6.55* The energy levels were obtained using 
the method of section 5v. The spectrum at 2 0 ° is 
shown in figure 6.59* The agreement of the present 
data with previous work is rather poor. Reasons 
for this are given in section 5iv. However, the 
number of levels agrees with those for (ci,jo) reactions 
although many of the levels seen in 19 Me?, proton 
scattering studies have not been observed.

Zr^and Zr1̂  are expected to have similar sets 
of energy■levels as they have complementary structures 
and the low lying excited states may be dominated 
by the ( els, ) and ( <\ ) neutron configurations
respectively. However, proton excitations of the 
core also play an important part. Bor instance, the 
0,95 Me?. 0+ level is believed to be primarily ( ^9, )** 
configuration.
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The energy level diagrams are illustrated in 
figures 6.36 and 6.37. In both cases, the results 
of 19 MeY. proton scattering (set B: reference 23)} 
and inelastic deuteron scattering (set 0; reference 
24) are also shown. In addition, the levels excited 
by ) reactions on ZrC|1 are shown for Z r C|2'(set 
D: reference 25). As in the ease of Zr H0 there is 
good agreement between the present data and previous 
work, except that for Zr'11- at higher energies rather 
more levels have been observed in the present work.
The L-value assignments for some of the levels have 
tentatively been made on the basis of the collective 
model analysis,

finally, the energy levels obtained for Zr"16 are 
shown in figure 6,38, Sets B, G and D are for (t,p) 
reactions oh Z r ^  (reference 26), (8,d) scattering 
(reference 24) and Cp,p') scattering at 19 MeY, (reference 
27) respectively. As in the case of Zrql the method of 
section 3iv was used and th§ agreement between the 
results is poor. The energy spectrum recorded at 40° 
is shown in figure 6,40. There will be similarities 
between the ZrCf̂  energy levels and those of Zrq i as the 
excitation of a neutron from the closed shell in
Zr ̂  leaves a hole. There is some correspondence
although not as marked as between Zr^'1" and Z r^ ,
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Appendix A1: A Non-linear Parameter Search, program
for Spectrum Stripping 

A non-linear parameter search program, written 
in FORTRAN IV by Mr.G.S.Mani for an IBM 360/75 
computer was used to calculate the areas of the peaks 
in the experimental spectra. The operation of the 
program is summarised in figure A 1 ,

The program first reads in a set of numbers 
which enable it to define the initial set of parameters 
on which.the set is based. These parameters.consist 
of a set of heights, widths and positions corresponding 
to the various peaks and a background parameter.
They may be specified explicitly, or, more usually, 
only the peak positions are supplied to the program.
The height of each peak is then estimated from the 
experimental spectrum and the width set to a standard 
value, usually 5 or 6 channels. The amount of data 
required by the program may be further reduced by 
defining a standard spectrum. This spectrum is treated 
first, and any subsequent spectra which have a similar 
basic structure may be specified by using the relative 
displacement to the standard spectrum.

The progress of the fitting procedure is 
governed by other parameters,also read in initially. 
These are CHIMIN, the minimum value of ^  \ CKIDIF, 
the minimum permissable change in 'jO, NR011, MCUT
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v
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AND /L-ZL J To
SET NCUBE,NCUT, 
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Figure A1 Logie Diagram for Spectrim 
Shipping Program,



and MCUBE which govern the total number of iterations, 
step-length reductions or increases, HMAG-, the 
position of the spectrum on the magnetic tape and 
MROIjIi which controls output.

The program reads the appropriate spectrum 
from magnetic tape or disk* It then uses the initial 
parameters ( P^),^ to calculate a theoretical spectrum 
(CTH) and the values of (CHISQ) from equations 
5.19 and 5.20, In the first iteration the program 
proceeds directly to calculate the values of d ^ %/ c X p L  

and uses these values to obtain a new.set of parameters 
r L  where

p f  ■ - a K * a

( ) wax is the largest valued P I and A p ^
is the step-length, This may be set explicitly, or 
by default the program takes standard valuesr 1 
channel for the position and 10$ of the width and 
height, Ihe counters JROLL, IROLL and KROLL are 
incremented by one.

Using the new parameters, C1H and ^  are recal­
culated and the latter compared with the previous 
value. ■ If the new value Is greater, the step-length 
is too long and the program enters the cube cut section, 
The step-lengths are then reduced according to the 
equation
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Cl ̂  \The parameters are recalculated from the
original end the values of CTH and recomputed,

• A  p i - k f r i

 o.^\
CcW * /d pi)&IK3C

The NCUT counter is increased by 1 *
If, on the other hand, the new value of 

was less than the previous value, hut by an amount 
less than CHIDIE, the parameters are not changing 
quickly enough and the program enters the cube increase 
stage* Here, the step-lengths are increased according 
to the equation

The NCUBE counter is incremented and CTH and 
recalculated as in the cube cut section.

If both the above tests are negative, the 
program proceeds directly to the next iteration.
Output

The program is provided with facilities for 
output, both at the end of the calculation and at 
any intermediate stage,. These intermediate or 
partial outputs occur at intervals determined by 
KR01L, which produces an output every MROLL iterations 
and whenever the cube increase or cube cut stage is 
entered* On later versions of the program the partial 
output has been suppressed.

Binal output can occur in four ways: if the

A3
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present minimum -value of y\ is achieved, if the 
total number of iterations exceeds HR01L, and if 
the number of cube cuts or increases exceeds MCUKE 
and MCUT respectively*

On final output, the values of the final 
parameters are printed out and the areas of each peak 
calculated. A brief summary of the fitting procedure 
is also printed out, Finally the theoretical and 
experimental spectra are printed out in graphical 
form to facilitate comparison,

hater versions of the program take the 
calculation a step further. Stifficient information 
is supplied to the program to enable it to calculate 
absolute cross-sections'using equation 3,6, I'he 
channel number is converted to energy and the cross- 
section, error, centre of mass angle and energy of 
the peak are all output on a single punched card, A 
second program is then used to correlate the results 
from a number of. similar spectra to produce a single 
angular distribution and a set of energy levels.
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Appendix A2; The Nuclear Matrix Elements
In Chapter 5 an expression was derived for

the interaction V of equation 5*2 in terms of a
sum of two body forces over the nucleons of the
target, The radial part of the nuclear matrix 

r Ielement ([-) can then be expressed in terms
of the matrix elements of the Isoscalar and 
isovector operators, These are one body operators 
In the space of the target, nucleons, Renee they 
will connect shell model configurations which 
differ by, at most, the state of one nucleon.
If we limit the discussion to the case of a 
single configuration in the initial and final 
states we may separate the matrix elements into 
radial and spin-angle factors, Therefore we may 
write

^‘U'3’ C 3 l| t V’S/i ̂ 1 \

where Vs* and Vs(3 respectively are the strengths
•of the isoscalar and isovector potentials.
Two particle configurations

First we consider the case of ground state 
with two particles outside an inert core, both 
in the same shell with angular momentum J coupled 
to give a total angular momentum Ji* , An excited 
state with angular momentum 1a1 may be obtained by



the transition of one of the particles to the 
j* orbit. Considering only the isoscalar term at 
present, we may write

<j j '  I I  ^  c r r . r )  || J * T*>

$  $  W g ' j ^ i T A j  A2
She last factor in this- equation is the 

single particle matrix element, Ihis describes 
the excitation of a single particle outside an 
inert spinless core from an initial orbit J to 
the J f orbit. "TLscr a composite tensor consisting 
of the product of spin and angle tensors (equation 
5*26), The wave function may also be expanded in 
terms of radial, spin and angular parts. Hence

= /L<GS *"<* lrt\T[J>Uo?Cr>Ycm't'v5(5 A3 
fUsing the relations of reference 12 we obtain 

for the single particle matrix element

i n h T « j tCrp')iUfij> « <€'i

= t r ?  i  / y  j J
J  *  e ’ t  l

U  i 5
where l u(r) = [3^  u*'t'trt A4
S may have the values Ofor 1 , Using the standard
expression for the various quantities in this
equation we may write
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where

— I
k  L  t L  =  fa  ~ y  0  /  t l  - b  U | i H  -  ( t -  < oc- +,

i>nMi - ' t -  ( Q *  1 ”** * * * $  ) / ( L ̂ 0 f%

and 'X = A5

In this ease a number of excited states 
may be obtained by recoupling the angular momenta 
of the two particles in the lgfi, shell. Here 
CM = 0, j = j* and ̂  ” 0, If we identify H u(r ) 
with the Flsi of equation 5, we may write

The factor of 2 in this equation occurs because 
both particles in,the shell may take part
in the transition.
The ( P>,, q*J configuration
i ...n., i n n ' ' '

Here we consider one of the ru particles in 
the shell, excited to the shell. In the
cases arising in this '-study, fh = 2 allowing the 
use of the above expressions. When antisymmetrisation 
between the particle left in the Pŷ , state and the 
particle in the g-<,, state is taken into account a
factor of 2~s is introduced into equation 2. Again,

where ̂  = L A6
A7
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both particles may take part in the transition 
so.that

A8
Particle hole states

Apart from the states formed by the particles 
outside the closed shells, excited, states may be 
obtained, by the transition of a particle from a 
filled shell to an unoccupied orbit, The matrix 
elements for such hole particle pairs is given by 
(references 28 and 29)

Isospin dependance
In the above discussion, no account has been 

taken of isospin. The matrix elements of the isovector 
operator lead to similar expressions to equations 7,
9 and 10, multiplied by a factor depending on the 
isospin of the nucleus. However, for nucleons, it 
turns out that this quantity is always balanced by a 
quantity contributed by the Clebsch-Gordon coefficients, 
of equation 5*36, Provided, therefore, that the 
strength of the. aaucleon-nucleon potential is averaged 
over the isospin, we may neglect the effect of isospin 
altogether so that A = Vs Aft ̂   ̂ A10
where + for the excitation of a proton
and V& ss V5cjl - V s fi £°r neutron states.

A9
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Appendix A3: The Radial Form Factors
In equation 4 of Appendix 2, the radial part 

of the nuclear matrix element was factorised out 
of the expression and written as

r J gu(r̂ rc) Une tri) A -j
and are the initial and final shell model

wave functions and is the radial part of the
Lth term of 'the multipole expansion of the interaction. 
The wave functions were calculated both for a harmonic 
oscillator potential and. for a Saxon-Woods potential 
similar to the real part of the optical potential.
Both sets of wave functions were approximately 
equivalent. The interaction used in the present 
analysis had a Yukawa.form

1/ ~ ot r
\f - V o C

r  A2
This expression may be written in terms of spherical 
Bessel and Ranke1 functions such that the radial 
term may be written

^ ( r> - J i, (tKr-J fi,. C'lhf) ■
B. j u t \  k p  11 l C ; h.r-1 r >■ r \  A3 

The Saxon-V/oods wave functions were evaluated by
j

the program described in reference 18, The harmonic 
oscillator wave functions were evaluated by a series 
expansion in terms of where is the range 
parameter. Suitable expressions are given in reference
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30. The spherical Bessel and Hankel functions were 
evaluated by upward recursion for [i,krl ^  f and by 
series expansion for lower values. .The integration 
of equation 1 was carried out upto r\. = 20 fermis 
using a step length of 0,05 fermis. These values 
proved to give the required accuracy.
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Excitation 1 Eigure BetaEnergy
2*18 2 6 *6A 0.0632.18 2 6.6A*(1.)
2.18 2 6 ,6B(2) 0.059
2.75 3 6.60(3) 0,144
2 .75 3 6.6D 0.139
2.75 3 6 .6D*( 1 )
2.50 5 6.7 A 0.056
3.07 4 6 .7B 0.037
3.37 0 6.70 0.023
3.37 2 6 .70* 0.042
3.45 6 6.7D 0.018
3.57 8 6 ,8A 0.017
3,84 2 6 .8B 0.040
3.95 5 6 ,8C 0 .045
4.05 3 6 .8D 0.030
4.05 4 6 .8D* 0.030
4.22 2 6.9A 0.038
4.32 4 6.9B 0.068
4 .46 3 6.90 0.041
4.54 3 6.9D 0.027
4.54 4 6 . 9B'X‘ 0.030
4.66 2 6 .10A* 0.025
4.66 3 6..10A 0.032
4.79 3 6 .1 OB 0.023
4.89 3 6 .100 0.018
4.89 4 6 .100* 0.023
4.99 3 6.10D 0.021
5.07 3 6 .11A 0.033

* indicates a broken line on the graph
(1) Real Rorm Ractors only
(2) A** = 2 * 0
( 3 ) A jl«(=0.0

gable 6 .6a Index to the Graphs Illustrating the 
Collective Model Analysis for Proton Inelastic 
Scattering by Zr"10,

p.r.o



Excitation
Energy(MeV) I*
0.92 2
1 ,40 41 ,62 2
2.07 3
2.34 42..6 2 5
2.89 4
3.13 3
3.22 43.22 5
3.32 3
3.48 43.48 5
3.59 4
3.59 5
3.-72 4
3.72 53.80 4
3.91 34.21 4
0.93 2
1 .89 2
2.33 3
2.44 4
2.44 5
2,73 4
2.83 ■ 5
2,92 5
3.00 2
3.08 2
3.18 5
3.29 3
3.35 3
3.-48 2
3.64 2
3.64 3
3,74 5
3.85 4

Figure Beta
6 11B 0.090
6 11C 0,0346 113) 0.0646 12A 0.182
6 12B 0.0396 12C 0.0476 12D 0.070
6 13A ■ 0.0576 13B 0.0676 13B* 0.060
6 13C . 0.046
6 132) 0.0476 13D* 0.048
6 14A 0.040
6 14 A* 0,040
6 14B 0.0556 14B* 0.050
6 140 0.048
6 143) 0.030
6 15A 0.040
6 15B 0.1236 150 0.0286 153) 0.1886 16A 0,0786 16A* 0.0846 16B 0.042
6 160 0.050
6 161) 0.0436 17A 0.0436 17B 0.0576 170 0.061
6 17X> 0.0596 18A 0.0426 18B 0,0326 180* 0.0276 181 0.032
6 19A o ,056
6 19B 0.057

gable 6.6blndex to the Graphs Illustrating the 
Collective Model Analysis for Z r ^ ( figures- 
6.15B to 6.19B ), and for Zrq/*( figures 6,11B 
to 6 ,15A ').
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0 onf i gura t i on

u,,/

V-6.

fV S

LSJ M isj Sapo'

202 0.2778
404 0.2002606 0.1541808 0.1133514 0.3960
505 0.2690
■515 0.2946
514 0.0440505 0.3893 1 .32315 0.3372
314 0.3287505 0.2196 0.20515 . 0.1203514 0.0535516 0.4658112 0.6031303 0.1438 0.14315 0.3320312 0.1231314 0.2875505 0.2110 0.16515 0.3082
514 0.1286516 0.1788
707 0.3418 0,05717 0.3654716 0.1034011 0.3761202 0.2523 00•0

212 0.3090
202 0.3090 0.58212 0.2523213 0.0570
413 . 0.3948202 0.4768 2.30212 0.3893213 0.3451404 0.2875 OCO«0

414 0.1286413 0.1087415 0.3698606 0.1973 0.07616 0.0609615 . 0.0519617 0.5004404 0.2974 0CO*
0

112 0.5530
303 0.3700 0.85313 0.4260312 , 0.1130101 0.3260 5.94111 0.4610110 0.5640

=85MeV)

Table 6.7 Nuclear Matrix Elements



 Eormal Parity Ron-normal
g o .̂ .g .u r .a ^ 3 - ° B   s t S i e i  P a r T E F ^ a ? E i s

(g\) 0

A.

B t ■^‘g,

C. p\ \
D.

*\ Af/'p,
E * g;'d4 'x 1

E* K a \G * lX 2*
pi %H* p̂ h

+
2

4+ '
6+
8+
5“* ' 4“

4“
5” ^ 6“

K ■

3~ 2~
5~ ■' 4”
7- 6“
2+ 1 +
2+ 3+
2* 3+
4+ 5+
6+ 7+
4+ ' 5+
3" 2”
r  o"

Table 6,8 Shell Model Configurations in Zr*80 
Expected to Give States in the 0-5MeV* Energy 
Range



Excitation Config- 
Energy uration XSJ Y

(MeV) Bigure Cross-sect * 
at 30°

2*18 . (*»/ 202 85 6.20A*
202 50 6 .20A

3.08 404 85 6.20B
3.45 606 85 6 .200
3.57 808 85 6.200
2.30 
3 v37

505011 85:.8
6.21
6.22A 0.14

C
D

202
202 36

47
6 .22A* 
6.22B

B. 202 22 6.22B*
3.84 C 202 44 6 .220 0.20

D 202 57 6 ,220*
E 202 27 6.22D

3.95 A 505 146 6.23A 0.45
B 505 124 6.23A*

4.05 • A 303 27 6.23B 0.21
 ̂ B 303 86 6 .230

E 404 v 52 6 .230*
4.22 C 202 45' 6.23D 0.22

23 202 59 6.23D*
R •202 ' 26 6.24A.

4.32 E 404 116 6.24B 0.90
4.45 . A 303 39 6.240 0.30

B 303 111 6.240*
,4.54 A 303 32 6.24D 0.25

B 303 87 6.25A
E 404 67 6 ,25A* \

4.65 0 202 30 6.25B 0.15D 202 37 6.25B*
E 202 18 6.250

4.79 ' A 303 17 6.25B 0.55
B 303 55 6.25D*

4.88 A 30-3 16 6 *26A 0,50?
B 303 159 6.26B
E 404 27 6.26B* 0.54

4.99 A 303 191 6.260
. B 303 56 6.260*

5.06 A 303 29 6 ,261) 0.25
B 303 74 6.26B*

Table 6 ,9 Key to Figures 6,20 to 6,26 with, values 
of Vc .
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